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p=wR ?} Q[ Kij w u=} QH \UwDt CaQU Vij 'x |=DU=Q QO |oOvm =QB ?} Q[
QO "CU= xv=NOwQ |x}rw= \QW |xOvyOu=Wv 2 |xrO=at u}vJty "CU= Vvm =w
CU= u}= Qt= u}= p}rO 'CU= xOW xDiQo Q_v QO QiY =@ Q@=Q@ x}rw= \QW 'VywSB u}=
'x}rw= \QW R= |OwQw |xOv}q; C_re xm CU= xOW ZQi Q[=L VywSB QO xm
'C=k}kLD R= |Q=}U@ QO u}vJty "CU= xOw@ R}J=v u; C_re xm OW=@ |}xOv}q;
Q_vhQY |oOwr; p=kDv= |xrO=at |r}rLD pL |=Q@ x}rw= \QW R= |Q=}U@ u}kkLt
|x}rw= \}=QW |=Q@ OwHwt |r}rLD pL xm CU= QmP x@ sRq [39 w 27 '20]"Ov=xOQm
QO cij xm u}= x@ xHwD=@ "OW=@ pL p@=k Ov=wD|t w OQ=Ov |D}OwOLt R}v QiYQ}e
CL=Ut x@ xHwD =@ sHL OL=w QO u; p}O@D |=Q@ 'CU= xOW xDiQo Q_v QO pw] OL=w
xO=iDU= 3 |xrO=at R= OwW Qy=_ |Oa@ CqO=at QO O}=@ xm Aij |[Qa `]kt

%=Pr 'CU= xv=NOwQ CUOu}}=B w CUOq=@ |RQt \}=QW Qou=}@ xm OwW|t8>><>>:
ci(t) = cij(0; t)

Aij

cj(t) = cij(Lij ; t)
Aij

) BC :

8<: cij(0; t) = Aijci(t)

cij(Lij ; t) = Aijcj(t)
(3)

'Q[=L VywSB QO xm xOw@ |RQt \QW Qou=}@ 3 |xrO=at 'OW QmP xm u=vJ
"CU= xOW xDiQo Q_v QO �xrm} Q}O� pw= ẁv R= CUOu}}=B w CUOq=@ |RQt \QW

|x�=Q= u}=Q@=v@ "OvwW|t ?wULt |OOa |=ypOt =} |OOa |=ypL |HvUCLY
Qw] x@ =Q xv=NOwQ |=yxm@W |oOwr; C_re Ov=wD|t sy '|r}rLD j}kO pLx=Q l}
|=Q@ |D} Q}Ot Q=R@= l} u=wva x@ 'u; R= |W=v CqmWt QO sy w Ovm x@U=Lt j}kO
|=yVywSB |] "OQ=O OQ@ Q=m QDxO}J}B |=ypOt R= xO=iDU= R= p@k `} QU |Qop=@ Qe
|oOwr; p=kDv= |xrO=at |=Q@ xOW s=Hv= |=ypL s=tD ,=@} QkD 'uwvm =D xDiQo CQwY
pL w CU= |r}rLD =} |OOa CQwY x@ xm xOw@ xv=NOwQ R= xN=W l} QO '�sQH�
u}=Q@=v@ "CU= |OOa CQwY x@ sy u; w OwOLt xv=NOwQ |xm@W QO xrO=at u}= |=Q@
|xm@W QO sQH p=kDv= |xrO=at |=Q@ |r}rLD pL x=Q l} G=QNDU= 'OW QmP xm u=vJ
u}= p}rO "CU= xDW=Ov OwHw uwvm =D xDiQo CQwY |=yVywSB u}@ QO xv=NOwQ
VwQ |=yC}OwOLt 'O=} R C=@U=Lt sHL 'xv=NOwQ |xm@W Q=m O=} R |oO}J}B Qt=
QO "CU= : : : w xO}J}B |=yT} QD=t p}mWD 'sDU}U w pL |oO}J}B '|r}rLD pL
|xrO=at |=Q@ s=a |r}rLD pL x=Q l} G=QNDU= 'u; OQw=DUO u} QDsyt 'VywSB u}=
TqBq p}O@D |r}rLD VwQ R= xO=iDU= =@ xv=NOwQ |xm@W QO �|oOwr;� sQH p=kDv=
w pwtat |RQt \QW xm � xrm} Q}O ẁv R= CUOu}}=B w CUOq=@ |RQt \}=QW QO
|r}rLD pL OQ@ Q=m Qw_vt x@ "CU= QiY |x}rw= \QW w �CU= xv=NOwQ QO G}=Q
x@ 13|}xkrL w 12|}xN=W |xm@W ẁv wO |wQ |R=Ux}@W 'VywSB u}= QO OwHwt
R}v =yDv= QO "OW Oy=wN s=Hv= |RQt \}=QW |=Q@ Q}eDt w C@=F |oOwr; |wor= |=R=
|=yXN=W w xU}=kt |OOa pL =@ |HvUQ=@Da= Qw_vt x@ xDiQo s=Hv= |r}rLD pL

"OwW|t x@U=Lt |OOa w |r}rLD pL wO |=Q@ |Q=t; |=]N

=yVwQ w |Q_v |v=@t "2
|r}rLD pL OQm}wQ "1"2

p}O@D w TqBq p}O@D 'x} Qwi p}O@D pt=W G}=Q |r=QoDv= p}O@D ẁv xU |rm Qw] x@
QO "OwQ|t Q=m x@ �|oOwr;� sQH p=kDv= |xrO=at pL QO GITT xDi=}s}taD |r=QoDv=
|=yxN=W p=YD= pLt QO C_re |x@U=Lt |rY= C} wrw= uwJ 'Q[=L VywSB
w CUOq=@ |RQt \}=QW R= =Pr &CU= �p=YD= |=yxQo |va}� Qo}Om} x@ xv=NOwQ
|=Q@ x} Qwi p}O@D uwJ 'Qw_vt u}O@ "OwW|t xO=iDU= xrm} Q}O ẁv R= CUOu}}=B
Q_v R= w OQ=O OQ@ Q=m C}=yv|@ C@Ft =D C}=yv|@ |ivt u}@ OwOLt=v |xvt=O
QO |r}rLD pL |=Q@ u; R= xO=iDU= QO R}v w Ovm|t O=H}= C}OwOLt pL |xvt=O
x}YwD VwQ u}= OQ@ Q=m 'OwW|tv xDiQo Q_v QO |RQt \}=QW QF= xv=NOwQ |xm@W
|DqmWt OwHw p}rO x@ GITT xDi=}s}taD p=QoDv= p}O@D R= u}vJty "OwW|tv
C=@U=Lt |xv} Ry uOw@ q=@ 'CUOu}}=B w CUOq=@ |RQt \}=QW |R=Uuoty Q}_v
QO u}=Q@=v@ "OwW|tv x}YwD |rwtat p}Uv=Qi}O ẁv R= CqO=at x=oDUO p}mWD w
pL |xvt=O pmWt OwHw sOa p}rO x@ TqBq p}O@D VwQ R= xO=iDU= VywSB u}=
C=@U=Lt |xv} Ry uOw@ u}}=B w |RQt \}=QW |R=Uuoty '�u; uOw@ OwOLtxt}v�
Q=R@= Ov=wD|t TqBq p}O@D pL VwQ xm CU= QmP x@ sRq "Ow@ Oy=wN Q_v OQwt
|r=QoDv= p}O@D l} TqBq p}O@D "OW=@ |�RH p}Uv=Qi}O CqO=at pL |=Q@ |O}it
pL uwO@ =Q sDU}U OQmrta |v}@V}B |=Q@ |t}UQD |=yVwQ R= xO=iDU= xm CU=
xm CU= u}= u; |=}=Rt R= Qo}O |m} "OR=U|t QU}t p}Uv=Qi}O CqO=at |ak=w
=Q ?=wH Q=oOv=t Cr=L w Q=Po |xir-wt wO Qy u=wD|t 'p}Uv=Qi}O |xrO=at pL =@
xm CU= CQwY u}O@ VywSB u}= QO |R=UpOt OQm} wQ [45]"OQm x@U=Lt =Hl}
xm@W QO u}at Vvm =w p=wR ?} Q[ l} =@ |OwQw |xOv}q; `@=vt OwW|t ZQi
xm@W QO xOv=t|k=@ `@vt xm CU= |r=L QO u}= "OwW|t xO=O p} wLD =} hQYt
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"""QO
sQH

p=kD
v=|

xrO=
at|

r}rL
DpL=@ CQwY u}= QO "CU= ?=wH |=Q=O s > 0 |=R= x@ \ki xrO=at u}= |=yxW} Q w

"OwW|t u=}=tv B2 w B1 |=yC@=F xrO=at u}= |=yxW} Q uDi=}
Cij(x; s) = B1e

Vij+�ij(s)
2Dij x

+B2e
Vij��ij(s)

2Dij x
(10)

%u; QO xm
�ij(s) =

q
Vij2 + 4Dij(s+Kij) (11)

8 |xrO=at xOW |Q}oTqBq |RQt \}=QW R= B2 w B1 ?}=Q[ uDi=} Qw_vt x@
CqO=at 'x = Lij w x = 0 \=kv QO |RQt \}=QW |Q=Po}=H =@ "OwW|t xO=iDU=

%O};|t Q} R CQwY x@ 12
Cij(0; s) = B1 +B2 = AijCi(s)

Cij(Lij ; s) = B1e
�
VijLij

2Dij +
�ij(s)Lij

2Dij
�

+B2e
�
VijLij

2Dij �
�ij(s)Lij

2Dij
�

= AijCj(s) (12)

%OwW|t xDiQo Q_v QO Q} R Oa@ uwO@ C@Uv wO ij |xN=W Qy |=Q@ u}vJty
�ij = VijLij

2Dij ; �ij(s) = �ij(s)Lij
2Dij (13)

|=Q@ ,=iQY 13 CqO=at QO �ij(s) w �ij Oa@|@ C@Uv wO uDiQo Q_v QO Cra
?}=Q[ '12 CqO=at QO 13 CqO=at |Q=Po}=H =@ "CU= pL OvwQ |R=UQ=YDN=

%OwW|t x@U=Lt B2 w B1

B1 = AijCj(s)e��ij �AijCi(s)e��ij(s)
2 sinh(�ij(s))

(14)

%x@=Wt Qw] x@ w
B2 = AijCi(s)e�ij(s) �AijCj(s)e��ij

2 sinh(�ij(s))
(15)

|oOwr;C_re `@=D '10|xrO=at QO 15 w 14CqO=atB2 wB1 ?}=Q[|Q=Po}=H =@
%O};|t CUO x@ 16 |xrO=at CQwY x@ xv=NOwQ |xN=W l} |=Q@ Cij(x; s)

Cij(x; s) = AijCi(s)
sinh

�
Lij�x
Lij

�ij(s)
�

sinh(�ij(s))
e
x�ij
Lij

+AijCj(s)
sinh

�
x
Lij

�ij(s)
�

sinh(�ij(s))
e
x�Lij
Lij

�ij (16)

l} QO TqBq s w u=mt Q}eDt ?ULQ@ |oOwr; C_re `@=D Cij(x; s) 'u; QO xm
"CU= xv=NOwQ R= xN=W

x@ xv=NOwQ |xN=W l} QO |oOwr; p=kDv= |xrO=at pL s}taD "4"2
xv=NOwQ |xm@W

|xr�Ut|UQQ@ x@ uwvm = 'xv=NOwQ |xN=Wl} QO|oOwr; p=kDv= |xrO=at pL R=TB
l} R= CmQL =@ xm |}xvwo x@ 's} R=OQB|t xv=NOwQ |xm@W |=yxN=W p=YD= |xwLv
QO xOW s=Hv= pL s}taD |=Q@ "Ovm Q}}eD s=wOt Qw] x@ C_re Qo}O |xN=W x@ xN=W
xQo R= |Qw@a Q=W TqBq xm 9 |xrO=at xv=NOwQ |xm@W x@ xv=NOwQ |xN=W l}

wCUOq=@ QO xv=NOwQ |=Q@ G}=Q |RQt \QW xmCU= u}= |RQt\}=QW ?=NDv= p}rO
xv=NOwQ x@ \w@ Qt |YYND |=yQ=Ri=sQv R= |Q=}U@ QO xm 'xOw@ xrm} Q}O CUOu}}=B
xm CU= syt uwJ xv=NOwQ |xm@W |=Q@ 'VywSB u}= QO u}vJty "CU= jO=Y sy
CUOq=@ |RQt \}=QW R= 'OwW x@U=Lt =yxQo |va} =yxN=W p=YD= pLt QO C_re
u}@ |Q}Ut 'Q_v OQwt |xm@W QO xJv=vJ "CU= xOW xO=iDU= xrm} Q}O CUOu}}=B w
cij(x; t) = 0 xH}Dv QO w Aij = 0 CQwY u}= QO 'OW=@ xDW=Ov OwHw j w i xQo
xOw@ jO=Y 4 |xrO=at i xQo R= `@vt l} |=Q@ l}i uwv=k x@ xHwD =@ "Ow@ Oy=wN

"CU= xOW pY=L |oOvm =QB w |}=Hx@=H |=yQ=mwR=U ẁtHt R= xm

Jij(t) =
�
Vijcij(x; t)�Dij @cij(x; t)@x

�
x=0

(4)

w |}=Hx@=H |=yQ=mwR=U ẁtHt R= pY=L |Qw@a Q=W Jij(t) '4 |x]@=Q QO
x@ xN=W u}OvJ Qo = "CU= j xQo x@ `@vt l} OwQw |xOvyOu=Wv w xOw@ |oOvm =QB

%OwW|t |U} wvR=@ 5 |xrO=at CQwY x@ 4 |xrO=at 'OwW OQ=w j xQo

Ii(t) =
X
j

�
Vijcij(x; t)�Dij @cij(x; t)@x

�
x=0

(5)

"CU= i xQo Qy R= xOW GQ=N |oOwr; Xr=N u=} QH Ii(t) 'u; QO xm

l} |=Q@ Vvm =w � |oOvm =QB � |}=Hx@=H |xrO=at pL "3"2
xv=NOwQ |xN=W

X11 |RQt \}=QW w 0 � x � Lij OwOLt |xvt=O QO 1 |xrO=at pL |=Q@
CqO=at R= =OD@= �14xrm} Q}O pw= ẁv R= wO Qy CUOu}}=B w CUOq=@ |RQt \QW�
"OwW|t xDiQo TqBq t x@ C@Uv �u; |RQt \}=QW w sQH p=kDv= |xrO=at� 3 w 1
xm CU= u}= t Q}eDt |wQ Q@ sQH p=kDv= |xrO=at QO TqBq p}O@D p=ta= p}rO
|xvt=O xm u=mt Q}eDt Q@ u; p=ta= w �0 < t < +1� xOw@ OwOLtxt}v u; |xvt=O

%Qw_vt u}O@ 'CU}v Q}PBu=mt= CU= �0 < x < L� OwOLt u;

sCij(x; s)� cij(x; 0) +KijCij(x; s)

+Vij
@Cij(x; s)

@x
�Dij @

2Cij(x; s)
@x2 = 0 (6)

%xH}Dv QO
(s+Kij)Cij + Vij

@Cij
@x
�Dij @

2Cij
@x2 = 0 (7)

BC :

8<:Cij(0; s) = AijCi(s)

Cij(Lij ; s) = AijCj(s)
(8)

xDiQo TqBq t x@ C@Uv R}v 5 |xrO=at R= 3 w 1 CqO=at R= |Q}oTqBq Q@ xwqa
%OwW|t

'i(s) =
X
j

�
VijCij(x; s)�Dij @Cij(x; s)@x

�
x=0

(9)

Qw_vt x@ "CU= i xQo R= |Qw@a Q=W 'Ii(t) TqBq p}O@D Qou=}@ 'i(s) 'u; QO xm
R= |Q}oTqBq =@ w 1 |xrO=at |va} Vvm =w � |oOvm =QB � |}=Hx@=H |xrO=at pL
xOw@ uoty 15|rwtat p}Uv=Qi}O |xrO=at l} xm Ot; CUO x@ 6 x]@=Q 'xrO=at u}=
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1|
xQ=t

W'
38

�3
|xQ

wO'
�14

01
Q=y@

�l
}v=m

t|
UOv

yt

p}O@D VwQ R= xO=iDU= =@ xv=NOwQ |xm@W|r}rLD |R=UpOt|rm CQ=Jwri "2 pmW
"TqBq

"Q}Ut Qy QO u=} QH CyH =@ |}xN=W |xm@W l}D=tW "3 pmW

pL sD} Qwor= "3
|rm |R=Ux}@W Qw_vt x@ "CU= xOt; |R=UpOt |rm OvwQ 2 pmW CQ=Jwri QO
p}O@D VwQ R= xOW G=QNDU= |r}rLD |x]@=Q x@ xHwD =@ xv=NOwQ |xm@W l}
T} QD=t pt=W xm@W |=Q@ |OwQw |=yxO=O '20 =D 18 CqO=at T=U=Q@ TqBq
T} QD=t '|oOvm =QB?}=Q[T} QD=t 'CaQUu}ov=}tT} QD=t '=yxN=W p=YD= |xwLv
'=yxN=W |[Qa `]kt K]U T} QD=t 'xv=NOwQ pw] T} QD=t 'Vvm =w p=wR ?} Q[
|R=Ux}@W |=Q@ sRq u=tR COt w |RQt \}=QW x@ \w@ Qt |OwQw C_re |wor=
n xm CU= n� nT} QD=t l} p=YD= |xwLv T} QD=t xm CU= QmP x@ sRq "CU=
"OwW|t u=}@ 1 w QiY |=yx}=QO CQwY x@ T} QD=t u}= w xOw@ =yxQo O=OaD =@ Q@=Q@
x}=QO Q=Okt OW=@ xDW=O OwHw |r=YD= Qo = pwtat |xm@W l} |=Q@ 'Qo}O CQ=@a x@
|x}=QO 'OW=@ xDW=Ov OwHw |r=YD= Qo = w Ow@ Oy=wN 1 =@ Q@=Q@ Q_v OQwt xQo wO |=Q@
|xm@W x@ xHwD =@ 'QDp}tmD K}[wD l} QO "OW Oy=wN QiY =@ Q@=Q@ Q_v OQwt

%CU= u}vJ p=YD= |xwLv T} QD=t '3 pmW |}xN=W |xv=NOwQ

p=ta= w 16 |xrO=at uDiQo Q_v QO =@ CQwY u}= QO "CU= xOw@ Q_v Ot 'CU= j

%O};|t CUO x@ 17 CqO=at '9 |xrO=at QO |Q=Po}=H |=Q@ u; sRq C=Q}}eD8>>>>>><>>>>>>:
Dij

dCij(x; s)
dx

����
x=0

= �AijCi(s)Dij cosh(�ij(s))�ij(s)
Lij sinh(�ij(s))

+AijCi(s)Dij�ij
Lij

+ AijCj(s)Dij�ij(s)e��ij
Lij sinh(�ij(s))

VijCij(0; s) = VijAijCi(s)

(17)

Oy=wN CUO x@ 18 |xrO=at ,=D}=yv '9 |xrO=at QO 17 w 13 CqO=at |Q=Po}=H =@
%Ot;

'i(s) =
X
j

�
AijCi(s)

�
Vij
2 + �ij(s)

2 tanh(�ij(s))

�
�AijCj(s)

�
�ij(s)e��ij

2 sinh(�ij(s))

��
(18)

' �C(s) = fC1(s); :::; Cm(s)g xQo C_re TqBq p}O@D uDUv=O =@ u}=Q@=v@
�I(t) = fI1(t); :::; Im(t)g x@ xHwD =@ u=wD|t 'CU=yxQo O=OaD m xm|}=H
�'(s) = f'1(s); :::; 'm(s)g '�xQo Qy R= xOW GQ=N |oOwr; Xr=N u=} QH�
|=Q@ Qo}O CQ=@a x@ "OQw; CUO x@ =Q �C(s) w OQm x@U=Lt =Q ��I TqBq p}O@D�
u}= R= "OQ=O OwHw C1(s); C2(s); :::; Cm(s) QO |]N |xrO=at l} 'i xQo Qy

%Ow@ Ovy=wN |vwDU |=yQ=OQ@ �'(s) w �C(s) wQ

R(s) �C(s) = �'(s) (19)

%u; QO xm

Rij(s) =

8>>><>>>:
X
k

Aik
�
Vik
2 + �ik(s)

2 tanh(�ik(s))

�
i = j

�Aij�ij(s)e��ij
2 sinh(�ij(s))

otherwise

(20)

l} 'xm@W QO xQo Qy |=Q@ w OwW|t xDiQo Q_v QO Q=WDv= T} QD=t u=wva x@ R(s)

n� n�n xOvm =QB w uQ=kDt=v T} QD=t l} R(s) T} QD=t "OQ=O uwDU l} w h}OQ
|r=YD= Qo = u}vJty "Ov=C@Ft |oty u; �?Qwt� |Q]k QY=va xm �CU=yxQo O=OaD
xDW=O OwHw |r=YD= Qo = w QiY u; |=yx}=QO 'OW=@ xDW=Ov OwHw j w i \=kv u}@
�C(s) u=wD|t ' �'(s) w R(s) `@=wD x@ xHwD =@ "Ow@ Oy=wN |ivt u; QY=va OW=@
C}=yv QO w OQm x@U=Lt CqO=at x=oDUO |OOa pL |=ysD} Qwor= R= xO=iDU= =@ =Q
|Q}oTqBq |=ysD} Qwor= R= u=wD|t c1(t); c2(t); :::; cm(t) Q}O=kt uDi=} |=Q@
w [49]18Cw@r=D '[48 w 47]17CUiyDU= � Qw=o '[46]16 CME Ovv=t |OOa Twmat
x@ CME |OOa Twmat |Q}oTqBq sD} Qwor= R= VywSB u}= QO "OQm xO=iDU= : : :
w CUiyDU= � Qw=o sD} Qwor= wO x@ C@Uv 'C=@U=Lt CkO w CaQU uOw@ q=@ p}rO
T=U= Q@ |OOa Twmat |Q}oTqBq 'QwmPt VwQ QO "CU= xOW xO=iDU= Cw@r=D
QO G}=Dv CkO ^iL ut[ xm 'OwW|t s=Hv= �CME� RmQtDt T} QD=t |}=tv `} RwD
|=Q@ =yVwQ Q}=U xmCU= |r=L QO u}= "CU= Q=O}=B |OOa Q_v R= R}v 1000 |x@DQt
'|Dq=tDL= `} RwD =@ Q=m s=ovy CME VwQ u}vJty 'OvwW|t Q=O}=B=v 100 |x@DQt

[46]"CU= p;xO}= |WwQ
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"""QO
sQH

p=kD
v=|

xrO=
at|

r}rL
DpL"|}xN=W |xm@W QO xOW x}rND xOv}q; w u=} QH C=YNWt "1 pwOH

Q(m3=s) D(m2=s) V (m=s) s Q}Ut
15 8 0/4 0/0001 16
33 15 0/86 0/0001 67
40 10 1/02 0/0001 78
8 18 0/23 0/0001 25
18 10 0/48 0/0001 56
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0 0 0 0 0 0 D47 0
0 D52 D53 0 0 D56 0 0
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|[Qa `]kt K]U w u=} QH C=YNWt Q}}eD p}rO x@ C=Q}}eD u}= "CU= 5 w 4 '3
x@ xN=W l} R= C_re V}=Ri= =} Vy=m Ea=@ w OyO|t MQ xN=W Qy QO u=} QH

"OwW|t Qo}O |xN=W
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"Q}eDt |RQt \QW =@ |}xkrL xv=NOwQ |xm@W |=Q@ |Q=t;
R2 MAE RMSE u=tR w Q}Ut
(�) (kg=m3) (kg=m3)

97/45 0/0358 0/0601 0/42 u=tR '1356
99/79 0/006 0/0108 0/42 u=tR '2456
97/65 0/0279 0/0561 0/42 u=tR '13456

97 0/0423 0/0691 0/6 u=tR '1356
96/47 0/0253 0/0342 0/6 u=tR '2456
88/47 0/0437 0/0803 0/6 u=tR '13456

CmQL x}rw= |wor= u=ty =@ 0/5 =D 0/25 |=yS=QDtwr}m QO |oOwr; C_re 35
QO '24 |xN=W R= C@Ft Ov};Q@ OwQw p}rO x@ 0/5 S=QDtwr}m QO R}v xt=O= QO "Ovm|t
C@Ft Gwt OwQw =@ R}v Q}Ut xt=O= QO xm OyO|t |wQ C_re V}=Ri= 45 |xN=W
\}Lt R= G} QOD x@ w xOW C} wkD |oOwr; C_re '35 |xN=W CtU R= |oOwr;

"OwW|t GQ=N
j=@]v= |OOa pL =@ |r}rLD pL 'OwW|t x_Lqt 14 pmW QO xm u=vJ
Qt= u}= Q@ CrqO 6 pwOH QO xOW x@U=Lt |Q=t; |=yXN=W w xDW=O |@ wN
u=} QH |=yQDt=Q=B Q}}eD Cra x@ 14 pmW QO 5 w 4 '3 p=YD= |=ypLt QO "OQ=O

"O@=}|t V}=Ri= =} Vy=m C_re 'xN=W Qy QO `]kt w
G}=Q |=y=]N OwHw Cra x@ 13456 Q}Ut |=Q@ 0/6 u=tR QO 'pmW u}= QO
uOQm x=Dwm |=]N w uOQm OQo |=]N '|OOa |oOvm =QB |=]N Q}_v |OOa pL
xm OQ=O OwHw |r}rLD =@ |OOa pL u}@ hqDN= |R}J=v Q=Okt '|[=} Q CqtH
QDsm |R=Ux}@W u}= QO |v=tR w |v=mt s=o xJQy "CU}v |r}rLD pL QO =y=]N u}=

"Ci=} Oy=wN Vy=m =]N u=R}t 'OwW xDiQo Q_v QO

|Q}oxH}Dv "5
|=Q@ ADRE |oOwr; Q=WDv= w p=kDv= |xrO=at |r}rLD pL 'Q[=L VywSB QO
X11 |RQt \}=QW |=R= x@ OwOLt |xvt=O l} QO 's=a Qw] x@ xv=NOwQ |xm@W
R= xO=iDU= =@ QiY x}rw= \QW |=Q@ w �xrm} Q}O ẁv R= CUOu}}=B w CUOq=@�
'xOW s=Hv= |r}rLD pL R= xO=iDU= =@ TBU 'Ot; CUO x@ TqBq p}O@D VwQ
w C@=F |RQt \}=QW uDiQo Q_v QO =@ |}xkrL w |}xN=W |xm@W ẁv wO |R=UpOt
l} TqBq p}O@D VwQ xm O=O u=Wv VywSB u}= "CiQo s=Hv= s=Om Qy |=Q@ Q}eDt
p=kDv= |xrO=at Ovv=t xO}J}B |xr�Ut l} pL |=Q@ OvtDQOk |Q=R@= w |r}rLD VwQ
|RQt \}=QW `=wv= |R=Ux}@W |}=v=wD w xOW ?wULt xv=NOwQ |xm@W QO sQH
|R=Ux}@W |=Q@ VywSB u}= QO xDiQo CQwY |r}rLD pL u}vJty "OQ=O =Q xO}J}B
|Q}oTqBq |=ysD} Qwor= |=yC}OwOLt� "OQ=O OQ@ Q=m R}v QDxO}J}B |=yxm@W
sQH p=kDv= p�=Ut pL QO TqBq p}O@D VwQ ?}=at xrtH R= �|OOa Twmat
|}=v=wD uDW=O ut[ xm CiQo Q_v QO =Q |}=ysD} Qwor= O}=@ OQwt u}= QO xm 'CU=
'TqBq s Q}eDt ?ULQ@ xOW x@U=Lt |xO}J}B `@=wD Twmat TqBq |=Q@ sRq
xOW O=H}= s ?ULQ@ `@=wD xJQy xm =QJ &OvW=@ xDW=O R}v C=@U=Lt QO |}q=@ CkO
R= O}=@ u}=Q@=v@ "CiQo |r}rLD CQwY x@ =Q uwQ=w TqBq u=wD|tv 'OwW QDxO}J}B

"1 x]kv R= |OwQw C_re |wor= "12 pmW

"2 x]kv R= |OwQw C_re |wor= "13 pmW

Q}eDt |RQt \}=QW =@ |}xkrL xv=NOwQ |xm@W |R=UpOt "2"2"4
\=kv QO C_re w Ca=U 12 |R=Ux}@W pm u=tR '|R=Ux}@W R= VN@ u}= QO
pY=L G}=Dv u}vJty "CU= xOy=Wt p@=k 13 w 12 |=ypmW QO 2 w 1 |OwQw
14 pmW =@ j@=]t �xOW Oa@|@ u=tR� 0/6 w 0/42 u=tR wO QO |R=Ux}@W R=

"CU= xOW x�=Q= 1356 w 13456 '2456 Q}Ut xU |=Q@
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x@ w OwW|t |}xkrL |xm@W OQ=w 2 w 1 |x]kv wO R= 'u=tR =@ Q}eDt s_vt=v w
CWPo =@ =yDv= QO |oOwr; =Pr CU}v xDUw}B w C@=F CQwY x@ |oOwr; xm u}= p}rO
|FrFt |wor= =@ |oOwr; '1356 Q}Ut |=Q@ '14 pmW QO "OwW|t GQ=N u=tR
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|xN=W OQ=w Q}}eD uwO@ wor= u=ty =@ |oOwr; '35 w 34 |xN=W wO |=y|Q=PoQ=@
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"�2�4 p=Ft |=Q@ 0/6 w 0/42 xOW Oa@|@ |=yu=tR |=Q@ |OOa w |r}rLD pL wO C_re |v=mt p}iwQB xU}=kt "14 pmW

xOW s=Hv= pL wO Qy |=Q@ �MAE� jr]t |=]N u}ov=}t w �RMSE� =y=]N
j=@]v= |OOa pL 'xm O=O u=Wv G}=Dv "OW x@U=Lt QwmPt \}=QW R= l} Qy QO
w CaQU xm |OQ=wt QO w OQ=O xv=NOwQ |xm@W QO |r}rLD pL x@ C@Uv |@ wN
|=ypL 'OW=@ xDW=O sy R= =OH C@=F Q=Okt l} xN=W Qy QO |oOvm =QB ?} Q[
|=y|R=Ux}@W |}=v=wD w QDW}@ h=]av= 'QDq=@ CaQU w CkO p}rO x@ =Q |r}rLD
pL u}=Q@=v@ "OQm xv=NOwQ |xm@W QO |OOa |=ypL u} Ro}=H u=wD|t x=wNrO
OQ@ Q=m w s=a Qw] x@ xv=NOwQ |xm@W |=Q@ VywSB u}= QO xDiQo CQwY |r}rLD
VywSB u}= |Qw;wv u} QDsyt R= |}xkrL w |}xN=W |xm@W wO |R=UpOt QO u;
'Qo}Om} x@ =yxN=W p=YD= |=ypLt QO xm O=O u=Wv xrY=L G}=Dv 'u}vJty "CU=
Q}}eD u; Cra xm &CU= |Wy=m =} |W}=Ri= CQwY x@ |oOwr; C_re C=Q}}eD
Qy QO `]kt K]U w �u=} QH |@O Ovv=t� xN=W Qy x@ |OwQw u=} QH C=YNWt

"CU= xN=W

CaQU w CkO xm OQm xO=iDU= |OOa uwQ=w |Q}oTqBq |=ysD} Qwor= xDUO u;
'=yxN=W O=OaD Q_v R= xv=NOwQ |xm@W xm |OQ=wt QO "OvW=@ xDW=O |}q=@ C=@U=Lt
p}rO x@ C=@U=Lt sHL 'OW=@ QDxO}J}B CaQU w |oOvm =QB ?} Q[ Q=Okt Cw=iD
T} QD=t 'CaQU T} QD=t 'p=YD= |xwLv T} QD=t Q}_v =yT} QD=t sHL V}=Ri=
|=Q@ |OwQw |=yxO=O u=wva x@ : : : w |[Qa `]kt K]UT} QD=t '|oOvm =QB?} Q[
CqO=at x=oDUO w QDQ=wWO Q=WDv= T} QD=t |x@U=Lt C}=yv QO 'xOW QDW}@ xm@W
"CUy R}v Q@u=tR 'C=@U=Lt |xv} Ry V}=Ri= Q@ xwqa Qt= u}= "Ow@ Oy=wN QDnQR@
?} Q[ Q=Okt Cw=iD '=yxN=W O=OaD Q_v R= xv=NOwQ |xm@W xm |OQ=wt QO =t=
Oy=wN |QDsm u=tR pt=W w QDsm C=@U=Lt |xv} Ry 'OW=@ QDxO=UCaQU w |oOvm =QB

"Ow@
xO=iDU= |OOa pL R= '|r}rLD pL |@=} RQ= w |HvUQ=@Da= Qw_vt x@ xt=O= QO
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1. advection
2. dispersion
3. reaction
4. First �ck's Law
5. Green Function Method
6. generaliaed integral transform technique (GITT)
7. Fourier Transform Method
8. Laplace Trtansform Method
9. inverse fourier transform
10. stretched gaussian distribution
11. conformable advection-dispersion equation
12. branch
13. loop
14. Dirichlet
15. ordinary di�erential equation (ODE)
16. concentrated matrix exponential
17. Gaver-Stehfest
18. Talbot
19. fully implicit
20. �nite di�erence
21. central space
22. round-o� errors
23. truncation errors
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