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G}=Dv "CU= xOWv s=Hv= u=QoVywSB \UwD p=L x@ =D CQwY u}= x@ Pwiv |xr�Ut
Pwiv |xr�Ut |R=Ux}@W QO xDU=mx@DQ |wor= |q=@ CaQU w CkO |xOvyOu=Wv

"CU= |DQ=QL

CQ=QL p=kDv= |xrO=at s}kDUt |OOa |R=Ux}@W "2
=}=B=v w |Oa@wO

uwQO |DQ=QL Pwiv |xrO=at pL Qw_vtx@ xDU=mx@DQ |rOt |xaUwD 'VywSB u}= QO
|HvUCLYQw_vtx@ "CU= xDiQo Q=Qk|UQQ@ OQwtpmW|a@ Qt w|Oa@ wO|}xLiY
|r}rLD pL |=yxO=O =@ pY=L G}=Dv 'xrO=at u}= |=Q@ s}kDUt |OOa |R=Ux}@W
Qt= u}= |=Q@ "CU= xOW xU}=kt OL=w 1 O=a@= x@ |}xLiY |wQ xrO=at u}= |=Q@
s}kDUt |OOa |R=Ux}@W CQwYx@ xm |}=yxO=O R= |}xr=@vO =D CU= sRq =OD@= R}v
?DQt|}x_Lr |=yu=O}t u=ty =} =yx}=tv R=|}xawtHt CQwYx@ 'Ov=xOW |Qw;`tH
pL Om R= '=yx}=tvxDUO O=H}= |=Q@ w xOW x�=Q= |=y|R=Ux}@W QO Qw_vtu}O@ "OvwW
"CU= xOW xO=iDU= 1 |xrO=at j@=]t =}=B=v w |Oa@ wO |DQ=QL Pwiv |xrO=at |OOa
|R=UxDUUo |=Q@ swO x@DQtCkO =@ |RmQt OwOLt p[=iD R= |OOa s}kDUt pL QO
|v=tR jDWt CQ=@a |=Q@ sQ=yJ x@DQt CkO =@ =Dwm � nv=Q VwQ w |v=mt |=ysQD

%R= CU= CQ=@a xrO=at u}= xOW |R=UxDUUo pmW "CU= xOW xDiQo xQy@
@u
@t

= �
�
@2u
@x2 + @2u

@y2

�
(1)

%x}rw= \QW R= xr�Ut u}= |OOa pL |=Q@
u(x; y; 0) = 0 (2)

%|RQt \}=QW w
u(0; y; t) = u(1; y; t) = 1
u(x; 0; t) = u(x; 1; t) = 1 (3)

3 |v=tR xR=@ QO xr�Ut w xOw@ 0 0044 |DQ=QL |Q}PBPwiv "CU= xOW xO=iDU=
w[a 300 =@ xDUO l} 'sm =L |xrO=at pL =@ "CU= xDiQo Q=Qk |UQQ@ OQwt OL=w
QO |r=wDt w |w=Ut |v=tR |=ys=o =@ w X=N |v=tR xR=@ l} QO �u=O}t pL R=�
|xLiY uwQO |=tO R=QDsy \w]N ?}DQD x@ '1 pmW QO "OW Oy=wN xDiQo Q_v
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|Oa@ wO |DQ=QL Pwiv |xrO=at |OOa pL R= pY=L G}=Dv |HvUCLY Qw_vtx@

"CU= xOW xDN=OQB xrO=at |r}rLD MU=B =@ G}=Dv u}= |xU}=kt x@ '=}=B=v w

|R=Ux}@W |=Q@ u=Q=mty w |rwQ TBU [6]"OW |iQat u=} QH u=O}t |m}t=v}O
xO=iDU= |m}t=v}O |=yOwt |x} RHD VwQ R= 'nQR@ T=}kt QO CH l} u=} QH
|x} RHD w xv}y@ Ot=aDt |x} RHD |=yVwQ R= xO=iDU= =@ u=Q=mty w T=twD [7]"OvOQm
u=} QH C}ty= R�=L w |rY= |=yQ=DN=U G=QNDU= x@ jiwt |m}t=v}O |=yOwt
CaQU =@ CmQL p=L QO Q=]k l} h=Q]= '|}x@=OQo |x}L=v QO xOW |R=Ux}@W
R= xO=iDU= =@ u=Q=mty w lwO [8]"OvDN=OQB VwQ wO u}= |xU}=kt x@ w xOW q=@
Q=Qk |UQQ@ OQwt =Q u=} QH |Q=O}=B=v OWQ MQv '|m}t=v}O |=yOwt |x} RHD VwQ
|=yVvmsyQ@ |m}t=v}O |=yOwt |x} RHD VwQ R= xO=iDU= =@ R}v |r} Qo [9]"OvO=O
=@ x=Qty |}=yOwt OW jiwt |w "O=O Q=Qk |UQQ@ OQwt =Q lwW |RQt x}q uwQO
|}=U=vW Ow@ xOW O}rwD |}x@ Q[ G=wt= w R=U=OH ?=@L \UwD xm =Q u}}=B Tv=mQi
|UQQ@ OQwt =Q xQiL l} uwQO |v=} QH VwQ u}= R= xO=iDU= =@ R}v =vU [10]"Ovm
CUtQU [11]"OW |v=Uwv OwN C}r@=k =@ |}=yOwt |}=U=vW x@ jiwt w O=O Q=Qk
|x} RHD |=yVwQ R= 'O=@ u}@ QwD CWB |v=QwO CaQU p}rLD Qw_vtx@ u=Q=mty w
C} Rt j}kLD u}= QO "OvOQm xO=iDU= |m}t=v}O |=yOwt |x} RHD w xv}y@ Ot=aDt
|@ wNx@ xv}y@ Ot=aDt |x} RHD VwQ x@ C@Uv |m}t=v}O |=yOwt |x} RHD VwQ
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R= xO=iDU= =@ R}v u=Q=mty w nvwy [13]"O=O Q=Qk |UQQ@ OQwt |m}t=v}O |=yOwt
u=} QH R= pY=L \rDNt u=} QH u=O}t '|m}t=v}O |=yOwt |x} RHD VwQ u}ty
x@ VwQ u}= R= xO=iDU= =@ R}v w}r [14]"OvOQm pQDvm =Q QRw}i}O l} uwQO |=}=B=v
xQiL l} uwQO |v=} QH \UwD xOt; OwHw x@ |Q=Wi C=W=WDe= p}rLD w x} RHD
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G=QNDU= x@ jiwt |m}t=v}O |=yOwt |x} RHD VwQ R= xO=iDU= =@ R}v VQ=mty w
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pQDvm C}r@=k |R=Uxv}y@ Qw_vtx@ R}v u=Q=mty w nv=}m [17]"OvOQm xU}=kt |@ QHD
VwQ wO R= 'Q}PBsm =QD |@}mQD CH u=} QH l} |RQt |x}quwQO |=tO w CaQU
x@ G}=Dv |xU}=kt "OvDUH xQy@ |m}t=v}O |=yOwt |x} RHD w xv}y@ Ot=aDt |x} RHD
|m}t=v}O |=yOwt |x} RHD VwQ C} Rt Qou=Wv R}v nv=}m VywSB QO xOt; CUO
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O=H}= CyH |m}t=v}O |=yOwt |x} RHD VwQ R= 'VywSB u}= QO [20]"Ovm |Q}owrH
"CU= xOW xO=iDU= =}=B=v w |Oa@ wO |DQ=QL Pwiv |xr�Ut |=Q@ xDU=mx@DQ |wor=
|YNWt |v=tR |=yxR=@ QO OwOLt p[=iD VwQ '=yx}=tv T} QD=t O=H}= |=Q@
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|DQ=QL Pwiv |xrO=at |OOa pL |q=@CkO |xOvyOu=Wv Qt= u}= w xOw@ 6 |xrO=at
"CU= xrO=at u}= R= |W=v |xDU=mx@DQ pOt |OwQw |=yx}=tv xDUO w |Oa@ wO

|m}t=v}O |=yOwt |x} RHD VwQ "3
[6]"OW O=yvW}B O}tW= QD}B \UwD 2008 p=U QO |m}t=v}O |=yOwt |x} RHD VwQ
hrDNt |=RH= |R=U=OH |=Q@ |WwQ u=wvax@ 'xO=O Q@|vD@t OvtDQOk VwQ u}=
xOW |iQat p=}U |m}t=v}O Q=DiQ |xOvR=U |rY= |=yQ=DN=U u}}aD w u=} QH
|=ysDU}U Q=DN=U p}rLD w x} RHD w |UQQ@ x@ QO=k VwQ u}= `k=w QO "CU=
u; QO xm OQ=O =Q u=O}t R= |}=yx}L=v |}=U=vW u=mt= w xOw@ |]NQ}e w xO}J}B
|x} RHD =@ VwQ u}= "ODi=|t j=iD= |m}t=v}O |=yQ=DiQ w xOQm ptahrDNt |=ywQ}v
sDU}U |m}t=v}O Q=DiQ R= |Dw=iDt |x@vH l} Qy xm |}=yOwt x@ xO}J}B |=ysDU}U
x@ sDU}U |x} RHD xm CU= u}= C}ty= R�=L |xDmv =t= "Ovm|t pta OvQ=O =Q
|xOvyOp}mWD xm OW Oy=wN |rY= |=yOwt |}=U=vW Ea=@ '=yOwt R= |QUm}
O};|t sy=Qi u=mt= u}= p=L "�|m}t=v}O |=yOwt� OvDUy sDU}U |m}t=v}O Q=DiQ
R= xO=iDU= =@ w QDC}ty=sm |=yOwt R= =yu; |R=U=OH w =yOwt u}= ?=NDv= =@ =D
u=wD|t u}vJty "OwW |R=UR=@ j}kO CQwYx@ |rY= sDU}U '=yu; |]N ?}mQD
"OQm |v}@V}B QF-wt |=yQDt=Q=B Q=Okt QO Q}}eD |=R=x@ =} COtOvr@ QO =Q sDU}U Q=DiQ
=yxO=O R= |}xr=@vO x@ '|m}t=v}O |=yOwt |x} RHD VwQ R= xO=iDU= |=Q@ =OD@= QO
u=} QH |}x_Lr |=yu=O}t u=ty =} =yx}=tv R= |}xawtHt CQwYx@ xm 's}OvtR=}v
|xOvR=U xQoM |=Q=O |D=@U=Lt |xm@W l} u=wvax@ x}=tv Qy "OW Ovy=wN ?DQt
l} =@ x}=tv Qy "OW Ovy=wN ?DQt �i Q=OQ@ ?r=k QO xm xOw@ sy Q=vm QO xm@W
O=OaD x@ Qo = p=L "OW Oy=wN C@F |r@k |x}=tv x@ C@Uv �t C@=F |v=tR |xrY=i

"OwW|t xO=iDU= pB}t Q=Ri=sQv R= xrO=at u}= |r}rLD MU=B |x@U=Lt |=Q@
\QW R= 'Q=Ri=sQv u}= \UwD u; G=QNDU= QO CrwyU w |r}rLD MU=B OwHw Qw_vtx@

%x}rw=
u(x; y; 0) = 1 (4)

%uoty |RQt \}=QW w
u(0; y; t) = u(1; y; t) = 0
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|xrO=at xH}DvQO w xOw@ �|DQ=QL Pwiv |xrO=at� xr-=Ut Q@ sm =L |rY= |xrO=at Q@
xOt; CUO x@ pw= x@DQt p}Uv=Qi}O |xrO=at xDUO l} CQwYx@ |m}t=v}O sDU}U
x@ |rwtat p}Uv=Qi}O |xrO=at l} pL w pOt u}= R= |Q}oxQy@ =@ xH}Dv QO "CU=
?} Q[ |=R=x@ COtOvr@ QO u=O}t C=Q}}eD '|�RH p}Uv=Qi}O |xrO=at pL |=H
hrDNt Pwiv ?}=Q[ |=R=x@ x=Dwm |v=tR xR=@ l} QO u=O}t C=Q}}eD w C@=F Pwiv

=yCWwv=B
1. proper orthogonal decomposition
2. higher order dynamic modes decomposition
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