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Dwv}irO |}=tv l}DUq= |Q=DN=U |xrO=at |=yQDt=Q=B u}}aD |=Q@ Twm =@; Q=Ri=sQv R=
R}v w |B QO|B VWm C=QF= [22]u=Q=mty w xJ=tQ "CU= xOW xO=iDU= [21]u=Q=mty w
Q=Qk xar=]t OQwt lwN CUwB |m}v=mt X=wN Q@ =Q |oO}tQ; � VvD |=yuwtR;

"OvO=O
OWQ OQwt QO |@ QHDQ}e j}kLD u}DUNv 'OwN |xr=kt QO [23]u=Q=mty w |mwU
|QwLt uQ=kDt CQwY x@ =Q |}xQ}=O `]kt K]U =@CUwB OWQ w OvO=O x�=Q= =QCUwB
l}B wQDwR}= pOt 'OW s=Hv= [4]u=Q=mty w xrwBD \UwD xm |k}kLD QO "OvDiQo Q_v QO
|Qt}rB O=wt |=Q@ [13] T} w@ w =OwQ; \UwD xm =Q Q=DN=UwQm}t |=v@t Q@ 9|[Qa
OWQ |=Q@ pOt u}= R= =yv; "OvO=O Q=Qk xO=iDU= OQwt CUwB OWQ QO 'Ow@ xOW O=yvW}B
Q=Ri=sQv QO CUwB Q} R QO hrDNt |=yxUOvy =@ xOvyO\=U@v= CW=m R= pY=L
'OW s=Hv= [24]u=Q=mty w QvrwR \UwD xm |k}kLD QO "OvOQm xO=iDU= Twm =@; |Q=HD
pt=W VN@ xU QO OWQ |R=UpOt 'Q}PBsm =QD 10u}mwyw�v |SQv= `@=D R= xO=iDU= =@
OWQ |=Q@ [25]u=Q=mty w QvrwR xm |rOt QO "CiQo CQwY xv=J w |v=W}B 'QU CUwB
w xrwBD "CU= xOW xO=iDU= u}mwyw�v Q}PBsm =QD |SQv= `@=D R= 'OvO=O x�=Q= QU CUwB
l}B wQDwR}= l}DUq=QB}=y pOt R= xO=iDU= =@ 'CUwB OWQ |xar=]t QO [26]u=Q=mty

"OvOQm x�=Q= l}DUqB |L=QH QO 11|oOQt Ci=@ |=Q@ |rOt '[27]|[Qa
QO 'CUwB OWQ |R=UpOt |=Q@ xm OyO|t u=Wv xDWPo Cq=kt |xar=]t
"CU= xOW xO=iDU= |Oa@xU OwOLt |=yu=tr= w |Oa@xU |=ypOt R= OQ=wt |t=tD
xOW s=Hv= Twm =@; Ovv=t |Q=HD |=yQ=Ri=sQv QO |=y|R=Ux}@W |t=tD 'u}vJty
|=yu=tr= R= xO=iDU= =@CUwB nQR@ |=ypmWQ}}eD |R=UpOt 'xr=kt u}= hOy "CU=
|=yu=tr= R= ?D=Qt x@ =yu=tr= u}= "CU= OWQ C=QF= uDiQo Q_v QO =@ w =We |Oa@ wO
j}kLD u}= QO u}vJty "Ov@r]|t |QDsm |D=@U=Lt sHL w CU= QDxO=U |Oa@xU

"CU= |Oa@xU |=yu=tr= |@ wN x@ =yv; |}=Q=m xm OW Oy=wN xO=O u=Wv
x�=Q= =y=We nQR@ |=ypmWQ}}eD l}D=tv}U swO VN@ QO 'xr=kt u}= |xt=O= QO
Q@ sm =L |Q=DN=U CqO=at w xOW u=}@ OWQ |Ov@pwtQi 'swU VN@ QO "OwW|t
QO "OvwW|t u=}@ OWQ |xO}OB Q}F-=D uDiQo Q_v QO =@ =y=We nQR@ |=ypmWQ}}eD
sm =L CqO=at |OOa pL |=Q@ |]NQ}e OwOLt u=tr= |Ov@pwtQi 'sQ=yJ VN@
|Ov@pwtQi OQmrta |UQQ@ w |HvUQ=@Da= Qw_vt x@ 'sHvB VN@ QO "OwW|t x�=Q=
OQ}o|t Q=Qk |UQQ@ OQwt Cw=iDt |xUOvy xU =@ CUwB OWQ w pmWQ}}eD 'xOW x�=Q=

"OwW|t xU}=kt u}W}B C=ar=]t =@ xOt; CUO x@ G}=Dv w

=We l} nQR@ |=ypmWQ}}eD l}D=tv}U "2
lR=v |=y=We nQR@ |=ypmWQ}}eD xm |U=U= |m}D=tv}U |=yC}tm 'VN@ u}= QO
xO=O u=Wv 1 pmW QO xm u=vJ "OwW|t x�=Q= Ovvm|t h}YwD =Q |Oa@xU |=[i QO
|xm} |x}=B |=yQ=OQ@ =@ fx1; x2; x3g 12u} RDQ=m C=YDNt x=oDUO l} 'xOW
|=We l} 
0 xm OwW|t ZQi "OwW|t xDiQo Q_v QO fe1; e2; e3g 13Ot=aDt
14|v=}t |xLiY u=wva x@ S0 u}vJty "OW=@ pmW Q}}eD R= p@k =vLv= |=Q=O lR=v
fz1; z2; z3g 15\Nr=|vLvt C=YDNt x=oDUOl} 'xt=O= QO "OwW|t|iQat 
0
x@ pmWQ}}eD R= Oa@ 
0 |=We "OwW|t xDiQo Q_v QO |v=}t K]U R= x]kv Qy QO
K]U Q@ `k=w x=wNrO |x]kv l} u=mt "OwW|t p}O@D |Oa@xU |=[i QO 
 |=We
%OvDUy V}=tv p@=k 2 w 1 \@=wQ j@=]t pmWQ}}eD R= Oa@ w p@k QO =We |v=}t

X(z1; z2; z3) = R(z1; z2) + z3 n0(z1; z2) (1)

x(#1; #2; #3) = r(#1; #2) + #3 �3n(#1; #2) (2)

uOQm O=@ |xNQJ [4]"OQm xQ=W= 4|rqy w |a@ Qt '|}xQ}=O '|r}]DUt |=yxUOvy x@
OWQ |@ wr]t OL QO CUwB =D OwW|t Q=QmD =yQ=@ 5|oO}tQ; w OWQ 'xOvyO\=U@v=
Q=@ u}rw= |=Q@ [5]utw}v "OwW|t xO=iDU= 6|t}tQD |L=QH QO Ov}=Qi u}= R= "O@=}
|m}DUq uwr=@ l} R= w O=O s=Hv= Vwo QO OwHwt Xkv s}tQD |=Q@ =Q CUwB \U@
x@ xv=J w QU s}tQD |=Q@ QDW}@ =OD@= QO Ci=@ \=U@v= "OQm xO=iDU= Q=m u}= |=Q@
Q=Qk xO=iDU= OQwt uO@ |=yCtUk |t=tD s}tQD |=Q@ ,=@} QkD xRwQt= =t= 'CiQ|t Q=m

[6]"OQ}o|t
|W}=tR; 'OW s=Hv= [2]u=Q=mty w xvJw}@ \UwD 1989 p=U QO xm |k}kLD QO
\U@ =Q u=Qwv=H u}= CUwB RwQ 32 COt x@ =yv; "CiQo CQwY u=w}L 24 |wQ
COW x@ uOW O=@ u=tR QO CUwB VWm xm O=O u=Wv xOt; CUO x@ G}=Dv "OvO=O
xmCUwBCt=N[ w xDi=}Vy=m |O=a Q}O=kt x@ RwQ 32 u=}=B QO =t= O@=}|tV}=Ri=
|W}=tR; QO "OOQo|tQ@V}=tR; |=yDv= QO OwN |O=a OL x@ 'Ow@ xDi=}Vy=m =OD@= QO
CUwB Ci=@ |=yxvwtv |=Q@ 7Xr=N VQ@ uwtR; 'OW s=Hv= [7]u}kkLt \UwD xm
lwQJ |UQQ@ x@ [8]u=Q=mty w w�=S "CU= xOw@ XNWt |=yCt=N[ QO lwN
|R=UpOt R= xO=iDU= =@ u}kkLt u}= "OvDN=OQB uU V}=Ri= x@ xHwD =@ CUwB |wQ
=D wO R= |D} RwBt=m |}xO=t u=wva x@ Q}B w u=wH CUwB R= OwOLt u=tr= |Oa@xU
V}=tR; [9]u=Q=mty w xovwD "OvOQm p}rLD =Q CUwB |wQ uU Q}F-=D '=RHt |x}q VW
X=wN |Q}oxR=Ov= |=Q@ uwtR; u}= R= w OvO=O s=Hv= =Q u=Uv= CUwB |wQ Q=Wi p=ta=
w Rr=tU= \UwD xm |}xar=]t QO "OvOQm xO=iDU= u=Uv= CUwB |]NQ}e OQov=Uty=v
|m}v=mtCU} R X=wN QO uU w Ci=@ ?}mQD 'Ct=N[ QF= 'OW s=Hv= [10]u=Q=mty
w u=Q 'hDm CtUk QO '=yQ}eDt u}= "CU= xOW u}}aD uO@ VN@ xU QO CUwB
Ct=N[ xm O=O u=Wv xOt; CUO x@ G}=Dv "CU= xOW u}}aD hrDNt OQi 30 j=U
Q=PoQF= hDm QO |DN=vWCU} R |xD}U}DUq= w |SQv= ?PH '|DNU QO CUwB
l}DUq=wmU} w |m}v=mt X=wN [11]u=Q=mty w |Dt � Qr}=B |xr=kt QO "CU=
'u}vJty "OW u}}aD |oO}tQ; � Q=@ Pwiv V}=tR; R= xO=iDU= =@ |awvYt CUwB
[12]u=Q=mty w |O=HU \UwD xm CU= |tyt C=mv R= |m} |L=QH pLt Cvwia
syt |rt=a u=wva x@ |DUwB |=ysNR =} CUwB R= u; QO w CiQo Q=Qk |UQQ@ OQwt
|=ysNR h=Q]= |=wy [13]u=Q=mty w |O=HU 'xt=O= QO "OW QmP Cvwia ẁv u}= QO
|t=wU=Q=twm "OvOQm |R=Ux}@W =Q |L=QH pLt |=yCvwia =@ u; \=@DQ= w |DUwB
=Q CUwB `t=H X=wN u}}aD w CUwB |=Q@ ?U=vt |Q=DN=U pOt [14]u=Q=mty w
\UwD xm |k}kLD QO "OvOQm xQ@}r=m w u}}aD OW=@ Q=t}@ ẁv |Q}PB Q}}eD R= pkDUt xm
QO|m}v=mt C=YNWt u}}aD xm xOw@ u}= Q@ VqD 'OW s=Hv= [15]u=Q=mty w wv} Q=@ Q=@
Q=DiQ [16]u=Q=mty w |vwQR=m QUi= "O@=} Ow@y@ xQyJ |L]U |=yCi=@ R= xOvR \}Lt
l}DUq=wmU} w pOt =yv; "OvOQm xar=]t =Q|@ w=vD |Q=PoQ=@ QOCUwBl}DUq=wmU} w
"OvOQm xU}=kt lwN w Vwt CUwB Q@ xOW s=Hv= |y=oW}=tR; G}=Dv =@ =Q xOW x�=Q=
w |Q=OQ@ Q=@ '|Q=PoQ=@ |@ wN x@ Ov=wD|t xOW x�=Q= pOt xm CU= u; Qou=}@ G}=Dv
xm |k}kLD QO "Ovm |R=UpOt =Q l}DUq=wmU} w CUwB |wQ OOHt |Q=PoQ=@ R}v
OQwt CUwB |Utr X=wN Q@ uU QF= 'CiQo s=Hv= [17]u=Q=mty w =QDwBv=@ wH \UwD
|x}qQ=yJ |xO=t CQwY x@ =Q CUwB 'Qw_vt u}= |=Q@ u=kkLt "CiQo Q=Qk |UQQ@
xO=iDU= =@ =Q ?rY K]U l} |wQ CUwB uOW xO}Wm QF= w xOQm pOt l}DUq=QB}=y
`@=D |}=v=wD [18]u=Q=mty w u}ri "OvO=O Q=Qk p}rLD w x} RHD OQwt Twm =@; Q=Ri=sQv R=
Q=DiQ |R=UpOt QO OQov=Uty=v |x}rw= VvD w xD}U}DUq=wmU} w =@ 8uOo ; |SQv=
QO Vwt w u=Uv= CUwB Q=DiQ |xU}=kt "OvO=O Q=Qk xar=]t OQwt =Q u=Uv= CUwB
QO "OW x�=Q= [19]u=Q=mty w Tw=Qo \UwD OQov=Uty=v l}DUq=QB}=y pOt l} ?r=k
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yt u}@ wm =S u=v}tQDO w IA (A = 1; 2; 3) |rY= |=y=OQw=v |�RH jDWt 'u}vJty
%[28]R= Ow@ Oy=wN CQ=@a C QwUv=D x@ C@Uv J =

p
det C

I1 = trC; I2 = 1
2
n

(trC)2 � trC
o
;

I3 = J2 = det C: (9)

� u} Qo VvQm QwUv=D 'xwqa x@ "CU= |Oa@xU |=[i QO |v=ty QwUv=D I u; QO xm
%OvDUy x@U=Lt p@=k Q} R pmW x@ u; QiYQ}e |=yxir-wt w E 20u=vwuU

E = 1
2 (C� I) ;

E�� = 1
2 (C�� � ���) ; E33 = 1

2
�
�23 � 1

�
(10)

��� u}vJty "OvQ}o|t OwN x@ =Q 2 w 1 Q}O=kt \ki � w � |=yT}Ov= u; QO xm
"OvDUy |Oa@ wO |=[i QO 21QmvwQm |=DrO |=yxir-wt Qou=}@ R}v

|m}v=mt |Q=PoQ=@ CLD CUwB OWQ |Ov@pwtQi "3
xO=O KQW |m}v=mtQ=@ p=ta= CLD OWQ |Ov@pwtQi |v=@t =OD@= 'CtUk u}= QO
"OQ}o|t Q=Qk xO=iDU= OQwt =We OWQ |xr�Ut |=Q@ u; X=N pmW TBU w OwW|t
CU= pmWQ}}eD u=}O=Qo 22|@ Q[ |x} RHD '|Oa@xU |=[i QO OWQ |x} Q_v T=U=

[30 w 29 '3]%OwW|t u=}@ u}vJ xm
F = FeFg (11)

l} x@ w Fe Q}PBCWoQ@ l}DUq= VN@ l} x@ pmWQ}}eD u=}O=Qo QwUv=D u; QO xm
sHL w x}rw= sHL dV0 w dV Qo = "CU= xOW x} RHD Fg Q}PB=vCWoQ@ OWQ VN@
|x]@=Q R= pmWQ}}eD |rm u}@ wm =S x=ou; 'OvW=@ lJwm u=tr= l} pmWQ}}eD R= Oa@

%O};|t CUO x@ 12
J = dV

dV0
= det(F) = det(FeFg) = JeJg (12)

C@Uv w Je = det(Fe) Q}PBCWoQ@ sHL C@Uv CtUk x@ OwN |x@ wv x@ xm
n0 xm OwW|t ZQi p=L "OwW|t x} RHD Jg = det(Fg) Q}PB=vCWoQ@ sHL
OwW|t ZQi ,qwtat "OW=@ pmWQ}}eD R= p@k CUwB |xLiY Q@ Owta |xm} Q=OQ@
u=wD|t 'T=U= u}= Q@ "CU=l}DUq= ,qt=m n0 Ct=N[ |=DU=Q QOCUwB MU=B xm
[2]%CiQo Q_v QO 3� 3 |U} QD=t V}=tv =@ Q} R xO=U pmW x@ =Q Fg OWQ QwUv=D
Fg =

p
#g(A1 
A1 + A2 
A2) + n0 
 n0 (13)

Jg = #g |w=UD 'Jg = det(Fg) = (
p
#g)2 |x]@=Q x@ xHwD =@ p=L

|Q=PoQ=@ R= |W=v CUwB OWQ |R=UpOt 'jwi |x]@=Q T=U= Q@ "Ow@ Oy=wN Q=QkQ@
|L]U OWQ xm Ow@ Oy=wN Q}PBu=mt= #g Qr=mU= Q}eDt u}}aD \UwD '|m}v=mt
pmWQ}}eD K]U C@Uv |va} '23|L]U |oO}Wm Q=Okt "Ovm|t h}YwD =Q CUwB
12 \@=wQ R= uDiQo ltm =@ R}v w [31] 24uwUvv pwtQi \UwD 'x}rw= K]U x@ xDi=}

%CU= x@U=Lt p@=k 13 w
# = dA

dA0
=



J (Fe)�T (Fg)�Tn0





=



Je (Fe)�Tn0




#g = #e#g (14)

"hrDNt C=YDNt |=yx=oDUO w =We |xUOvy "1 pmW
|Ov@ Qm}B w `HQt |Ov@ Qm}B QO ?}DQD x@ u=mt |=yQ=OQ@ r w R \@=wQ u}= QO
R= TB w V}B |=[i QO =We Q@ Owta |=yQ=OQ@ n w n0 'u}vJty "CU= |vwvm

%OvwW|t x@U=Lt u}vJ xm OvDUy pmWQ}}eD
n0 = A1 �A2

kA1 �A2k ; n = a1 � a2
ka1 � a2k ; (3)

|Ov@ Qm}B QO ?}DQD x@ |v=}t |xLiY |wQ 16=OQwty |x}=B |=yQ=OQ@ Ai w ai
%Ov=x@U=Lt p@=k 4 \@=wQ R= w xOw@ |vwvm w x}rw=

A� = @R
@z�

= @Ri
@z�

ei (i = 1; 2; 3; � = 1; 2)

a� = @r
@z�

= @ri
@z�

ei (i = 1; 2; 3; � = 1; 2) (4)

h} QaD u |}=Hx@=HQ=OQ@ R}v w (�3) Ct=N[ |=DU=Q QO 17|oO}Wm 'C}=yv QO
%OvwW|t

�3 = h
h0
; u = r�R (5)

%O};|t CUO x@ 6 |x]@=Q R= |v=}t xLiY |wQ 18pmWQ}}eD u=}O=Qo QwUv=D

F =

2664 1 + u1;1 u1;2 �3n1
u2;1 1 + u2;2 �3n2
u3;1 u3;2 �3n3

3775 ; (6)

uDiQo Q_v QO =@ w |Oa@xU |=[i QO u} Qo � |Wwm CU=Q QwUv=D |U} QD=t V}=tv
%Ow@ Oy=wN Q} R CQwY x@ =We Ct=N[Q}}eD

C = FTF =

2664 C11 C12 0
C12 C22 0
0 0 C33

3775 ; C33 = �23: (7)

C@Ft |xS} w Q=Okt xU |=Q=O C uQ=kDt u}at C@Ft QwUv=D Qy '|rm Qw] x@
xU "CU= IA (A = 1; 2; 3) |rY= |19=OQw=v xU w �2

A (A = 1; 2; 3)

%[28]OvwW|t h} QaD u}vJ C QwUv=D |rY= |=OQw=v
I1 = trC; I2 = 1

2
n

(trC)2 � trC
o
;

I3 = J2 = det C: (8)
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"""C
UwB

OWQ
|]

NQ
}eO

wOL
tu

=tr=
p}rL

DOy=wN CUO x@ 22 |x]@=Q R= 29hWQm � qw}B swO VvD Q=Okt CQwY u}= QO
%[3]Ot;

S = 2@	
@C

= 2 @	
@Ce

:@Ce

@C
= (Fg)�1 Se (Fg)�T (22)

u}mwyw�v |WvQm |SQv= `@=D "CU= 30xv=owO |rN=O ?Q[ OQ=Ov=DU= O=tv % u; QO xm
%[28]OwW|t xDiQo Q_v QO 23 |x]@=Q j@=]t Q[=L |xr=kt QO Q}PBsm =QD

	 = �
2
�
Je
�2=3

Ce : I� 3
�

+ 1
D1

(Je � 1)2 (23)

"CU= Q=QkQ@ D1 = E=6(1 � 2�) |x]@=Q w xOw@ |WQ@ pwOt � 'u; QO xm
QO "OvDUy 32uwU=wB C@Uv w 31nv=} pwOt ?}DQD x@ R}v v w E xm CU= |y}O@
x@ =We l}DUq= pmWQ}}eD R= |W=v hWQm � qw}B swO VvD QwUv=D Cr=L u}=

%OW Oy=wN Q} R CQwY
Se = 2 @	

@Ce = �Je
�2=3

I

+
���

3 Je
�2=3

Ie1 + 2
D1

Je (Je � 1)
�

Ce�1 (24)

u} Qo � |Wwm CU=Q pmWQ}}eD QwUv=D x@ C@Uv Se VvD QwUv=D R= |Q}ojDWt =@
CUO x@ u}vJ Ce l}DUq= Q=yJ |x@DQt QwUv=D x@ \w@ Qt CQ=@a 'Ce l}DUq=

%O};|t
Ce = 2 @Se

@Ce = �2
3�J

e�2=3 �
I
Ce�1 + Ce�1 
 I

�
+
�2
9�J

e�2=3
Ie1 + 2

D1
Je (2Je � 1)

�
� (Ce�1 
Ce�1) + (Ce�1 �Ce�1)��
�
3J

e�2=3
Ie1 � 2

D1
Je (Je � 1)

�
(25)

QDW}@ K}[wD OvtR=}v xm OwW|t xOy=Wt Ce�1 �Ce�1 CQ=@a 25 |x]@=Q QO
|x@DQt QwUv=D wO ~B w ~A Qo = '=DU=Q u}= QO "CU= � |QwUv=D ?Q[ XwYN QO

%OwW|t h} QaD 26 |x]@=Q CQwY x@ ~A� ~B |QwUv=D ?Q[ 'OvW=@ swO�
~A� ~B

�
ijkl

= ~Aik ~Bjl + ~Ail ~Bjk (26)

QwUv=D 'u}vJty "OvDUy ~B w ~A QwUv=D wO |=yxir-wt Qou=}@ ~Bjl w ~Aik u; QO xm
|x]@=Q R= xDi=}v pmWQ}}eD sUH |wQ Se VvD p=kDv= R= pm swO hWQm � qw}B VvD
x@U=Lt p@=k Q} R |@} QkD pmW x@ pm Q=yJ x@DQt QwUv=D =Pr "O};|t CUO x@ 22

%Ow@ Oy=wN
C = 2 @S

@C
� (Fg)�1 Ce (Fg)�T (27)

CU= xDU@=w #g OWQ Q}eDt x@ =Pr w Fg�1 x@ C Q=yJ x@DQt QwUv=D xm OwW xHwD
R= #g x@U=Lt Qw_vt x@ 'xt=O= QO "OwW u}}aD 18 |rt=mD |xrO=at pL R= O}=@ xm
#gn Qo = 'T=U= u}= Q@ "OwW|t xO=iDU= u=tR Q}eDt |=Q@ 33|y=vDt Cq[=iD VwQ
Q=Okt x=ou; 'OvW=@ tn+1 = tn + �t w tn u=tR wO QO #g Q=Okt Qou=}@ #gn+1 w
xOR ?} QkD Q} R CQwY x@ 34Qr} w= |wQUB |Q}ojDWt T=U= Q@ tn+1 u=tR QO _#g

%OwW|t
_#gn+1 =

�
#gn+1 � #gn� =�t (28)

u=tr= l} CL=Ut |xR=Ov= dA w dA0 u}vJty w xR=Ov= O=tv k k u; QO xm
#e = u}vJty "OvDUy pmW Q}}eD R= Oa@ w p@k QO ?}DQD x@ lJwm |L]U
OyO|t u=Wv jwi pwtQi "CU= K]U Q}}eD l}DUq= CtUk




Je (Fe)�Tn0





|L]U |oO}Wm VN@ wO x@ w xOQm |wQ}B |@ Q[ x} RHD R= R}v |L]U |oO}Wm xm
x} RHD p@=k #g Q}PB=vCWoQ@ xDi=} OWQ K]U |oO}Wm w #e Q}PBCWoQ@ l}DUq=

"Ow@ Oy=wN
V}=Ri= =@ OWQ |xO}OB xm CU= u; CW=O xHwD u=O@ O}=@ xm |Qo}O |xDmv
w dV sHL =@ |r}Uv=Qi}O u=tr= l} |x}rw= sQH dM Qo = "Ow@ Oy=wN x=Qty sQH
w dM u}@ |x]@=Q "OW Oy=wN dm =@ Q@=Q@ t u=tR QO u; sQH 'OW=@ �0 |r=oJ

[30]%R= CU= CQ=@a dm

dm = dM +
Z t

0

Z
V0
rg0dtdV0 (15)

QO sUH x@ x}rw= sHL OL=w Q@ sQH Pwiv MQv Qou=}@ rg0 Qr=mU= QDt=Q=B u; QO xm
%O};|t CUO x@ 16 |x]@=Q R= xm CU= OWQ p=L

rg0 = �0 det(Fg)tr(Lg); Lg = _Fg(Fg)�1 (16)

x@U=Lt p@=k 17 |x]@=Q R= OWQ CaQU u=}O=Qo QwUvD '13 |x]@=Q x@ xHwD =@
%Ow@ Oy=wN

Lg =
_#g

2#g (A1 
A1 + A2 
A2) (17)

x@U=Lt p@=k 16 |x]@=Q R= rg0 Q=Okt '|Oa@ \@=wQ QO _#g uOW XNWt =@ =Pr
OWQ ,qwtat 'OWQ *l}v=mt sra QO "O};|t CUO x@ dm Q=Okt u; R= xm Ow@ Oy=wN
VvD p=ta= =} VvQm p=ta= T=U= Q@ xm OwW|t xDiQo Q_v QO |Ov}=Qi CQwY x@
C=Q}}eD MQv |xrO=at 'VvQm p=ta= T=U= Q@ |Ov@pwtQi QO "CU= |Ov@pwtQi p@=k
% [30]CU= Q} R CQwY x@ OwW|t jq]= 25|rt=mD |xrO=at u; x@ xm |L]U OWQ
_#g = kg(#g)�g(#e) (18)

QO s}rUD `@=D x@=Wt 27OWQ Q=}at `@=D �g(#g) w 26uRw `@=D kg(#g) u; QO w
xm OwW|t O=yvW}B 19 |x]@=Q ,qwtat 'uRw `@=D |=Q@ "CU= xD}U}DUqB |x} Q_v

%[30]Ovm|t pQDvm =Q xv}W}@ OWQ Q=Okt

kg = 1
�

�
#max � #g
#max � 1

�

(19)

CaQU '
 j=@]v= |vLvt |=Q@ pmW QDt=Q=B w � 28j=@]v= CaQU '19 |x]@=Q QO
Cr=L #max xv}W}@ |L]U OWQ u}vJty "Ovvm|t pQDvm =Q Ck@=]t w |Q=oR=U
OWQ xm OwW|t ZQi 'OWQ Q=}at |=Q@ "Ovm|t h} QaD =Q |DN=vWCU} R pO=aD

%OwW l} QLD #e l}DUq= |L]U |oO}Wm \UwD
�g = maxf0; #e � #critg (20)

"OwW|t R=e; OWQ Ov}=Qi u; |=R= x@ xm CU= |L]U |oO}Wm R= |Q=Okt #crit
%[25]OwW|t xDiQo Q_v QO u}vJ |WvQm |SQv= |r=oJ `@=D 'Oa@ s=o QO

	 = 	 (C;Fg) (21)
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1|
xQ=t

W'
38

�3
|xQ

wO'
�14

01
Q=y@

�l
}v=m

t|
UOv

yt

S0 � [me=1Se0 CQwY x@ S0 pmWQ}}eD R= V}B |v=}t |xLiY 'xt=O= QO
|xUOvy QO =yu=tr= O=OaD Qou=}@ m w xOw@ u=tr= l} Se0 xm OwW|t |R=UxDUUo
|}=Hx@=H u=O}t w x}rw= |xUOvy '|vwvm |Ov@pwtQi QO "CU= 39xOW |R=UxDUUo
OwW|t ZQi 'Qo}O CQ=@a x@ "OwW|t xOR?} QkD x@=Wt |@=}uwQO `@=D R= xO=iDU= =@
Q=OQ@ 'CQwY u}= QO "CU= 40l} QDt=Q=B wR}= ẁv R= p}rLD QO xDiQ Q=m x@ u=tr= xm
%OwW|t xOR ?} QkD 37 \@=wQ \UwD u=tr= l} QO u |}=Hx@=H Q=OQ@ w R u=mt

R =
neX
I=1

NIRI ; u =
neX
I=1

NIuI ; (37)

u=tr= QO xQo O=OaD ne w s=I xQo QO |}=Hx@=H Q=OQ@ uI '|@=}uwQO `@=wD NI xm
%O};|t CUO x@ u}vJ �E |R=Ht VvQm QwUv=D |=yxir-wt 'u}vJty "CU=

�E�� = 1
2 (Fi��Fi� + Fi��Fi�) (38)

|Q=OQ@ V}=tv OwOLt u=tr= ?} QkD '�Fi� = �ui;� |x]@=Q x@ xHwD =@ 'xH}Dv QO
%OwW|t xDWwv 39 |x]@=Q CQwY x@ �~E |R=Ht VvQm

�~E =
neX
I=1

BI�uI ; (39)

%O};|t CUO x@ Q} R CQwY x@ BI |}=Hx@=H � VvQm T} QD=t u; QO xm

BI =

2664 NI;1F11 NI;1F21
NI;2F12 NI;2F22

NI;1F12 +NI;2F11 NI;1F22 +NI;2F21

3775 : (40)

Q} R CQwY x@ =Q �U int |vwQO |SQv= u=wD|t xOt; CUO x@ Q}O=kt =@ xH}Dv QO
%OQm |U} wvR=@

�U int = Am
e=1

neX
I=1

�uIT f int
I =Am

e=1�ueT f int
e

with f int
I = h0

Z
Ae0

BI
T ~S dAe0 ; (41)

CU= 41|Qorta Am
e=1 w I |xQ=tW xQo QO |rN=O |wQ}v Q=OQ@ f int

I u; QO xm
s=tD |R=Ht |}=Hx@=H Q=OQ@ �ue u}vJty "Ovm|t ^=Lr =Q =yu=tr= s=tD QF= xm
R}v =Q |HQ=N |=ywQ}v |R=Ht Q=m |xDUUo sQi 'x@=Wt Qw] x@ "CU= u=tr= |=yxQo

%CWwv u}vJ u=wD|t

�W ext = Am
e=1

neX
I=1

�uIT fextI = Am
e=1�ueT fexte ; (42)

u}vJ u=tr= R= xQo Qy |=Q@ xm CU= |HQ=N |wQ}v Q=OQ@ fextI '42 |x]@=Q QO
%OwW|t h} QaD

f ext
I =

Z
Ae0
NI~bdAe0 +

I
�e0
NI~t d�e0 ; (43)

%OQm |U} wvR=@ Q} R |xDUUo pmW x@ u=wD|t =Q |R=Ht Q=m pY= C}=yv QO
�U int��W ext = �UTR� = �UT (f int � f ext)

= Ame=1�ueT (f int
e � f ext

e ) = 0; (44)

\@=wQ |oO=U CyH n+1 T}Ov= xt=O= QO "CU= #gn+1 Q=Okt uDi=} |rY= hOy
|]NQ}e |Q@H |xrO=at '18 |x]@=Q QO 28 |xrO=at |v} Ro}=H =@ "OwW|t hPL
p@=k uDw}v 35|Q=QmD VwQ \UwD xm O};|t CUO x@ #g�#gn�kg�g�t = 0
%OwW|t |iQat Q} R CQwY x@ 36xOv=t|k=@ Q=Okt =OD@= 'T=U= u}= Q@ "CU= pL
R# = #g � #gn � kg�g�t (29)

'#g x@ C@Uv xOv=t|k=@ R= |Q}ojDWt =@ "Ovm p}t QiY CtU x@ C}=yv QO O}=@ xm
%CU= u=}@ p@=k 30 |x]@=Q CQwY x@ #g x@ C@Uv R# |vLvt ?}W

K# = @Rv
@#g

= 1�
�
@kg

@#g
�g + @�g

@#g
kg
�

�t (30)

%OwW|t 37RwQ x@ u}vJ #g OWQ QDt=Q=B Q=Okt 'uwDw}v VwQ R= wtv Qy QO xH}Dv QO
(#g)new = #g + �#g = #g �R#=K# (31)

Q=QmD Ovm p}t QiY CtU x@ �#g = �R#=K# Q=Okt xm =Hu; =D Ov}=Qi u}=
"OW Oy=wN x@U=Lt #gn+1 Q=Okt ?}DQD u}O@ w OW Oy=wN

|]NQ}e OwOLt u=tr= |Ov@pwtQi "4
|]NQ}e OwOLt u=tr= |Ov@pwtQi l} 'sm =L CqO=at |OOa pL Qw_vt x@
"OwW|t x�=Q= l}DUq=QB}=y |=y=We nQR@ |=ypmWQ}}eD |=Q@ 38pt=m |Sv=Qo q
Q} R CQwY x@ CU= |R=Ht Q=m pY= '|Ov@pwtQi u}= |x�=Q= |=Q@ Q=R@= u} QDsyt

[32]%OwW|t u=}@
�U int = �W ext; (32)

|=ywQ}v R= pY=L |R=Ht Q=m �W ext w |R=Ht |vwQO |SQv= �U int u; QO xm
%CWwv u}vJ u=wD|t =Q Q}O=kt u}= 'lR=v |=We l} |=Q@ "CU= |HQ=N

�U int = h0
Z
A0

S :�E dA0; (33)

�W ext =
Z
A0

~b � �udA0 +
I

�0
~t� �ud�0; (34)

|]}Lt |vLvt pw] OL=w Q@ wQ}v ~t w =We |v=}t K]U OL=w Q@ wQ}v ~b u; QO xm
QO |RQt |vLvt w CL=Ut ?}DQD x@ �0 w A0 'u}vJty "CU= u; |v=}t K]U
u=tr= |Ov@pwtQi uOQw; CUO x@ |=Q@ "OvDUy pmWQ}}eD R= V}B |v=}t |xLiY
VvD QwUv=D w �E |R=Ht VvQm |Q=OQ@ V}=tv x@ '|U} QD=t V}=tv =@ OwOLt
l} xm =We pOt |=Q@ C}tm wO u}= |Q=OQ@ u=}@ "CU= R=}v S hWQm � qw}B swO
%OW Oy=wN s=Hv= 35 |x]@=Q j@=]t CU=[i QO =vLv= |=Q=O |Oa@ wO |xUOvy
�~E = f�E11; �E22; 2�E12gT ;
~S = fS11; S22; S12gT (35)

Oy=wN V}=tv p@=k 36 |x]@=Q CQwY x@ =We |R=Ht |vwQO |SQv= 'T=U= u}= Q@
%Ow@

�U int = h0
Z
A0
�~ET ~S dA0: (36)
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"""C
UwB

OWQ
|]

NQ
}eO

wOL
tu

=tr=
p}rL

D\UwD xm � sDU}U Q@ sm =L |xO}J}B w |]NQ}e CqO=at =OD@= '|]NQ}e OwOLt
VwQ \UwD CqO=at u}= TBU "O};|t CUO x@ � CU= xOW u=}@ 45 |x]@=Q
|x]@=Q QO |R=U |]N Ov}=Qi pm "OwW|t |R=U |]N uwUiQ � uwDw}v hwQat
"CU= xOW 47 |x]@=Q QO |DNU T} QD=t V}=O}B x@ QHvt xm OwW|t xOy=Wt 46
Q=}U@ |=yVwQ =@ xm OUQ|t 50 |]N |xO=U |xrO=at x@ VwQ u}= 'C}=yv QO
VwQ w 44|mUrwJ |x} RHD VwQ 'Tw=o |iPL VwQ '|@ wm =S VwQ Ovv=t |awvDt
'K uQ=kDt T} QD=t |=Q@ xm CU= QmP u=}=W "CU= pL p@=k 45GwORt |=yu=}O=Qo
wtv Q=OQ@ uDi=} R= TB "Ovm|t xO=iDU= |mUrwJ |x} RHD VwQ R= ?rDt Q=Ri=sQv
"OwW|t RwQ x@ U U + �U |x]@=Q \UwD =yxQo pm |}=Hx@=H '|}=Hx@=H

|OOa p=Ft "5
QO xOW x�=Q= |Ov@pwtQi OQmrta |UQQ@ R}v w |HvUQ=@Da= Qw_vt x@ 'VN@ u}= QO
=Q OWQ |xO}OB |R=UpOt C}r@=k |Q=HD |=yQ=Ri=sQv xm =Hu; R= 'p@k |=yVN@
xOW xDWwv ?rDt Q=Ri=sQv \}Lt QO |]NQ}e OwOLt u=tr= Om l} =OD@= 'OvQ=Ov
pL =} |Ov@Vt 'xUOvy O}rwD |=Q@ |Q=HD Q=Ri=sQv I}y R= 'Qo}O CQ=@a x@ "CU=
|ar[Q=yJ |=yu=tr= R= =y|R=Ux}@W |x}rm QO "CU= xOWv xO=iDU= |Q@H CqO=at
xUOvy |R=UxDUUo |=Q@ xQo Qy QO fu1; u2; u3g |O=R; xHQO xU =@ |yQoQ=yJ
p@k VN@ QO xOW x�=Q= OwOLt u=tr= |Ov@pwtQi xm OwW xHwD "OwW|t xO=iDU=
|Q}op=QoDv= |xOa=k R= u}vJty "CU= xO=iDU= p@=k xQo O=OaD Qy =@ u=tr= |=R= x@

"OwW|t xO=iDU= =yp=QoDv= |x@U=Lt |=Q@ 2� 2 |Uw=o

CND |xUOvy CQwY x@ CUwB OWQ "1"5
CQwY x@ CUwB OWQ |UQQ@ pt=W xm OwW|t x�=Q= |OOa p=Ft l} VN@ u}= QO
u}kkLt Q=m x@=Wt "CU= |r}]DUt w |}xQ}=O '|a@ Qt `]kt xU =@ CND |xLiY
|r}]DUt w |}xQ}=O '|a@ Qt `]kt K]U ẁv xU =@ CUwB R= |DtUk '[3]|r@k
Q_v QO QDt|r}t 2 Q@=Q@ OQ=wt |xty QO CUwB Ct=N[ "OwW|t xDiQo Q_v QO
37 =@ Q@=Q@ x}rw= CL=Ut Q=Okt |a@ Qt w |wQ}=O `]kt K]U |=Q@ "OwW|t xDiQo
OvwW|t xDiQo Q_v QO CmQL uwO@ CUwB |=yRQt u}vJty "CU= `@ Qt QDt|Dv=U
u}= QO xOW s=Hv= |=y|R=Ux}@W QO "�? 2 w hr= 2 |rN=O |=ypmW x@=Wt�
"OwW|t xO=iDU= OW x�=Q= 23 |x]@=Q QO xm Q}PBsm =QD u}mwyw�v pOt R= 'j}kLD
C@Uv w p=mU=B=ot � = 0=0385 |WQ@ pwOt Q}O=kt '[3]|r@k C=ar=]t j@=]t
|=Q@ pmW QDt=Q=B w j=@]v= CaQU "OvwW|t xDiQo Q_v QO � = 0=46 uwU=wB
OWQ Q=Okt 'u}vJty "OwW|t ZQi 
 = 2 w � = 1 ?}DQD x@ j=@]v= |vLvt
#max = 2=4 w #crit = 1=01 CQwY x@ ?}DQD x@ R}v xv}W}@ w |v=QL@ |L]U

"OwW|t ^=Lr
CU= CUwB |t}tQD |L=QH QO p=Ft u}= |rta OQ@ Q=m xm CU= QmP u=}=W
|DWwo |=yp=N Ovv=t |OQ=wt "CU= |DUwB |=y|Q=Hvy=v s}tQD u; hOy xm
\UwD xOW ?} QND |x}L=v =} u=DUB u=]QU \UwD xO}O?}U; |x}L=v '|O=RQO=t
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C1211 C1222 C1212

3775 (48)

CU= |DiU T} QD=t |UOvy VN@ GIJ |U} QD=t lwr@ '48 |x]@=Q QO u}vJty
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u}@ |@ wN Ck@=]t w OW xU}=kt [35]`HQt QO xOW VQ=Ro |v}r=@ G}=Dv =@ xr=kt u}=
K]U |=Q@ OWQ |xr�Ut 'u}vJty "OW pY=L QwmPt `HQt G}=Dv w |vwvm G}=Dv
'xDiQo CQwY |Q=PoQ=@ T=U= Q@ w CiQo Q=Qk |UQQ@ OQwt R}v x}rw= |=vLv= |=Q=O

"OW pY=L CUwB CL=Ut QO OWQ OYQO 30 R= V}@

|Q}oxH}Dv "6
Q=Qk |UQQ@ OQwt |m}v=mt Q=@ p=ta= CLD CUwB QO OWQ |xO}OB 'xr=kt u}= QO
l} CQwY x@ CUwB 'x@=Wt C=k}kLD R= j}kLD u}= R}=tD |x]kv u=wva x@ "CiQo
pmWQ}}eD w OWQ ?}mQD |=Q@ sRq |Ov@pwtQi "OW |R=UpOt l}DUq=QB}=y |=We
|xrO=at l} x=Qty x@ Qr=mU= C}tm l} \UwD CUwB OWQ w OW x�=Q= |m}v=mt
u=tr= |Ov@pwtQi l} TBU "CiQo Q=Qk Q_v Ot C=@U=Lt QO ?U=vt |rt=mD
|R=UpOt '|HvUQ=@Da= CyH "OW xO=O xaUwD pt=m |Sv=Qo q pmW QO OwOLt
|=We |va} 'Cr=L wO QO hrDNt |=yxUOvy |=R=@ Q=Wi p=ta= CLD CUwB OWQ
G}=Dv "CiQo CQwY x}rw= |=vLv= |=Q=O |=We R}v w �=vLv= uwO@� CND |x}rw=
G}=Dv =@ |@ wN x@ CUwB OWQ |=Q@ xOW x�=Q= |=We pOt xm OyO|t u=Wv pY=L
|L]U OWQ Q=Okt |=y|vLvt xm u; xS} w x@ "Ovm|t Ck@=]t u}W}B C=ar=]t
u}vJty "OvDUy u}W}B C=ar=]t QO OwHwt |=y|vLvt x@ l}ORv Q=}U@ CUwB
|}xQ}=O w |a@ Qt |=y`]kt K]U |=Q@ |vwvm |R=UpOt QO OWQ Q}eDt |}=yv Q=Okt

=yCWwv=B
1. skin 
ap
2. expanders
3. saline solution
4. crescent shape
5. relaxation
6. reconstructive surgery
7. pure shear
8. Ogden strain energy
9. transversely isotropic
10. neo-Hookean
11. tissue necrosis
12. Cartesian coordinate system
13. orthonormal
14. midsurface
15. curvilinear coordinate system
16. covariant basis vectors
17. stretch
18. deformation gradient tensor
19. invariant
20. Green-Saint Venant strain tensor
21. Kronecker delta
22. multiplicative decomposition
23. area stretch
24. Nanson's formula
25. evolution equation
26. weighting function
27. growth criterion
28. adaptation speed
29. second Piola-Kirchho� stress tensor
30. double contraction
31. Young's modulus
32. Poisson's ratio
33. �nite di�erence
34. Euler backward di�erentiation
35. iterative
36. residual

37. update
38. Total Lagrangian
39. discretized geometry
40. isoparametric
41. assembly operator
42. increment
43. assembly of elements
44. Cholesky factorization method
45. Conugate gradients method
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