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"|RQt xv 'CU= |RQt l@O}i ẁv R= QrQDvm u}= 'QDy@ CQ=@a x@ "OvDUy |i=m

Q[=L |xr=kt Q=DN=U "3"1
� CvU CqO=at |iQat pt=W |m}t=v}O |}xv}tRV}B '2 VN@ QO w xr=kt u}= QO
w xOW |L=Q]EL@ OQwt QrQDvm '3VN@ QO w xt=O= QO "CU= xOW x�=Q= Qmwm wCv=vw
u=}=B QO "CU= xOW C=@F= xDU@ Q=Ot |@v=Ht |Q=O}=B 'hwv=B=}r |x} Q_v R= xO=iDU= =@
|RQt OQwNR=@ w |RQt QrQDvm |=yCw=iD =@ \=@DQ= QO syt Q=}U@ |xDmv wO 'VN@ u}=
VN@ QO "CU= xOW KQ]t xOW x�=Q= VwQ |rta |=QH= |=Q@ sRq |=yQwUvU w
'|OOa |R=Ux}@W |=Q@ |vt[ pt=m Qw]x@ |Q=mD@= VwQ l} R= xO=iDU= =@ w 4
x�=Q= 5 VN@ QO |Q}oxH}Dv 'u=}=B QO "CU= xOW |UQQ@ xOW |L=Q] QrQDvm |}=Q=m

"OwW|t

|m}t=v}O |xv}tRV}B "2
QB xt}v |xQiL =@ ?rY sUH l} |ki= l}t=v}O |[=} Q h}YwD 'VN@ u}= QO
"CU= EL@ OQwt sDU}U R= |W}=tv 1 pmW "CU= xOW x�=Q= |vwDw}v p=}U l} R=
w Oxy |UQv}= x=oDUO |m} %Ov=xOW |iQat C=YDNt x=oDUO wO 'pmW u}= QO
|=yQDt=Q=B "CU= ?rY sUH x@ pYDt swO x=oDUO w O0�h |vO@ x=oDUO |Qo}O
|ki= C}akwt 'u=tR |xOvyOu=Wv ?}DQD x@ f(t) w g 'mb 'h(t; �) 'x(t) 't
?=DW 'p=}U R= |r=N |x@=Q= sQH 'xQiL QO p=}U jta 'C@=F `HQt x@ C@Uv x@=Q=
QiY =@ Q@=Q@ p=}U |q=@ |=wy |@Uv Q=Wi "OvDUy |rQDvm |wQ}v w Vv=Qo |v=yH
jta sm p=}U xm CU= u}= Q@ ZQi 'VywSB u}= QO u}vJty "CU= xOW ZQi
QO "CU= u; |Owta Oa@ R= QDoQR@ Q=}U@ p=}U |ki= Oa@ 'Qo}O CQ=@a x@ "CU=

QrQDvm '|HQ=N C=W=WDe= w pt=wa Q@ xwqa '`k=w QO "OwW 4Qw)=p}BU= |Q=O}=B=v x@
[14w13]"Ovm O=H}= |Q=O}=B=v 'xOWv pOt |q=@ x@DQt |=yOwt l} QLD =@ Ov=wD|t sy
"OwW|t QrQDvm CkO uDiQ CUO R= x@ QHvt xOW xQ=W= VwQ 'xr�Ut u}= Q@ xwqa
=Q} R 'CU= xOQm =O}B |QDW}@ C}ty= |}=[i |=yOQ@ Q=m QO XwYNx@ xr�Ut u}=
'Q}N= u=QwO QO 'u}=Q@=v@ [15w1]"CUq=@ Q=}U@ xRwL u}= QO j}kO pQDvm w CkO x@ R=}v
p}Uv=Qi}O CqO=at |=[i QO|Dq=}U |=ysDU}U pQDvm Q@ |QDW}@ RmQtD u=QoWywSB
uOW xO=U |=Q@ w xOW xQ=W= |=yVywSB QO 'p=L u}= =@ [20�16]"Ov=xDW=O |}xQ=B
u}= w Ov=xOW |R=U|]N pO=aD |x]kv l} pwL |}xQ=B CqO=at 'QrQDvm |L=Q]
w CkO uDiQ CUO R= Ea=@ '|Dq=}U |]NQ}e |=ysDU}U |=Q@ xS} wx@ ẁ[wt
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%u; QO xm
Va (t) = s l0

�1
2�h(U + _x)2 + 1

2�g�h2
�
d� (10)

Vb (t) = 1
2�2 (11)

Vc (t) = 1
2�1e2

x (12)

%w OvDUy C@Ft C@=F wO �2 w �1 '13 xrO=at w q=@ CqO=at QO
� = mb _x+ �2 (�fl + �1ex) (13)
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"sDU}U |=yQDt=Q=B w C=YDNt |=yx=oDUO h} QaD "1 pmW
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Ut + UU� + gh� = ��x (2)
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+ f (t) (3)
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u=wD|t =Q |RQt \}=QW "OvwW|t xDN=vW 8|rwtat � |}xQ=B Q=W@; u=wva =@ pQDvm

%CWwv Q} R CQwYx@
U (t; 0) = U (t; l) = 0 (4)

x@ xLiY Q@ Owta |=DU=Q QO OL=w Oa@ ZQi =@ �9VR} Q sOa� |oDUw}B \QW w
%CU= Q=QkQ@ Q} R pmW

s l0 �hd� = ml = cte: (5)

CaQU 'xQiL |ki= pw] 'p=}U sQH Qov=}@ ?}DQD x@ � w U 'l 'ml 'q=@ \@=wQ QO
"OvDUy p=}U |r=oJ w p=}U O=R; K]U |ki=

|rQDvm sDU}U |L=Q] "3
CLD u; |Q=O}=B C=@F= w QrQDvm |x]@=Q O=yvW}B '|rQDvm h=Oy= |iQat x@ VN@ u}=

"OQ=O X=YDN= hwv=B=}r |Q=O}=B |x} Q_v

|rQDvm h=Oy= "1"3
R= QB xt}v |xQiL |=Q=O ?rY sUH l} |ki= CmQL |xr�Ut 'VywSB u}= QO
|L=Q] 'xr=kt u}= QO |rQDvm |rY= hOy "CU= xOW |UQQ@ jtasm s]qD =@ p=}U
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u=Q=
mty

wQ=m
wH

sF}t
/"""

s=U
H=

Q}U
t|

@=}OQ
|=Q@

|RQ
tO

QwN
R=@p

QDvmxDU@ Q=Ot sDU}U |@v=Ht |Q=O}=B C=@F= "3"3
"CU= Q=QkQ@ hwv=B=}r |Q=O}=B xm CiQo xH}Dv u=wD|t '24 |w=Ut=v x@ xHwD =@ %xQ=Ro
(ex; _x; �h; U) pt=W 9 hwv=B=}r `@=D QO OwHwt |=yQ}eDt s=tD 'Qo}O CQ=@a x@
|=OQw=v |x}[k R= =yQ}eDt u}= |@v=Ht |Q=O}=B C=@F= |=Q@ "Ovv=t|t |k=@ OwOLt
CqO=at sDU}U |=yMU=B s=tD 'x}[k u}= j@] Q@ [27]"s}vm|t xO=iDU= 10p=Uq
|=OQw=v |xawtHt CtU x@ |@v=Ht CQwYx@ 6 xrO=at |rQDvm |wQ}v CLD 5 =D 1

%OwW|t =Qoty Q} R
Si =

n
ex; _x; �h;U

�� _V (t) = 0
o

(25)

%R= OvDQ=@a _V (t) = 0 |w=UD |Q=QkQ@ |=Q@ sRq \wQW
� = 0 (26)

_x = 0 (27)

%=@ CU= Q@=Q@ |rQDvm |wQ}v '\}=QW u}= QO
f (t) = �fl + �2

@fl
@t

(28)

%s} Q=O 8 w 7 CqO=at R= xO=iDU= w 3 xrO=at QO 28 xrO=at uO=O Q=Qk =@
@
@t
s l0 hh�d� = 0 (29)

"CU= h = h(�) `k=w QO w xOw@v u=tR R= |a@=D h xm CiQo xH}Dv u=wD|t 'u}=Q@=v@
%CWwv u=wD|t 1 |xrO=at R= xO=iDU= =@ p=L

(hU)� = 0! U (t; �) = C (t)
h (�)

(30)

swO |w=UD "OwW|t u}}aD |RQt \}=QW R= w CU= u=tR R= |a@=D C(t) 'u; QO w
|RQt \}=QW R= xO=iDU= =@ 'u}=Q@=v@ "OW=@ Q=QkQ@ =yu=tR |xty QO O}=@ 30 xrO=at
|Q=Po}=H =@ "U(t; �) � 0 ,=@k=aDt w C(t) � 0 xm CiQo xH}Dv u=wD|t 4 xrO=at

%s} Q=O 5 xrO=at R= xO=iDU= w 2 xrO=at QO
gh� = 0! h (t; �) = cte: = h� (31)

%OwW|t xH}Dv Q} R |w=UD '31 w 27 '26 '13 '7 CqO=at R= xO=iDU= =@ w =yDv= QO
ex = 0 (32)

%=@ CU= Q@=Q@ 25 |=OQw=v |xawtHt w[a =yvD xm Ci=} QO u=wD|t TB
Si =

�
ex; _x; �h; U

	
= f0g (33)

|}=Qoty w xDU@ Q=Ot |Q=O}=B 'xOW |L=Q] |RQt l@O}i pQDvm uwv=k 'u}=Q@=v@
u}t[D =Q p=}U s]qD w Q}Ut |@=}OQ |=]N pt=W sDU}U Cq=L s=tD |@v=Ht

"OwW|t C=@F= x}[k w Ovm|t
ẁv R= VywSB u}= QO xOW |L=Q] QrQDvm 'OW xQ=W= QDW}B xm Qw]v=ty %1 |xDmv

p=vo}U |x@U=Lt w QrQDvm p=ta= |=Q@ 'Qo}O CQ=@a x@ "|RQt xv 'CU= |RQtl@O}i
xvwoJ}y =:t= 'OvwW x@U=Lt O}=@ p=}U |RQt |=yQDt=Q=B R= |NQ@ '|rQDvm |}x_Lr
QrQDvm |Q}PBv=mt= '|RQt |=yQorta 'C}ak=w QO "OQ=Ov OwHw p=}U RQt QO |Qorta
xO=iDU= 'VywSB u}= QO xOW |L=Q] QrQDvm p=ta= |=Q@ 'u}=Q@=v@ "OvyO|t Vy=m =Q

%=@ CU= Q@=Q@ 10 xrO=at R= xO=iDU= =@ 15 xrO=at CU=Q CtU pw= |xrtH
_Va (t) = s l0 1

2�ht(U + _x)2d�
+ s l0 �h (U + _x) (Ut + �x) d�

+ s l0 [�ghht � �gh�ht] d�
(16)

|R=UxO=U |tm w 5 xrO=at R= xO=iDU= 'q=@ |w=UD QO 2 w 1 CqO=at |Q=Po}=H =@
%s} Q=O |[=} Q

_Va (t) = � s l0 �� 3
2hU

2U� � 1
2U

3h�
�
d�

+� s l0 ��2 _xhUU� � _xU 2h�
�
d�

+� s l0 ��2gUhh� � gh2U� � g _xhh�
�
d�

(17)

%O};|t CUO x@ Q} R CQ=@a 'RHx@ RH p=QoDv= R= xO=iDU= =@ w
_Va (t) = ��g _x s l0 hh�d� (18)

u=wD|t =Q 15 xrO=at CU=Q CtU swO |xrtH '11 w 3 CqO=at R= xO=iDU= =@
%CWwv Q} R CQwYx@

_Vb (t) = � _�

= �
h
fl + f (t)� �2 @fl@t + �1�2 _x

i (19)

%R= CU= CQ=@a 15 xrO=at CU=Q CtU swU |xrtH 'C}=yv QO
_Vc (t) = �1ex _x (20)

%s} Q=O '7 xrO=at |w=UD |Qw;O=} =@ w 15 xrO=at QO 20 =D 18 CqO=at |Q=Po}=H =@
_V (t) = �fl _x+ �1ex _x

+�
h
fl + f (t)� �2 @fl@t + �1�2 _x

i (21)

%OwW|t ?=NDv= Q} R CQwYx@ |rQDvm |wQ}v 'p=L
f (t) = �fl + �2 @fl@t � �1�2 _x

� 1
�2 _x� �3�

(22)

%s} Q=O "CU= C@Ft C@=F l} �3 'u; QO xm
k1 = �2�3 � 1 > �1
k2 = �2 > 0
kp = �1�2�3 > 0
kd = �1�2 + �3mb + 1

�2
> 0 (23)

QO xOW O=yvW}B |rQDvm |wQ}v x@ 23 w 22 '13 CqO=at R= xO=iDU= =@ u}=Q@=v@
Q} R |w=UD 's}vm |Q=Po}=H 21 xrO=at QO =Q 22 xrO=at Qo = "s}UQ|t 6 xrO=at

%CU= u}at xt}v |ivt xm OwW|t pY=L hwv=B=}r `@=D jDWt |=Q@
_V (t) = ��3�2 � mb

�2
_x2 � 0 (24)
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2|
xQ=t

W'
39

|xQ
wO'

�14
02

R}}=B
�h

}QW
l}

v=mt
|U

Ovyt K]U� � QwLt 'VwQ u}= QO "CU= wO |x@DQt R= u=tR w =[i QO VwQ u}= CkO
w OwW|t s}UkD �� = l= (J � 1) pw] =@ CtUk J � 1 x@ �p=}U O=R;

�j = (j � 1) ��; j = 1; 2; : : : ; J (39)

'u}vJty
tn = n�t;n = 0; 1; 2; : : : (40)

hnj = h (tn; �j) ;Unj = U (tn; �j) (41)

C=kDWt w|RmQtCq[=iD =@|v=mtC=kDWt '3 =D 1CqO=at|R=UxDUUo|=Q@
CqO=at |xDUUo sQi 'CQwY u}= QO "OvwW|t xOR?} QkD wQW}B Cq[=iD =@|v=tR

%Ow@ Oy=wN Q} R pmW x@ 3 =D 1
hn+1
j �hnj

�t + ~Uj
hn+1
j+1�hn+1

j�1
2��

+~hj
Un+1
j+1 �Un+1

j�1
2�� = 0

(42)

Un+1
j �Unj

�t + ~Uj
Un+1
j+1 �Un+1

j�1
2��

+g
hn+1
j+1�hn+1

j�1
2�� = � 1

mb
[fl (t) + f (t)]

(43)

mb�x = fl (t) + f (t) (44)

=@ p@=kD |=Q@ "OvDUy |]NQ}e ?}=Q[ |v=}t Q}O=kt '� Ctqa |=Q=O |=yC}tm
~Uj = Unj w ~hj = hnj xm OwW|t ZQi |v=tR s=o Qy QO '=y|Qo|]N Q}e u}=
~Uj w ~hj Q}O=kt w xOW pY=L Un+1

j w hn+1
j |=Q@ |v}tND 'CQwY u}= QO

w |}x_Lr Q}O=kt hqDN= xm O@=}|t xt=O= |v=tR =D Ov}=Qi u}= "OvwW|t |v=UQRwQx@
CQwYx@ xOW |R=UxDUUo sDU}U "OwW lJwm |y=wNrO |xR=Ov= x@ U w h Q}N=

%CU= |U} wvR=@ p@=k Q} R |Q]kxU lwr@
�~An+1

j zn+1
j�1 + Bn+1zn+1

j + ~An+1
j zn+1

j+1

=

" 1 0
0 1

#
znj + �n�t

" 0
1
#

(45)

'u; QO w

znj =

"
hnj
Unj

#
(46)

~An+1
j = �t

2��

"
~Uj ~hj
g ~Uj

#
; Bn+1 =

" 1 0
0 1

#
(47)

�n = fl (t) + f (t) (48)

\}=QW R= 'j = J w j = 1 |RQt \=kv QO xDUUo CqO=at G=QNDU= |=Q@
pOt "U = 0 R= CU= CQ=@a x = 0 QO |RQt \QW "CU= xOW xO=iDU= |RQt

%CU= Q} R CQwYx@ \QW u}= |xDUUo
Un1 = 0; U

n0 + Un2
2 = 0 (49)

|=Q@ "CU= x = 0 AJ CtU �� |xrY=i QO |R=Ht |x]kv l} Un0 'u; QO xm
%CU= xOW xO=iDU= sQH |oDU}=B uwv=k R= x = 0 QO h |RQt \QW |x@U=Lt

ht + ~hUx = 0! hn+1
1 � hn1

�t
+ ~h1

Un+1
2
��

= 0 (50)

|i=m 'Ovvm|t p=ta= wQ}v ?rY sUH x@ \ki xm =yQoWv=Q Q}_v |}=yQorta R=
&OvDUy

|RQtl@O}i QrQDvm|}x_Lr p=vo}U |x@U=Lt |=Q@ QoUL xawtHt wO %2 |xDmv
w C}akwt Q}_v |v=tR |=yQ}eDt |Q}oxR=Ov= |=Q@ xawtHt l} "CU= sRq xOW x�=Q=
|v=tR � |v=mt |=yQ}eDt |=Q@ Qo}O xawtHt w OwQ|t Q=m x@ x@=Q= |}x_Lr CaQU
QDtw}Uv=DB R= u=wD|t 'pw= |xawtHt |=yQwUvU u=wvax@ "OQ}o|t Q=Qk xO=iDU= OQwt
|xrtH OQwt QO =OD@= 'swO |xDUO |=yQwUvU |iQat |=Q@ "OQm xO=iDU= QOwmv= w
'u} Qr} w= x=oO}O QO w Cq=}U l}v=mt R= xO=iDU= =@ "OwW|t xO=O K}[wD QDW}@ fl
?rY sUH |vO@ x=oDUO QO GRr Q}e w Q}PB=vsm =QD p=}U |=Q@ swDvtwt CqO=at

[26]%R= CU= CQ=@a u; |w=L
Du
Dt

+ 1
�
@p
@�

= ��x (34)

Dv
Dt

+ 1
�
@p
@y

= �g (35)

QwLt |=DU=Q QO CaQU v '� QwLt |=DU=Q QO CaQU u 'Q=Wi p 'q=@ \@=wQ QO
swO uwv=k R= xO=iDU= =@ p=L "OvDUy u=tR x@ C@Uv p=}U |rm jDWt D=Dt w y

%CWwv u=wD|t uwDw}v
d
dt

hs l0 sh0 �udyd� + (ml +mb) _x
i

= f (t) (36)

%CU= |R=UxO=U p@=k Q} R CQwYx@ AJ CtU pw= |xrtH
d
dt s l0 sh0 �udyd� = s l0 sh0 �DuDt dyd�

= s l0 sh0
�� @p@� � ��x

�
dyd�

= �ml�x� s l0
�
@
@� sh0 pdy

�
d�

+ s l0 p (t; �; h (t; �))h�d�

= �ml�x� sh0 pdy j�=l�=0

(37)

p=kDv= |x}[k R= swU |w=UD |=Q@ '34 |xrO=at R= swO |w=UD |=Q@ 'q=@ |x]@=Q QO
xQiL QO Tw@Lt |=wy QO QiY |@Uv Q=Wi ZQi R= QN; |w=UD |=Q@ w ROrwv} Q
xU}=kt w 36 xrO=at QO 37 xrO=at |xH}Dv |Q=Po}=H =@ p=L "CU= xOW xO=iDU=

%s} Q=O 8 w 3 CqO=at =@
fl = sh0 pdy j�=l � sh0 pdy j�=0 (38)

\ki 'p=}U |RQt |=yQDt=Q=B VHvU |=Q@ xm OwW|t xH}Dv 'q=@ |w=UD x@ xHwD =@
p=vo}U |x@U=Lt |=Q@ 'QDy@ u=}@ x@ "OwW xO=iDU= GvUQ=Wi QwUvU R= CU}i=m
CU=Q w AJ RQt wO QO xO=U GvUQ=Wi |OwOLt O=OaD R= u=wD|t 'QrQDvm |}x_Lr

"OQm u}}aD |}x]kv Qy QO =Q RQt |=yxO=O '|@=}uwQO ltm x@ w OQ@ xQy@ xQiL

|R=Ux}@W "4
x@ '6 xrO=at |rQDvm |wQ}v CLD 5 =D 1 CqO=at pL R= xO=iDU= =@ 'VN@ u}= QO

"CU= xOW xDN=OQB xOW x�=Q= QrQDvm OQmrta |UQQ@

pL VwQ "1"4
l} w |wrwrPy |}xQ=B |xrO=at wO pt=W� Q}oQO pB wm CqO=at sDU}U pL |=Q@
"CU= xOW xDiQo Q=m x@ 11|vt[ pt=m Qw]x@ |Q=mD@= VwQ l} '�|rwtat |xrO=at
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u=Q=
mty

wQ=m
wH

sF}t
/"""

s=U
H=

Q}U
t|

@=}OQ
|=Q@

|RQ
tO

QwN
R=@p

QDvm|L=Q] OvwQ Q@ |Q}F-=D I}y w CU= |R=Ux}@W |=Q@ \ki 'xOW |iQat |OOa VwQ
Q=Ri= sQv QO =yQ=Owtv sUQ w |D=@U=Lt |=yOm s=tD "OQ=Ov QrQDvm |Q=O}=B C=@F= w

"CU= xOW s=Hv= MATLAB 2018b

|R=Ux}@W ltm x@ xOW |L=Q] QrQDvm Ctw=kt |UQQ@ "3"4
|aU 'C}a]k sOa w Q}N-=D x@ C@Uv xOW x�=Q= QrQDvm Ctw=kt w |}=Q=m |UQQ@ |=Q@
Q_v QO C}a]k sOa w Q}N-=D |Q=Okt 4 w 3 '2 |=ypmW QO \ki =D xOw@ u}= Q@
p=ta= QO x}v=F 0/2 =@ Q@=Q@ |Q}N-=D xm CU= u}= Q@ ZQi 'hOy u}= |=Q@ "OwW xDiQo
20 'p=}U |r=oJ |ak=w Q=Okt xm CU= u}= Q@ ZQi 'u}vJty "OQ=O OwHw QrQDvm
=@ "�|t=v Q=Okt� CU= xOW xDWwv 1 pwOH QO xm CU= |Q=Okt R= QDtm OYQO
CU= QO=k xOW |L=Q] QrQDvm xm Ci=} QO u=wD|t Qw@ Rt pmW xU x@ |rm x=ov l}

"Ovm Q=O}=B C}a]k sOa w Q}N-=D Qw[L QO |DL =Q xDU@ Q=Ot sDU}U

|RQt l@O}i QrQDvm CLD u=tR R= |a@=D CQwYx@ ?rY sUH C}akwt "2 pmW
QrQDvm |kDWt � |@U=vD VN@ '�ODtt |@;� C}a]k sOaw Q}N-=D uwO@ xOW |L=Q]
|RQt l@O}i QrQDvm w �u}Jx]kv x=}U� C}a]k sOa w Q}N-=D uwO@ xOW |L=Q]

"�\Nx]kv RtQk� C}a]k sOa w Q}N-=D =@ xOW |L=Q]

l@O}i QrQDvm CLD u=tR R= |a@=D CQwYx@ ?rY sUH |]N CaQU "3 pmW
|kDWt � |@U=vD VN@ '�ODtt |@;� C}a]k sOa w Q}N-=D uwO@ xOW |L=Q] |RQt
l@O}i QrQDvm w �u}Jx]kv x=}U� C}a]k sOa w Q}N-=D uwO@ xOW |L=Q] QrQDvm

"�\Nx]kv RtQk� C}a]k sOa w Q}N-=D =@ xOW |L=Q] |RQt

%CWwv u=wD|t x = 1 |=Q@ w ?}DQD u}ty x@
UnJ = 0;

UnJ�1 + UnJ+1
2 = 0 (51)

ht + ~hU� = 0! hn+1
J � hnJ

�t
� ~hJ

Un+1
J�1
��

= 0 (52)

"CU= x = 1 CU=Q CtU �� |xrY=i QO |R=Ht |x]kv l} UnJ+1 'u; QO xm
|yDvt Q} R |=y|w=UD x@ 52 w 51 CqO=at u}vJty w 50 w 49 CqO=at ?}mQD

%OwW|t

zn+1
1 +

~h1�t
��

" 0 1
0 0

#
zn+1

2 =

" 1 0
0 0

#
zn1 (53)

�~hJ�t
��

" 0 1
0 0

#
zn+1
J�1 + zn+1

J =

" 1 0
0 0

#
znJ (54)

?}=Q[ T} QD=t =@ xrO=at 2J |v=tR s=o Qy QO '54 w 53 '45 CqO=at |xawtHt
Tw=o VwQ x@ Qw@ Rt CqO=at sDU}U 'xrLQt Qy QO "OyO|t p}mWD =Q |Q]kxU
=Dwm � nv=Q VwQ x@ �44 |xrO=at� sDU}U l}t=v}O |rwtat |xrO=at w uOQwH �
'|Q=DN=U ^=Lr x@ w |vt[ pt=m Qw]x@ VwQ l} 'xOW x�=Q= VwQ "OvwW|t pL

"CU= 12|iqD=

|rQDvm ?}=Q[ w sDU}U |=yQDt=Q=B "2"4
xaUwD |RQt l@O}i QrQDvm ?}=Q[ w xOW xDiQo Q_v QO sDU}U |m} R}i |=yQDt=Q=B
w |v=tR s=o 'u}vJty [3]"Ov=xOW xO=O u=Wv 2 w 1 pw=OH QO ?}DQD x@ xOW xO=O
?}=Q[ "CU= xOW xDiQo Q_v QO QDt}Dv=U 0/8 w x}v=F 0/01 ?}DQD x@ |v=mt s=o
?}=Q[ u}= "O}; CUO x@ ?wr]t |=QPo MU=B xm Ov=xOW ?=NDv= |wLv x@ |rQDvm
OwHw ?}=Q[ u}= s}_vD |=Q@ |OOaDt |=yVwQ "Ovvm R=QL= =Q 23 xrO=at \}=QW O}=@
Q}_v sDU}U |=QPo MU=B |=yQDt=Q=B |wQ Q@ C}OwOLt p=ta= T=U= Q@ xm OQ=O
`H=Qt QO |r}tmD C=aq]= "OvDUy CUWv u=tR w RMS |=]N 'Q=}at h=QLv=
QO CqO=at |R=UxDUUo xm CU= |QwQ[ xDmv u}= x@ xHwD [24w23]"CU= xOW x�=Q=

"x}r:w= \}=QW pt=W sDU}U |m} R}i |=yQDt=Q=B "1 pwOH
QDt=Q=B Q=Okt
mb 15Kg
� 1000Kg:m�3
l 80 cm

x(0) 0m
_x(0) �0=5m:sec�1

U(0; x) 0m:sec�1
h(0; x) 4cm

"xOW |L=Q] |RQt l@O}i QrQDvm ?}=Q[ "2 pwOH
QDt=Q=B Q=Okt
k1 2
k2 0 5 sec
kp 4N:m�1

kd 25N:sec:m�1

xdes 1m
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|xQ
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�h

}QW
l}

v=mt
|U

Ovyt

Oa)@ R= |a@=D CQwYx@ |RQt l@O}i QrQDvm CLD xQiL uwQO p=}U jta "5 pmW
"u=tR w xQiL |ki=

?UL Q@ |RQt l@O}i QrQDvm CLD xQiL uwQO p=:}U O=R; K]U CaQU "6 pmW
w �u}Jx]kv x=}U� � = 40cm '�ODtt |@;� � = 16cm |x]kv xU QO u=tR

"�\Nx]kv RtQk� � = 72cm

x_Lr Qy QO 5 xrO=at C=@F= 'Q=Owtv u}= Qo}O syt |xDmv "OyO|t u=Wv (h�) OwN
K]U R= x]kv xU QO p=}U CaQU Q=Owtv '6 pmW QO w C}=yv QO "CU= u=tR R=
u}= R}v O=R; K]U \=kv |k@=t Q=Owtv "CU= xOW xOQw; u=tR R= |a@=D CQwY x@ O=R;
CaQU 'x}v=F 10 OwOL R= Oa@ 'OwW|t xOy=Wt xm Qw]u=ty "OQ=O |Q=DiQ u}vJ
|Owta ?=DW ZQi p}rO x@� p=}U |=yu=tr= s=tD CaQU u; xt=O= QO w O=R; K]U

"OUQ|t QiY x@ �jtasm p=}U QO QiY

|Q}oxH}Dv "5
s]qD OwHw =@ ?rY sUH l} |=Q@ Q}Ut |@=}OQ pQDvm |xr�Ut x@ xr=kt u}= QO
?rY sUH l} |ki= CmQL 'xYqN Qw]x@ "CU= xOW xDN=OQB jtasm p=}U
'Q}PB=vsm =QD '|vwDw}v p=}Ul} R= QBxt}v xQiL xm |Qw]x@ &OW xDiQo Q_v QO xQiL |=Q=O
'Qw@ Rt |xr�Ut Q@ sm =L CqO=at sDU}U "CU= jtasm w �|WNQJ =t=� GRrQ}e
�CvU CqO=at x@ swUwt |wrwrPy w|]NQ}e '|}xQ=B p}Uv=Qi}O |xrO=at wO pt=W
sUH l}t=v}O Q@ sm =L� |rwtat |xrO=at l} w �p=}U l}t=v}O Q@ sm =L� Cv=vw
p}mWD =Q |rwtat � |}xQ=B pB wm sDU}U l} CqO=at u}= 'u}=Q@=v@ "OwW|t �?rY

'�ODtt |@;� C}a]k sOa w Q}N-=D uwO@ xOW |L=Q] |RQt l@O}i QrQDvm "4 pmW
�u}Jx]kv x=}U�C}a]k sOa w Q}N-=D uwO@ xOW|L=Q] QrQDvm|kDWt �|@U=vDVN@

"�\Nx]kv RtQk� C}a]k sOa w Q}N-=D =@ xOW |L=Q] |RQt l@O}i QrQDvm w
|RQt l@O}i QrQDvm CLD xDU@ Q=Ot sDU}U |=QPo MU=B C=Y:NWt "3 pwOH
C}a]k sOa w Q}N-=D =@ |RQtl@O}i w (PD)\@DQt|kDWt �|@U=vD w (BFC)

"(BFC�DU)

BFC�DU PD BFC QrQDvm
18=12sec 30=77sec 19=67sec ��2� CUWv u=tR
�57/84 �71/3 �46/5 VyHwQi |xv}W}@
0/552 0/692 0/503 RMS |=]N
16=9N 27=5N 16=5N max

t
jf(t)j

xU}=kt w G}=Dv "4"4
w |RQt l@O}i QrQDvm CLD =Q ?rY sUH |}x_Lr C}akwt Q=Owtv '2 pmW
|@ wN x@ Q=Owtv "OyO|t u=Wv QrQDvm u}ty |kDWt � |@U=vD VN@ CLD u}vJty
"CU= xDU@ Q=Ot sDU}U |=QPo Q=DiQ QO |RQt l@O}i QrQDvm |@Uv C} Rt QoW}=tv
C}a]k sOa w Q}N-=D OwHw \}=QW QO VyH=Qi |mOv= OwHw pmW u}= QO 'ut[ QO
CLD u=tR ?UL Q@ ?rY sUH |]N CaQU Q=Owtv '3 pmW QO "CU= OwyWt
xO=O u=Wv C}a]k sOa w Q}N-=D Qw[L Cr=L QO u}vJty w EL@ OQwt QrQDvm wO

"CU= xOW
Q}N-=D Qw[L sOa w Qw[L QO |RQt l@O}i QrQDvm |=Q@ |rQDvm VqD Q=Owtv
xOW xOQw; 4 pmW QO '\w@ Qt *|kDWt � |@U=vD QrQDvm u}vJty w C}a]k sOa w
=Qoty x}k@ R= QD`} QU |tm '|RQt l@O}i QrQDvm |rQDvm VqD 'pmW j@=]t "CU=
Qw@a R= '2 pwOH QO xOW ?=NDv= |rQDvm ?}=Q[ xm CU= u}= Qo}O |xDmv "OwW|t
R= OYQO 40 xm Ovm|t |Q}owrH uwDw}v 16/5 :OL R= |RQt l@O}i pQDvm VqD
wO QDy@ |xU}=kt |=Q@ "CU= QDtm '\@DQt |kDWt � |@U=vD QrQDvm |xv}W}@ Q=Okt
sDU}U |=QPo MU=B C=YNWt R= |NQ@ '|kDWt � |@U=vD w |RQt l@O}i QrQDvm
Q=Okt w RMS |=]N 14'VyHwQi |xv}W}@ 13'CUWv u=tR pt=W� xDU@ Q=Ot
Q}N-=D =@ |RQt l@O}i QrQDvm u}vJty w QrQDvm wO u}= CLD �|rQDvm p=vo}U |xv}W}@

"Ovm|t O}}-=D =Q xOW QmP G}=Dv xm CU= xOW xOQw; 3 pwOH QO 'C}a]k sOa w
|L=Q] |RQt l@O}i QrQDvm CLD xQiL uwQO p=}U jta R= |W}=tv 5 pmW
|=}=B Cr=L CtU x@ =Q p=}U jta |@v=Ht Q=DiQ |@ wN x@ pmW u}= "CU= xOW
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QDvmxDU@ Q=Ot |=QPo Q=DiQ �G� "CU}v |R=}v p=}U |xOwOLt QO |Qorta I}y x@ w
"CU= |kDWt � |@U=vD QrQDvm CLD =QPo Q=DiQ R= QDy@ Q=}U@ xOW x�=Q= QrQDvm CLD
QO C}a]k sOa w QrQDvm p=ta= QO |v=tR Q}N-=D OwHw x@ C@Uv xOW x�=Q= VwQ �O�
GvUQ=Wi hPL |=Q@ |RQt QoxOy=Wt l} |L=Q] "CU= sw=kt 'sDU}U |=yQDt=Q=B
|m} "OW=@ xOv}; |=yVywSB |=Q@ R}ov=Q@ Vr=J |aw[wt Ov=wD|t p=}U RQt QO
sw=kt QrQDvm l} G=QNDU= 'xOv}; |=yVywSB QO |UQQ@ |=Q@ OwHwt p�=Ut R= Qo}O
u}vJty w 15Q}N-=D u=Q@H |=Q@ |tR}v=mt =@ sDU}U |=yC}a]k sOa x@ C@Uv

"CU= QrQDvm u}= CLD xDU@ Q=Ot sDU}U |Q=O}=B C=@F=

|R=U|]N '|R=UxO=U xvwoJ}y uwO@ w xOW xQ=W= sDU}U |=v@t Q@ "OvyO|t
Cq=L s=tD CU= QO=k xm OW |L=Q] |RQt l@O}i QrQDvm l} '|R=UxDUUo w
?rY sUH w Q=O}=B =Q �p=}U� |O=R; xHQO C}=yv|@ w �?rY sUH� OwOLt Oa@
Q=Ot sDU}U |@v=Ht |Q=O}=B 'C}=yv QO "Ovm C}=Oy x=wNrO C}akwt CtU x@ =Q
=@ xU}=kt QO xOW x�=Q= VwQ |=}=Rt "OW C=@F= hwv=B=}r |x} Q_v R= xO=iDU= =@ xDU@
|}x_Lr p=vo}U |x@U=Lt |=Q@ �hr=� %R= CU= CQ=@a u}W}B \@DQt |=yVywSB
�p=}U RQt QO� GvUQ=Wi w QDtw}Uv=DB Q}_v OQ@ Q=mQB |=yQoUL R= xO=iDU= 'QrQDvm
OwW|t OQ=w ?rY sUH x@ \ki xOW |L=Q] |rQDvm |wQ}v �?� "Ovm|t C}=im

=yCWwv=B
1. Sloshing
2. De Saint-Venant
3. Shallow-Sloshing
4. Spillover Instability
5. Boundary Feedback
6. Thruster
7. Cooker's Equation
8. PDE-ODE Cascade
9. Spill-Free
10. LaSalle's Invariance Principle
11. Fully Implicit
12. Dissipative
13. Settling Time
14. Maximum Under-Shoot
15. Delay-Compensated
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