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C_re MQv w CQ=QL
�Q=}O=DU=� |O} -wt s_�OtLt

sk x=oWv=O 'l}t=v}OwQ}; w Cq=}U l}v�t VN@

u=} QH u=O}t |R=Ux}@W |=Q@ xDU=mx@DQ |wor= l} w |OOa pOt l} VywSB u}= QO
Ot=aDt |x} RHD VwQ R= xO=iDU= =@ =yxOv}q; p=kDv= pOt =@ x=Qty =tO hqDN= QF= Q@ p=}U

C=QF= =@ x=Qty Q}PB=vsm =QD TmwDU= � Q} w=v CqO=at Qw_vt u}O@ "CU= xOW xO=O \U@ xv}y@
R= xO=iDU= =@ u=tRty CQwYx@ C_re p=kDv= |xrO=at w '|SQv= |xrO=at '|Qw=vW |=ywQ}v
R= |m}t=v}O sDU}U |R=UR=@ |=Q@ sRq |=yx}=tv |x@U=Lt |=Q@ "Ov=xOW pL |OOa VwQ
swyit T=U= Q@ 'xDU=mx@DQ |wor= |xaUwD Qw_vtx@ "CU= xOW xO=iDU= |OOa pL G}=Dv

|x} RHD |=yOwt |=[i x@ sm =L CqO=at '|R=UQ} wYD |=v@t Q@ w |m}t=v}O sDU}U
CqO=at 'u=} QH u=O}t l}t=v}O |R=UpOt |=Q@ "CU= xOW xOQ@ xQy@ xv}y@ Ot=aDt

|=Q@ "OvwW|t pL C_re MQv w CaQU u=O}t p=Owt ?}=Q[ |=Q@ |m}t=v}O sDU}U
C_re MQv p=Owt ?}=Q[ ?UL Q@ =tO u=O}t |=yOwt 'CQ=QL p=kDv= |xrO=at |R=UpOt
O=OaD =D OwW|t ?@U 'CU= VywSB u}= X=N OQw=DUO xm ' ẁ[wt u}= "Ov=xOW x@U=Lt

pOt R= pY=L G}=Dv "O@=} Vy=m u=O}t l}t=v}O |R=Ux}@W |=Q@ R=}vOQwt CqO=at
pOt |}=v=wD w CkO xm CU= xOW xU}=kt |OOa pL R= pY=L |=yxO=O =@ xDU=mx@DQ

"OyO|t V}=tv =Q xDi=}xaUwD
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p=kDv= 'O=R; |}=Hx@=H '|OOa |R=Ux}@W 'xDU=mx@DQ pOt %|O}rm u=oS=w
"|m}t=v}O |=ysDU}U 'sQH p=kDv= '=yxOv}q;

xtOkt "1
|xaUwD uwt=Q}B|}=Hx@=H u=} QH |xv}tR QO =yVywSB R= |Q=}U@ "OQ=O """w|k=QDL=
Vv=Q=mty w |W VywSB x@ u=wD|t xrtH R= "CU= xDiQo CQwY |OOa |=yVwQ
`@ Qt |xQiLl} QO O=R;|}=Hx@=H CQ=QL p=kDv= |xO}OB |xar=]t x@ =yv; "OQm xQ=W=
l} O=H}= |xOvyOu=Wv pY=L G}=Dv "OvDN=OQB lR=v |xQB l} V=aDQ= QF= =@ pmW
w |} wvU=y [1]"CU= xQB pw] |}xQwO Vy=m w V}=Ri= QF= Q@ |v=Uwv w Q=Po u=} QH
|xLiY R= |W=v |}=Hx@=H CQ=QL p=kDv= Q}F-=D CLD sDU}U l} Q=DiQ Vv=Q=mty
QO xr�Ut |v=Uwv Q=DiQ "Ov=xOQm xar=]t =Q pmW `@ Qt |xQiL l} uwQO xOWd=O
VywSB QO [2]"CU=xOW xO=O u=Wv R}v VywSB u}= pY=L G}=Dv QO q=@ |r}=Q O=Oa=
CQ=QL p=kDv= QO xDU@ |x}L=vl} QO xOWd=O |xLiY xU QF=Vv=Q=mty w uR} wDU=
u}= G}=Dv R= q=@ |r}=Q O=Oa= QO xr�Ut |v=Uwv Q=DiQ "CU= xOW xar=]t |}=Hx@=H
pL |OOa VwQ =@ |Oa@xU |=[i QO =Q sm =L CqO=at =yv; "CUy R}v VywSB
u=}=OQo QF= Q@ |}=Hx@=H u=} QH |v=Uwv Q=DiQ |xar=]t x@ R}v VywSB u}= QO "OvOQm
|Owta |xLiY l} |wQ |a}@] |}=Hx@=H V=DQwt}D [3]"CU= xOW xDN=OQB =tO

'|}=Hx@=H 'C}=Oy |=ypmW x@ xmCU= |SQv= p=kDv= R= |DQwY CQ=QL p=kDv= Ov}=Qi
lQLDt p=}U w Ot=H K]U l} u}@ |}=Hx@=H CQ=QL p=kDv= "OyO|t MQ `WaWD w
x]kv l} R= CQ=QL uOW =Hx@=H pt=W =tQo p=kDv= R= xvwou}= "OyO|t MQ u; Qw=Ht
CQwY sQH p=kDv= QF= Q@ CQ=QL p=kDv= '|va} &CU= p=}UCmQL QF= Q@ Qo}O |x]kv x@
O}OW |oDU@=w p=}U CmQL CaQU x@ CQ=QL p=kDv= MQv CU= uWwQ "CU= xDiQo
Qo = "OQ}o|t s=Hv= O=R; w |Q=@H= CQwY wO x@ |}=Hx@=H CQ=QL p=kDv= "Ovm|t =O}B
xDiQoCQwY CQ=QL p=kDv= CQwYu; QO OW=@ |HQ=N pt=a l} QF= Q@ p=}U CmQL
R= |W=v |Qw=vW |wQ}v \UwD p=}U CmQL xm|DQwY QO w CU= |Q=@H= ẁv R=
MQ O=R; |}=Hx@=H ẁv R= CQ=QL p=kDv= 'OW=@ �=tO u=}O=Qo R= QF-=Dt� |r=oJ hqDN=
w V}=tQU |=ysDU}U QO |a}Uw |=yOQ@ Q=m |}=Hx@=H CQ=QL p=kDv= "CU= xO=O
|=yQwDwt '|}=}t}W `}=vY '|vOat `}=vY '|DavY |x} wyD |=ysDU}U 'V}=tQo
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@W|xr�Ut l} pL R= xO=iDU= =@ =yv; "OQm xOy=Wt Vv=Q=mty w 7Q} w=i VywSB QO

"OvDi=} CUO |@U=vt |=y?=wH x@ sm =L CqO=at =@ u; ?}mQD w |R=Uxv}y@
8|mtm |xr�Ut l} w |R=Uxv}y@ |xr�Ut u=tRsy pL R= xO=iDU= =@ u}vJty
OvQ=O |QDxO}J}B l} R}i xm |r�=Ut Q@ =Q sm =L |m}t=v}O |=yxv=t=U |v=tR MU=B
pL T=U= Q@ |oty xm hrDNt VwQ OvJ R= CrB=m [11]"OvOQw; CUOx@ QDj}kO R}v
|=Q@ sm =L |m}t=v}O |xv=t=U MU=B Ow@y@ Qw_vtx@ OvOw@ |R=Uxv}y@ |xr�Ut l}
|LqY= |xrtH l} R= l ;wv [12]"OQm xO=iDU= Q_vOQwt |Oa@xU w |Oa@ wO p�=Ut
Q=Wi |xrtH |=Q@ |v} Ro}=H u=wvax@ w |m}t=v}O |xv=t=U CkO V}=Ri= Qw_vtx@
|=yVwQ R= R}v |Dr=o [13]"OQm xO=iDU= |m}t=v}O |xv=t=U |xrO=at QO xOW hPL
pQDvm p�=Ut QO xO=iDU= Qw_vtx@ xDU=mx@DQ |=ypOt CkO Ow@y@ |=Q@ |R=Uxv}y@
xDU=mx@DQ pOt KqY=|wor=l} |xaUwD x@Vv=Q=mty w |O} -wt [14]"OQ@ xQy@ u=} QH
xU}=kt QO =Q |rw@k p@=k CkO =yv; |xOWKqY= pOt R= pY=L G}=Dv "Ov=xDN=OQB

[15]"OyO|t u=Wv s}kDUt |OOa pL G}=Dv =@
sDU}U swyit T=U=Q@ xDU=mx@DQ |wor= l} |xaUwD hOy VywSB u}= QO
|x} RHD |=yOwt |=[i x@ p=kDv= CqO=at |R=UQ} wYD R= pY=L w |m}t=v}O
xOW K} QWD |OOa pOt w xr�Ut Q@ sm =L CqO=at =OD@= QO "CU= 9xv}y@ Ot=aDt
xDU=mx@DQ pOt |xaUwD |=Q@ sRq |=yx}=tv |RQt \}=QW |iQat =@ TBU &CU=
w xOW K} QWD |m}t=v}O sDU}U |xaUwD |ovwoJ Oa@ VN@ QO "Ov=xOt;CUOx@
w CLY C=@F= Qw_vtx@ w =yDv= QO "CU= xOW u=}@ |SQv=QB |=yOwt |}=U=vW VwQ
|=yxO=O w =yv; u}@ |}xU}=kt w xOW x�=Q= u; R= pY=L G}=Dv 'xDU=mx@DQ pOt CkO

"CU= xDiQo s=Hv= s}kDUt |OOa pL R= pY=L

xv}y@ Ot=aDt |x} RHD VwQ "2
|}=U=vW |=Q@ |rtq |=yVqD x@ xv}y@ Ot=aDt |x} QHD VwQ |xaUwD T=U=
xm O=O u=Wv w= [3]"CU= |mDt xDiW; |=yu=} QH QO |SQv=QB w uwoty |=yQ=DN=U
OvQ=O =Q u=O}t |SQv= |xv}W}@ xm OvDUy |v=mt |=yQ}eDt R= |a@=wD '=yQ=DN=U u}=

%Ovvm|t xv}W}@ =Q Q} R CQ=@a w

max


(�;u)2�
(�;�)

; (1)

|xOvyOu=Wv < : > w |rN=O ?Q[ |xOvyOu=Wv (�; �) CQ=@a u; QO xm
"OwW u} Ro}=H |v=tR |Q}o\UwDt =@ Ov=wD|t xm CU= 10|}xDUO |Q}o\UwDt
`@=DQo = xm CU= u}= 1 |x]@=Q R= pY=L |SQv=QB |=yQ=DN=U |x@U=Lt Ov}=Qi |oS} w
u=} QH u=O}t |R=UQ} wYD =@ CiQo xH}Dv u=wD|t 'Ovm xv}W}@ =Q 1 |x]@=Q '(x)

|R=UQ} wYD =@ xU}=kt QO |QDW}@ \UwDt |W@vH |SQv= u=R}t '(x) |=DU=Q QO
xm Ovm|t ltm |oS} w u}= "Ot; Oy=wN CUOx@ |Qo}O |x}=B `@=D Qy |=DU=Q QO
Q@ sm =L CqO=at R= pY=L |m}t=v}O sDU}U |O=R; C=HQO 'u; T=U= Q@ u=wD@

"O=O Vy=m =Q Q_vOQwt |xr�Ut

MQv w CQ=QL p=kDv= 'p=}U u=} QH Q@ sm =L CqO=at "3
C_re

C=QF= =@ |]N |xv=mD w |oDUw}B CqO=at pt=W p=}U u=} QH Q@ sm =L CqO=at
MQv |xrO=at '|SQv= |xrO=at w �lUv} Rw@ ZQi =@� =tO hqDN= R= |W=v |=ywQ}v

|v=QL@ jwi p=}U l} QO "OQm xar=]t |v=QL@ jwi p=}U l} OwHw =@ =Q =tOsyQ}e
p=}U |=Q@ VywSB u}= pY=L G}=Dv "CU= Q}eDt Q=Wi w =tO ?UL Q@ CHRr Q=Okt
'Ovm|t C}a@D Tr=wQOv=w |x]@=Q R= xm |R=o w pt=m R=o ZQi |=R= x@ R=o R=i QO
QO Vv=Q=mty w =Qwt}m [4]"OvyO|t u=Wv =Q |rw@k p@=k CkO w CU= xOW xar=]t
'Q=Ox} w=R 'lR=v |xLiY l} |wQ R= O=R; |}=Hx@=H u=} QH |xar=]t x@ |WywSB
|y=oW}=tR; |=yVwQ R= xO=iDU= =@ Q=w}O =@ QwYLt |xOwOLt l} QO d=O w
R= |W=v |xOvwQu}}=B w xOvwQq=@ u=} QH xm OyO|t u=Wv =yv; Q=m G}=Dv "OvDN=OQB
x@ Vv=Q=mty w T} Q=U [5]"OyO|t MQ xHQO 15 R= QDtm |=}=wR QO O=R; |}=Hx@=H
R= xm 'uRNt l} uwQO |OOa VwQ R= xO=iDU= =@ O=R; |}=Hx@=H u=} QH |xar=]t
C=Q}}eD QF= w d=O |xLiY C}akwt QF= =yv; "OvDN=OQB 'CU= xOW d=O u}}=B K]U
|}=Hx@=H u=} QH QO |r}=Q OOa C=Q}}eD xm OvO=O u=Wv w OvOQm xar=]t =Q |r}=Q OOa

[6]"CU= Q=PoQ}F-=D Q=}U@
swra QO OwHwt p�=Ut u} QDsyt R=|m} Cq=}Ul}t=v}O Q@ sm =L CqO=at pL
p}Uv=Qi}O CqO=at R= |}xawtHt p=}U u=} QH Q@ sm =L CqO=at "CU= |UOvyt
pmW x@ xm CU= TmwDU= Q} w=v CqO=at x@ swUwt 'xDU@=w w |]NQ}e |}xQ=B
=@ pL |xvt=O l} QO CqO=at u}= "OQm u=}@ =Q =yv; u=wD|t R}v 1p=kDv= CqO=at
CqO=at |rmQw]x@ "OvwW|t pL swrat x}rw= w |RQt \}=QW w XNWt |xUOvy
?re= QO xDiW; u=} QH s} SQ "OvDUy xv=mD w sQH |=k@ CqO=at pt=W u=} QH p=kDv=
x@ QHvt xm CU= xOQm O=H}= =Q |oDiW; |=ypOt R= xO=iDU= swRr |DavY p�=Ut
xi=[= w 2TmwDU= - Q} w=v CqO=at |v=tR |xOW |Q}o\UwDt pmW R= xO=iDU=
"OwW|t CqO=at sDU}U x@ �|oDiW; |=yC}tm |=Q@� O}OH p=kDv= CqO=at uOW
CqO=at xDUO u}= x@ O}=@ R}v |SQv= p=kDv= |xrO=at '=tO `} RwD |x@U=Lt |=Q@
|=yxO}OB |R=Ux}@W |=Q@ Qo}O pOt ẁv Qy uOW xi=[= ?}DQD u}tyx@ "OwW xi=[=
xi=[= =@ ,qwtat """w l}DUwm ; 'j=QDL= '3|R=iOvJ u=} QH Ovv=t |m} R}i hrDNt
=}=B=v |=yu=} QH |R=Ux}@W CU= uWwQ "Ow@ Oy=wN x=Qty |QDW}@ CqO=at uOW
xOQm Q}}eD '=yQDt=Q=B Q}=U CqwLD w u=tR Q}F-=D CLD 'u=O}t R= |irDNt |=y|oS} w xm
Vy=m CavY |=yR=}v u} QDtyt R= |m} xRwQt= [7]"CU= xv} RyQB w Q@u=tR Q=}U@
"OwW|t |L=Q] u=tR uOW QDx=Dwm w =yxv} Ry Vy=m ?@U xm CU= C=@U=Lt u=tR
R=}v OQwt sHL Vy=m 'C=@U=Lt sHL Vy=m |=Q@ |}=yVwQ x@ |@=}DUO 'u}=Q@=v@
u} QDxOta xrtH R= 'KQ] R= O}it |QwxQy@ u=tR V}=Ri= w '=yxO=O |R=UxQ}NP |=Q@
R= |m} xv}y@ Ot=aDt |x} RHD VwQ "CU= Q}N= |=yxO QO xDiQoCQwY |=y|UQQ@
xO=iDU= =@ VwQ u}= QO "CU= C=@U=Lt u=tR Vy=m |xv}tR QO OvtDQOk |=yVwQ
sm =L l}t=v}O |R=UR=@ =@ =D 'xOW O}rwD xDU=m x@DQ |rOt 'u=O}t |R=UR=@ Q=my=Q R=
|=Q@ =Q ?U=vt CkO =@ w `} QU |WwQ u=wD@ 'QDtm |O=R; C=HQO O=OaD =@ xr�Ut Q@

"OQm x�=Q= u=O}t |R=U x}@W
u=wva x@ 4wwr w uvwyQ=m \UwD xv}y@ Ot=aDt |x} RHD VwQ |=yOQ@ Q=m u}rw=
[8]"OW KQ]t OvOw@ 5wor= |awv |=Q=O xm |Q=t; |=yxO=O p}rLD |=Q@ |} wor=
Qw_vtx@ |Q=R@= u=wvax@ =Q VwQ u}= OQ@ Q=m x}=tv VwQ uOQmKQ]t =@ V} wwQ}U
=} x@ QHD R= |}=yxO=O xm xO}J}B |m}t=v}O |=yxv=t=U |=Q@ xDU=mx@DQ |=ypOt O=H}=
� x}vy@ Ot=aDt |x} RHD VwQ R= xO=iDU= [9]"OQm u=}=tv 'OvQ=O s}kDUt |OOa |=ypL
R}t;C}kiwt G}=Dv uwvm =D =}=B=v w =}=B |=yu=} QH |=yu=O}t |R=UR=@ w p}rLD QO 6x}=tv
=}=B=v |=yu=} QH |R=UpOt Qw_vtx@ VwQ u}= R= xO=iDU= [10]"CU= xDW=O |Q=}U@
R}v |DqmWt =t= xDiQo Q=Qk |Q=}U@ xHwD OQwt ,=Q}N= |m}t=v}O |xv=t=U OQm} wQ =@
xDi=}xaUwD |xDU=mx@DQ pOt R= xO=iDU= "CU= xDW=O OwHw =ypOt u}= |xaUwD QO
u=wD|t =Q Q}PB=vsm =QD |=yu=} QH |R=Ux}@W |=Q@ xv}y@ Ot=aDt |x} RHD VwQ =@
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|}=Hx@=H u=} QH |R=Ux}@W |=Q@ xDi=}xaUwD |OOa pL Om CQ=Jwri "1 pmW
"sQH p=kDv= w |a}@]

%OwW|t x@U=Lt Q} R |x]@=Q R= � ?} Q[

� = 1
NStage � k + 1

"""w 4 '3 =@ |w=Ut Ov=wD|t xm |v=tR |Q}op=QoDv= |x@DQt R= CU= CQ=@a NStage

xOW xO=iDU= """=} Q=yJ 'xU x@DQt |=Dwm � nv=Q VwQ xm CU= |vat u}= x@ w OW=@
1 pmW QO |OOa pL CQ=Jwri w xOW x}yD uQDQi u=@ R x@ xDi=}xaUwD Om "CU=

"CU= xOW xOQw;

Ot=aDt |x} RHD VwQ =@ xDi=}xaUwD xDU=mx@DQ pOt "4
xv}y@

CQwYx@ xr�Ut l}t=v}O Q@ sm =L |=yC}tm 'xDU=mx@DQ pOt |xaUwD Qw_vtx@
13|W=WDe= VN@ l} w |v=tR 12|xOW|Q}o\UwDt VN@ l} `tHpY=L

x@ xv=mD w |oDUw}B CqO=at 'Q=Wi |xrtH QF= hPL Qw_vtx@ "CU= xOv}q; C_re
CQwYx@ Oa@|@ sQi QO xm OwW|t p}O@D u=} QH `@=D w |D}U}DQw p=kDv= CqO=at

[6]%Ow@ Ovy=wN Q} R
r2 = �!; u = r ;
D!
Dt

= 1
Re
r2! + Ra

Re2:Pr
@T
@x

;

DT
Dt

= 1
Re:Pr

r2T;

DC
Dt

= 1
Re:Sc

r2C + S; (2)

[6]"CU= xtWJ S w |O=t jDWt QwD=QB= D
Dt xm

|OOa pL VwQ "1"3
�sQH p=kDv=� C_re MQv w 'CQ=QL p=kDv= '|D}U}DQw p=kDv= pt=W xm p=kDv= CqO=at
V}=t}B l} =@ TBU &OvwW|t |R=UxDUUo |v=mt w |v=tR VN@ wO QO OvDUy
`@=D |xrO=at |=Q@ "OvwW|t pL �u=} QH `@=D |xrO=at RH x@� sm =L CqO=at |v=tR
CqO=at R= |rO=aD sQi l} xm '|w[}@ CqO=at pL pw=ODt |=yVwQ R= u=} QH
u}= u} QDhwQat R= |m} "CU= xOW xO=iDU= 'OvDUy |}xQ=B C=kDWt =@ |r}Uv=Qi}O

"CU= |vt[ =} K} QY CQwYx@ 11 SOR |wor= '=yVwQ
|v=mt |R=UxDUUo "1"1"3

MQv |xrO=at w |SQv= |xrO=at '|D}U}DQw p=kDv= |xrO=at |v=mt |R=UxDUUo |=Q@
|R=UxDUUo VwQ R= xO=iDU= =@ |v=tR |xrtH R= Q}e OwHwt |=yxrtH 'C_re
|RmQt p[=iD VwQ R= u=O}t pN=O QO OwHwt \=kv |=Q@ "OvwW|t pOt swO x@DQt

%CU= xOW xO=iDU= Q} R CQwYx@
@F
@x

= Fi+1;j � Fi�1;j
2�x

(3)

swO x@DQt wQUB w wQW}B p[=iD |Ov@pwtQi 'u=O}t |=yRQt QO `k=w \=kv |=Q@ w
[16]%OwW|t xDiQo Q=mx@ Q} R CQwYx@

@F
@x

= �3Fi;j + 4Fi+1;j � Fi+2;j
2�x

@F
@x

= 3Fi;j � 4Fi+1;j + Fi+2;j
2�x

(4)

|v=tR |R=UxDUUo "2"1"3
|x@DQt |=Dwm � nv=Q K} QY VwQ R= p=kDv= CqO=at |v=tR |R=UxDUUo |=Q@
Q@ sm =L CqO=at |v=tR |Q}op=QoDv= |=Q@ VwQ u}= "CU= xOW xO=iDU= sQ=yJ
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Qk = Qk�1 + ��t(R(Qk�1)); for k = 1; :::; Nstage

Qn+1 = QNstage (6)
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Re:Sc

r2( �C + C0) (13)

xDUO l} 'C_re MQv |=yOwt |=[i QO 13 |x]@=Q |xrO=at |R=UQ} wYD =@
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icj + �Bc
kia

i + Bc
kic

i + Cc
k = 0 (14)
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1. transport equations
2. reynolds averaged navier-stokes (RANS)
3. multi phase
4. Karhunen - Loeve
5. pattern
6. snapshot
7. Favier
8. adjoint
9. proper orthogonal decomposition
10. ensemble
11. successive over relaxation
12. mean
13. 
uctuation
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