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=@ u}tR K]U R= |O=} R |=yVN@ R= Qw@a s=ovy QO w wH s=tD QO 'O};|t OwQi =[i R=
uwQO uOt; u}}=B s=ovy xr}Uw u}= Qo}O CQ=@a x@ "OwW|t wQx@ wQ l}t=v}O |]}Lt
|r=oJ '=tO 'Q=Wi QOC=Q}}eD xm OwW|t xH=wt|]}Lt\}=QW R=|a}Uwh}] =@ 'wH
?;\}=QW 'x@P=H u=O}t C=Q}}eD =@ u}vJty xr}Uw u}= "OwW|t pt=W =Q uw}U=R}vw} w
CmQL Cra x@� CmQL p=L QO h=Oy= '�xQ}e w VQ=@ 'O=@ 'p=Ft u=wva x@� |}=wy w
|=y|Q=wWO '\}=QW u}= |xty u=}t QO "OwW|t wQx@ wQ R}v xQ}e w �u}tR |WNQJ
|=yC}OwOLt x@ \w@ Qt 'OvDUy pQDvm wC}=Oy x=oO}O R=Vr=J u} QDoQR@ xm|Y=N
p@=kQ}e w pO=aDt=v u}vJ xm CU= |}=y\}Lt QO CmQL |=yC}a]k sOa w xr}Uw
|=yQ=@ Ov=wD|t OOHt OwQw =@ \@DQt |q=@ CaQU |iQ] R= "OvDUy |v}@V}B
|}=tQoC_=iL sDU}U\UwD O}=@C}=yv QO xm Ovm O=H}= =Q |Q=Wi w|Wv=Qo '|DQ=QL
lWwt |wQ |DQ=QL |=yQ=@ Q}F-=D 2 pmW QO "OwW ptLD =t}B=[i Q=DN=U w xr}Uw
|wQ}v C=t=Rr= Cra x@ =yRLV |rm Qw] x@ uwJ "CU= xOW xO=O V}=tv 9 uwmr=i
|=Q@ O}=@ Q}Ut 'OvOwOLt sQH w s=mLDU= 'xR=Ov= QO '=[i x@|UQDUO |=Q@Vv=QV}B
"Ovmv Rw=HD |D=}rta |=yxOwOLt R= pk=OL =} OwW |L=Q] =yQ=@ u}= |R=Uxv}tm

xOW s=Hv= |=yQ=m QwQt "3
xJQ=Bm} pQDvm wC}=Oy |xv}tR QO |}xOQDUo C=ar=]t '|Oq}t O=Diy |xyO R=TB
|xr�Ut '[6]xv}tR u}= QO xQWDvt Cq=kt u}DUNv R= |m} QO "CU= xDiQo CQwY
|UQQ@ =y|R=@ |x} Q_v T=U= Q@ w |}xLiY CQwY x@ xJQ=Bm} pQDvm w C}=Oy
?=}xv=}W; |xOvQB |=Q@ xJQ=Bm} pQDvm wC}=Oy 'R}v [7]Qo}O |}xar=]t QO "CU= xOW
xv=o =OH CQwY x@ pQDvm w C}=Oy R= xm |t=ovy xm CU= xOW xQ=W= w |R=UxO=}B
C}=Oy VwQ wO `HQt u}= QO "Ow@ Oy=wNCNU OQmrta *|R=Uxv}y@ 'OwW|t xO=iDU=
xm CU= xOW xO=O u=Wv G}=Dv |UQQ@ =@ w xU}=kt Qo}Om} =@ xJQ=Bm} w pwtat pQDvm w
Q=DN=U |=Q@ xm |O=yvW}B QO "CU= QDq=@ xJQ=Bm} pQDvm w C}=Oy QO ẁtHt CkO
QO Q}PBCWoR=@ Q@xQ=wy=t OwQi O}OH Q}Ut O}rwD Qw_vt x@ xJQ=Bm} pQDvm w C}=Oy
TOL VwQ Q@ |vD@t u}qi; Q}Ut l} =OD@= '[8]xOW x�=Q= OwQi pLt Q}}eD s=ovy
|=Q@ x}rw= Q=Okt u=wva x@ xOt;CUO x@ Q}UtTBU "CU= xOW |L=Q] 1|i}] x@W
Q}Ut |=Q@ xm CU= xOW xO=O u=Wv w xDiQo Q=Qk xO=iDU= OQwt u}qv; Q}Ut |R=Uxv}y@
CqqDN= Q@=Q@ QO |i=m Ctw=kt |=Q=O C}=Oy sDU}U 'VwQ u}= R= xOt; CUO x@
|=Q@ swO x@DQt |WRer Ot |xOvvmpQDvm u}= Q@ xwqa "CU= CWoR=@ Q}Ut |x}rw=
|HQ=N C=W=WDe= w pOt |QDt=Q=B |=yC}a]k sOa OwHw =@ xQ=wy=tC}a[w pQDvm
QF-wt '|O=R; xHQO 6 |OOa |R=Ux}@W =@ 'C}=yv QO "CU= xOW O=yvW}B xDN=vW=v
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"""R=
p@k

R=i
sw=k

t|
xJQ

=Bm}
pQDv

mw
C}=

Oy

!e2(Re + h) cos �(sin  cos � � cos  sin � cos )

_ = L sin� +D sin� cos� + Y cos� cos�
mV cos 

+

V
(Re + h)

cos  sin tan � � 2!e(tan  cos � cos � sin �)

+!e2(Re + h)
V cos 

sin � cos � sin (1)

4 pmW QO `=iDQ= w |}=}i=QeH ZQa w pw] |=Q@ xOW xO=iDU= C=YDNt x=oDUO
|x} w=R  '9Q}Ut |x} w=R  '8sQH m '7CaQU V u; QO xm CU= xOW xO=O u=Wv
CaQU |xOvvmu=}@ !e u}vJty &CU= u}tR `=aW Re w 11`=iDQ= h '10CtU
|Wv=Qo ?=DW R}v g "CU= lWwt Q@ xOW OQ=w |@v=H |wQ}v hQat Y 'u}tR |v=QwO

%O};|t CUO x@ 2 |x]@=Q j@=]t w CU= lWwt `=iDQ= R= |a@=D w u}tR
g = �

(Re + h)2 (2)

"CU= 3=986004418� 1014m3
s2 u; Q=Okt w u}tR |Wv=Qo C@=F � u; QO xm

R}v D w L w Ov=|}=}i=QeH ZQa w pw] Qov=Wv ?}DQD x@ � w � |=yCQ=@a
QO |v=QwO CmQL l}D=tv}U CqO=at "OvDUy 13=UB |wQ}v w 12=Q@ |wQ}v hQat
"CU= xOW xO=O u=Wv 5 w 4 \@=wQ QO VTVL |m}t=v}O CqO=at w 5 w 3 \@=wQ

_p = JzzMx

JxxJzz � Jxz2 + JxzMz

JxxJzz � Jxz2 + (Jxx � Jyy + Jzz)Jxz
JxxJzz � Jxz2 p

+(Jyy � Jzz)Jzz � Jxz2

JxxJzz � Jxz2 qr

_q = My

Jyy
+ Jxz
Jyy

(r2 � p2
) + Jzz � Jxx

Jyy
pr

_r = JxzMx

JxxJzz � Jxz2 + JxxMz

JxxJzz � Jxz2 +

(Jxx � Jyy)Ixx + Jxz2

JxxJzz � Jxz2 pq + (Jyy � Jxx � Jzz)
JxxJzz � Jxz2 qr (3)

_� = �p cos� tan� + q � r sin� tan�+
sin�
cos�

[ _ cos  � _� sin sin +

( _� + !e)(cos� cos sin  � sin� cos )]

�cos�
cos�

[ _ � _� cos � ( _� + !e) cos� sin ]

"`=iDQ= w |}=}i=QeH ZQa w pw] |=Q@ xOW xO=iDU= C=YDNt x=oDUO "4 pmW

Q@xQ=wy=t |=Q@ u=kkLt "CU= xOW Q_v hQY Q}oyQ CaQU C=Q}}eD w CU=QD |wQ}v
OQm} wQ =@ |k}@]D C}=Oy w OOHt s}_vD p@=k |rQDvm VwQ l} 'wH x@ Q}PBCWoR=@
QO '=yQorta R= |m} |@=QN s=ovy xm Ov=xO=O u=Wv w [13]Ov=xOQm x�=Q= Q}Ut Q}}eD
|@=} R=@ =Q Q@xQ=wy=t Ov=wD|t |}=yvD x@ |rQDvm |xkrL OOHt |Ov@ Qm}B OQ=wt |NQ@
xOt; V}B O}OH C}a[w x@ xHwD =@ '`HQt Q}Ut Q}U xm |v=tR VwQ u}= QO "Ovm
w Ovm|t O}rwD ,=a} QU =Q O}OH Q}Ut C}=Oy sDU}U 'OwWv jkLt Q@xQ=wy=t |=Q@
xOW xO=iDU= |rQDvm VwQ "Ovm u}t[D =Q Q@xQ=wy=t ut}= CWoR=@ xm Ovm|t VqD

"CU= PID `HQt u}= QO

VTVL |=y=t}B=[i l}t=v}O |R=UpOt "4
Q=Qk xar=]t OQwt 9 uwmr=i lWwt pw= |xrLQt CmQL |xrO=at 'VN@ u}= QO
3 pmW QO VTVL l} |=Q@ R=wQB |xrLQt pm C} Qwt-=t p}=iwQB "CU= xDiQo

"CU= xOW xO=O u=Wv
=@ u}tR |wQ OwQi w CaQU Vy=m |=Q@ VTVL lWwt '3 pmW x@ xHwD =@
QO p=L u}= =@ "Ovm uWwQ =Q |rY= |=yQwDwt xrLQt xU QO CU= sRq 'q=@ CkO
Q}e 'nQR@ |m}t=v}O CqqDN= p}rO x@ wH x@ OOHt OwQw R=i 'R=wQB pL=Qt u}= u=}t
|m} |HQ=N C=W=WDe= w =yQDt=Q=B C}a]k sOa 'CqO=at uOw@ CiH 'uOw@ |]N
Q@xQ=wy=t C}a[w pQDvm sDU}U |L=Q] x@ Oa@ VN@ QO "CU=yR=i u} QDtyt R=

"s} R=OQB|t OOHt OwQw R=i |=Q@

wH x@ OOHt OwQw R=i "1"4
|x]@=Q j@=]t OOHt OwQw |xrLQt QO VTVL |r=kDv=CmQL |m}D=tv}U CqO=at

%[14]CU= 1
_h = V sin 

_� = V cos  sin 
(Re + h) cos �

_� = V
(Re + h)

cos � cos 

_V = (Y sin� �D cos�)
m

� g sin +

[14]"VTVL Q@xQ=wy=t l} C} Qwt-=t p}=iwQB "3 pmW

6



1|
xQ=t

W'
39

�3
|xQ
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Ovyt

[14]"9 uwmr=i lWwt l@Wt |=yp=@ "5 pmW

xJQ=Bm} pQDvm w C}=Oy "5
"OW Oy=wN|UQQ@ 'xJQ=Bm} CQwY x@ =t}B=[i pQDvm wC}=Oy |xr�UtVN@u}= QO
w |m}D=tv}U CqO=at j}irD =@ '|rQDvm l}Uqm |=yVwQ hqNQ@ 'xJQ=Bm} VwQ
|xr�Ut =@ 'xJQ=Bm} |R=UpOt CQwY x@ Cr=L |=[i l} G=QNDU= w |m}t=v}O
w C}=Oy OQm} wQ wO Cw=iD =OD@= xt=O= QO "Ovm|t OQwNQ@ pQDvm w C}=Oy |L=Q]
sm =L CqO=at TBU w s}yO|t KQW =Q xJQ=Bm} pQDvm w C}=Oy =@ 'swUQt pQDvm

"OW Oy=wN x�=Q= xr}Uw l}t=v}O w xJQ=Bm} pQDvm w C}=Oy Q@

swUQt VwQ =@ xJQ=Bm} pQDvm w C}=Oy Cw=iD "1"5
TBU w s}yO|t x�=Q= xJQ=Bm} pQDvm w C}=Oy R= |rm h} QaD l} =OD@= VN@ u}= QO
|[a@ QO "s} R=OQB|t swUQt pQDvm w C}=Oy =@ xJQ=Bm} pQDvm w C}=Oy Cw=iD x@
w C}=Oy u=tRty CqO=at pL |=vat x@ pQDvm w C}=Oy uOw@ xJQ=Bm} `H=Qt R=
"CU= xJQ=Bm} sDU}U u}= |HwQN R= |WN@ 'CmQL Q}Ut O}rwD xm CU= pQDvm
?=}xv=}W; lWwt |=Q@ =Q xJQ=Bm} pQDvm w C}=Oy |xr�Ut xm |D=ar=]t QO qFt
sDU}U \UwD x_Lr Qy QO u}qv; CQwY x@ CmQL Q}Ut '[9 w 6]Ov=xOQm |R=UxO=}B
pQDvm w C}=Oy sDU}U xm |aH=Qt QO "O};|t CUO x@ xJQ=Bm} pQDvm w C}=Oy
|R=UxO=}B 17CU}v CaQU =} ?=DW |=Q=O u; hOy xm |}xr�Ut |=Q@ =Q xJQ=Bm}
w C}=Oy x@ \w@ Qt CqO=at u=tRty pL xJQ=Bm} pQDvm w C}=Oy R= Qw_vt 'Ov=xOQm
x@U=Lt u}qv; =} u}qi; CQwY x@ |Qo}O sDU}U \UwD sUH Q}Ut w CU= pQDvm
=t}B=[i uO=O Q=Qk 'Cr=L u}= QO xJQ=Bm} pQDvm w C}=Oy sDU}U |xi}_w "OwW|t
QO "CU=t}B=[i |m}t=v}O w |m}D=DU= |Q=O}=B ^iL w xOW |L=Q] Q}Ut |wQ
pD=W Q@xQ=wy=t xJQ=Bm} pQDvm w C}=Oy |=Q@ u}qi; Q}Ut R= =OD@= [1]|r@k C=ar=]t
=D Ov=xOQ@ Q=m x@ u}qi; CQwY x@ =Q Q}Ut |L=Q] sDU}U TBU w xOW xO=iDU=
|L=Q] 'OW=@ xDiQo |O=} R xrY=i x}rw= |xOW |L=Q] Q}Ut R= =t}B=[i xm |ak=wt
u=Wv =Q pQDvm w C}=Oy swUQt VwQ l}D=tW 6 pmW "OwW s=Hv= xQ=@ wO Q}Ut

"OyO|t
=@ TBU w |L=Q] 'q=@ QO xOW u=}@ sDU}UQ} R 3 R= l} Qy 'swUQt VwQ QO
VN@C}=[Q sDU}U |rm OQmrta xm |DQwY QO u; R= TB "OvwW|t j}irD Qo}Om}
s=Hv= xQ=@ wO 'sDU}U pm ?wr]t OQmrta x@ uO}UQ =D =yxv=t=UQ} R |L=Q] 'OW=@v
C}=Oy sDU}UQ} R QO ?=DW u}t=Qi O}rwD xmCU= u}= OQ=O OwHw xm |}xDmv "OwW|t
ZQi u}= xm CU= x=Qty u; `} QU MU=B w pQDvm sDU}U uOw@ p;xO}= ZQi =@ xQ=wty

"OyO|t CUO R= =Q OwN Q=@Da= R=wQB QN; |x}v=F OvJ QO
'pQDvm sDU}U uOw@ p;xO}= ZQi Q=@Da= sOa p}rO x@ 'OW xQ=W= xm u=vJ

_� = sin�[ _ � _� cos + ( _� + !e) cos� sin ]

+ cos�[ _ cos  � _� sin sin 

� ( _� + !e)(cos� cos sin  � sin� cos )]

+p sin�� r cos�

_� = �p cos� cos� � q sin� � r sin� cos�+

_� sin� � _ sin  � _� sin cos +

( _� + !e)[cos� cos cos  + sin� sin ] (4)

w CU= lWwt |UQv}= u=tt Jij(i = x; y; z; j = x; y; z) u; QO xm
yaw w pitch 'roll |m}t=v}OwQ}; |=yu=tt |xOvvmu=}@ Mi(i = x; y; z)

'� "OyO|t u=Wv =Q yaw w pitch 'roll C=mQL |}x} w=R CaQU r w q 'p "OvDUy
16lWwt VOQo |x} w=R w 15CtU |x} w=R '14xrtL |x} w=R hQat ?}DQD x@ � w �

%s}vm|t x@U=Lt u}vJ =Q |m}t=v}OwQ}; |=yu=tt w =ywQ}v "OvDUy
L = (CL0 + CL��+ CL�e�e)q0Sr

D = (CD0 + CD��+ CD�
2
�2)q0Sr

Y = (CL0 � CL�� � CL�e�r)q0Sr (5)

Mx = (mx
pLr
V

+mx
�� +mx

�a�a)q0SrLr

My = (my
pLr
V

+my
��+my

�e�e)q0SrLr

Mz = (mz
rLr
V

+mz
�� +mz

�r�r)q0SrLr (6)

'CL0 "CU= lWwt |=Q@ xOW h} QaD `HQt pw] Lr w K]U Sr u; QO xm
C@=F ?}=Q[ C�

2
D w C�D 'CD0 w =Q@ |wQ}v C@=F ?}=Q[ C�eL w C�L

pitch 'roll |=yQw=DWo |}=Q}t ?}=Q[ mr
z w mq

y 'mp
x "OvDUy =UB |wQ}v

"OvDUy =yQw=DWo |m}D=DU= |Q=O}=B ?}=Q[ m�
z w m�

y 'm�
x R}v w yaw w

QO "OvyO|t u=Wv =Q =yQw=DWo |rQDvm ?}=Q[ m�r
z w m�e

x 'm�a
x u}vJty

x@U=Lt p@=k 7 |x]@=Q j@=]t w OyO|t u=Wv =Q |m}t=v}O Q=Wi q0 '6 |x]@=Q
%CU=

q0 = 0 5�V 2 (7)

|x]@=Q R= =wy |r=oJ uOQw; CUO x@ |=Q@ "OyO|t u=Wv =Q =wy |r=oJ � u; QO xm
%[15]CU= xOW xO=iDU= 8

� = �0e
�h
h0 (8)

OvDUy =RHt p=v=m xU QO l@Wt |=yp=@ |=yx} w=R pO=at �r w �e '�a |=yQDt=Q=B
l@Wt |=yp=@ Q} wYD "OvQ=O OQ@ Q=m yaw w pitch 'roll |=yp=v=m pQDvm |=Q@ xm
|=yxQB |x} w=R Q=yJ OwW|t xOy=Wt xm u=vJ &CU= xOW xO=O u=Wv 5 pmW QO
|=}=wR x@ p}O@D p@=k 'xOt; 9 |x]@=Q QO xm xJv; j@=]t �4 w �3 '�2 '�1 l@Wt

%OvDUy �r w �e '�a
�e = �3 + �4 � �1 � �2

4
�r = �2 + �3 � �1 � �4

4
�a = �1 + �2 + �3 + �4

4 (9)
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"""R=
p@k

R=i
sw=k

t|
xJQ

=Bm}
pQDv

mw
C}=

OyOwHw V 19u}at C@Ft xDUw}B `@=D OwW|t ZQi u}vJty x 2 Rm u; QO xm
%xm |Qw] x@ OW=@ xDW=O

_V (x) + c[V (x)]a � 0 (11)

20Q=O}=B (x = 0) -=O@t xm CiQo xH}Dv u=wD|t a 2 (0; 1) w c > 0 u; QO xm
x@U=Lt 12 |x]@=Q R= x0 Ovv=t x}rw= Q=Okt Qy |=Q@ 21|}=Qoty u=tR u}vJty "CU=

%OwW|t

T (x0) � [V (x0)]1�a
c(1� a)

(12)

2 sr
%s} Q=O 13 |xQ}eDtOvJ sDU}U |=Q@

_x1 = �k1
x1
kx1k 12

� k2x1 + x2 + �1

_x2 = �k3
x1
kx1k � k4x1 + �2 (13)

w �1 pw@k OQwt 22C}a]k sOa �1;�2 2 Rm w x1 'x2 2 Rm u; QO xm
k�2k � �2 w k�1k � �1 kx1k CQwY x@ w �2w �1 C@=F O=Oa= \UwD �2
'OwOLt |v=tR QO x2 w x1 |=yQ=OQ@ Q} R \}=QW |Q=QkQ@ CQwY QO "Ov=xOW OwOLt

%OvwW|t =Qoty QiY x@
k1 >

p2�2; k2 > 2�1; k3 > max(k3
; k3 );

k4 > max(k4
; k4 ) (14)

k3
 = 3�2 + 2�22

k12

k3 = 9(k1�1)2

16k2(k2 � 2�1)
+ k12 � 4k12k2 + 2k2�2

2(k2 � 2�1)

k4
 = (1 5k12k2 + 3k2�2)
2

k12k3 � 2�22 � 3k12�2
+ 2k22 + 3

2k2�1

k4 = �1
�2(k2 � 2�1)

+ k2�1(8k2 + �1)
4(k2 � 2�1)

�1 = 9(k1�1)2(k2 + 0 5�1)2

16k22

�2 = k2(k3 + 2k12 � �2)� (2k3 + 0 5k22)�1 � (k1�1)2

16k2

V=WDe= QoxOy=Wt w xQ}eDtOvJ pQDvm |L=Q] |=Q@ 1 |x}[k 2 sr w 1 sr Q@ xwqa
"CU= R=}v OQwt

1 x}[k
CQwY x@ �2 w �1 C@=F Q}O=kt =@ [9 w 6]�2 w �1 XNWt=v |=yQDt=Q=B O}vm ZQi
|rm CQwY x@ xrO=at ?=wH "Ov=xOW OwOLt k�2k � �2 w k�1k � � � 1

%Qo = CU= OwOLt
0 5 < p < 1 k1 > 0 k2 > 0
"�1 = �2 = 0 Qo = OvwW|t =Qoty QiY x@ OwOLt u=tR QO x2 w x1 u}vJty
_x1 = �k1kx1kp�1x1 + x2 + �1

x2 = �k2pkx1k2(p�1)x1 + �2

"pQDvm w C}=Oy swUQt VwQ l}D=tW "6 pmW

"xJQ=Bm} pQDvm w C}=Oy VwQ l}D=tW "7 pmW

|@ wr]t |}=Q=m x@ R=wQB |}=yDv= C=_Lr QO pQDvm w C}=Oy |L=Q] swUQt VwQ
=@ |}=y=t}B=[i x@ uQOt |=ysDU}U |xaUwD QO Qo}O |wU R= "O@=}|tv CUO
|=RH= u=}t Cqt=aD R= O}=@ |OQmrta u}vJ x@ uO}UQ |=Q@ xm CU= R=}v q=@ CkO
?U=vt OQmrta x@ 'xOt; OwHw x@ |}=Ri=sy R= xO=iDU= =@ w OQm xO=iDU= =t}B=[i
hrDNt |=yVwQ |wQ Q=m =yp=U R= TB 'hOy u}= =@ "Ci=} CUO =t}B=[i
O=yvW}B xJQ=Bm} pQDvm w C}=Oy 'xOvQB p}=Uw OQmrta Ow@y@ |=Q@ pQDvm w C}=Oy
xOy=Wt xm u=vJ "CU= xOW xO=O u=Wv VwQ u}= l}D=tW 7 pmW QO "OW
w =t}B=[i |@Uv |=yQ}eDt R= =yQorta u=tQi O}rwD |=Q@ VwQ u}= QO 'OwW|t
x@ '�|rQDvm Cr=L |=yQ}eDt� =t}B=[i |rN=O l}t=v}O w OwQi pLt C=aq]=
CU= umtt pQDvm w C}=Oy |xv=o =OH |L=Q] "OwW|t xO=iDU= u=tRty CQwY
O=H}= C}=Oy sDU}U \UwD |O}OH Q}Ut 'R=wQB |v=}=B C=_Lr QO xm |OQ=wt QO
w C}=Oy OQm} wQ R= xO=iDU= =@ =t= "OwW jiwt OwQi QO CUmW x@ QHvt 'OwW|t
xHwD pt=m CQwY x@ =yQorta |=yC}OwOLt w xr�Ut l}t=v}O x@ 'xJQ=Bm} pQDvm

"OwW|t

xJQ=Bm} pQDvm w C}=Oy sDU}U |L=Q] "2"5
|xOvvmpQDvm |L=Q] QO xm s}vm|t |iQat =Q O}it |x}[k w sr OvJ VN@ u}= QO

[16]"CU= xOW xO=iDU= 18V=WDe= QoxOy=Wt w xQ}eDt OvJ
1 sr

%O} Q}o@ Q_v QO =Q 10 sDU}U
_x = f(x)

f(0) = 0 (10)
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39

�3
|xQ

wO'
�14

02
Q=y@

�h
}QW

l}
v=mt

|U
Ovyt

V=WDe= QoxOy=Wt w C}a[w pQDvm |L=Q] "4"5
|}xvwo x@ "s}vm|t xO=iDU= C}a[w |xOvvmpQDvm |L=Q] |=Q@ xOW xDio VwQ R=
u=tR QO � C}a[w |=}=wR =@ =Q �� = [�cmd; �cmd; �cmd] |D}=Oy u=tQi xm
|=ysDU}U "OQm |Q}o}B u=wD|t �D w �F |=yC}a]k sOa Qw[L QO w OwOLt
Q_v QO 25|}xQ}HvR |xQ}eDtOvJ sDU}U u=wva x@ u=wD|t =Q �6 w 11� w �6 w 10�
xOW p}mWD wD QO wD |rQDvm |xkrL wO R= xOW O=yvW}B C}a[w pQDvm KQ] "CiQo
xm OwW|t ?=NDv= 26|R=Ht pQDvm |OwQw u=wva x@ ! '|rN=O |xkrL |=Q@ "CU=

"CU= xOW |L=Q] OwOLt u=tR QO (� � ��)! 0 O=H}= |=Q@
(!�!�)! 0 x@ |@=}CUO hOy =@ 27|ak=w |OwQw M '|vwQ}@ xkrL |=Q@
sDU}U CQwY x@ =Q �i w �0 |@=}OQ |=y=]N =DU=Q u}= QO "CU= OwOLt u=tR QO

%s}vm|t |U} wvR=@ |}xQ}HvR |xQ}eDtOvJ
_�o = R!� +R�i � _�� + �F1 (20)

_�i = �I�1
I! � _!� + I�1M + �F2 (21)

C}a[w |=yx} w=R MQv Qou=}@ !� w �F2 = I�1�F '�F1 = �F u; QO xm
"CU= Q_v OQwt

1 ZQi
w 28Q}PBjDWt �F2 w �F1 s}vm|t ZQi �6 w 16� w �6 w 15� sDU}U |=Q@
%xm |Qw] x@ OvQ=O OwHw �2 w �1 C@=F w XNWt |=yQDt=Q=B w OvW=@ 29xDUw}B _�F1

 � �1
 _�F2

 � �2

|}xQ}HvR sDU}U |=Q@ |O=yvW}B V=WDe= QoxOy=Wt w xQ}eDtOvJ |xOvvmpQDvm
%OQm xYqN 2 |x}[k =@ u=wD|t =Q =t}B=[i C}a[w

2 |x}[k
QoxOy=Wt w |vwQ}@ |xkrL w |rN=O |xkrL |=yxOvvmpQDvm 21 w 20 sDU}U |=Q@

%Ov=xOW |L=Q] Q} R KQW x@ V=WDe=
%|vwQ}@ |xkrL V=WDe= QoxOy=Wt

_zo1 = �k1o
e1o

ke1ok 12
� k2oe1o + (R!� +R�i � _��)

_zo2 = �k3o
e1o

ke1ok � k4oe1o (22)

%|vwQ}@ |xkrL C}a[w |xOvvmpQDvm
R!� = _�� �K1ok�okp�1�o + x2o � ~�F1

_xo2 = �K2opk�ok2(p�1)�o (23)

%|rN=O |xkrL V=WDe= QoxOy=Wt

_zi1 = �k1i
e1i

ke1ik 12
� k2ie1i + z2i

+(�I�1
I! � _!� + I�1M)

z2i = �k3i
e1i

ke1ik � k4ie1i (24)

xJQ=Bm} pQDvm w C}=Oy sDU}U |R=UpOt "3"5
'CU=yv; |r=kDv= CmQL R= QD`} QU Q=}U@ =y RLV|WNQJ CmQL xm =Hu; R=
sDU}U |L=Q] QO u}tR |v=QwO CaQU w |r=kDv= CmQL x@ \w@ Qt |=yQDt=Q=B R=
h}YwD u}vJ xOW xO=U |WNQJ CqO=at [17]"s}vm|t Q_v hQY C}a[w pQDvm

%OvwW|t
_� = R! + �F (15)

I _! = �
I! +M + �D (16)

"OyO|t u=Wv =Q XNWt=v |HQ=N |=yV=WDe= w =yQDt=Q=B C}a]k sOa �D

%OvwW|t h} QaD 17 \@=wQ j@=]t I;
; R 2 R3�3 |=yT} QD=t

I =

2664 Ixx �Ixy �Ixz
�Iyx Iyy �Iyz
�Izx �Izy Izz

3775

 =

2664 0 �r q

r 0 �p
�q p 0

3775
R =

2664 � cos� tan� 1 � sin� tan�

sin� 0 1
� cos� cos� � sin� � sin� cos�

3775 (17)

|vwQ}@ |xkrL u; QO xm CU= 23|}xkrLwO Q=DN=U T=U= Q@ xOvvmpQDvm |L=Q]
O}rwD =Q 24|Qw=DWo |rQDvm C=QwDUO |rN=O xkrL w R=}v OQwt |}x} w=R CaQU
CqO=at j}irD =@ '|rQDvm l}Uqm |=yVwQ hqNQ@ 'xJQ=Bm} VwQ "Ovvm|t
'xJQ=Bm} |R=UpOt CQwY x@Cr=L |=[il} G=QNDU= w |m}t=v}O w |m}D=tv}U
17 =D 15 |=yx]@=Q x@ xHwD =@ "Ovm|t OQwNQ@ pQDvm w C}=Oy |L=Q] |xr�Ut =@
CQwY x@Cr=L |=yQ}eDth} QaD =@ =Q xJQ=Bm} pQDvm wC}=Oy sDU}UCr=L\@=wQ

%CWwv u=wD|t X = [�; �; �; p; q; r]

x1 = � x2 = � x3 = �

x4 = p x5 = q x6 = r (18)

%OwW|t u=}@ Q} R CQwY x@ xJQ=Bm} pQDvm w C}=Oy sDU}U Cr=L \@=wQ C}=yv QO
_x1 = �x4 cosx1 tanx2 + x5

�x6 sinx1 tanx2 + �f1

_x2 = x4 sinx1 + x6 + �f2

_x3 = �x4 cosx1 cosx2

�x5 sinx2 � x6 sinx1 cosx2 + �f3

_x4 = (Iyyx5x6 � Izzx5x6 +D1 +Ml)
1
Ixx

_x5 = (�Ixxx4x6 +D2 +Mm) 1
Iyy

_x6 = (Ixxx4x5 � Iyyx4x5 +D3 +Mn) 1
Izz

(19)
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p@k

R=i
sw=k

t|
xJQ

=Bm}
pQDv

mw
C}=

Oy

pQDvm sDU}U OQmrta w FxTES VwQ wC}=Oy sDU}U|HwQN |xU}=kt "8 pmW
"xOW |L=Q]

"u=tR ?ULQ@ u=Qwr= |x} w=R C=Q}}eD "9 pmW

'=yQ=Owtv u}= |xU}=kt =@ "CU= GPOPS Q=Ri=sQv |HwQN �"""� nvQ |@; \N
|}=yv \}=QW |=[Q= |=Q@ GPOPS Q=Ri=sQv |O=yvW}B Q}Ut CiQo xH}Dv u=wD|t
Q}Ut x@=Wt |@ wN Q=}U@ CkO =@ 'Q}Ut |=yC}OwOLt u}vJty w xOW h} QaD
pQDvm w C}=Oy sDU}U |HwQN nvQx=}U \N "CU= [14]`HQt |=Q@ xOW |L=Q]
=@ =t}B=[i 'R=i u}= R=wQB ẁQW R= Oa@ x}v=F GvB 'q=@ pmW x@ xHwD =@ "CU=
CmQL u}= x@ xHwD =@ "Ovm|t p=@vO =Q xOW |L=Q] Q}Ut |@ wN Q=}U@ CkO
|v=Uwv =ylr=@ CmQL 's} wW|t l}ORv R=wQB |}=yv u=tR x@ QOk Qy =ylr=@
u=tR QO xm xDmv u}= x@ xHwD =@ "Ov=xOy=Wt p@=k C=v=Uwv u}= 9 pmW QO "OwW|t
OOa |m}t=v}O Q=Wi OwW|t Ea=@ xOt; u}}=B |r}N =t}B=[i CaQU R=wQB |}=yv
"Ovm|t Q=wWO =Q =ylr=@ ltm x@ =t}B=[i pQDvm xr�Ut u}ty w OW=@ |mJwm
xO=iDU= =t}B=[i pQDvm |=Q@ QwDwt u=QW}B |wQ}v R= |}=yv R=i QO p}rO u}ty x@

"OwW|t
|R=Ht |rQDvm QDt=Q=B u=wva x@ |}x} w=R CaQU 'xOW |L=Q] |xOvvmpQDvm QO
CU= |}x} w=R CaQU 'pQDvm |rN=O |xkrL |HwQN |va} "OwW|t xDiQo Q_v QO
CaQU Qo = `k=w QO "OwW|t xO=iDU= pQDvm swO xkrL |OwQw u=wva x@ xm
Oy=wN CmQL xOW h} QaD Q}Ut |wQ Ovm p=@vO =Q |vLvt u}= xOvQB |x} w=R

"OQm
xm Qw]u=ty "OvyO|tV}=tv u=tR?ULQ@ =Q =t}B=[i `=iDQ= C=Q}}eD 10 pmW
hqDN= p}rO "CU= xOW xU}=kt [14]`HQt =@ `=iDQ= C=Q}}eD Q=Owtv 'O}vm|t xOy=Wt

%|rN=O |xkrL C}a[w |xOvvmpQDvm
I�1M = �(�I�1
I! � _!�)

�K1ik�ikp�1�i + x2I � �̂F2

_xI2 = �K2ipk�ik2(p�1)�i (25)

"e1j = z1j � �i(j = i; o) w �̂F2 = z2i '�̂F1 = z2o %xm
QiY CtU x@ |OwOLt u=tR QO �i w �o CQwY u}= QO OW=@ jO=Y 1 ZQi Qo =

"OvwW|t =Qoty

G}=Dv |xU}=kt w |R=Ux}@W "6
wH x@ OOHt OwQw R=i "1"6

u=tR Cr=L Q_=v =@ u}mDQ}e `} QU p=v}tQD |WRer Ot pQDvm VwQ l} u=kkLt
=yC}a]k sOa w |oDiW; Qw[L QO VTVL Q}PBCWoR=@ Q@xQ=wy=t l} |=Q@ C@=F
[14]xOW KQ]t |xar=]t QO VTVL |=yQDt=Q=B |OOa Q}O=kt [14]"Ov=xO=O O=yvW}B
|=yQwDwt |t=tD uwJ CU= C@=F ,=@} QkD Q@xQ=wy=t sQH R=i u}= QO "CU= xOW xOQw;
xO=iDU= C}a[w pQDvm |=Q@ l@Wt |=ylr=@ R= w CU= Vwt=N R=wQB pw] QO u;
|UQv}= |=yu=tt =@ \@DQt |=yQDt=Q=B xm s}vm ZQi s}v=wD|t p}rO u}ty x@ "Ovm|t
1 pwOH CQwY x@ OOHt OwQw R=i ẁQW |x}rw= \}=QW |=yQDt=Q=B "Ov=C@=F R}v

"OvDUy
|OOa Q}O=kt "CU= 5ms |Q=OQ@xvwtv |v=tR s=o w x}v=F 72 |R=Ux}@W u=tR

"CU= xOW O}k 2 pwOH QO Q}Ut |=yC}OwOLt |=yQDt=Q=B
T=}=@ �20 |UQv}= u=tt Q}O=kt |=Q@ 'T=}=@ �20 |m}t=v}OwQ}; ?}=Q[ |=Q@
|=Q@ |R=Ux}@W G}=Dv "CU= xOW ZQi C}a]k sOa VTVL sQH |=Q@ 100kg w

"CU= xOW xO=O u=Wv 8 pmW QO wH x@ OOHt OwQw R=i
QO "OyO|t u=Wv R=wQB u=tR pw] QO =Q =t}B=[i � |x} w=R 8 pmW QO
"CU= [14]QwmPt xar=]t QO xOW xO=iDU= Q}Ut �{� nvQ RtQk \N pmW u}=

"OOHt OwQw R=i ẁQW x}rw= \}=QW "1 pwOH
xYNWt Q=Okt xYNWt Q=Okt
h(m) 25000 �0 �5
�0 �47 �0 �2
�0 �47/15 �0 �0/25

V (ms ) 1180 p0( 1
s ) �8=2397e�4

0 �41 q0( 1
s ) �0/0053

 0 0 r0( 1
s ) �1=5969e�4

"Q}Ut C}OwOLt |=yQDt=Q=B "2 pwOH
xYNWt Q=Okt
qmax( Nm2 ) 34000
_Qmax( kWm2 ) 25000
nmax 1

�max(deg) 10
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"u=tR ?ULQ@ =wy |r=oJ C=Q}}eD "13 pmW

"u=tR ?ULQ@ K]U V}=tQo MQv C=Q}}eD "14 pmW

"u=tR ?ULQ@ =t}B=[i x@ xOW OQ=w p=tQv |wQ}v xR=Ov= C=Q}}eD "15 pmW

C=Q}}eD 13 pmW QO "O@=}|tV}=Ri= =t}B=[i `=iDQ=Vy=m p}rO x@ =wy|r=oJ
MQv 'CaQU |Wy=m OvwQ x@ xHwD =@ "CU= xOW xO=O u=Wv u=tR x@C@Uv =wy|r=oJ
V}=tQo Q=Okt u} QDW}@ xH}Dv QO w O@=}|t Vy=m R=wQB pw] QO R}v |L]U V}=tQo
C}OwOLt R= QDW}@ OwW|t xO}O 14 pmW QO xm u=vJ w CU= R=wQB *̀ wQW QO
|wQ}v R=wQB Q}Ut |=Q@ xOW h} QaD |=yC}OwOLt R= Qo}O |m} "CU}v xOW h} QaD
?ULQ@ p=tQv |wQ}v xR=Ov= C=Q}}eD 15 pmW QO "CU=t}B=[i x@ xOW OQ=w p=tQv
R= QDsm R=wQB pw] QO u; Q=Okt OwW|t xOy=Wt xm Qw]=ty "CU= xO=O u=Wv u=tR

"CU= 1

"OOHt OwQw R=i |=Q@ u=tR x@ C@Uv `=iDQ= C=Q}}eD "10 pmW

"u=tR ?ULQ@ |m}t=v}O Q=Wi C=Q}}eD "11 pmW

"OOHt OwQw R=i |=Q@ u=tR x@ C@Uv CaQU C=Q}}eD "12 pmW

|=yC}OwOLt h} QaD u}vJty w Cw=iDt V=WDe= pOt h} QaD Q=Owtv wO u}=
=Q =yC}OwOLt u}= =@ \@DQt |=yQ=Owtv 'xt=O= QO "CU= CmQL Q}Ut |=Q@ hrDNt
R= QDsm '=t}B=[i Q@ xOW OQ=w |m}t=v}O Q=Wi 11 pmW x@ xHwD =@ "s}yO|t V}=tv
V}=Ri= =OD@= |m}t=v}O Q=Wi 'O}vm|t xOy=Wt xm u=vJ "CU= xOW h} QaD R=Ht OL
w sUH CaQU R= |a@=D |m}t=v}O Q=Wi "OwW|t |rwRv u; OvwQ TBU w O@=}|t
xO=O u=Wv 12 pmW QO xm Qw]u=ty sUH CaQU C=Q}}eD OvwQ "CU=wy |r=oJ
'R=wQB |=OD@= QO |m}t=v}O Q=Wi V}=Ri= p}rO TB "CU= |rwRv CQwY x@ 'xOW

"CU=wy |r=oJ V}=Ri=
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mw
C}=

Oyw CmQL |R=Ux}@W R= Oa@ "O=O Vy=m =Q =t}B=[i x@ xOW OQ=w CQ=UN u=wD|t
%CU= 3 pwOH j@=]t xrY=L G}=Dv 'QDt=Q=B xU u}= Q=Owtv sUQ

Q=Wi |=yQDt=Q=B |=Q@ xOt; CUO x@ Q=Okt u} QDW}@ 'OwW|t xOy=Wt xm u=vJ
&CU= QDsm R=Ht OL Q=Okt u} QDW}@ R= p=tQv |wQ}v w K]U V}=tQo MQv '|m}t=v}O
OQ=w =t}B=[i x@ |yHwD p@=k CQ=UN R=wQB u}= QO CiQo xH}Dv u=wD|t u}=Q@=v@
Cr=L |=yQDt=Q=B CkO Q=Okt '=y=t}B=[i CUWv QO Qo}O syt ẁ[wt "OwW|tv
|}=yv Q}O=kt O}=@ 'u�t]t w ut= OwQi l} uDW=O |=Q@ "CU= u; |=Q@ xOW h} QaD
|xOW h} QaD xR=@ QO =t}B=[i |}=yv sQH w Q}Ut x} w=R '`=iDQ= 'CaQU |=yQDt=Q=B
Q=Okt =@ jwi OQ=wt R= s=Om Qy R=Ht Q=Okt =} xR=@ 4 pwOH QO "OvQ}o@ Q=Qk R=Ht

"CU= xOW xU}=kt |R=Ux}@W \UwD xOt; CUO x@ |}=yv
=@ xm OW=@ QDW}@ =t}B=[i lWN sQH R= O}=@ sQH |=Q@ xOt; CUO x@ Q=Okt
R}v =yQDt=Q=B Q}=U "OQ=O OwHw CNwU xQ}NP sQowr}m 4410 jwi pwOH x@ xHwD
|kiwt OwQi =t}B=[i u}= OQm =aO= u=wD|t w OvQ=O Q=Qk xOW h} QaD |xOwOLt QO
CQwY x@ GPOPS Q=Ri=sQv R= Q}Ut O}rwD |=Q@ 'xt=vu=}=B u}= QO "CW=O Oy=wN
s=Hv= |R=Ux}@W ẁQW R= p@k Q=@ l} xOW |L=Q] Q}Ut |va} "OW xO=iDU= u}qi;
u}= QO |DQ=@a x@ "OwW|t xO=iDU= CmQL |R=Ux}@W QO Q}Ut C=aq]= w OwW|t
"s}vm xO=iDU= hOy x@ uO}UQ |=Q@ x}rw= Q}Ut l} R= \ki s}=xOQm VqD =t Q=m
x}rw= Q}Ut =yQorta |@=QN =} V=WDe= Ovv=t |r}qO x@ CU= umtt `k=wt |[a@
=Q |O}OH Q}Ut u}qv; CQwY x@ O}=@ Q}Ut |L=Q] sDU}U w OW=@v Q}Ut u} QDxv}y@
=Q u}qv; CQwY x@ Q}Ut |L=Q] |xr�Ut 'xOW xDio OQ=wt x@ xHwD =@ "OyO@ O=yvW}B
|xt=O= |=Q@ xm |Qo}O C=O=yvW}B "CiQo Q_v QO xt=vu=}=B u}= Q=m |xt=O= u=wD|t

%R= Ov=CQ=@a OQ=O OwHw Q=m u}=
&C=W=WDe= w =yQoUL |oDiW; uDiQo Q_v QO �

&IGC |D=}rta |R=UxO=}B |UQQ@ �
IGC sDU}U uOQm =]N Q}PBptLD �

Q=Okt u} QDW}@ =@ Q}Ut |=yC}OwOLt |=Q@ xOt; CUO x@ Q}O=kt |xU}=kt "3 pwOH
"R=Ht

QDt=Q=B xYNWt Q=Okt
qmax( Nm2 ) 34000 32500
_Qmax( kWm2 ) 25000 22300
nmax 1 0/89

"sDU}U Cr=L |}=yv Q}O=kt |xU}=kt "4 pwOH
Q}eDt C}OwOLt |}=yv Q=Okt
V (ms ) �0'20� 18/41
0 ��90/5'�89/5� �89/52
m 25000 29410

h(m) ��1'1� �0/06

|Q}oxH}Dv "7
x@ OOHt CWoR=@ C}r@=k =@ =t}B=[i l} |=Q@ xJQ=Bm} pQDvm w C}=Oy Q=DWwv u}= QO
u=vJ "CU= |Owta CQwY x@ xQ=wy=t u}= CUWv ẁv "CU= xOW |R=UxO=}B wH
'xv}tR u}= QO xOW s=Hv= |=yQ=m |t=tD 'OW xQ=W= u}W}B |=yQ=m QwQt VN@ QO xm
QO "OvOw@ xDiQo Q_v QO sy R= =OH |=yxkrL CQwY x@ =Q pQDvm w C}=Oy sDU}U
|=Q@ w OW xO=iDU= GPOPS Q=Ri=sQv R= =t}B=[i R=wQB Q}Ut O}rwD |=Q@ xr=kt u}=
pL G}=Dv =@ w xOQm pL Q=Ri=sQvu}= =@ =Q u}Wvx=t xO=U |xr�Ut Q=Ri=sQvu}= j}OYD
|=yQ@xQ=wy=t =@ x]@=Q QO syt ẁ[wt l} "s}OQm xU}=kt |vwDr}t=y VwQ x@ |r}rLD
x@ |OH ?}U; 'u}tR K]U |wQ CUWv w R=wQB R= Oa@ xm CU= u}= Q}PBCWoR=@
|wQ}v u} QDW}@ QDt=Q=B xU pQDvm =@ "OwWv OQ=w =t}B=[ihrDNt |=ysDU}U w C=a]k
=t}B=[i x@ xOW OQ=w |m}t=v}O Q=Wi u} QDW}@ w K]U V}=tQo MQv u} QDW}@ 'p=tQv

=yCWwv=B

|=Q@ |D@=F hOy Ov=wD|t u; CUWv pLt xm =t}B=[i |ki= =} |Owta CUWv Ovv=t "17
"OwW h} QaD =t}B=[i
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