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les=Hv= CkO V}=Ri= Qw_vt x@ Rwt;Q=QmD pQDvm

|}=wy |=yC=@ Q QO |Q=QmD |=yQwv=t
�Q=}Wv=O� �xO=R=v@ u}Wi=

�OWQ=T=vWQ� � VvtCO=aU u}UL
h} QW |DavY x=oWv=O '=[i=wy |UOvyt |xOmWv=O

VwQ R= |}=wy |=yC=@ Q QO |Q=QmD |=yQwv=t ?}kaD CkO Ow@y@ Qw_vtx@ xr=kt u}= QO
T=U= Q@ |rY= |xOvvmpQDvm Qw_vt u}O@ "CU= xOW xO=iDU= Q}PBVRwt; |xOvvmpQDvm

sOa p@=kt QO |OwOL =D xOvvmpQDvm u}= "CU= xOW |L=Q] |WRer Ot pQDvm VwQ
Rwt;Q=QmD pQDvm QwLt x_i=L VwQ R= 'xOvvmpQDvm u}= Q=vm QO "CU= sw=kt sDU}U C}a]k

|xOvvmpQDvm "CU= xOW xO=iDU= '\NuwQ@ w |R=wt CQwYx@ '|kDWt � |@U=vD ẁv R=
|Q}PBh=]av= V}=Ri= Qw_vt x@ "OQ=O xOya Q@ =Q |Q=QmD CqqDN= hPL |xi}_w Rwt;Q=QmD

u}= "CU= xOW xO=iDU= x}qOvJ uwQDBUQB |awvYt |@Ya |xm@W R= 'pQDvm sDU}U
x@=Wt |=yQwv=t x@ 'Rwt;Q=QmD pQDvm \UwD xOW O}rwD '|rQDvm p=vo}U s}taD |=Q@ xm@W

Qw[L QO 'xQB Q=yJ l}t=v}O Q@ |rQDvm VwQ u}= OQmrta C}=yv QO "CU= xOW |L=Q]
OQmrta Ow@y@ "CU= xOW xU}=kt xO=U |WRer Ot pQDvm VwQ =@ w |UQQ@ 'C}a]k sOa

"CU= OwyWt ,qt=m |R=Ux}@W G}=Dv QO |O=yvW}B |rQDvm VwQ

banazadeh@sharif.edu
hosein.saadatmanesh@yahoo.com

sOa 'QwLt x_i=L VwQ '|WRer Ot pQDvm 'Rwt;Q=QmD pQDvm %|O}rm u=oS=w
"xQB Q=yJ 'uwQDBUQB |@Ya |xm@W 'C}a]k

xtOkt "1
uOw@ |Q=QmD u}ty R= u=wD|t p}rO u}ty x@ "OQ=O OwHw |Q=QmD |=yQ}Ut w =yQwv=t
C}vt= '|R} Qxt=vQ@ =@ w OQm xO=iDU= C} Qwt-=t pw] QO =yQwv=t uOw@ |Q=QmD w Q}Ut
V}=Ri= xH}Dv QO w =yC} Qwt-=t u}= j}kO |=QH= Qw_vt x@ "O=O V}=Ri= =Q R=wQB u}L
"OwW |L=Q] Q_v OQwt sDU}U |=Q@?U=vt |xOvvmpQDvml} O}=@ 'R=wQB u}LC}vt=
Vr=J 'OW xQ=W= =yu; x@ xm |}=wy |=yC=@ Q u=w=Qi |=yOQ@ Q=m x@ xHwD=@
=@ =Q 1?wr]t Q}Ut 'C} Qwt-=t pw] QO Ovv=wD@ =yC=@ Q u}= xm CU= u}= |U=U=
u=wD|tv 'swUQt |rQDvm |=yVwQ R= xO=iDU= =@ |iQ] R= "Ovvm p=@vO |@ wN CkO
u}= R= xO=iDU= =@ xO}J}B |=yQwv=t |Dkw "O=O s=Hv= |DUQO x@ =Q ?}kaD C=}rta
Qwv=t w O@=}|t V}=Ri= Q_v OQwt Qwv=t ?}kaD |=]N 'OvwW|t =QH= =yxOvvmpQDvm
CUO x@ Vr=J =@ xOvvmpQDvm |L=Q] |=Q@ |iQ] R= "OwW|tv ?}kaD |@ wN x@
Q=DiQ |oO}J}B xm s}v=O|t u}vJty w Ow@ s}y=wN wQx@ wQ xOvQB l}t=v}O uOQw;
|L=Q] p=@vO x@ O}=@ u}=Q@=v@ "O@=}|t V}=Ri= Qwv=t |=QH= s=ovy QO xOvQB |m}t=v}O
Ov=wD@ =} w OW=@ xDW=O sDU}U l}t=v}O x@ |QDsm |oDU@=w xm s}W=@ |}xOvvmpQDvm
C}=yv QO "Ovm u=Q@H C} Qwt-=t pw] QO =Q sDU}U C}a]ksOa R= |W=v |=y=]N
u}L C}vt= w Qwv=t |=QH= R= u=v}t]= 'O@=} V}=Ri= ?wr]t Q}Ut ?}kaD CkO Qo =

"OW Oy=wN pY=L R=wQB
V}=Ri= |=Q@ 'Q}PBVRwt; Q=DN=U =@ |}xOvvmpQDvm |L=Q] 'Q[=L Q=DWwv QO
uwJty |}=yQ=R@= R= Qw_vt u}O@ "CU= Q_v Ot 'xQB Q=yJ l} |=yQwv=t ?}kaD CkO
sDU}U Q=DN=U QO QwLtx_i=L |=yVwQ u}vJty w 2|awvYt |@Ya |=yxm@W

=yxRwL R= |Q=}U@ QO Q=R@= u}= OQ@ Q=m '|}=wy |=yC=@ Q |xRwL QO sra CiQW}B =@
'|t}WwQDB wCivCavY '|RQw=Wm `}=vYQO u=wD|t =yC=@ Qu}= R= "OwW|t Oy=Wt
C} Qwt-=t =@ |Rw=Wm |xRwL QO "OQm xO=iDU= |Q=OQ@xWkv w pkv w ptL 'CUB
u}= R= xO=iDU= =@ "OwW|t xO=iDU= |RQw=Wm CqwYLt V}=B w |W=B QP@ '|W=BsU
u}tR uwQO R= 'u}ovU |x}rkv p}=Uw Qw@a QF= QO |RQw=Wm CqwYLt '=yC=@ Q
CqwYLt OWQ QDy@ |UQQ@ |=Q@ u=wD|t |iQ] R= "OW Oy=wNv ?} QND '|RQw=Wm
`}=vY u}vJty "OQm xO=iDU= |RQw=Wm u}tR V}=B C}r@=k =@ |}=yO=ByB R= |RQw=Wm
Civ CavY QO "OwQ|t Q=tW x@ =yxOvQB u}= |=y|QDWt u} QDsyt R= |m} R=o w Civ
R= |Q}oxQy@ =@ 'xO}O?}U; |=yVN@ Q}taD w C=U}U-=D R= |}xQwO |=y|UQR=@ 'R=o w
'=yC=@ Qu}= R= xO=iDU= =@ =y|UQR=@u}= "OwW|t?wULtnQR@ OQw=DUOl} '=yO=ByB
w |Q=OQ@sr}i u}@ QwO R= |Q}oxQy@ =@ =yO=ByB u}= 'u}vJty "CU= QDxv} Rysm w QD=Q=m
\w]N ?U=vt OQmrta w xOQm |}=U=vW =Q |R=ow |Div |=yCWv Ovv=wD|t 'QoUL
pkv w ptL |xRwL QO |}=wy |=yC=@ Q R= "OvyO VQ=Ro =Q |Q=iL |=ypmO w xrwr
=yOY xv=RwQ p=Ft u=wvax@ "OwW|t xO=iDU= Q=@ w Qi=Ut |}=Hx@=H |=Q@ 'CUB w
u}=Q@=v@ "OwW|t pkDvt u=QyD nQto x@ u=QyD |v}tN s=t= x=oOwQi R= |DUB |xDU@
'OWv QmP xm |}=yxRwL QO w OW xQ=W= =yv; x@ xm OQ=wt u}= |t=tD QO 'Cio u=wD|t

pw�Ut xOvU} wv �
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[8]"|QU |Q=tat "1 pmW

[8]"|R=wt |Q=tat "2 pmW
[13]'|Oa@ C=ar=]t QO "CU= xOW O=H}= sDU}U pQDvm QO |QDy@ OQmrta w xOW
|=Q@ '|k}@]D pQDvm =@ |R=wt CQwYx@ |kDWt � |@U=vD Rwt;Q=QmD pQDvm VwQ R=
'Q=DWwv u}= QO "CU= xOW xO=iDU= OQ@ Q=mQB w swUQt |=yQwv=t ?}kaD CkO V}=Ri=
pQDvm VwQ R= u=kkLt "CU= C@=F p=@ O=ByB l} x@ \w@ Qt Q_v OQwt l}t=v}O
|=Q@ Q=Ol@O}i pQDvml} Q=vm QO |QU CQwYx@\NuwQ@ �\NQ@ |@U=vD Rwt;Q=QmD
R= jrat \wQNt x@ CNwU |xOvvmCi=} QO |xr}t p=YD= |xrLQt |=]N u=Q@H
'C@=F p=@ O=ByB l} Q=mOwN |}=wy |Q}oCNwU C=}rta QO 'CNwU pt=L Qmv=D
O=ByB 8Q=mOwN u=@rN Q=vm QO |QU CQwYx@ xOvvmpQDvm u}= [14]"Ov=xOQm xO=iDU=
l}t=v}O |=v@t Q@ xm 'xv}y@ Rwt;Q=QmD pQDvm VwQ l} R= xO=iDU= =@ "CU= xDiQo Q=Qk
QO 'l}D=@ wQ |wR=@ l} C}akwt |@=}OQ OQmrta 'xOW G=QNDU= sDU}U |]N
l} =@ |R=wt CQwYx@ Rwt;Q=QmD pQDvm [15]"CU= xDi=} Ow@y@ '`} QU |=yptar=Tma
u=kkLt "Ovm|t pta |r=QoDv= � |kDWt � |@U=vD ẁv R= Q=Ol@O}i pQDvm sDU}U
|xOvvmpQDvm |L=Q] |=Q@ O}OH OQm} wQ l} u=wvax@ =Q 9?mQt |SQv= `@=D VwQ
xOW xO=iDU= hwv=B=}r |x}[k R= Q=m u}= s=Hv= |=Q@ [16]"Ov=xOQm x�=Q= Q}PBVRwt;
QO |}=Qoty VN@ l} &CU= xOW p}mWD |rY= VN@ wO R= hwv=B=}r `@=D "CU=
Q=Qk |UQQ@ OQwt =Q Qo}O Q=QmD x@ Q=QmD l} R= |}=Qoty Qo}O VN@ w u=tR QwLt
|xOvvmpQDvm '?mQt |SQv= `@=D VwQ R= xO=iDU= =@ [17]'Qo}O |}xar=]t QO "OyO|t

'xOvvmpQDvm Q=DN=U uOQm Q}PBh=]av= u}vJty "OW Oy=wN xO=iDU= xQB Q=yJ pQDvm
"CU= Q_v OQwt 'OQ=O Cw=iD xO}O VRwt; Qwv=t =@ u; C=}YwYN xm |}=yQwv=t QO
CkO V}=Ri= |=Q@ Q}N= |=yp=U QO Q}PBVRwt; |=yxOvvmpQDvm R= xO=iDU=
s=Hv= |Q=QmD |=yC} Qwt-=t xm '|m}t=v}O |=ysDU}U QO '?wr]t Q}Ut ?}kaD
|xm@W '|k}@]D pQDvm |=yVwQ =@ 3Rwt;Q=QmD pQDvm "CU= xDi=} V}=Ri= 'OvyO|t
KqY= |rQDvm |=yQDt=Q=B |k}@]D pQDvm QO "OQ=O Cw=iD 4|Q=QmD pQDvm w |@Ya
u}vJty [1]"Ovm|t KqY= =Q |rQDvm |OwQw Rwt;Q=QmD pQDvm xm |r=L QO 'OvwW|t
"Ovm|tv xO=iDU= 'xOW O}rwD xDWPo QO xm '|rQDvm p=vo}U C=aq]= R= |k}@]D pQDvm
=@ 'OQ=O |Q=QmD pQDvm VwQ x@ |O=} R Cy=@W Rwt;Q=QmD pQDvm xm Cio u=wD@ O}=W
Cr=L x@ sDU}U 'C} Qwt-=t u=}=B Q=@ Qy R= Oa@ Rwt;Q=QmD pQDvm VwQ QO xm Cw=iD u}=
|Q=QmD pQDvm VwQ QO |rw "Ow@ Oy=wN u=Um} x}rw= \}=QW w OOQo|t R=@ x}rw=
VwQ QO Qo = [2]"CU= p@k |xrLQt |}=yv \}=QW 'C} Qwt-=t Q=QmD QO x}rw= \}=QW
p=vo}U O}rwD |=Q@ 'Q=QmD wO pk=OL 'p@k Q=QmD OvJ C=aq]= R= 'Rwt;Q=QmD pQDvm
Qo = u}vJty [3]"Ov} wo|t q=@ x@DQt Rwt;Q=QmD pQDvm VwQ u; x@ 'OwW xO=iDU= |rQDvm
pQDvm =Q u; 'OwW xO=iDU= |rQDvm p=vo}U O}rwD |=Q@ sDU}U |rai |=QH= C=aq]= R=
6\NuwQ@ Rwt;Q=QmD pQDvm u; x@ CQwYu}= Q}e QO [4]'Ovt=v|t 5\NQ@ Rwt;Q=QmD
u=ty C=aq]= R= 't u=tR QO |rQDvm p=vo}U uDN=U |=Q@ Qo = '|iQ] R= [5]"Ov} wo|t
u; x@ CQwYu}= Q}e QO [6]'Ov} wo 7|:r *a VwQ =Q u; 'OwW xO=iDU= xDWPo u=tR =} u=tR
uwO@ w XNWt l}t=v}O =@ |}=ysDU}U QO |:r *aQ}e VwQ R= [7]"Ov} wo|t |:r *aQ}e
OwHw Rwt;Q=QmD pQDvm j]vt QO =yVwQ R= |irDNt `=wv= "OwW|t xO=iDU= V=WDe=
� |@U=vD w |kDWt � |@U=vD '|kDWt '|@U=vD |=yVwQ x@ u=wD|t xrtH R= 'OQ=O
QDt=Q=B R= Rwt;Q=QmD pQDvm QO Cio O}=@ u}vJty [8]"OQm xQ=W= |r=QoDv= � |kDWt
sDU}U xDWPo R= |awv x@ VwQ u}= OwN =Q} R 'OwW|t xO=iDU= CQOv x@ Q}op=QoDv=
QO Rwt;Q=QmD pQDvm VwQ R= xO=iDU= |=Q@ |rY= |Q=tat ẁv wO [8]"Ovm|t xO=iDU=
CQwYx@ u=wD|t Rwt;Q=QmD pQDvm VwQ R= "OQ=O OwHw Q=Ol@O}i pQDvm sDU}U Q=vm
QO ,qwtat |Q=tat u}= [9]"OQm xO=iDU= Q=Ol@O}i |xOvvmpQDvm Q=vm QO |QU |Q=tat
\ki w OQ=Ov OwHw |rY= |xOvvmpQDvm x@ |UQDUO xm OwQ|t Q=m x@ |}=ysDU}U
pQDvm lwr@ |=Q@ u=wD|t xm |Qo}O |Q=tat "CU= TQDUO QO ?wr]t Q}Ut Q=Okt
p=vo}U x@ |UQDUO VwQ u}= QO "CU= |R=wt |Q=tat 'CiQo Q_v QO Rwt;Q=QmD
|Q=tat wO u}= R= |}=tv 2 w 1 pmW QO [8]"OQ=O OwHw sDU}U x@ |OwQw pQDvm
hPL |xi}_w Q=Ol@O}i |xOvvmpQDvm 'Cio u=wD|t `k=w QO "OwW|t xOy=Wt
CqqDN= hPL |xi}_w Rwt;Q=QmD pQDvm w xDW=O xOya Q@ =Q |Q=QmDQ}e CqqDN=
� |@U=vD Rwt;Q=QmD pQDvm VwQ R= xO=iDU= =@ u=kkLt "CU= Q=OxOya =Q |Q=QmD
sDU}U l} QO ?wr]t Q}Ut |Q}oyQ CkO OvDUv=wD '\NuwQ@ |r=QoDv= � |kDWt
s=Hv= |oDUy; x@ ?wr]t Q}Ut C=Q}}eD VwQ u}= QO [10]"OvyO V}=Ri= =Q |]NQ}e

"CU= xOW
=@ 'pw= x@DQt |]N |raQ}e |kDWt � |@U=vD Rwt;Q=QmD pQDvm VwQ u}vJty
Q=m x@ |R=wt CQwYx@ w |kDWt � |@U=vD ẁv R= Q=Ol@O}i pQDvm sDU}U l}
?wr]t Q=Okt |@=}OQ QO OwHwt |=]N Vy=m |=Q@ 'Q=DN=U u}= [11]"CU= xDiQ
xOW xO=iDU= 'CU= |Q=QmD C} Qwt-=t l} s=Hv= p=L QO xm 'xQ=wy=t l} C}a[w
Q} wYD |YNWt |=}=wR CLD w XNWt \=kv R= 'Q=QmD Qy QO O}=@ xQ=wy=t "CU=
sOa u}tND |=Q@ |@U=vD Rwt;Q=QmD pQDvm VwQ R= '|Qo}O u=kkLt "Ovm |Q=OQ@
R= j}kO |R=UpOt Ow@v p}rO x@ C}a]k sOa [12]"Ov=xOQm xO=iDU= Q=Ou=Qm C}a]k
xO=iDU= =@ 'sDU}U C}a]k sOa u}tND R= Oa@ "CU= p} Q w =wy R= |W=v *Ctw=kt
|L=Q] sDU}U l}t=v}O |=v@tQ@ xOvvmpQDvm l} 'xv}y@ Rwt;Q=QmD pQDvm VwQ R=
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CLD [x y] Cr=L wO u}=Q@=v@ "OQ=O OwHw ['�  z] |=yCr=L |=Q@ |rQDvm
QiY Q@=Q@ ,=@} QkD  Cr=L Q=Okt Qo = "Ow@ Oy=wN |rQDvm |=y|OwQw Q}=U Q}F-=D
"OQm pQDvm =Q y w x |=yCr=L ?}DQD x@ u=wD|t '' w � Cr=L Q}}eD =@ 'OW=@
x@ 'y w x |=yp=v=m QO '?wr]t Q}Ut w sDU}U |HwQN u}@ hqDN= u}=Q@=v@
Oy=wN pQDvm sD} Qwor= OQ=w ?wr]t Q}O=kt u}= w xOW p}O@D ' w � ?wr]t Q}O=kt

"OW
�x = (sin(�) cos(') cos( ) + sin(') sin( ))( 1

m )u1
�y = (sin(�) cos(') sin( )� sin(') cos( ))( 1

m )u1
�z = �g + cos(') cos(�)( 1

m )u1
�' = _� _ ( Iyy�Izz

Ixx
) + 1

Ixx
u2

�� = _' _ ( Izz�Ixx
Iyy

) + 1
Iyy

u3
� = _' _�( Ixx�Iyy

Izz
) + 1

Izz
u4

(1)

"CU= |rQDvm |=y|OwQw |xOvyOu=Wv 2 |x]@=Q u}vJty
u1 = b(!12 + !22 + !32 + !42)
u2 = Lb(�!22 + !42)
u3 = Lb(�!12 + !32)
u4 = d(!12 � !22 + !32 � !42)

(2)

|WRer O)t pQDvm "3
%O} Q}o@ Q_v QO 3 |x]@=Q CQwYx@ =Q |tDU}U

x(n) = f(x; t) + b(x; t)u(t) (3)

|L=Q] |}xOvvmpQDvm p=L "CU= x = [x _x : : : x(n�1)]T Q=OQ@ 'u; QO xm
e =OD@= Qw_vt u}O@ "Ovm p=@vO =Q xd(t) ?wr]t Q}Ut x(t) xm OW Oy=wN
CQwYx@ �|vLvt� xv}tN l} TBU "OwW|t h} QaD e = xd � x CQwYx@
"Ov} wo �VRer K]U� xv}tN u}= x@ 'OW Oy=wN |L=Q] S(e; _e; : : : ) = 0

%Ovm|t |iQat =Q VRer K]U u}= 4 |x]@=Q

S = ( d
dt

+ �)n�1e(t) = 0 (4)

|]NQ}e l}t=v}O l} |=Q@ ?wr]t Q}Ut ?}kaD CkO w xOW |L=Q] Rwt;Q=QmD
Q=QmD x@ |Q=QmD R= 'CUv=wD|t ?wr]t Q}Ut VwQ u}= QO "CU= xOW xO=O V}=Ri=
Ot |=v@t Q@ Rwt;Q=QmD pQDvm VwQ R= xO=iDU= =@ u=QoVywSB "Ovm Q}}eD |mOv= 'Qo}O
Vy=m 'l}D=@ Q |wR=@ l} QO =Q ?wr]t Q}Ut ?}kaD |=]N Q=Okt 10'|WRer
Q}Ut x}rw= Q=Okt =@ sDU}U x}rw= Q=Okt O}=@ xmCU= u}= VwQ u}= pmWt [18]"Ov=xO=O
w [20]xv}y@ Rwt;Q=QmD pQDvm ?}mQD =@ [19]'|Qo}O |xar=]t QO "OW=@ u=Um} ?wr]t
?wr]t Q}Ut ?}kaD |=]N '|r=QoDv= VRer K]U =@ |WRer Ot � 11s=oUB pQDvm
Qw_vt x@ Rwt;Q=QmD pQDvm VwQ R= u}vJty "CU= xDi=} Vy=m 'xQB Q=yJ l} QO
xOW xO=iDU= |Q=QmD |=yQ}Ut ?}kaD s=ovy =yxQB Q=yJ |ywQo R=wQB CkO V}=Ri=
Vv=o}=Uty w OwN C=aq]= x@ =yvD xOvQB Qy 'xOW O=} |xar=]t QO [21]"CU=
l} TQDUO QO =yvD '?}kaD Qw_vt x@ Q_v OQwt Q}Ut w CW=O Oy=wN |UQDUO
VwQ l} Q=vm QO Rwt;Q=QmD pQDvm VwQ R= u=kkLt "CiQo Oy=wN Q=Qk xOvQB OvJ =}
Q}Ut ?}kaD QO xQB Q=yJ l} pQDvm OQmrta Ow@y@ |=Q@ [22]'|R=i PID |rQDvm
|ywQo R=wQB s=Hv= |=Q@ Rwt;Q=QmD pQDvm VwQ R= u}vJty u=v; "Ov=xOQm xO=iDU= ?wr]t
V}=Q; ^iL |xi}_w Q=OxOya Rwt;Q=QmD pQDvm =Hu}= QO [23]"Ov=xDiQoxQy@ xQB Q=yJ
|iQ] R= "Ow@ Oy=wN |R=wQB ?wr]t Q}Ut O=H}= u}vJty w |ywQo R=wQB u}= j}kO
O=H}= ?wr]t Q}Ut uOQm p=@vO Qw_vt x@ xm OQ=O OwHw sy |twO pQDvm |xkrL
[24]'Qo}O |}xar=]t QO "CU= xOW |L=Q] Rwt;Q=QmD pQDvm 'pw= |xkrL \UwD xOW
� |@U=vD Rwt;Q=QmD pQDvm VwQ w |k}@]D |WRer Ot pQDvm ?}mQD |R=UxO=}B =@
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47 R= Oa@ 'xOW h} QaD =]N C=a@ Qt u}ov=}t CQwYx@ xm 'CQ=wmQ=t � nQ@vwr
w =yuRw Q=Okt "CU= xOW hkwDt sD} Qwor= w xO}UQ 6 28e � 8 Q=Okt x@ Q=QmD

"CU= xOW x}=tv 3 pwOH w 2 pwOH QO uwQDBUQB |@Ya |xm@W |=yT}=@
"CU= xOW x}=tv 6 pmW QO sDU}U Q@ sm =L |rQDvm j]vt Q=DN=U |rm |=tv
x_i=L QO ILC VN@ p=vo}U 'VRwt; Ov}=Qi s=tD= R= Oa@ Cio u=wD|t |rm Qw]x@
'x@=Wt |=yQwv=t QO |rQDvm p=vo}U u}= R= xO=iDU= Qw_vt x@ TBU "OwW|t xQ}NP
xm OQ=O OwHw Qwv=t ẁv l} =yvD =Hu}= QO 'Qwv=t ẁv w Qwv=t ẁQW x}rw= \}=QW =OD@=
u=wvax@ x}rw= \}=QW xt=O= QO "OW Oy=wN XNWt 'CU= |Owta xkrL Qwv=t u=ty
?=NDv= |=Q@ |Q=}at u=wvax@ sy Qwv=t ẁv w OW Oy=wN |@Ya |xm@W OQ=w |OwQw
QO Ow@ Oy=wN xQy@ l} xm xm@W |HwQN "OW Oy=wN xO=iDU= xOW xQ}NP p=vo}U
O=H}= O}OH Qwv=t |=Q@ ?U=vt |r=vo}U w xOW ?Q[ x_i=L R= |HwQN p=vo}U
xOW O}rwD |rQDvm p=vo}U =@ Ov}=Qi u}= R= xOW O=H}= p=vo}U TBU "OQm Oy=wN

"OwW|t p=ta= Q_v OQwt sDU}U x@ w xOW `tH |WRer Ot |xOvvmpQDvm \UwD

"uwQDBUQB |@Ya |xm@W |HwQN x}q |=yT}=@ w =yuRw "3 pwOH
T}=@ uRw uwQwv xQ=tW

1

0 1678

1

0 6446
0 4333
0 5554
�0 4891
�0 4933
2 1484
0 6944

"OvwW|t xO=iDU= VRwt; Ov}=Qi u}L QO w xOw@ swrat |=y?=wH |=Q=O VRwt;
pt=W =Q OwHwt |=yxO=O pm R= OYQO 85 =D 75 OwOL QO C=aq]= R= xDUO u}=
xO=iDU= VRwt; Ov}=Qi R= Oa@ w xOw@v swrat |=y?=wH |=Q=O uwtR; |=yxO=O "OvwW|t
Ov}=Qi uOw@v =} uOw@ jiwt uOQm XNWt |=Q@ ,=iQY C=aq]= u}= R= "OvwW|t
15 =D 10 OwOL QO "OwW|tv 22VR=Q@ V}@ R= `v=t |rw OwW|t xO=iDU= VRwt;
|=yxO=O ,=D}=yv "O=O X=YDN= VN@ u}= x@ u=wD|t =Q OwHwt |=yxO=O pm R= OYQO
"OvwQ|t Q=m x@ VRwt; Ov}=Qi u}L QO w xOw@v swrat |=y?=wH |=Q=OR}v |HvUQ=@Da=
10 OwOL QO u=wD|t "OwW|t xO=iDU= VR=Q@ V}@ R= |Q}owrH |=Q@ =yxO=O u}= R=
"CiQo Q_v QO C=aq]= R= xDUO u}= |=Q@ =Q OwHwt |=yxO=O pm R= OYQO 15 =D
V}@ OQ=w xm@W OyO|t u=Wv xm xOW x�=Q= |r=Ft |R=Ux}@W VN@ QO u}vJty

"CU= xOWv ZLt VR=Q@
xOW x}=tv u; VRwt; w |@Ya |xm@W x@ \w@ Qt C=aq]= 3 =D 1 pw=OH QO
|=yxQy@ "CU= xOW x}=tv |@Ya |xm@W VRwt; C=aq]= '1 pwOH QO "CU=
Q}Ut ?}kaD |=]N Vy=m Qw_vt x@ w =]N w |aU CQwYx@ 'pwOH QO OwHwt
s=ovy QO "CU= xOW s}_vD 'xOW xQ}NP |rQDvm p=vo}U R= xO=iDU= s=ovy '?wr]t
"CU= QDW}@ y p=v=m QO ?wr]t Q}Ut ?}kaD |=]N '|Owta xkrL Qwv=t |=QH=
|@Ya |xm@W R= xO=iDU= =@ p=v=m u}= QO Rwt;Q=QmD pQDvm lwr@ Q=DiQ xt=O= QO u}=Q@=v@
xOw@ |Owta xkrL ẁv R= x@=Wt |=yQwv=t "OwW|t xO=O s}taD x@=Wt |=yQwv=t x@
'Qwv=t |=QH= ?=DW QO =yQwv=t Cw=iD u}=Q@=v@ "CU= u=Um} R}v u=W=QH= u=tR w

14



2|
xQ=t

W'
38

�3
|xQ

wO'
�14

01
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}QW

l}
v=mt

|U
Ovyt "xQB Q=yJ l}t=v}O |=yQDt=Q=B "4 pwOH

m d b L Izz Iyy Ixx QDt=Q=B
0 4 9 1e� 5 5 8e� 3 0 2 0 02 0 01 0 01 Q=Okt
kg kg:m2 kg:m m kg:m2 kg:m2 kg:m2 OL=w

"Qwv=t |Oa@ xU |=tv "7 pmW

"?wr]t Q}Ut ?}kaD QO |rQDvm VwQ wO OQmrta "8 pmW
"Rwt;Q=QmD VwQ w |WRer Ot pQDvm VwQ ?}mQD ?}=Q[ "5 pwOH

p=v=m QO Q=Okt QDt=Q=B
`=iDQ= w=} I}B pwQ
30 180 50 50 �

30 160 30 30 �

0 45 0 6 0 3 0 3 P

0 32 0 2 0 15 0 15 D

|@U=vt |Q=oR=U xOvvmpQDvm wO u}= w OW=@ Q=O}=B sDU}U xm Ov=xOW s}_vD |}xvwo
"CU= 20 |x]@=Q CQwYx@ sDU}U x}rw= \}=QW "OvW=@ xDW=O Qo}Om} =@

' = 0; _' = 0; � = 0; _� = 0;  = 0; _ = 0
x = 0 7; _x = 0; y = 0; _y = 0; z = 0; _z = 0 (20)

'Izz 'Iyy 'Ixx Q}O=kt 'C}a]ksOa |R=Ux}@W Qw_vt x@ O}W=@ xDW=O xHwD
OQmrta '9 w 8 |=ypmW QO "CU= xOW xO=iDU= =]N OYQO 20 =@ 'g w m

Q=DN=U QO xO}O VRwt; xm@W R= u=wD|t VRwt; Ov}=Qi uOQm |] R= Oa@ u}=Q@=v@
x@ xOW xQ}NP |rQDvm p=vo}U s}taD Qw_vt x@ '|WRer Ot pQDvm Q=vm QO |rQDvm

"OQm xO=iDU= x@=Wt |=yQwv=t

|R=Ux}@W G}=Dv "6
R= xO=iDU= =@ w OW Oy=wN |L=Q] xO}J}B Qwv=t l} =OD@= '|R=Ux}@W Qw_vt x@

"OwW|t ?}kaD ?wr]t Q}Ut '14 |x]@=Q QO xOW KQ]t |xOvvmpQDvm

Qwv=t |L=Q] "1"6
hrDNt VN@ OvJ R= w Q} R CQwYx@ z w y 'x |=yCr=L |=Q@ ?wr]t Q}Ut

"OW Oy=wN pmWD
%Qwv=t pw= VN@

u}= =@ u=tRsy 'OUQ@ QDt 0 3 `=iDQ= x@ =D OyO|t `=iDQ= V}=Ri= xQB Q=yJ =OD@= QO
R= VN@ u}= x@ \w@ Qt |xrO=at "OQ=O K]Usy VOQo R}v xQB Q=yJ '`=iDQ= V}=Ri=

"CU= 17 |x]@=Q CQwYx@ Qwv=t
xd = sin( 2�

10 t+ �
4 ) + 0 7

yd = sin( 2�
10 t+ �)

zd = 0 3
(17)

%Qwv=t swO VN@
V}=Ri= xDUw}B 'CU= VOQo p=L QO xm u}= Q@ xwqa xQB Q=yJ 'Qwv=t R= VN@ u}= QO
"CU= 18 |x]@=Q CQwYx@ Qwv=t R= VN@ u}= x@ \w@ Qt |xrO=at "OyO|t `=iDQ=
xd = � sin( 2�

10 t+ �
4 )� 0 9

yd = � sin( 2�
10 t+ �) + 0 95

zd = 0 05t+0 3
(18)

%Qwv=t swU VN@
x�y xLiY QO `=iDQ= V}=Ri= uwO@ s}kDUt Q}Ut l} |wQ xQB Q=yJ VN@ u}= QO
19 |x]@=Q CQwYx@ Qwv=t R= VN@ u}= x@ \w@ Qt |xrO=at "CU= CmQL p=L QO

"CU=
xd = 0 2t+0 52
yd = 0 2t+0 95
zd = 0 55

(19)

"CU= xOW xO=O u=Wv 7 pmW QO Qwv=t |rm Q=DN=U C}=yv QO
xOW x}=tv 4 pwOH QO xQB Q=yJ l}t=v}O |=yQDt=Q=B '|R=Ux}@W Qw_vt x@
QO 'hrDNt |=yp=v=m |=Q@ '12 |x]@=Q |rQDvm ?}=Q[ |R=Ux}@W u}= QO "CU=
x@ '=]N w |aU VwQ x@ xOvvmpQDvm u}= |rQDvm ?}=Q[ "CU= xOW GQO 5 pwOH
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vtx
@Rwt
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Dvm

"z Cr=L |=Q@ Q=QmD ?UL Q@ =]N jr]t QOk p=QoDv= Vy=m "12 pmW

"sDU}U C}a[w |HwQN w ?wr]t |OwQw xU}=kt "13 pmW
Ovv=t swUQt Qwv=t l} =OD@= 'pQDvm sD} Qwor= |Q}PBh=]av= |UQQ@ |=Q@ p=L
u}= x@ \w@ Qt |xrO=at "OwW|t |L=Q] xQB Q=yJ \UwD =QH= |=Q@ '|Owta xkrL
Qwv=t s=Hv= `=aW |xOvyOu=Wv r 'x]@=Q u}= QO "CU= 21 |x]@=Q CQwYx@ Qwv=t

"CU= 15 pmW CQwYx@ Qwv=t u}= R= |Oa@xU |=tv "CU=
Q@ QDt 0 4 =@ Q@=Q@ Qwv=t ẁQW x}rw= CaQU w QDt 5 =@ Q@=Q@ Qwv=t s=Hv= `=aW
'OwW|t xOy=Wt 15 pmW QO xm u=vJ "CU= QiY =@ Q@=Q@ z w x p=v=m QO w x}v=F

"OwW|t =QH= y � z xLiY QO Qwv=t u}=
xd = 3
yd = r � sin( 2�

14 t) + 6
zd = �r � sin( 2�

14 t+ �
2 ) + 9

(21)

VwQ w 14 |x]@=Q \UwD xOW O}rwD |rQDvm p=vo}U R= xO=iDU= =@ Qwv=t u}= =OD@=

"x� y xLiY QO ?wr]t Q}Ut ?}kaD QO |rQDvm VwQ wO OQmrta "9 pmW

"x Cr=L |=Q@ Q=QmD ?UL Q@ =]N jr]t QOk p=QoDv= Vy=m "10 pmW

"y Cr=L |=Q@ Q=QmD ?UL Q@ =]N jr]t QOk p=QoDv= Vy=m "11 pmW

13 |x]@=Q 'xO=U |WRer Ot pQDvm =@ 14 |x]@=Q QO xOW |L=Q] |xOvvmpQDvm
?}mQD VwQ QO '?wr]t Q}Ut?}kaD OwW|t xOy=Wt xm Qw]v=ty "CU= xOW xU}=kt
xOW s=Hv= QDy@ 'xO=U |WRer Ot pQDvm x@ C@Uv '|WRer Ot pQDvm w Rwt;Q=QmD pQDvm
R= xO=iDU= s=ovy '=]N jr]t QOk p=QoDv= Vy=m 12 w 11 '10 |=ypmW "CU=
"OyO|t u=Wv =Q z w y 'x |=yCr=L |=Q@ 'Rwt;Q=QmD pQDvm w |WRer Ot pQDvm?}mQD
u}vJty "CU= xOW x}=tv 13 pmW QO 'Qwv=t u}= |=Q@ Qr} w= |=}=wR C=Q}}eD Q=Owtv
"CU= xOW x}=tv QwDwt Q=yJ |=Q@ u=tR ?ULQ@ CU=QD C=Q}}eD Q=Owtv '14 pmW QO
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"QDt 5 `=aW =@ Qwv=t |=Q@ ?wr]t |OwQw ?}kaD "16 pmW

"QDt 1 5 `=aW =@ Qwv=t |=Q@ ?wr]t |OwQw ?}kaD "17 pmW

"QDt 7 `=aW =@ Qwv=t |=Q@ ?wr]t |OwQw ?}kaD "18 pmW

=@ Q@=Q@ z w x p=v=m QO w x}v=F Q@ QDt 0 03 =@ Q@=Q@ y p=v=m QO Qwv=t ẁQW x}rw=
Qwv=t u}= ẁQW x}rw= \}=QW xm CW=O xHwD xDmv u}= x@ O}=@ u}vJty "CU= QiY
Qo = w OQ=O Cw=iD 'xOW xDiQo Q_v QO |@Ya |xm@W VRwt; |=Q@ xm |}=yxO=O =@
u}= |=Q@ |@Ya |xm@W |HwQN O}=@ OW=@ xOW ZLt VR=Q@ V}@ Q=JO xm@W
j@=]t |rw "OQ=Po@ pQDvm sDU}U OQmrta Q@ |@ wr]t=v Q}F-=D w OW=@ ?U=vt=v Qwv=t
|=yxO=O R= GQ=N xm |D=aq]= |=Q@ |@Ya |xm@W xm Cio u=wD|t '18 pmW
xm CiQo xH}Dv u=wD|t u}=Q@=v@ "OyO|t u=Wv =Q |@ wr]t OQmrta CU= VRwt;

"u=tR ?UL Q@ xOW O}rwD CU=QD "14 pmW

"|Owta xkrL Qwv=t |rm |=tv "15 pmW

\UwD xOW O}rwD |rQDvm p=vo}U w xOW =QH= '13 |x]@=Q 'xO=U |WRer Ot pQDvm
QO xOW xQ}NP p=vo}U u}= R= TBU "OwW|t xQ}NP x_i=L QO Rwt;Q=QmD VN@
x}=tv 16 pmW QO |R=Ux}@W u}= |xH}Dv "OW Oy=wN xO=iDU= x@=Wt |=yQwv=t
xOW KQ]t |@}mQD pQDvm R}v Qwv=t u}= QO 's}DW=O Q=_Dv= xm Qw]v=ty "CU= xOW
|QDy@ OQmrta 13 |x]@=Q QO xO=U |WRer Ot pQDvm x@ C@Uv '14 |x]@=Q QO
R= xO=iDU= =@ QDt 8 w 7 '1 5 |=y`=aW =@ |}=yQwv=t xt=O= QO 'Qw_vt u}O@ "OQ=O
|WRer Ot pQDvm =@ w OW Oy=wN =QH= |WRer Ot pQDvm w |@Ya |xm@W ?}mQD
|@Ya |xm@W R= xO=iDU= =@ Qwv=t |=QH= |xwLv 17 pmW "OwW|t xU}=kt xO=U
Qwv=t u}= QO "OyO|t u=Wv =Q 'QDt 1 5 `=aW =@ |Qwv=t |=Q@ '|WRer Ot pQDvm w
Q@=Q@ z w x p=v=m QO w x}v=F Q@ QDt 0 6 =@ Q@=Q@ y p=v=m QO Qwv=t ẁQW x}rw= CaQU
w |@Ya |xm@W R= xO=iDU= =@ Qwv=t |=QH= |xwLv '18 pmW QO "CU= QiY =@
CaQU Qwv=t u}= QO "OyO|t u=Wv =Q QDt 7 `=aW =@ |Qwv=t |=Q@ '|WRer Ot pQDvm

17
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DpQ

DvmxH}Dv QO w CU= QDt 5 `=aW =@ |Qwv=t x@ \w@ Qt xOW xQ}NP x_i=L QO xm ILC

|rQDvm QwDUO 'QDt 1 5 `=aW =@ |Qwv=t |=QH= QO p=vo}U u}= R= xO=iDU= s=ovy
xOW ?wr]t Q}Ut R= xOvQB h=QLv= Ea=@ u}= w xOW p=ta= sDU}U x@ |QDnQR@
xOW xO=iDU= |@Ya |xm@W Qw[L QO p=vo}U u}ty R= xm |t=ovy =t= "CU=
"CU= xO=O Vy=m =Q Qwv=t |=QH= |=]N w xDW=O |rQDvm OQmrta QO |D@Ft Q}F-=D
|Qwv=t x@ \w@ Qt ILC p=vo}U R= xm |t=ovy xm OyO|t u=Wv 18 pmW u}Jty
xO=iDU= |@Ya |xm@W ?=}e QO QDt 7 `=aW =@ |Qwv=t |=QH= QO QDt 5 `=aW =@
|xm@W Qw[L QO =t= "OQ=O pQDvm sDU}U OQmrta |Ow@y@ QO |mOv= Q}F-=D OwW
xOW ?wr]t Q}Ut ?}kaD |=]N Vy=m Ea=@ xOW xQ}NP p=vo}U u}= |@Ya

"CU=
sDU}U |Q}PBh=]av= '|@Ya |xm@W R= xO=iDU= =@ 'CU=O}B G}=Dv R= xm u=vJ
uwO@ '?}kaD CkO V}=Ri= u}= |iQ] R= "Ci=} V}=Ri= |rw@k p@=k u=R}t x@ pQDvm

"CU= xDiQo s=Hv= 'O}OH Qwv=t |=Q@ VRwt; Ov}=Qi s=Hv=

|Q}oxH}Dv "7
sOa Qw[L QO '|Q=QmD |=yQwv=t QO ?wr]t Q}Ut?}kaDCkOV}=Ri= Q=DWwv u}= QO
|R=wt CQwYx@ Rwt;Q=QmD pQDvm lwr@ =OD@= QO p}rO u}ty x@ "Ow@ Q_v Ot 'C}a]k
xOvvmpQDvm u=wvax@ xOW KQ]t VwQ "OW xi=[= |WRer Ot pQDvm x@ \NuwQ@ w
|rQDvm VwQ xm O=O u=Wv xrY=L G}=Dv "OW |R=Ux}@W xQB Q=yJ l}t=v}O |wQ Q@
|WRer Ot VwQ x@ C@Uv |QDy@ OQmrta '?wr]t |OwQw ?}kaD QO 'xOW KQ]t
|@Ya |xm@W R= 'xOW x�=Q= |rQDvm VwQ uOQm Q}PBh=]av= |=Q@ TBU "OQ=O xO=U
CQ=wmQ=t � nQ@vwr sD} Qwor= R= xO=iDU= =@ xm@W u}= "OW xO=iDU= x}qOvJ uwQDBUQB
x}rw= CaQU w Qwv=t `=aW pt=W xm@W u}= |=y|OwQw "CiQo Q=Qk VRwt; CLD
xQy@ u}= "Ow@ O}OH Qwv=t |=Q@ ?U=vt xQy@ xm@W u}= |HwQN w Ow@ Qwv=t |=QH=
p=vo}U w xOW ?Q[ 'Ow@ xOt; CUO x@ VRwt; Ov}=Qi R= xm |rQDvm p=vo}U QO
Q}PBh=]av= |=Q@ VwQ u}= R= TBU "OQm O}rwD =Q O}OH Qwv=t |=Q@ ?U=vt |rQDvm
?=DW QO =yQwv=t Cw=iD '|R=Ux}@W u}= QO "OW xO=iDU= |Owta xkrL Qwv=t uOQm
uwO@ Q=m u}= =@ "Ow@ Qwv=t ẁQW x}rw= CaQU w Qwv=t s=Hv= `=aW 'Qwv=t s=Hv=
Vy=m x@=Wt |=yQwv=t |=Q@ ?wr]t |OwQw ?}kaD |=]N 'VRwt; Ov}=Qi s=Hv=

"Ci=}

"QDt 8 `=aW =@ Qwv=t |=Q@ ?wr]t |OwQw ?}kaD "19 pmW

|xwLv "CU= xOWvZLt VR=Q@V}@ |xOwOLt OQ=w xO}O VRwt; |@Ya |xm@W
`=aW =@ |Qwv=t |=Q@ '|WRer Ot pQDvm w |@Ya |xm@W R= xO=iDU= =@ Qwv=t |=QH=
=@ Q@=Q@ y p=v=m QO Qwv=t ẁQW x}rw= CaQU Qwv=t u}= QO "OyO|t u=Wv =Q QDt 8
17 |=ypmW QO xm u=vJ "CU= QiY =@ Q@=Q@ z w x p=v=m QO w x}v=F Q@ QDt 0 2
QO s}kDUt CQwYx@ ILC VN@ |rQDvm p=vo}U R= Qo = 'OwW|t xOy=Wt 19 =D
Q}F-=D =} '�17 pmW� CW=O Oy=wN ?wr]t=v Q}F-=D =} 'OwW xO=iDU= x@=Wt |=yQwv=t
Qw[L C@Ft |Q=PoQF= QwmPt |=ypmW QO u}vJty "�18 pmW� CU= sm Q=}U@ u;
xO=O u=Wv ILC VN@ |rQDvm p=vo}U R= OOHt xO=iDU= Qw_vt x@ |@Ya |xm@W
Q=DN=U w |@Ya |xm@W Q}F-=D |DL=Q x@ u=wD|t VN@ u}= QO u}=Q@=v@ "CU= xOW
=yQwv=t |=QH= u=tR 'OW xQ=W= QDV}B xm Qw]v=ty "OQm lQO =Q xOW |iQat |rQDvm
x}rw= CaQU C=Q}}eD u}vJty w Qwv=t |=QH= `=aW V}=Ri= =@ u}=Q@=v@ 'CU= u=Um}
V}=Ri= Ea=@ |]}=QW u}vJ "Ci=} Oy=wN V}=Ri= Qwv=t s=Hv= ?=DW 'Qwv=t ẁQW
|=QH= `=aW V}=Ri= =@ xm OwW|t Ea=@ u}= w OW Oy=wN sDU}U |rQDvm VqD
ILC p=vo}U R= xm |t=ovy "O@=} V}=Ri= |mOv= ?wr]t Q=Okt ?}kaD |=]N 'Qwv=t
|@Ya |xm@W ?=}e QO w QDt 1 5 `=aW =@ |Qwv=t QO QDt 5 Qwv=t x@ \w@ Qt
Ea=@ w xDW=O pQDvm sDU}U OQmrta Q@ |@U=vt=v Q}F-=D '�17 pmW� OwW xO=iDU=

=yCWwv=B
1. desired path
2. arti�cial neural network
3. iterative learning control
4. repetitive control
5. online
6. o�ine
7. casual
8. autopilot
9. composite energy function
10. sliding mode control

11. backstepping
12. level turn
13. loop
14. sigmoid
15. neuron
16. bias
17. gradient descent
18. supervised
19. train data
20. test data
21. validation data
22. over�tting

18
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