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r=]twO =@ |R=iOvJ utRDrw@ |xm@W VwQ QO C=QP OQwNQ@ Qorta |}=Q=mw CkO "CU=

OQwt `}=t � R=o |R=iwO |=yu=} QH |R=Ux}@W |=Q@ xv=oOvJ w =Dm} Vt=Q; u=tR
=@ xOW xO=O xaUwD |OOa sD} Qwor= CkO w CLY w xDiQo Q=Qk |@=} RQ= w |UQQ@
xar=]t OQwthrDNt ROrwv} Q w Q@ w O=Oa= QO `}=t � R=o |R=iwO |=yu=} QH |R=Ux}@W
|R=iOvJ VwQ w utRDrw@ |xm@W VwQ |v=@t 'xr=kt swO VN@ QO "CU= xDiQo Q=Qk
QO "OwW|t |iQat MRT w SRT OQwNQ@ |=yQorta w 'xOW x�=Q= uJ � u=W
Q=Qk |@=} RQ= w |UQQ@ OQwt w xOW x�=Q= Q[=L pL R= pY=L G}=Dv 'swU VN@
xOW x�=Q= Q[=L j}kLD R= pY=L |Q}oxH}Dv w |Ov@`tH 'C}=yv QO "CU= xDiQo

"CU=

sm =L CqO=at "2
C=QP `} RwD `@=D l} R= p=}U CmQL u}}aD Qw_vtx@ utRDrw@ |xm@W VwQ QO
xO=iDU= t u=tR w x u=mt QO ea |B wmUwQm}t CaQU Q=OQ@ |=[i QO fa(x; t)
[12]'BGK ?} QkD =@ w =Dm} Vt=Q; u=tR =@ OQwNQ@ `@=D R= xO=iDU= =@ "OwW|t

%OwW|t xDWwv Q} R CQwYx@ |HQ=N |=ywQ}v uDiQo Q_v QO =@ sm =L |xrO=at
fa(x+ cea�t; t+ �t) = fa(x; t)

��t
��

[fa(x; t)� feqa (x; t)] + FB ; (1)

'|v=tR w |v=mt s=o ?}DQD x@ �t w �x 'xm@W T=}kt QO C=QP CaQU c u; QO xm
R= l} Qy QO utRDrw@ pwUm =t |rO=aD `} RwD `@=D feqa w Oa@ uwO@ Vt=Q; u=tR ��
u=O}t QO C=QP VNB |xrtH 1 |xrO=at AJ CtU "CU= ea CaQU |=yCyH
|tHL|=ywQ}v Qou=}@FB CQ=@a "CU=C=QP OQwNQ@ `@=D xrO=atCU=QCtU w xOw@
"OwW|t x@U=Lt 'Vv=Qo Ovv=t '|HQ=N |wQ}v OwHw CQwY QO xmCU= u=O}t Q@ OQ=w
QO w xOW u}}aD CaQU pOt T=U= Q@ ea |B wmUwQm}t CaQU Q=OQ@
"OwW|t xO=iDU= 1 pmW Ovv=tD2Q9 |xm@W R= ,qwtat '|Oa@ wO |=y|R=UpOt

%OwW|t h} QaD u}vJ ea 'xm@W u}= pmW T=U= Q@

ea =

8>>>>>>><>>>>>>>:
(0; 0) i = 0
c(cos[i� 1]�2 ); sin[(i� 1)�2 ] i = 1 � 4
p2c(cos[(2i� 1)�4 ] ;

; sin[(2i� 1)�4 ]) i = 5 � 8

(2)

"CaQU |=yCyH w D2Q9 |xm@W Q=DN=U "1 pmW

(SRT) =Dm} Vt=Q; u=tR |=Q=O Qorta u}= "OwW|t xO=iDU= [12]2(BGK) lwQm
'xOW QmP |=y|Q=O}=B=v OwHw p}rO x@ 'Vt=Q; u=tR u}}=B Q}O=kt QO xm CU= 3
pQDvm Qw_vt x@ xOW x�=Q= |=yVwQ R= |m} [2]"OwW|t |OOa pL |}=Qo =w Q=JO
Qorta =@ utRDrw@ |xm@W VwQ '=Dm} Vt=Q; u=tR VwQ QO |OOa |Q=O}=B=v
OQwNQ@ `@=D VwQ u}= [14w13]"CU= 4(MRT) xv=oOvJ Vt=Q; u=tR |=Q=O OQwNQ@
umtt CHRr w swDvtwt |a[wt pQDvm xm Ovm|t p=ta= T} QD=t l} CQwYx@ =Q
T} QD=t l} xv=oOvJ Vt=Q; u=tR =@ OQwNQ@ `@=D '`k=w QO [16w15 '13]"OR=U|t
Vt=Q; u=tR w CU= |twDvtwt |=[i x@ C=QP `} RwD |r=oJ |=[i R= p=kDv=
p=ta= =yv; swDvtwt x@ =Q utRDrw@ |xm@W l} QO CaQU CyH Qy x@ XDNt

"Ovm|t
Vt=Q; u=tR =@ utRDrw@ |xm@W VwQ R= xO=iDU= =@ |}xOQDUo |=yVywSB
utRDrw@ |xm@W VwQ |Q=O}=B [2]u=Q=mty w umQm lt "CU= xOW s=Hv= xv=oOvJ
QO VwQ u}= xm Ov=xDi=} QO w xO=O Q=Qk |UQQ@ OQwt =Q MRT OQwNQ@ Qorta =@
CHRr =@ Cq=}U QO BGK OQwNQ@ `@=D =@ utRDrw@ |xm@W OQ=Ov=DU= VwQ =@ xU}=kt
|R=UpOt x@ VwQ u}= R= xO=iDU= =@ [17]Rt=Q@; w E=vt} QB "CU= QDQ=O}=B Q=}U@ QDsm
uwO@ w MRT VwQ R= xO=iDU= =@ xm OvO=O u=Wv w OvDN=OQB xQ]k wO OQwNQ@
|R=iOvJ |=yu=} QH u=wD|t 'q=@ |D=@U=Lt |=yxv} Ry p}tLD w xm@W O=a@= V}=Ri=
`@=D |=yC} Rt [11]u=Q=mty w u}tR=m "OQm |R=Ux}@W =Q |QDq=@ ROrwv} Q O=Oa= =@
|Q}opmW w |ov}} wt C=QF= |R=Ux}@W QO xv=oOvJ w =Dm} Vt=Q; u=tR =@ OQwNQ@
Q}O=kt s}_vD =@ u=wD|t xm OvO=O u=Wv R}v [18]u=i w w=S "OvOQm |UQQ@ =Q C=Q]k
|O=} R OL =D =Q |m} R}iQ}e |=yCaQU MRT VwQ QO Vt=Q; u=tR T} QD=t

"O=O Vy=m
|=yu=} QH |R=Ux}@W |=Q@ uJ � u=W VwQ |=yC}OwOLt R= Qo}O |m}
CHRr Q=Okt x@ xar=]t OQwt p=}U |r=oJ C@Uv |m} R}iQ}e |oDU@=w '|R=iOvJ
VwQ QO CaQU u=O}t QO C=QP VvmQOv= |wQ}v p=ta= 'pmWt u}= Cra "CU= u;
|r=oJ C@Uv Q}}eD Q@ Vt=Q; u=tR Q=Okt s}kDUt Q}F-=D ?@U xm CU= uJ � u=W
R= xO=iDU= =@ pmWt u}= "Ovm|t xDU@=w sy x@ =Q |m} R}i QDt=Q=B wO u}= w xOW
j}kO hqDN= VwQ x@ wQ}v p=ta= u=wva =@ X=N |OOa |R=UxDUUo l} p=ta=
C=QP u}@ VvmQOv= |wQ}v p=ta= 'VwQ u}= QO [19]"CU= xOW pL 5 (EDM)

Vt=Q; u=tR Q=Okt R= |r=oJ C@Uv pqkDU= ?@U |HQ=N |wQ}v l} CQwYx@
O=Oa= R= |a}Uw xQDUo QO `}=t � R=o |R=iwO |=yu=} QH |R=Ux}@W u=mt= w xOW
u}@ VvmQOv= |wQ}v p=ta= |=Q@ VwQ u}= R= pY=L G}=Dv "OwW|t sy=Qi Oa@|@
pL xm OyO|t u=Wv uJ � u=W pOt R= xO=iDU= =@ |R=iOvJ |=yu=} QH QO C=QP
C@Uv pqkDU= ?@U w [20]OQ=O q=@ |=y|r=oJ C@Uv QO |QDy@ |Q=O}=B |OOa
j}kO |=y|UQQ@ T=U= Q@ [21]"OwW|t Vt=Q; u=tR Q=Okt R= R=i wO u=}t |r=oJ
EDM w MRT sD} Qwor= wO ?}mQD '`H=Qt w `@=vt QO Q[=L Q=DWwv u=oOvU} wv
w x�=Q= SRT VwQ =@ xU}=kt QO |R=iOvJ utRDrw@ |xm@W VwQ |}=Q=m Ow@y@ |=Q@
Q[=L Q=DWwv |Qw;wv 'u}=Q@=v@ "OwW|t xDN=OQB u; x@ j}kLD u}= QO xm xOWv |@=} RQ=
R= xO=iDU= Q=vm QO MRT w SRT OQwNQ@ |=ypOt |}=Q=m w CkO |UQQ@ pt=W
EDM VwQ w CaQU |}=Hx@=H VwQ wO x@ C=QP u}@ VvmQOv= |=ywQ}v p=ta=

"CU= utRDrw@ |xm@W VwQ R= xO=iDU= =@ |R=iOvJ |=yu=} QH |xar=]t QO
pOt w utRDrw@ |xm@W VwQ T=U= Q@ |OOa sD} Qwor= l} 'Q[=L j}kLD QO
hOy =@ "CU= xOW xO=O xaUwD |R=iOvJ |=yu=} QH |R=Ux}@W |=Q@ uJ � u=W
C}OwOLt `iQ w Vt=Q; u=tR Q=Okt x@ |R=iwO u=} QH |r=oJ C@Uv |oDU@=w sOa
xOW xO=iDU= j}kO hqDN= |wQ}v p=ta= VwQ l} R= 'OQ=Ov=DU= uJ � u=W VwQ
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Ovyt ?} QkD u}vJ =Q 9 |xrO=at u=wD|t 'CQwY u}= QO [10]"Ow@ Oy=wN jeaj xR=Ov=

[23]%OR

Fint
�= �c0g r ; (10)

|xrtH "CU= u=O}t uOw@ |R=iwO =} |R=ilD |xOvvmu}}aD g ?} Q[ Q=Okt
xO=O \U@ 11 |x]@=Q j@=]t D2Q9 |xm@W QO w x |=DU=Q QO r �

%OwW|t
@ (i; j)
@x

= c1 [ (i+ 1; j)�  (i� 1; j)]

+c2

"
 (i+ 1; j + 1) +  (i+ 1; j � 1)

� (i� 1; j + 1)�  (i� 1; j � 1)

#
; (11)

'C}=yv QO "CU= 1
12 w 1

3 '6 ?}DQD x@ D2Q9 |xm@W |=Q@ c2 w c1 'co ?}=Q[
%OwW|t |U} wvR=@ u}vJ 10 |x]@=Q

Fint
�= �c0g (i; j)@ (i; j)

@x
(12)

%R= Ow@ Oy=wN CQ=@a  `@=D u; QO xm

 = �0
�

1� exp
���
�0

��
; (13)

Q=Wi w xOW xDiQo Q_v QO 1 pO=at ,qwtat xm CU= |D@=F ?} Q[ �0 u; QO xm
[9w8]%OwW|t x@U=Lt 14 |x]@=Q R= l}B wmUwQm =t

P = c2
s�+ g

2 c
2
s 

2 (14)

VvmQOv= |wQ}v "Ovm|t p=ta= T = 1
g x]@=Q CQwYx@ =Q =tO QF= g?} Q[ u; QO xm

%OwW|t x@U=Lt 15 |x]@=Q R= R}v Ot=H w p=}U u=}t

Fwall = �g (i; j) wall

0B@ c1
P

a=1�4
s(x+ ea)+

c2
P

a=5�8
s(x+ ea)

1CA ; (15)

 wall = �0
�

1� exp
���wall

�0

��
; (16)

xm CU= |a@=D s(x + ea) "CU= 1
12 w 1

6 Q@=Q@ ?}DQD x@ c2 w c1 'p@k x@=Wt
OwHw sOa \QW |xOvvm u}}aD ?}DQD x@ xm Ovm|t Q}}eD QiY w 1 u}@ u; Q}O=kt
|R} Qo?; =} |DUwO?; �wall Q=Okt h} QaD =@ 16 |x]@=Q QO "CU= Q=w}O OwHw =}
u}}aD `}=t R=i |r=oJ x@ l}ORv �wall |r=oJ Qo = "OwW|t u}}aD Ot=H RQt
K]U u=}t V}=@ Q |wQ}v l} 15 |x]@=Q QO Ot=H � `}=t VvmQOv= `@=D 'OwW
u}= xm CU= u; Cra "OwW|t CUwO?; Ot=H RQt w xOQm O=H}= xQ]k w Q=w}O
�wall QOkQy 'p@=kt QO "OQ}o|t Q_v QO `}=t R=i R= |tr}i Ovv=t =Q xQ=w}O `@=D
K]U w xOW QDW}@ R=i wO u=}t V}=OH |wQ}v 'OwW QDl}ORv R=o R=i |r=oJ x@
|wQ}v 'p=}U |=yR=i u=}t VvmQOv= |wQ}v ẁtHt 'C}=yv QO "OwW|t R} Qo?;
x@U=Lt 17 |x]@=Q j@=]t |HQ=N |wQ}v w Ot=H K]U w p=}U u=}t VvmQOv=

%OwW|t

F�total = Fint + Fwall + FB (17)

x@U=Lt u}vJ w u=} QH l}B wmUwQm =t X=wN T=U= Q@ feqa |rO=aD `} RwD `@=D
[22]%OwW|t

feqa (x; t) = wa�[1 + ea:ueq

c2
s

+ (ea:ueq)2

2c4s � ueq2

2c2s ] (3)

[12]CU= utRDrw@ � pwUm =t |r=oJ `} RwD p=tDL= `@=D swO |x@DQt\U@ 3 |xrO=at
%OwW|t h} QaD u}vJ D2Q9 pOt |=Q@ w CU= |vRw `@=D wa 'u; QO xm

w� =

8>>>><>>>>:
4=9 a = 0
1=9 a = 1 � 4;
1=36 a = 5 � 8

(4)

x@ 6 w 5 \@=wQ R= u CaQU w � |r=oJ pt=W u=} QH l}B wmUwQm =t C=YNWt
%O};|t CUO

� =
X

fa; (5)

u = 1
�

X
fa; (6)

:CW=O s}y=wN u}=Q@=v@ 'CU=Vt=Q; u=tR x@ xDU@=w utRDrw@ |xm@W VwQ QOCHRr
� = c2s(� � 0=5�t); (7)

uJ � u=W |R=iOvJ pOt "1"2
� u=W VwQ R= xO=iDU= =@ <RH OvJ =} w R=i OvJ u=}t VvmQOv= |R=Ux}@W Qw_vt x@
C=QP u=}t VvmQOv= p=ta= |=Q@ "OwW|t x@U=Lt C=QP u}@ VvmQOv= |=ywQ}v 'uJ

%Ov=xOQm x�=Q= =Q 8 pOt [9w8]uJ w u=W '<RH l} QO

V (X;X 0) =

�G(X;X 0) (X) (X)(X 0 �X); (8)

CU= QF-wt sQH `@=D  (X) w u} Qo `@=D G(X;X 0) = G(jX �X 0j) u; QO xm
OQwNQ@ |wQ}v u=R}t 8 |xrO=at QO "OwW|t x@U=Lt pL u=O}t R= x]kv Qy QO xm
|wQ}v "OwW|t x@U=Lt utRDrw@ |xm@W QO u; |x}=Uty C=QP =@ xQP Qy u=}t
X 0 u; |o}=Uty QO QF-wt sQH w X |x]kv QO QF-wt sQH u=}t QF= `k=w QO OQwNQ@
CQwYx@ OQwNQ@ Ov}=Qi pw] QO xQP |o}=Uty Q@ OQ=w |wQ}v xm u; p}rO x@ "CU=
<=[Q= xQP Qy pLt QO swDvtwt |=k@ 'OwW|t p=ta= u; x@ |HQ=N |wQ}v l}
[8]"Ovm|t =[Q= =Q pL u=O}t pm QO swDvtwt |=k@ uJ � u=W VwQ =t= "OwW|tv
|wQ}v |xrO=at 'Qo}Om} |o}=Uty QO xQP wO u=}t OQwNQ@ |wQ}v |x@U=Lt |=Q@

%R= CU= CQ=@a OQwNQ@
Fint = � (X)�X

a

G(
��X �X 0��) (X)(X 0 �X); (9)

G(jX�X 0j) OQwNQ@ ?} Q[ `@=D Qo = 'utRDrw@ |xm@W QO |B wQDwR}= C}=aQ |=Q@
R= `@=D l} CQwYx@ `@=D u}= Q=Okt 'OwW xDiQo Q_v QO ea Q=OQ@ C=yH QO =yvD
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"""u
=tR

wO=
@OQ

wNQ
@Qo

rta
Q}F- =D

|xa
r=]t=@ utRDrw@ |xm@W VwQ R= Q[=L j}kLD QO 'p}rO u}tyx@ "CUq=@ Q@ w w ROrwv} Q

|U} wvR=@ u}vJ 20 |x]@=Q VwQ u}= QO "CU= xOW xO=iDU= xv=oOvJ Vt=Q; u=tR
[13]%OwW|t

fa(x+ cea�t; t+ �t) = M�1(ma(x; t)�
S[ma(x; t)�meq

a (�;ueq)] +meq
a (�;ueq + �u)

�meq
a (�;ueq)); (22)

hqDN= VwQ x@ wQ}v p=ta= w xv=oOvJVt=Q; u=tR =@ utRDrw@ |xm@W VwQ Qou=Wv xm
T} QD=t S w `} RwD `@=wDmeq wm 'p=kDv= T} QD=tM 'x]@=Q u}= QO "CU= 9j}kO
w fa(x; t) 'C=QP `} RwD `@=D M p=kDv= T} QD=t R= xO=iDU= =@ "CU= Vt=Q; u=tR
meq = Mfeq w m = Mf CQwYx@ feqa (x; t) 'utRDrw@ |rO=aD `} RwD `@=D
CQ=@a S wmeq |=yT} QD=t |x@U=Lt VwQ "OvwW|t pkDvt |twDvtwt |=[i x@

%R= CU=
meq = �(1;�2 + 3(u2

x + u2
y); 1

�3(u2
x + u2

y); ux;�ux; uy;�uy; u2
x � u2

y; uxuy)T ; (23)

S = diag(��1
� ; ��1

e ; ��1
" ; ��1

j ; ��1
q ; ��1

j ; ��1
q ; ��1

� ; ��1
� ) (24)

%R= CU= CQ=@a M T} QD=t h} QaD u}vJty

M =

266666666666666666664

1 1 1 1 1 1 1 1 1
�4 �1 �1 �1 �1 2 2 2 2
4 �2 �2 �2 �2 1 1 1 1
0 1 0 �1 0 1 �1 �1 1
0 �2 0 2 0 1 �1 �1 1
0 0 1 0 �1 1 1 �1 �1
0 0 �2 0 2 1 1 �1 �1
0 1 �1 1 �1 0 0 0 0
0 0 0 0 0 1 �1 1 �1

377777777777777777775
(25)

p=ta= w xv=oOvJ Vt=Q; u=tR =@ |R=iOvJ utRDrw@ |xm@W VwQ 'Q[=L Q=DWwv QO
xO=O u=Wv MRT-EDM Q=YDN= =@ j}kO hqDN= VwQ x@ uJ � u=W |wQ}v
OQwt SRT-EDM w SRT-SCM =@ xU}=kt QO VwQ u}= CkO w |}=Q=m "OwW|t

"CiQo Oy=wN Q=Qk |@=} RQ= w |UQQ@

|OOa G}=Dv "3
VwQ |}=Q=m |UQQ@ |=Q@ xDi=} xaUwD sD} Qwor= R= pY=L G}=Dv VN@ u}= QO
G}=Dv CkO w CLY w xOW x�=Q= hrDNt OQwNQ@ |=yQorta =@ utRDrw@ |xm@W

"CU= xOW |@=} RQ= w |UQQ@ `}=t � R=o |R=iwO |=yu=} QH |=Q@

pO=aD Cr=L QO xQ]k l} |R=Ux}@W "1"3
R=i =@ |]}Lt QO xQ]k l} pO=aD Cr=L 'xDi=} xaUwD pOt CLY |UQQ@ Qw_vt x@
R= Oa@ [24]'TqBq uwv=k j@] "CU= xOW |R=Ux}@W ?w=vDt pL u=O}t l} QO R=o

j}kO hqDN= |wQ}v p=ta= VwQ "2"2
|xrO=at x@ 17 |x]@=Q QO xOW x@U=Lt |wQ}v p=ta= |=Q@ |irDNt |=yVwQ
\UwD xOW x�=Q= swUQt VwQ 'xt=O= QO &OQ=O OwHw utRDrw@ |xm@W VwQ
VwQ "CU= xOW |UQQ@ j}kO hqDN= |xDi=} Ow@y@ VwQ w uJ � u=W
u}= QO "OwW|t xO}t=v R}v 6xOW =Hx@=H CaQU VwQ ,=Lq]Y= uJ � u=W
CtU QO feqa CQ=@a QO ,=t}kDUt 17 |xrO=at QO xOW x@U=Lt |wQ}v VwQ
xOW x@U=Lt CaQU Q=Okt VwQ u}= QO "OwW|t p=ta= 1 |xrO=at CU=Q
u; x@ p}rO u}ty x@ "OwW|t KqY= wQ}v u}= R= xO=iDU= =@ 6 |x]@=Q R=
x@U=Lt u}vJ xOW =Hx@=H CaQU Q=Okt "Ov} wo|t xOW =Hx@=H CaQU VwQ

%OwW|t

ueq = u+ ��tFtotal
�

(18)

QO 'x@U=Lt R= Oa@ ueq w CU= 6 |x]@=Q R= xOW x@U=Lt CaQU u 'u; QO xm
19 |x]@=Q R= R}v pL u=O}t |ak=w CaQU Q=Okt "OwW|t |Q=Po}=H 3 |x]@=Q

%O};|t CUO x@
ureal = u+ 1

2�Ftotal�t (19)

s}kDUt Q}F-=D OQ=Ov=DU= uJ � u=W VwQ QO g Q}O=kt C=Q}}eD 'OW xQ=W= xmu=vJ
Q}F-=D � Q=Okt Q@ p=}U CHRr Q=Okt Qo}O |wU R= "OQ=O |r=oJ C@Uv Q@
|r=oJ C@Uv Q=Okt Ovm =O}B Q}}eD CHRr Q}O=kt xm |DQwY QO u}=Q@=v@ "OQ=Po|t
|wQ}v p=ta= QO pmWt u}= `iQ |=Q@ "Ov=t|tv C@=F XNWt g l} QO
Q=YDN= =@ xm xOW xO=iDU= j}kO hqDN= VwQ R= Q[=L j}kLD QO 'F�total
|U} wvR=@ u}vJ 1 |x]@=Q VwQ u}= QO "OwW|t xO=O u=Wv 7 SRT-EDM

%OwW|t
fa(x+ cea�t; t+ �t) = fa(x; t)

�1
�

[fa(x; t)� feqa (�;u)] + feqa (�;u+ �u)

�feqa (�;u); (20)

�u w CU= 6 |x]@=Q R= xOW x@U=Lt CaQU '20 |x]@=Q QO uCaQU u; QO xm
%R= CU= CQ=@a

�u = Ftotal�t=� (21)

xDiQ u}@ R= � Q=Okt x@ VvmQOv= |wQ}v Q}O=kt |oDU@=w 'OwW|t xOy=Wt xmu=vJ
|r=oJ C@Uv � Q=Okt Q}}eD =@ 'uJ � u=W OQ=Ov=DU= VwQ hqNQ@ xH}DvQO "CU=
j}kO hqDN= w uJ � u=W VwQ wO � = 1 QO "Ov=t|t C@=F ,=@} QkD <RH wO u=}t

"CW=O Ovy=wNv |Dw=iD Qo}Om} =@

xv=oOvJ Vt=Q; u=tR =@ OQwNQ@ Qorta "3"2
|=Q=O OQwNQ@ Qorta =@ OQ=Ov=DU= utRDrw@ |xm@W VwQ |xrO=at '1 |x]@=Q QO
pOt =@ |R=iOvJ |=yu=} QH pL |=Q@ Q[=L Q=DWwv QO xm OW x�=Q= =Dm} Vt=Q; u=tR
|=yC}OwOLt R= |m} "OwW|t xO=O u=Wv 8 SRT-SCM Q=YDN= =@ uJ � u=W
O=Oa= =@ |R=iOvJ |=yu=} QH |R=Ux}@W QO u; |}=v=wD sOa 'OQ=Ov=DU= pmW u}=
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xQ=t
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Q=y@
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l}
v=mt

|U
Ovyt '0 05923 pO=at ?}DQD x@ MRT-EDM w SRT-EDM 'SRT-SCM VwQ

"CU= xOt; CUO x@ 0 06292 w 0 06442
SRT- OQwNQ@ `@=D xU =@ utRDrw@ |xm@W VwQ 'OW xQ=W= QDV}B xmu=vJ
22 w 20 '1 |=yx]@=Q QO ?}DQD x@ xm MRT-EDM w SRT-EDM 'SCM

|OOa pL |Q=O�}=B w Vt=Q; u=tR OOa R= |r=oJ C@Uv pqkDU= QO 'xOW u=}@
CtU swO |xrtH QO Vt=Q; u=tR Q=Okt 'SRT-SCM VwQ QO "OvQ=O Cw=iD
R= xOt; CUO x@ R=i V}=OH |wQ}v Qo}O |wU R= "OwW|t p=ta= 1 |x]@=Q CU=Q
xH}Dv QO "OwW|t p=ta= CU=Q CtU CQ=@a u=ty QO 'feq QO uJ � u=W VwQ
VwQ QO "Ovm|t pta wQ}v u}= QF= w Q=Okt QO Q}}eD x@=Wt Vt=Q; u=tR Q=Okt QO Q}}eD
uJ � u=W VwQ R= xOt; CUO x@ R=i V}=OH |wQ}v j}kO hqDN= |wQ}v p=ta=
u=tR Q=Okt xH}Dv QO "OwW|t p=ta= R=i wO u=}t RQt x@ |HQ=N |wQ}vl} CQwYx@
,=@} QkD |r=oJ C@Uv w OQ=Ov |Q}F-=D R=i V}=OH |wQ}v Q=Okt QO ,=t}kDUt Vt=Q;
|=[i QO =ywQ}v s=tD xm u; OwHw =@ R}v 22 |x]@=Q QO x@=Wt CQwYx@ "Ov=t|tC@=F
Q}F-=D R=i V}=OH |wQ}v Q@ Vt=Q; u=tR T} QD=t 'OvQ=Po|t QF= Qo}Om} Q@ |twDvtwt
QO 35 `=aW =@ pO=aD p=L QO |xQ]k l} |=Q@ |R=Ux}@W G}=Dv 4 pmW QO "OQ=Ov
xOW s=Hv= hrDNt Vt=Q; |=yu=tR |=Q@ g = �5 =@ 200� 200 |xm@W l}
MRT-EDM w SRT-EDM VwQ wO Qy QO xm OyO|t u=Wv xU}=kt u}= "CU=
|r=L QO "CU= xOv=t C@=F ,=@} QkD |r=oJ C@Uv '�CHRr Q}}eD� Vt=Q; u=tR Q}}eD =@
xwqa "CU= OwyWt,qt=m SRT-SCM VwQ QO |m} R}i QDt=Q=B wO u}= |oDU@=w xm
w `}=t R=i wO u}@ VvmsyQ@ |wQ}v p=ta= QO j}kO hqDN= VwQ R= xO=iDU= =@ 'u; Q@
xm |Qw] x@ "CU= xDi=} Ow@y@ |OOa pL |Q=O}=B |xOwOLt 'lQDWt pYi QO R=o
MRT-EDM w SRT-EDM 'SRT-SCM VwQ xU |=Q@ xv}tm Vt=Q; u=tR
|Q=O}=B |xOvyOu=Wv xm xOt; CUO x@ 0 50001 w 0 515 '0 6 pO=at ?}DQD x@
u; p=@vO x@ w pL |Q=O}=B V}=Ri= OUQ|t Q_v x@ "CU= MRT-EDM VwQ QDy@
s}kDUt |x]@=Q |m} R}iQ}e |=yCaQU Q=Okt Vy=m =@ Vt=Q; u=tR xR=@ V}=Ri=
R=o w `}=t R=i u=}t lQDWt RQt CQw=Ht QO CaQU |=yQ=OQ@ '5 pmW QO "OQ=O
'MRT-EDM OQwNQ@ `@=D R= xO=iDU= =@ "OwW|t xOy=Wt OQwNQ@ `@=D xU Qy |=Q@
|=Q@ |m} R}iQ}e |xv}W}@ CaQU "OvQ=O |QDsm Q=Okt w OvQDs_vt CaQU |=yQ=OQ@
Q=DWwv QO xOW p=ta= MRT-EDM w SRT-EDM 'SRT-SCM VwQ xU
CUO x@ 0 0078 w 0 0177 '0 0663 Q@=Q@?}DQD x@ 0 6 Vt=Q; u=tR QO Q[=L
|=Q@ |O=} R C=k}kLD "OyO|t u=Wv |}x_Lqt p@=k Vy=m QN; VwQ QO xm xOt;

VwQ xU |=Q@ |r=oJ C@Uv =@ Vt=Q; u=tR Q=Okt |oDU@=w |UQQ@ "4 pmW
"MRT-EDM w SRT-EDM'SRT-SCM

u}@ Q=Wi hqDN= O=H}= ?@U xQ]k |L]U VWm 'pO=aD Cr=L x@ xQ]k uO}UQ
%OwW|t x@U=Lt u}vJ u; Q=Okt xm OwW|t xQ]k uwQ}@ w uwQO

�p = pin � pout = �
R

(26)

u}@ Q=Wi hqDN= �p w xQ]k `=aW R 'xQ]k |L]U VWm � 'x]@=Q u}= QO
|xR=Ov= x@ |OOa pL |oDU@=w sOa R= u=v}t]= |=Q@ "CU= xQ]k uwQ}@ w pN=O
"CU= xOW s=Hv= hrDNt |xm@W OvJ R= xO=iDU= =@ |OOa |R=Ux}@W =OD@= 'xm@W
QO |Oa@ wO pL u=O}t |RmQt \N QO |r=oJ p}iwQB |=Q@ xOt; CUO x@ G}=Dv
xOt; CUO x@ G}=Dv QO 'OwW|t xOy=Wt xmu=vJ "CU= xOW xO=O u=Wv 2 pmW
`=aW w xv}W}@ |r=oJ '250 � 250 w 200 � 200 |xm@W wO R= xO=iDU= =@
|xm@W u=wvax@ 200�200 |xR=Ov= =@ xm@W 'xH}Dv QO "CU= u=Um} ,=@} QkD xQ]k
TqBq uwv=k |UQQ@ G}=Dv "CU= xOW ?=NDv= |R=iwO |xr�Ut u}= |=Q@ ?U=vt
xU R= 'xar=]t u}= QO "CU= xOW x�=Q= 3 pmW QO xQ]k hrDNt |=y`=aW |=Q@
xQ]k pO=aD |R=Ux}@W |=Q@ MRT-EDM w SRT-EDM 'SRT-SCM VwQ
OyO|t u=Wv xOt;CUO x@ G}=Dv "CU= xOW xO=iDU= ?w=vDt |R=iwO pL u=O}t QO
CLY O} -wt u}= w Ovvm|t C}a@D TqBq uwv=k R= |@ wN x@ VwQ xU Qy xm
QO |R=iOvJ utRDrw@ |xm@W VwQ T=U= Q@ xDi=} xaUwD |=ysD} Qwor= CkO w
xU |=Q@ g = �5 QO |L]U VWm Q=Okt 'Q[=L pL QO "CU= Q[=L Q=DWwv

u=O}t l} QO xQ]k l} |R=Ux}@W QO hrDNt |=yxm@W CkO |xU}=kt "2 pmW
"?w=vDt

w SRT-EDM 'SRT-SCM VwQ xU Qy QO TqBq uwv=k |UQQ@ "3 pmW
"MRT-EDM
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"""u
=tR

wO=
@OQ

wNQ
@Qo

rta
Q}F- =D

|xa
r=]tw [27�25]xOW s=Hv= lQDWt pYi |x}L=v QO |m} R}iQ}e |=yCaQU u}= Vy=m

"OQ=O xt=O= C=k}kLD u}= u=vJty

`}=t � Q=N@ sDU}U l} QO =yR=i V}=OH |R=Ux}@W "2"3
|v=QL@ |=tO R= QDsm x@ `=@W= Q=N@ |=Q=O uoty sDU}U l} |=tO xm |t=ovy
Vr=oJ "OwW|t xO}r=oJ u; R= |}=yVN@ |t=Q; x@ w xOW Q=O}=B=v Q=N@ R=i 'OUQ@
C=Q]k w OwW|t s=Hv= Q=N@ QO jrat R} Q Q=}U@ C=Q]k R= |}=yxDUy pwL Q=N@
C=Q]k w OvOvw}B|t sy x@ OwN x@ wv x@ C=Q]k u}= &OyO|t p}mWD =Q xOy=Wt p@=k
R=i wO Qy C_re xm O@=}|t xt=O= |}=H =D Ov}=Qi u}= "OvyO|t p}mWD =Q |QDnQR@
K}[wD |=Q@ "OUQ@ pO=aD x@ O}OH |}=tO \}=QW QO sDU}U QO OwHwt `}=t w Q=N@
Ov}=Qi l} QO =tO Vy=m =@ xm Cio u=wD|t '|m}t=v}OwtQD x=oO}O R= Ov}=Qi u}=
QO |rwmrwt u}@ |=ywQ}v w O@=}|t Vy=m =ypwmrwt |W@vH |SQv= 'C@=F sHL
u}= [27]"OwW|t C=Q]k p}mWD w uDUw}B sy x@ ?@U xm OvwW|t ?r=e u=O}t
|=ysDU}U |=Q=O `}=vY QO w u=Q=@ C=Q]k p}mWD |=Q@ Ca}@] QO |m} R}i |xO}OB
=@ |m} R}i |xO}J}B |xO}OB u}= |OOa |R=Ux}@W "ODi=|t j=iD= Qwiwx@ |DQ=QL
VwQ =t= 'CU= Q=wWO |D=@U=Lt Cq=}U l}t=v}O QO swUQt |=yVwQ R= xO=iDU=
pY=L C=Q]k p}mWD Ov}=Qi |v}@V}B |}=v=wD |@ wN x@ |R=iOvJ utRDrw@ |xm@W

"OQ=O =Q =yR=i V}=OH R=
utRDrw@ |xm@W VwQ T=U= Q@ xDi=} xaUwD sD} Qwor= |Ovtu=wD 'VN@ u}= QO
w |R=Ux}@W |=Q@ MRT-EDM w SRT-EDM 'SRT-SCM Qorta xU =@
|UQQ@ OQwt `}=t � Q=N@ |R=iwO sDU}U l} QO =yR=i V}=OH Ov}=Qi |xar=]t
R= xO=iDU= =@ ?w=vDt pL u=O}t l} 'Qw_vt u}= x@ "CU= xDiQo Q=Qk |@=} RQ= w
pt=W pL u=O}t |x}rw= \}=QW "CU= xOW |R=UxDUUo 200 � 200 |xm@W
xDiQo Q_v QO `}=t `=@W= Q=N@ QO �x}rw= |=yxDUy� R} Q Q=}U@ C=Q]k |iO=YD `} RwD
"CU= xOW x@U=Lt 0 15 w 1 94 Q}O=kt u}@ |iO=YD `@=D R= xO=iDU= =@ xm xOW
w xOW xDiQo Q_v QO 12 93 Q@=Q@ xar=]t u}= QO `}=t w Q=N@ u}@ |r=oJ C@Uv

"CU= xOW xar=]t g = �5 QO sDU}U
|OOa pL |=yQ=QmD O=OaD T=U= Q@ =yR=i V}=OH MQv Q=Owtv 6 pmW QO
C=Q]k '|R=Ux}@W R=e; =@ xm OyO|t u=Wv C=Q}}eD MQv "CU= xOW xO=O u=Wv
R=i V}=OH MQv C=Q]k uOW QDnQR@ =@ "OvOvw}B|t Qo}Om} x@ O=} R CaQU =@ QDR} Q

|R=iwO sDU}U l} |=Q@ Q=QmD O=OaD T=U= Q@ =yR=i V}=OH MQv |xU}=kt "6 pmW
"MRT-EDM w SRT-EDM 'SRT-SCM VwQ xU R= pY=L `}=t � Q=N@

xU R= pY=L pO=aD Cr=L QO xQ]k l} pwL |m} R}iQ}e CaQU |=yQ=OQ@ "5 pmW
"MRT-EDM w SRT-EDM 'SRT-SCM VwQ
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|xQ=w}O |wQ xQ]kl} |=Q@ p=tQv|r=oJ T=U=Q@ T=tD |x} w=R |xU}=kt "8 pmW
[28]"u}W}B C=ar=]t G}=Dv =@ Q[=L pL R= pY=L

x@ u; Q=Okt xm OQ}o|t pmW Ot=H K]U =@ xQ]k u}@ |U=tD |x} w=R Cr=L u}= QO
Q=Okt |v}@V}B "OQ=O |oDU@ u; |R} Qo?; =} |DUwO?; Ovv=t 'K]U C=YNWt
|@ wN uwtR; Q[=L |OOa sD} Qwor= R= pY=L G}=Dv R= xO=iDU= =@ T=tD |x} w=R u}=
|Oa@ wO pL u=O}t l} 'Qw_vt u}= x@ "CU= u; CkO w |Ovtu=wD |UQQ@ |=Q@
u; CU=Q w AJ |=yRQt xm xOW xDiQo Q_v QO 200 � 200 |xm@W xR=Ov= =@
QO 12 93 |r=oJ C@Uv =@ xQ]k l} "CU= xQ=w}O u; u}}=B w q=@ |=yRQt w ?w=vDt
hrDNt\}=QW uDiQo Q_v QO =@ 'TBU "CU= xDiQo Q=Qk u}}=B |xQ=w}O |wQ g = �5
xar=]t OQwt w |Q}oxR=Ov= T=tD |x} w=R Q=Okt '=yxQ=w}O |=Q@ |R} Qo?; w |DUwO?;
|r=oJ T=U= Q@ D� p=tQv |r=oJ Oa@|@ QDt=Q=B 'xar=]t u}= |=Q@ "CU= xDiQo Q=Qk
%CU= xOW h} QaD u}vJ �l `}=t R=i |r=oJ w �v R=o R=i |r=oJ '�wall Q=w}O
D� = �wall � ��

�l � �� (27)

"OwW|t u}}aD Ot=H RQt |R} Qo?; =} |DUwO?; �wall Q=Okt h} QaD =@ u; QO xm
w CUwO?; Ot=H RQt 'OwW u}}aD `}=t R=i |r=oJ x@ l}ORv �wall |r=oJ Qo =

"OwW|t R} Qo?; K]U 'OwW QDl}ORv R=o R=i |r=oJ x@ Qo =
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1. lattice boltzmann method
2. bhatnagar-groos-krook
3. single relaxation time
4. multi relaxation time
5. exact deference method
6. velocity shifted method
7. single relaxation time shan chen method
8. single relaxation time velocity shifted method
9. multi relaxation time exact deference method
10. bounce back
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