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CqO=at u; Q@ sm =L CqO=at xm |vDw}v p=}U l} Q}PB=vsm =QD u=} QH 'Q=DWwv u}= QO

"CU= xOWxDiQo Q_v QO 'CU= TmwDU= � Q} w=v
r �U = 0 (1)

@U
@t

+ (U � r) U = �1
�
rP + ��U (2)

|m}D=tv}UCHRr � 'Q=Wi u=O}t P (x; t) 'p=}UCaQU |Q=OQ@ u=O}t U (x; t)

"CU= p=}U |r=oJ � w 'p=}U
QO =t= "Ovvm|t h}YwD =Q pt=L p=}U u=} QH 'TmwDU= � Q} w=v CqO=at
x@ 'u=} QH h}YwD |=Q@ 2 w 1 \@=wQ Q@xwqa 'C=QP |w=L |xDiW; |=yu=} QH
R=}v R}v 'CU= Qwx]we p=}U QO xm '=yvD |xQP l} CmQL |=Q@ |O=}v@ |=ypO=at
h}YwD 'OQ=O |oDU@ C=QP ROrwv} Q OOa x@ xm =Q xQP Q@ u=} QH QF= xrO=at u}= "CU=

%CU=Q} R CQwYx@ w Ovm|t
Rep = d kup � uf@pk

�
(3)

CU= xQP ?=}e QO pt=L p=}U CaQU uf@p w xQP CaQU up 'xQP Q]k d
=Q u=} QH |oO}J}B Rep "OwW|t xO}t=v xQP \UwD xOWxOy=Wt p=}U CaQU xm
"Ow@ Oy=wN QDxO}J}B u=} QH 'OW=@ QDoQR@ Rep Q=Okt xJ Qy w Ovm|t XNWt
p=}U QO Qwx]we |=yvD |xQP l} CmQL |=Q@ |O=}v@ |xrO=at l} uOQw; CUOx@
|xrO=at =Q xrO=at u}= "O}Wm pw] uQk l} OwOL 'lJwm |r}N Rep =@ pt=L

[15]"OW G=QNDU= 1983 p=U QO u; pt=m sQi xm Ovt=v|t |r}=Q � |Umt
'O};|t CUOx@ uDw}v swO uwv=k R= xm |r}=Q � |Umt |xrO=at |xOWxO=U sQi

%CU= Q} R CQwYx@
dup
dt

= CDRep
24�p (uf@p � up) (4)

|=Q@ "CU= 8xQP Vt=Q; u=tR R}v �p "CU= ROrwv} Q OOa `@=D w 'nQO ?} Q[ CD
xO=iDU= |r}=Q � |Umt |xrO=at |=Q@ |@ QHD C=L}LYD R= O}=@ 'q=@ ROrwv} Q O=Oa=
\wrNt VRer � V@UJ \QW 'C=QP |wQ |RQt \QW xm Q[=L VywSB QO "OwW
Qo}O Oa@|@ Q=Okt l} `@=D 'uOw@ ROrwv} Q OOa `@=D Q@xwqa Ctw=kt ?} Q[ 'CU=
w pw= u}v=wk w xv=mD |=k@ CqO=at uDWwv =@ pDUwQD "CUy R}v pDUwQD OOa s=v x@
xm O}UQ xH}Dv u}= x@ l}B wQDvR}; \}=QW QO |RQt |xOwOLt |=Q@ l}t=v}OwtQD swO
?Q[pY=L xm O=O O=yvW}B w= 'VRer |RQt \QW |=Q@ "ORer@ RQt |wQ O}=@ p=}U
pDUwQD "OW=@ QiY |w=Ut =} QDoQR@ O}=@ p=}U w Q=w}O |@Uv CaQU w |WQ@ VvD

"O}t=v K]U |wQ p=}U VRer CaQU =Q RQt |wQ QiY Q}e CaQU u}=
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"""|
xDiW

;u=
}QH

|O
Oa

s}kD
Ut

|R=
Ux}

@WlJwm |=yx@=OQo \UwD xm =Q |} wQ}v Q=Okt wQ}v u}= '`k=w QO "OwW|t |Q}owrH
C@=F l} ?Q[pY=L R= xOWxi=[= CQ=@a u}= "Ovm|t u=Q@H 'OwW|t lryDUt
QO TmwDU= � Q} w=v |xrO=at ?}DQDu}=x@ "O};|t CUOx@ U CaQU Q=OQ@ QO b

%Ow@ Oy=wN Q} R pmWx@ 'OwW|tv lqyDU= Q=JO xm OQou=Uty uoty u=} QH
@U
@t

+ (U � r) U = �1
�
rP + ��U + bU (45)

=yx@=OQo "3"2
h} QaD uwvm =D =t= &CU= |t}Okl}t=v}OwQO}y ẁ[wt |xR=Ov=x@ x@=OQo OwHw |xO}=
u=wD|t x@=OQo swyit R= xO=iDU= =@ 'p=Lu}= =@ "CU= xOWv u=}@ =yx@=OQo |=Q@ |k}kO
|xar=]t "OQmh}YwD 'OyO|t MQ xDiW; u=} QH QO xm|m} R}i |=yxO}OB R= |Q=}U@
w sQH p=kDv= Ovv=t xDiW; u=} QH |=yxO}OB lQO |=Q@ ,=iQY '=yx@=OQo l}t=v}O
?wN pOt l} xmr@ CU}v """w Ctw=kt 'j=QDL= w |}=}t}W |=yVvm =w 'CQ=QL
w h}YwD |=Q@ |irDNt |=yVwQ [21]"CU= xDiW; u=} QH |=Q@ |@=}DUOp@=k w
p=U QO ?tr h} QaD j@] "OQ=O OwHw xDiW; u=} QH w =yx@=OQo uO}WmQ} wYDx@
x@=OQo \w]N =Q xrwr u}= K]U xm xrwr l} CQwYx@ u=wD|t =Q x@=OQo l} '1945
'xO=t C=QP R= |yw@v= =Q x@=OQo '1979 p=U QO Co q [22]"OQm h}YwD 'OvR=U|t

[23]"OQm h}YwD 'OvNQJ|t lQDWt RmQt l} pwL xm
|xS} w Q}O=kt u; QO xm CU= |}x}L=v x@=OQo 'u=Q=mty w nv=J h} QaD T=U= Q@
=Q x@=OQo u=Q=mty w Cv=y xm|r=L QO [24]OvDUy \rDNt CaQU u=}O=Qo QwUv=D
C@Ft CaQU u=}O=Qo QwUv=D swO |=yQ}eDt=v u; QO sy xm Ovvm|t |iQat |}x}L=v
V}=tv |=Q@ |awvDt |=yVwQ 'h} Q=aD u}= T=U= Q@ [25]"OW=@ sm Q=Wi sy w OvW=@
h} QaD |=v@t Q@ Q Q=}at =Hu}= QO "OW x�=Q= =yx@=OQo w Q}PB=vsm =QD |xDiW; u=} QH
MQv T=U= Q@ CaQU u=}O=Qo `@=D swO Q}eDt=v =OD@= VwQ u}= QO "OwW|t x�=Q= Cv=y

"OwW|t h} QaD 46 |x]@=Q R= xO=iDU= =@ VvQm w VNQJ
Q = 1

4
�
!2 � 2S2� (46)

|x]@=Q QO xmQw]u=ty "CU= |}x} w=R CaQU Q=OQ@ ! w VvQm MQv QwUv=D S xm
Q}eDt=v xm O=O u=Wv u=wD|t '|[=} Q C=@U=Lt s=Hv= =@ 'CU= xOW xO=O u=Wv 46

"CU= Q=Wi u}UqBq hYv =@ Q@=Q@ CaQU u=}O=Qo swO

Q =1
2
�1

2!i!i � 2SijSij
�

= �1
2
�
Sij + 1

2"ijk!k
�

�
Sij + 1

2"ijk!k
�

= �1
2
@ui
@xj

@uj
@xi

= �1
2

@
@xj

�
ui
@uj
@xi

�
=�1

2
@
@xj

@
@xi

(uiuj) = 1
2��P (47)

"CU= Q=Wi P w 'p=}U |r=oJ � 'CWo}=H O=tv " xm
|xv}tm 'u}=Q@=v@ "Ow@ Oy=wN C@Ft xQ=wty Q=Wi u}UqBq Q=Okt =yx@=OQo uwQO
[26]"OW=@ C@Ft 'CaQU u=}O=Qo QwUv=D swO Q}eDt=v xm ODi=|t j=iD= |v=tR Q=Wi
xO=O V}=tv Q Q=}at =@ u; uwQO |=yx@=OQo w p=}U |xDiW; u=} QH 2 pmW QO

"OvQ=O Qw[L QDW}@ =yx@=OQo nvQ RtQk |L=wv QO "Ov=xOW

G}=Dv "4"2
u=} QH |OOa s}kDUt |R=Ux}@W w |r}rLD pL R= xOt;CUOx@ G}=Dv 'VN@ u}= QO
"OwW|t x�=Q= C=QP |wQ \wrNt VRer � V@UJ |RQt \QW =@ xQm pwL |WRN

|xrO=at QO Q=Wi w 'Pwiv '|}=Hx@=H |=yxrtH '?}DQDx@ P w D 'C =Hv}= QO
|xrO=at R= u=tR x@ C@Uv |Qr} w= K} QY |Q}op=QoDv= =@ "OvDUy TmwDU= � Q} w=v

%O};|t CUOx@ Q} R |x]@=Q 36
~Un+1 = Un + �t [Cn + Dn + Pn] (37)

CaQU u=O}t ~Un w |Oa@ |v=tR s=o QO |}x_Lr CaQU u=O}t ~Un+1 u; QO xm
,=t=Rr= CaQU u=O}t u}= Tv=SQw}O xm =Hv; R= "CU= |rai |v=tR s=o QO |}x_Lr
uOQw; CUOx@ |=Q@ |Oa@ |v=tR s=o QO |vt[ CQwYx@ Q=Wi R= O}=@ 'CU}v QiY

%OwW xO=iDU= Un+1 CaQU u=O}t
Un+1 = Un + �t

h
Cn + Dn + Pn+1i (38)

%O};|t CUOx@ Q} R |x]@=Q 'OvwW sm Qo}Om} R= 38 w 37 |x]@=Q wO Qo = p=L
Un+1 � ~Un+1 = �t

h
Pn+1 �Pn

i
= �t � dPn+1 (39)

|x]@=Q uDiQo Q=mx@ =@ u}vJty w 39 |x]@=Q hQ] wO R= uDiQo Tv=SQw}O =@
%O};|t CUOx@ 40 |x]@=Q r �Un+1 = 0

�r � ~Un+1 = �tr � dPn+1 (40)

|x]@=Q R= xm CU= Q=Wi KqY= u=}O=Qo x@ xDU@=w 40 |x]@=Q QO dPn+1 CQ=@a
%OwW|t u}}aD Q} R

dPn+1 = �1
�
rdPn+1 (41)

%OwW|t pY=L uwU=wB |xrO=at 40 |x]@=Q QO 41 |x]@=Q |Q=Po|=H =@
r2dPn+1 = �

�t
r � ~Un+1 (42)

u=O}t w Q=Wi 'u}=Q@=v@ "O};|t CUOx@ Q=Wi |LqY= |xrtH xrO=at u}= pL =@
%OvwW|t KqY= Q} R \@=wQ \UwD O}OH |v=tR s=o QO CaQU

Pn+1 = Pn + dPn+1 (43)

Un+1 = ~Un+1 � �t
�
rdPn+1 (44)

%CU= Q} R CQwYx@ TmwDU= � Q} w=v CqO=at pL |=Q@ VwQ u}= sD} Qwor=
&37 |x]@=Q R= xO=iDU= =@ \wQWt CaQU u=O}t |x@U=Lt "1

&40 Q=Wi K}LYD |x@U=Lt |=Q@ uwU=wB |xrO=at pL "2
"44 w 43 \@=wQ R= xO=iDU= =@ ?}DQDx@ CaQU u=O}t w Q=Wi u=O}t KqY= "3

QO xU |x@DQt |=Dwm � nv=Q KQ] R= xO=iDU= =@ u=tR x@ C@Uv |Q}op=QoDv=
'Q}PB=vsm =QD u=} QH QopL QO uwU=wB |xrO=at pL "CU= xOW xO=iDU= VywSB u}=
u}= "CU= xrLQt u} QDxv} RyQB |D=@U=Lt Q_v R= 'sD} Qwor= u}= swO |xrLQt |va}
l} |wQ |RmQt swO |x@DQt 10OwOLt p[=iD VwQ R= |R=UxDUUo |=Q@ QopL
|xDiW; u=} QH O=H}= |=Q@ 'Q[=L VywSB QO "Ovm|t xO=iDU= xOW =Hx@=H xm@W
'CU=|]N |wor=l} xm 'uQoOvq |O=yvW}B |Q=PoQ=@ VwQ R= '|Q=@H= OQou=Uty
CU=Q CtU x@ wQ}v CQ=@a l} uOQmxi=[= =@ 'VwQ u}= QO [20w19]"OwW|t xO=iDU=
xDiW; u=} QH uOWlryDUt R= sDU}U x@ uO=O |SQv= w TmwDU= � Q} w=v |xrO=at
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xQ=t

W'
33

�3
|xQ

wO'
�13

96
R}}=B

�h
}QW

l}
v=mt

|U
Ovyt

"�=4 |x}w=R QO xQm pwL |a=aW CaQU "4 pmW

?UL Q@ pm Ctw=kt x@ |m =m]Y= Ctw=kt |wQ}v C@Uv C=Q}}eD Q=Owtv "5 pmW
"pDUwQD OOa

OOa ?UL Q@ pm Ctw=kt x@ |Q=Wi Ctw=kt |wQ}v C@Uv C=Q}}eD Q=Owtv "6 pmW
"pDUwQD

CN=wvm} Qw]x@ C=QP =OD@= QO [27]"CU= Re� = 32 Qwr}D|} wQm}t T=}kt?UL
CaQU =@ 'CU= u=} QH |w=L ?amt OYQOl} u; |xR=Ov= xm ?amt l} QO
|xDiW; u=} QH 'u=tRCWPo =@ "OvQ=O Q=Qk u=} QH |w=L?amt RmQt QO QiY |x}rw=
QO "OQw;|t OwHw x@ =Q C=QP R= |Q@= w Ovm|t VNB |}xQwO ?amt QO =Q C=QP
w St = 1 TmwDU= OOa QO xDiW; u=} QH QO =Q C=QP Q@= u=wD|t 10 =D 7 |=ypmW
C@Uv TmwDU= OOa "OQm xOy=Wt t = 25 s u=tR QO hrDNt pDUwQD O=Oa= |=Q@

"Q Q=}at R= xO=iDU= =@ xDiW; u=} QH |=yx@=OQo V}=tv "2 pmW

"�=4 |x}w=R QO xQm pwL |U=tt CaQU "3 pmW

|RQt \QW =@ xQm pwL |WRN u=} QH |r}rLD pL R= pY=L G}=Dv "1"4"2
C=QP |wQ \wrNt VRer � V@UJ

&CU= xOW xO=O u=Wv �=4 |x} w=R QO xQm pwL |U=tt CaQU 3 pmW QO
OOa V}=Ri= =@ xQm K]U |wQ |U=tt CaQU OwQ|t Q=_Dv= xm Qw]u=ty
|x} w=R QO xQm pwL |a=aW CaQU 4 pmW QO "Ovm|t p}t QiY x@ pDUwQD
Pwiv sOa \QW uOW=[Q= u=wD|t Q=Owtv u}= QO "CU= xOW xO=O V}=tv �=4
|Q=Wi w |m =m]Y= Ctw=kt |=ywQ}v syU "OQm xOy=Wt =Q xQm K]U |wQ
"OwW|t xOy=Wt 6 w 5 |=ypmW QO pDUwQD OOa C=Q}}eD ?UL Q@ R}v
p}mWD =Q Ctw=kt pm 1 3 |Q=Wi Ctw=kt |wQ}v 'VRer sOa Cr=L QO
QO w OwW|t QDW}@ G} QODx@ wQ}v u}= syU 'pDUwQD OOa Vy=m =@ =t= "OyO|t
u}vJsy "Ow@ Oy=wN |Q=Wi ẁv R= Ctw=kt |wQ}v s=tD 'pt=m VRer Cr=L
|wQ}v pm 2

3 'VRer sOa Cr=L QO '|m =m]Y= Ct�=kt |wQ}v |UQQ@ QO
|wQ}v syU 'pDUwQD OOa Vy=m =@ "OyO|t X=YDN= OwN x@ =Q Ctw=kt
QiY x@ pt=m VRer Cr=L QO =D OwW|t sm G} QODx@ |m =m]Y= Ctw=kt

"OUQ|t
|OOa s}kDUt |R=Ux}@W R= pY=L G}=Dv "2"4"2

,qt=m u=} QH xm|v=tR =D OwW|t pL xQP uwO@ u=} QH l} =OD@= 'xOWx�=Q= DNS QO
|xty "OvwW|t xi=[= |R=Ux}@W x@ C=QP 'u; R= TB "O}; CUOx@ xDi=} xaUwD
Q@ ROrwv} Q OOa w Ov=xOW ẁQW xDiW; |x}rw= u=O}tl} =@ 'xOWs=Hv= |=y|R=Ux}@W
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xDiW
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}QH

|O
Oa

s}kD
Ut

|R=
Ux}

@W"OwW|t h} QaD 48 |x]@=Q =@ w CU= p=}U Vt=Q; u=tRx@ C=QP Vt=Q; u=tR

St = �p
�f

= 1
18
�
�p
�f

��
dp
�k

�2
(48)

hwQowtrwm |rw] T=}kt �k w 'C=QP Q]k dp 'p=}U |r=oJ �f 'C=QP |r=oJ �p
w O};|t CUOx@ xYNWt pw] w CaQU uDW=O =@ �f p=}U Vt=Q; u=tR "CU=

[28]"CU= hwQowtrwm |v=tR T=}kt u=ty
�f = L0

u0
(49)

[29]"CU= u; CaQU u0 w xDiW; u=} QH T=}kt u} QDnQR@ pw] L0 xm
VNQJ =@ |L=wv QO TmwDU= Ctw=kt w RmQt R= R} Qo |wQ}v p}rOx@ C=QP
u=} QH |=yT=}kt QO ẁvD p}rOx@ "Ov@=}|t `tHD q=@ VvQm MQv w sm �|D}U}DQw�
|=Q@ "CU= |Q=t; |=yVwQ 'u=} QH u}= |xar=]t syt |=yVwQ R= |m} 'xDiW;
Q} wYDx@ VwQ "3"2 VN@ QO "OwW|t xO=iDU= VwQ u}= R= R}v =yx@=OQo uO=O V}=tv
Qw]x@ VwQ u}= "OW xO=O K}[wD 'Ow@ xOW |Q=Pos=v Q Q=}at xm =yx@=OQo uO}Wm
|=Q@ p=L u}= =@ 'Ovm u}t[D =Q =yx@=OQo QO Q=Wi uOw@xv}tm \QW Ov=wD|tv pt=m
'VwQ u}= R= xO=iDU= =@ R}v =Hv}= QO "OUQ|t Q_vx@ |@U=vt VwQ =yx@=OQo V}=tv
QO RmQt R= R} Qo |wQ}v p}rOx@ =yv; R= p=}U QO xOvm =QB C=QP Q=Qi w =yx@=OQo OwHw
|=y|R=Ux}@W s=tD QO xm =Hv; R= "CU= xOW xO=O V}=tv 16 =D 11 |=ypmW
lv}rB wm uDiQoQ_v QO =@ VywSB u}= QO w CU= xOw@ u=Um} x}rw= \}=QW 'xOWs=Hv=
C=_Lr s=tD QOQ Q=}at 'CU= xOW |WwBsWJ p=}U u=} QH Q@ C=QP QF= R= xy=Ql}
C=QP |xDiW; Q=DiQ p}rOx@ 'VN@ u}= QO "Ow@ Oy=wN u=Um} =y|R=Ux}@W s=tD |=Q@
u=Um} |=yu=tR QO |}x_Lr Q} w=YD R= =yx@=OQo R= C=QP Q=Qi V}=tv |=Q@ VqD w
C=QP CmQL =D CU= xOW xO=iDU= xQP Q=Ry100 R= u}vJty "CU= xOWv xO=iDU=
C=QP OwW|t xOy=Wt 16 =D 11 |=ypmW QO xmQw]u=ty "OwW xOy=Wt |@ wN x@
|L=wv QO w OvwW|t QwO x@=OQo R= u; R= TB w OvQ=O Q=Qk x@=OQo |m}ORv QO =OD@= QO
xOW ?=NDv= |=yx_Lr "CW=O Oy=wN Qw[L QDtm 'CU= QDW}@ ?=OQo COW xm
=yx@=OQo |m}ORv QO C=QP Q=DiQ R= CUQO lQO w V}=tv Qw_vtx@ ,=iQY =ypmW QO

"OvDUy y � z |xLiY QO

nvQ RtQk |L=wv "CU= xOW x@U=LtQ Q=}at R= xO=iDU= =@ |ovQ QwDv=m "11 pmW
"OvDUy p=}U QO xOWVNB C=QP nvQ x=}U R} Q \=kv "OvyO|t u=Wv =Q =yx@=OQo
Q=Qk x@=OQo |m}ORv QO 33 25 |x_Lr QO C=QP 'pmW QO xOWXNWt |x}L=v QO

"(Tr = 0; St = 0 7) Ov=xDiQo

"t = 25 s u=tR QO w Tr = 0 QO C=QP Q@= "7 pmW

"t = 25 s u=tR QO w Tr = 1 QO C=QP Q@= "8 pmW

"t = 25 s u=tR QO w Tr = 10 QO C=QP Q@= "9 pmW

"t = 25 s u=tR QO w Tr = 100000 QO C=QP Q@= "10 pmW
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nvQ RtQk |L=wv "CU= xOW x@U=LtQ Q=}at R= xO=iDU= =@ |ovQ QwDv=m "15 pmW
QO "Ov=p=}U QO xOWVNB C=QP nvQ x=}U R} Q \=kv "OvyO|t u=Wv =Q =yx@=OQo
x@=OQo R= uOWQwO p=L QO 41 5 |x_Lr QO C=QP 'pmW QO xOWXNWt |x}L=v

"(Tr = 100000; St = 0 7) OvDUy

RtQk |L=wv "CU= xOW x@U=Lt Q Q=}at R= xO=iDU= =@ |ovQ QwDv=m "16 pmW
"Ov=p=}U QO xOWVNB C=QP nvQ x=}U R} Q \=kv "OvyO|t u=Wv =Q =yx@=OQo nvQ
QwO ,qt=m x@=OQo R= 41 65 |x_Lr QO C=QP 'pmW QO xOWXNWt |x}L=v QO
OvQ=O |QDW}@ Qw[L �nvQ |@; |L=wv� CU= QDtm VNQJ xm |L=wv QO w Ov=xOW

"(Tr = 100000; St = 0 7)

pt=m VRer \QW =yv; Q@ xm |D=QP xm CiQo xH}Dv u=wD|t =ypmW |xOy=Wt =@
=Q j=iD= u}= p}rO "OvwW|t CQB x@=OQo R= uwQ}@ x@ |QDW}@ CaQU =@ 'CU= Q=QkQ@
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