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CQ=@a wO R= |@}mQD xm |awvYt CHRr R= xRwQt= |rm Qw]x@
xO=iDU= 3 |x]@=Q CQwYx@ CU= pw= |x@DQt w swO |x@DQt |]NQ}e

%OwW|t
qlin = C1�Cs jrvj+ C2� (rv)2 (3)

s}taD u=vJ =Q u=UWmQ}e OQwNQ@ x@=WD =D CU= ?U=vt CtUk u}= QO
|x]@=Q CQwYx@ |awvYt CHRr |=Q@ |@U=vt x}HwD u=wD@ xm s}yO

|=yl} R}i uOQmxi=[= u}vJty w Oa@ xU =} wO x@ s}taD |awvYt
"CW=O Oy=wNv |Q}F-=D |awvYt CHRr u=}@ QO xO}J}B

Gwt Q=DiQ w CmQL j}kO |R=UpOt |=Q@ jwi ?r=]t x@ xHwD =@
|vD@t |=yVwQ ?=NDv= |Oa@xU =} wO |R=UxDUUo l} QO |}x@ Q[
xvwou}= xm xDmv u}= x@ xHwD =@ "OQ=O Q=Qk C} wrw= QO |awvYt CHRr Q@
l}ORv |L=wv QO xr�Ut l} R}i R= uOWQwO |mOv= ?@U =yVwQ
|=[Q= =@ Ovvm|t |aU xwQo u}= QO hrDNt |=yVwQ 'OvwW|t Gwt
"OvwW l}ORv xr�Ut |ak=w l} R}i x@ u=mt= OL =D R=}v OQwt X=wN
%R= Ov=CQ=@a OW=@ =Q=O O}=@ |awvYt CHRr xm |Y=wN |rm Qw]x@
|W@vH |SQv= R= xm Ovm pta|}xvwox@ xQ=wty O}=@|awvYtCHRr "1
Ovv=ty� OwW xOwRi= sDU}U |rN=O |SQv= x@ u=R}t u=tyx@ w xDU=m
"OW=@ 5VNB C}Y=N |=Q=O O}=@ Ck}kL QO �� �|ak=w CHRr QF=
u=O}t xm |t=ovy 'Q=wty w CN=wvm} Qw]x@ O}=@ |awvYt CHRr "2
"OwW hPL 'OwW|t p}O@DCN=wvm}CaQU u=O}tl} x@CaQU
�l}B wQDvR};� CN=wvm} sm =QD xm |Dr=L QO O}=@ |awvYt CHRr "3

"OW=@ Q}F-=D|@ OQ=O OwHw ?rY u=QwO u}vJty w
|xy@H C@=F R=i Q@ T=tt |=DU=Q QO O}=@v |awvYt CHRr "4
|U=tt |xir-wt uOw@C@=F p}rOx@ xDmv u}= "OW=@ xDW=O QF= 6Gwt
u}vJ |xvwtv "CU= xm@W C}i}m R= pkDUt 'xy@H u}= QO CaQU
C}Y=N u}= "CU= |}x@ Q[ Gwt CmQL Q@ Owta CyH |Dr=L
C}ty= =Qosy |}x@ Q[ |=yGwt =@ \@DQt p�=Ut OQwtQO ,=YwYN

"O@=}|t |}xO=ar=jwi
x@ sDU}U w 'hPL Z=@kv= QF= xm |Dr=L QO O}=@ |awvYt CHRr "5
xm � \=U@v= Cr=L QO w OwW hPL |t=Q;x@ OwQ|t \=U@v= CtU
QO xD@r= "OW=@ xDW=Ov |QF= xvwoI}y �CU= l}B wQDvR}; |}xO}OB
|=yx=oDUO QO Z=@kv= w \=U@v= R= |k}kO h} QaD O}=@ Cr=L u}=

"OwW x�=Q= uwo =vwo C=YDNt
CW=O Q=_Dv= u=wD|t OW=@ jwi X=wN |=Q=O|awvYtCHRr Qo =
l} R}i R= |}x@ Q[ Gwt h=Q]= |L=wv |R=UpOt QO u; |xrY=i xm

"OW=@ sm Q=}U@ |L=wv u; |ak=w
u=}@ 1 |x]@=Q CQwYx@|awvYtCHRr 'OW xDio QDV}B xm u=vJ
CQwYx@ 'OW=@ xDW=O Q=Qk sm =QDCr=L QO sDU}U xm|Dr=L QO w OwW|t
xi=[= Cr=L |xrO=at R= xOW x@U=Lt Q=Wi x@ |Q=Wi CQ=@a l}
"OwW|t OQ=w |SQv= w Qw=DWo |xrO=at QO u; QF= ?}DQDu}O@ w OwW|t
qnl = C2� (rv)2 (1)

Q}}eD �v 'pwrU |r=oJ � '|awvYt CHRr Q=Okt qnl x]@=Q u}= QO
Ct=N[ "CU=l} |x@DQt R=C@=Fl}C2 w pwrU ZQa QOCaQU

sryJ |xQ=tW � h} QW ! 178



|HQ@ O}aU w |Qy=_t EQtw}m '|}wrQ=@v= =[QO}tL

|xrO=at |]N |x]@=Q u=ty xm OW Oy=wN p}O@D �Cs�v1�2dt=2
h} QaD u=mt=CU= K[=w xm xJv; "CU= �2 |x]@=Q� |awvYtCHRr
|]NQ}e w |]N |x]@=Q R= |@}mQD x@ u=wD@ xm CU= |}xvwox@ V

"O}UQ �3 |x]@=Q� |awvYt CHRr
|DQwY QO xmCU= u}= OQm xHwD u; x@ O}=@ xm |@r=H Q=}U@ |xDmv
=Q |OQwNQ@ �|awvYt CHRr |Swr=v;� C=QP pOt 'OW=@ �v > 0 xm
"OwW p=aiQ}e |awvYt CHRr O}=@ Cr=L u}= QO w xOQmv |v}@V}B
xHwD =@ xr�Ut u}= "OwW p=ta= |D=@U=Lt |xm@W QO O}=@ |]QW u}vJ
\}Lt =@ =RHt |=ysQH |=Hx@ |D=@U=Lt |xm@W l} QO xmu}= x@
|Q=wWO ?@U s}DUy wQx@ wQ xOW s}UkD |}=yxQo x@ xm |}xDUw}B
xOy=Wt 6 |x]@=Q R= xmu=vJ u}vJty "OwW|t |]QW u}vJ u=}@
|D=aq]= uDUv=O x@ R=}v xDUUo sQi QO |awvYt CHRr u=}@ OwW|t
M2 |xQP 2 |Oa@l} Cr=L QO� xQP Qy Qw=Ht C=QP u} QDl}ORv R=
Qorta |=Q@ |}x]kvxU |R=UxDUUo l} |=vatx@ u}= "OQ=O �M0 w
|=Q@ w |Oa@ wO Cr=L QO "CU= CN=wvm} |xm@W l} QO u}UqBq
QHvt |awvYt CHRr |=Q@ |v=}@ u}vJ |DQ=mO u=tR=U =@ |}xm@W
l} "OW Oy=wN u}UqBq Qorta |=Q@ |}x]kv 5 |R=UxDUUo l} x@
OwN X=N |=y|oO}J}B u}vJty w =yC}OwOLt |R=UxDUUo u}vJ
"Ow@ Oy=wN Q=wWO Q=}U@ s_vt=v |=yxm@W x@ u; s}taD u}vJty "OQ=O =Q
u}rw= xm '|awvYtCHRr R= |QF-wt w?U=vt Q=}U@ sQi x@ s=Hv=QU
|=yOm R= |Q=}U@ QO uwvm =sy w [5]OW |iQat wmvD=B wQm \UwD Q=@
CHRr u}= "OwW|t xQ=W= 'OQ=O OQ@ Q=m |D=k}kLD |=yOm R}v w |Q=HD
8 |x]@=Q CQwYx@ xm CU= 3 |x]@=Q R= |rmW Ck}kL QO |awvYt

%OwW|t u=}@

qkur = �

8><>: C2 (
+1)
4 j�vj

+
r
C22
�

+1

4
�2

(�v)2 + C21C2
s

9>=>; j�vj
(8)

� 'pwrU ZQa QO CaQU Q}}eD �v 'xS} w |=tQo C@Uv 
 u; QO xm
|=yC@=F u}vJty "CU= pwrU QO CwY CaQU Cs w pwrU |r=oJ
CHRr |]NQ}e w |]N |=yCQ=@a ?}=Q[ ?}DQDx@ C2 w C1
xDmv wO "OvwW|t xDiQo Q_v QO OL=w Q@=Q@ ,qwtat xm Ov=|awvYt
CQ=@a xm u}= pw= "OwW u=}@ O}=@ |awvYt CHRr R= pmW u}= OQwtQO
CHRr x@=WD QO V OQwNQ@ CaQU u=ty 8 |x]@=Q QO RDv=QB pN=O
=@ 8 |x]@=Q xm CU= xOy=Wt p@=k Kw[wx@ ,=}v=F "CU= |awvYt
pmW x@ Cs ! 0 =@ w |awvYt CHRr |]N pmW x@ �v ! 0
QwO =@ xm CU=vat u=O@ u}= "O@=}|t jwU |awvYt CHRr |]NQ}e
xOQm CmQL |]N CHRr CtU x@ CQ=@a u}= x@ Q[ |xy@H R= uOW

ZQi "CU= xDiQo s=Hv= [4]|mUQww=i \UwD s}taD u}= "OQm x�=Q= 3
|xQP R= |DtUk xm �M1 |xQP u}@ u=UWmQ}e OQwNQ@ l} xm O}vm
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%Ow@ Oy=wN
�
dv
dt

= �r(p+ q) (7)

Oy=wN q=� (�v)2=2 |awvYt CHRr w 'Qr=mU= Q=Wi p u; QO xm
CaQU 'OW O=} xm u=vJ "�Ot; Oy=wN CUOx@ C2 = 1=2� Ow@
OwW ZQi Qo = "CU= ZQi p@=k |vwo =vwo |=ypmWx@ V OQwNQ@
x@ 5 |x]@=Q CU=Q CtU x=ov; �M1 = �M2 = �Csdt
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?U=vt |awvYt CHRr ?=NDv= =@ |}x@ Q[ Gwt j}kO Q}NUD

pm |SQv= |Q=O}=B ^iL =@ 7Q=oR=U |R=UxDUUo VwQ R= CqO=at u}=
u}= OQwt QO |QYDNt KQW Q=m |xt=O= |=Q@ [7]"CU= xOW xO=iDU=

"CU= R=}v OQwt VwQ
|xm@W l} VwQ u}= QO xO=iDU= OQwt |D=@U=Lt |xm@W
xOW xO=O u=Wv 1 pmW QO xm@W u}= R= pwrU l} "CU= 8xOW=Hx@=H
p}mWD �4 =D 1 |=yxQ=tW =@� xQo =} T=Q Q=yJ R= pwrU u}= "CU=
xOW xO=O u=Wv 5 |xQ=tW =@ xm pwrU u}= RmQt C=YDNt "CU= xOW
p}mWD =Q pwrU Tw�Q xm xQo Q=yJ u}= C=YDNt |Q}ou}ov=}t R=CU=
`q[= \Uw x@ pwrU RmQt p=YD= =@ "CU= xOt; CUOx@ OvyO|t
V}=tv u}J\N =@ xm CU= xOt; CUOx@ 9x} wv=F |xm@W l} 'pwrU
Ov=x} wv=F |xm@W u}= \w]N Q@ Owta xm ~Si |=yQ=OQ@ "CU= xOW xO=O
R= "Ov=xOW h} QaD x} wv=F |xm@W u}= R= `r[ Qy pw] Q@=Q@ |rw] =@
"CU= ~Si Q=OQ@ Q=yJ |xOvQ}oQ@ QO =Pr 'OQ=O T=Q 4 pwrU Qy xm =Hv;
ErFt pmW x@ |L=wv pwrU T-=Q Qy x@ pwrU RmQt p=YD= =@ u}vJty
VwQ QO "s}t=v|t �pwrUQ} R� =Q =yv; xm OwW|t O=H}= u; pN=O QO
OwW|t ZQi Q[=L VywSB QO xO=iDU= OQwt Q=oR=U |R=UxDUUo
|D=@U=Lt |xm@W |=ypwrU sQH Ovv=ty R}v =ypwrUQ} R u}= sQH xm

"Ov=t Ovy=wN |k=@ C@=F pL Ov}=Qi |] QO w xOw@ |Sv=Qo q
pwL �10 |x]@=Q� CmQL xR=Ov= |=k@ |xrO=at R= |Q}op=QoDv= =@
|x]@=Q CQwYx@CmQL xR=Ov= |xrO=at '|D=@U=Lt |xm@W R= xQol}

%OW Oy=wN p}O@D 12
MP

d�p
dt

=
I
Sp
Q:dS (12)

w 'xQo CaQU vP 'xm@W R= Q_v OQwt xQo sQH MP x]@=Q u}= QO
pwrU Qy QO xm CU= �hrDNt `@=vt R=� xQoQ@ OQ=w |=ywQ}v QwUv=D Q
Qou=}@ 12 |x]@=Q CU=Q CtU p=QoDv= "OwW|t xDiQo Q_vQO C@=F
pwL O}=@ p=QoDv= u}= "OvwW|t OQ=w xQo x@ xm CU= |}=ywQ}v ẁtHt
xm xQo h=Q]= QO |}xDU@ K]U pwL Qo}O |DQ=@ax@ =} w 'x} wv=F |xm@W
l} pN=O |wQ}v u=wD|t OwW x@U=Lt Ov=xOW xDN=U ~Si |=yQ=OQ@ R=
Owta |=ywQ}v CQwYx@ w '~f4 =D ~f1 |wQ}v Q=yJ =@ =Q �1 pmW� pwrU
u}= QO xm OQm h} QaD ~fi = QZ : ~Si Q@=Q@ w |v=}t |xm@W `q[= Q@

"|R=UxDUUo QO xO=iDU= OQwt |D=@U=Lt |xm@W "1 pmW

|=Q@ xOW x�=Q= |=ysQi |r=tH= |UQQ@ "OwW|t hPL u; QF= ,=D}=yv w
Kw[wx@ 8 w 2 '1 \@=wQ |va} �|twta |=ysQi� |awvYt CHRr
=Q q=@ QO xOW u=}@ |xDU=wN GvB |t=tD =ysQi u}= xm OyO|t u=Wv
OQwNQ@ sOa� \QW u=}@ sOa =yVwQ u}= pmWt u} QDsyt O}=W "OvQ=Ov
QO u}vJty "OW u=}@ jwi QO xm CU= �v > 0 �Z=@kv= sOa ��
,qwY= R}v jwi |xDU=wN GvB R= sQ=yJ |xDU=wN OQwtQO =yVwQ u}=
xO=iDU= Q[=L VywSB R= hOy "OQ}o|tv CQwY |t=Ok= xvwoI}y
jwi |=yxDU=wN |t=tD xm CU= |awvYt CHRr l} |R=UxO=}B w
=v=t=Q=m x]UwD xOW x�=Q= |awvYt CHRr Q=m u}= |=Q@ "OW=@ =Q=O =Q
CQwYx@ QF= |=Hx@ |awvYt CHRr ẁv u}= [6]"CU= xOW ?=NDv=
OQ=w =ypwrU `q[= x@ wQ}v l} CQwYx@ pwrU RmQt QO w |Q=Wi
|=Q@ ?U=vt |=yVwQ x@ |@=}CUO u=mt= 'u=}@ xvwou}= "OwW|t
QO "CU= xOQw; sy=Qi =Q |awvYt CHRr x@ jwi |=yxDU=wN p=ta=
w 'xOW xDN=OQB CHRr R=}v OQwt X=wN |r=tH= |UQQ@ x@ =OD@= 'xt=O=
=yxDU=wN u}= |=[Q= |=Q@ |rm |]@=wQ OwW|t |aU QPoyQ u}= QO
u}= "OwW|t u=}@ =v=t=Q=m |awvYt CHRr TBU w &OwW G=QNDU=
|xO}J}B ,=D@Uv |x]@=Q =@ xyH=wt s=ovy QO =D OwW|t ?@U ?}mQD
QO "OwW lQO |@ wNx@ C=Q=@a R= s=OmQy QF= |awvYt CHRr ẁv u}=
OvJ |OOa pL =@ |awvYt CHRr ẁv u}= |=}=Rt w =y|}=v=wD R}v =yDv=

"OwW|t |UQQ@ l}Uqm |xr�Ut

|R=UxDUUo VwQ w sm =L CqO=at "2
OvJQy |UQQ@ x@ =OD@= CU= sRq =v=t=Q=m |awvYt CHRr u=}@ |=Q@
CqO=at "s} R=OQB@ =yv; |R=UxDUUo |xwLv w sm =L CqO=at |r=tH=
u}= "OvDUy |Sv=Qo q sQi QO Qr} w= CqO=at Q[=L j}kLD QO sm =L
xR=Ov= |=k@ '�9 |x]@=Q� sQH |=k@ CqO=at R= Ov=CQ=@a CqO=at
'sHL V \@=wQ u}= QO "�11 |x]@=Q� |SQv= w �10 |x]@=Q� CmQL
|=k@ "CU= Q=Wi P w wQ}v QwUv=D Q '|rN=O |SQv= e 'CaQU v

xvwoI}y xm |}xm@W� |Sv=Qo q |xm@W l} ZQi |x]U=wx@ sQH
=[Q= Q=mOwN Qw]x@ �OQ=Ov OwHw u; |=ypwrU |=yRQt R= |tQH Q=W

"OwW|t
1
V
dV
dt

= (r � ~v)i (9)

�
dv
dt

= �r �Q = �rP (10)

�
de
dt

= Q : r~v = �Pr:~� (11)

xm ' p = p(�; e)sQi x@Cr=L |xrO=atl} x=Qtyx@ CqO=at u}=
|R=UxDUUo |=Q@ "OwW|t pt=mCU= |rN=O |SQv= e w Q=Wi p u; QO

sryJ |xQ=tW � h} QW ! 180



|HQ@ O}aU w |Qy=_t EQtw}m '|}wrQ=@v= =[QO}tL

VNB C}Y=N "3
OQwtQO CU= sRq 'QDW}@ w Oa@ wO QO |Oa@l} p�=Ut hqN Q@
RmQt QO `k=w QDt=Q=B l} u=wvax@ |awvYt CHRr p=ta= w x@U=Lt
Q=@ u}rw= ?=NDv= u}= "OwW |Q}os}tYD u; `q[= Q@ `k=w =} pwrU
RmQt QO xm |awvYt CHRr [8]"CiQo Q=Qk |UQQ@ OQwt RDrwW \UwD
xm|r=L QOCU= |D@=F Q=Okt |=Q=O pwrU Qy QO OwW|t x@U=Lt pwrU
pwrUQ} R Qy QO pwrU `q[= |wQQ@ xOW x@U=Lt |awvYt CHRr

"OwW|t ZQi C@=F �1 pmW QO xOW xO=O u=Wv |=yErFt�
Q=Okt OwW|t x@U=Lt pwrU RmQt QO xm |awvYt CHRr l} QO
OQ=w u; QF= Q=Wi Ovv=ty xm CU= Qr=mU= C}tm l} q |awvYt CHRr
CQwYx@ |oO=Ux@ R}v CHRr ẁv u}= R= pY=L Q=m "OwW|t CqO=at
"CU= x@U=Lt p@=k 15 |x]@=Q R= dVZ xm CU= u=}@ p@=k �qdVZ
CHRr QF= R}v w 'CU= QiY pO=at =} C@Ft xQ=wty q Q=Okt xm =Hv; R=
j@=]t xQ=wty u; Q=m OwW|t C=@U=Lt OQ=w dVZ < 0 |=Q@ \ki

"Ow@ Oy=wN C@Ft xDU=wN
l} |=Q@ =Q sHL C=Q}}eD xm 15 |x]@=Q R= xO=iDU= =@ =v=t=Q=m
pwrU `r[ l} |wQQ@ sHL Q}}eD |=Q@ =Q |}x]@=Q OyO|t u=Wv pwrU
~Si:�~vi < 0 |k]vt w xO=U sQi x]@=Q u}= [6]"CU= xOQw; CUOx@
XwYNQO u; R= xO=iDU= =@ w OyO|t u=Wv Q=Wi CLD `r[ |=Q@ =Q
pwrU `q[= |wQQ@ xm =Q |awvYt CHRr l} u=wD|t `r[ Z=@kv=
xm |awvYt CHRr h} QaD |=Q@ Oa@ sOk "OQm h} QaD OwW|t x@U=Lt
Q=m ?@U =yvD xm CU= |}xvwox@ u; u=}@ OwW x@U=Lt `q[= |wQQ@
xm OW u=}@ u}vJ 14 |x]@=Q QO ~fi |wQ}v OQwtQO QDV}B "OwW C@Ft
x]@=Q u}= QO xm u=vJ "OW=@ xDiQo C-=Wv Ov=wD|t |a@vt Qy R= wQ}v u}=
OW=@ �vi Q=OQ@ =@ |R=wtQ}e wQ}v u}= xm |DQwY QO OwW|t xOy=Wt
sRq xv w |i=m \QW l} \QW u}= "Ow@ Oy=wN C@Ft xQ=wty =yv; Q=m
|xU}=kt "CU= |awvYt CHRr |=Q@ VNB C}Y=N uOw@ =Q=O |=Q@
u}= sm =QD \QW p=ta= =@ xm OyO|t u=Wv `r[ sm =QD \QW =@ \QW u}=
=v=t=Q=m |awvYt CHRr QO =Pr "OwW|t =[Q= Q=mOwN Qw]x@ xDU=wN

"CU= xOWv OQ=w K} QY CQwYx@ \QW u}=

CHRr QF= hPL |=Q@ =yxOvvmOwOLt R= xO=iDU= "4
|awvYt

QO |awvYt CHRr l} |=Q@ xOW KQ]t |=yxDU=wN x@ xaH=Qt =@
Q_vQO =@ sHvB w pw= |=yxDU=wN xm OwW|t xOy=Wt 'p@k |=yVN@
u}vJty "OvwW|t =[Q= OW u=}@ p@k VN@ QO xm |@r=]t uDiQo
=v=t=Q=m|awvYtCHRr T=U= xm 8 |x]@=Q x@ xaH=Qt =@ swO |xDU=wN
sQ=yJ w swU |=yxDU=wN <=[Q= |=Q@ "OwW|t =[Q= Kw[wx@ CU=

u}= R= xO=iDU= =@ "CU= z pwrU x@ \w@ Qt QwUv=D QZ R= Qw_vt x]@=Q
xm OQm |U} wvR=@ 13 |x]@=Q CQwYx@ =Q 12 |xrO=at u=wD|t x]@=Q
"OQ}PB|t CQwY xQo h=Q]= |=ypwrU s=tD |wQQ@ `tH pta u; QO

MP
d�p
dt

=
X
Z2P

QZ :~Si (13)

u}}aD CqO=at |R=UxDUUo xvwo u}= |=}=Rt u} QDsyt R= |m}
xm CU= pwrU l} |wQQ@ wQ}v l} \UwD xDiQo CQwY Q=m j}kO
p xQo CaQU vp x]@=Q u}= QO "CU= x@U=Lt p@=k �~fi:vpCQwYx@
=@ "CU= z pwrU \UwD xQo u}= Q@ OQ=w |wQ}v ~fi w 'Q_v OQwt pwrU R=
C=Q}}eD 11 |xrO=at R= xO=iDU= =@ u=wD|t Q=m |=Q@ Q}@aD u}= R= xO=iDU=

%OQm u=}@ 14 |xrO=at CQwYx@ =Q z pwrU |rN=O |SQv=

Mz
dez
dt

=
4X
i=1
�~fi:�vi (14)

�vi = vi� w 'pwrU |rN=O |SQv= ez 'z pwrU sQHMZ u; QO xm
|xOvyOp}mWD |=yxQo ẁtHt R= Qw=Ht xQo wO CaQU p[=iD vi+1

"CU= pwrU
~fi 'OwW xDiQo Q_v QO pwrU l} Q@ OQ=w |Q=Wi |=ywQ}v \ki Qo =
z pwrU Q=Wi PZ R= Qw_vt u; QO xm OwW|t u=}@ PZ ~Si CQwYx@
11 |xrO=at CU=Q CtU xm OwW|t xOy=Wt Cr=L u}= QO "CU=
wO u}= |xU}=kt =@ "OwW|t p}O@D �PZ 4P

i=1
~Si:�~vi CQwYx@
%xm OwW|t xOy=Wt

(r:~v)z =
4X
i=1

~Si:�~vi

15 |x]@=Q u=wD|t 9 |x]@=Q u}vJty w Q}N= |x]@=Q R= xO=iDU= =@
VZ x]@=Q u}= QO "OQw; CUOx@ pwrU l} sHL C=Q}}eD u=}@ |=Q@ =Q

"CU= z pwrU sHL

dVZ = VZ (r:~v)Z =
4X
i=1

~Si:�~vi (15)

CHRr QO xO=iDU= Qw_vtx@ pwrU sHL C=Q}}eD u=}@ |=Q@ x]@=Q u}=
QO w 'x]@=Q u}= R= xO=iDU= =@ Ck}kL QO "CU= O}it Q=}U@ |awvYt
Q}e QO w OwW p=ai O}=@ |awvYt CHRr 'OW=@ dVZ < 0 xm |DQwY

"OW=@ p=aiQ}e O}=@ |awvYt CHRr CQwY u}=
Qw]x@ w 15 |x]@=Q R= xO=iDU= =@ [6]=v=t=Q=m |awvYt CHRr QO
CHRr |=Q@ |@U=vt |x]@=Q OwW|t |aU jwi |R=UxDUUo |rm
Cr=L QO \ki xm � uOW p=ai Q@ xwqa xm OwW G=QNDU= |awvYt

"OW=@ xDW=O R}v VNB C}Y=N �OyO|t |wQ Z=@kv=
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?U=vt |awvYt CHRr ?=NDv= =@ |}x@ Q[ Gwt j}kO Q}NUD

"xOvvmOwOLt h} QaD |=Q@ xO=iDU= OQwt |Oa@l} |xm@W "2 pmW

rr =
�v10
�x10

�
�v21
�x21

(21)

rl =
�v32
�x32

=
�v21
�x21

(22)

QO |awvYt CHRr QF= hPL xOvvmOwOLt u}= |rY= C}Y=N
OwHw =@ "OW=@ QiY 2�1 pwrU QO CaQU swO jDWt xm CU= |v=tR
'OQ}o|t Q_v QO =Q CaQU swO jDWt Q=DiQ xOvvmOwOLt u}= xm u}=
Ea=@ Q=mu}= "Ovm|tv x@U=Lt K} QY Qw]x@ =Q swO jDWt u}= Q=Okt
=Q xO}J}B |=yxUOvy x@ s}taD |}=v=wD u}vJty w |Ov@pwtQi |oO=U
x@ xOvvmOwOLt u}= s}taD =@ =v=t=Q=m |awvYt CHRr QO "OQw;|t sy=Qi
Z=@kv= QO CHRr hPL |va}� u; |U=U= C}Y=N R= 'Oa@ xU w wO

"CU= xOW xO=iDU= �?rY VNQJ w CN=wvm}

=v=t=Q=m |awvYt CHRr "5
w =v=t=Q=m \UwD xOW x�=Q= |awvYt CHRr |UQQ@ x@ VN@ u}=
p=ta= |xwLv '|awvYt CHRr u}= u=}@ |=Q@ "OR=OQB|t [6]Vv=Q=mty
xO=O u=Wv 3 pmW QO xm |D=@U=Lt |xm@W R= c w b xQo wO x@ u;
pwrU hQ] R= xm =Q CHRr R= |W=v |wQ}v "OwW|t u=}@ CU= xOW
wQ}v u}= "s}yO|t V}=tv ~fi=1 =@ 'OwW|t p=ta= xQo wO u}= x@ Z
xOW xO=O u=Wv 3 pmW QO xQ}D nvQ =@ xm |rwrUQ} R sHL |x]U=wx@
QO x} wv=F |xm@W R= |Q=OQ@ ~S1 Q=OQ@ "OwW|t OQ=w xQo wO u}= x@ CU=

"CU= xOW `k=w |rwrUQ} R sHL u}= QO xm CU= Z pwrU pN=O
Q=OQ@ w�vi=1 = vb�vcCQwYx@ xQowOCaQUCw=iDu}vJty
xmu}= x@ xHwD =@ "OwW|tu=}@�v̂i=1 CQwYx@p[=iDu}=CyHQOl}
wmv=B wQm|awvYtCHRr u=ty =v=t=Q=m|awvYtCHRr|rY= |xDUy

%OwW|t u=}@ 23 |x]@=Q CQwYx@ ~fi=1 Q=Okt CU= �8 |x]@=Q�

~fi=1 =

8>>>>>>><>>>>>>>:
�i

8><>: C2 (
+1)
4 j�vij+r

C22
�

+1

4
�2

(�vi)2 + C21C2
s

9>=>;
�(1�  i)(�~vi:~S1)�v̂i if (�~vi:~Si) � 0
0 if (�~vi:~S1) > 0

(23)

CHRr |]NQ}e w |]N C=Q=@a ?}=Q[ u=ty C2 w C1 x]@=Q u}= QO

 u}vJty "OvwW|t xDiQo Q_v QO OL=w Q@=Q@ ,qwtat xm Ov=|awvYt

[9]"OwW|t xO=iDU= 10xOvvmOwOLt l} R= =v=t=Q=m |awvYt CHRr QO
Kw[wx@ 'OwW xDiQo Q_v QO 3 |x]@=Q Ovv=ty |awvYt CHRr Qo =
=} w 11CN=wvm} Z=@kv= s=ovy QO CHRr ẁv u}= xm CU= XNWt
=@ pmWt u}= `iQ |=Q@ ,qwtat "OwW|tv p=aiQ}e 12?rY VNQJ
Qij u; QO xm 16 |x]@=Q CQwYx@ |awvYt CHRr sQi |U} wvR=@
18 |x]@=Q CQwYx@ "ij w '17 |x]@=Q CQwYx@ VvQm MQv QwUv=D
lz� OwW|t p=ta= |awvYt CHRr x@ xDU=wN u}= 'OwW|t h} QaD

"�CU= QmvwQm |=DrO �ij w pwrU |xYNWt pw]
q = � (C1CS + C2 j�vj) lzQij (16)

Qij = "ij � 1
3�ijr � v (17)

"ij =
1
2
�
@vi
@xj

+
@vj
@xi

�
(18)

sm =QDCr=L QO xmCU=u}= (Qij)VvQm MQv QwUv=DX=wN R=|m}
sQi u}= =Pr "CW=O Oy=wN QiY Q@=Q@ |Q=Okt?rYVNQJ wCN=wvm}
xO=iDU= "OwW|t jwi OQ=wt QOCHRr QF= hPL?@U|awvYtCHRr
R= |[a@ QO |DqmWt RwQ@?@U '|awvYtCHRr |=Q@ 16 |x]@=Q R=
|R=UxDUUo QO u}}=B CkO |x]U=wx@ CqmWt u}= "OwW|t Cq=L
l} R= Qo = p=Ft u=wvax@ "Ovm|t RwQ@ 17 |x]@=Q QO OwHwt C=Q=@a
wO u}= R= |m} xm OwW xO=iDU= |Dr=L |=Q@ |}x]kv wO |R=UxDUUo
QiY xQ=wtyVvQm MQv QwUv=D |=Q@ xOW x@U=Lt Q=Okt 'OW=@C@=F x]kv
Oy=wN V}B =Qosy \=kv OQwtQO p=Ft u=wvax@ |Dr=L u}vJ "Ow@ Oy=wN
u=}@ |=Q@ sRqCkO|}x]kvwO |R=UxDUUo xmCU=p}rO u=O@u}= "Ot;
|=Q@ =Pr "Ovm|t ZQi QiY =Qu; xQ=wty w xDW=Ov =Q CaQU swO jDWt
"OQm xO=iDU= QDW}@CkO =@ |}=y|R=UxDUUo R= O}=@ pmWt u}= Q@ x@re
|}=y|R=UxDUUou}vJ?=NDv= R=uDUH|QwO|=Q@u} wvVwQl}
Cq=L RwQ@ CQwY QO xm CU= TVD |xOvvmOwOLt l} R= xO=iDU=
|xm@W l} VwQ u}= u=}@ |=Q@ [9]"Ovm hPL =Q CHRr QF= jwi

"O} Q}o@ Q_v QO 2 pmW Ovv=ty |Oa@l}
|awvYt CHRr u}}aD OwW|t x�=Q= xt=O= QO xm |]@=wQ R= hOy
OwOLt 2 pmW QO 2 w 1 |=yxQo \UwD xm CU= 2�1 pwrU |=Q@
2�1 pwrU |=Q@ |awvYt CHRr uUv=}DU} Qm VwQ QO "CU= xOW

"OwW|t u=}@ 19 |x]@=Q CQwYx@
q = qkur�21(1�  21) if �v21 < 0 (19)

u=}@ 20 |x]@=Q CQwYx@  21 xOvvmOwOLt `@=D Q=Okt x]@=Q u}= QO
"OvwW|t x@U=Lt 22 w 21 \@=wQ CQwYx@ rl w rr u; QO xm OwW|t
 21 = max

h
0;min[0 5(r1 + rr); 2rr; 2rl; 1]

i
(20)
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|HQ@ O}aU w |Qy=_t EQtw}m '|}wrQ=@v= =[QO}tL

|=]N =@ =} umttQ}e Qo}O |=yVwQ |xr}Uwx@ =yv; pL xm Ov=xOW
OQwt CtUk u}= QO xm |r�=Ut |t=tD "CU= x=Qty |O=} R |OOa
=@ p;xO}= R=o TvH R= Cr=L |xrO=at |=Q=O OvQ}o|t Q=Qk |UQQ@

"OvwW|t xDiQo Q_vQO 
 = 5=3
s_vt=v |xm@W |wQQ@ CN=wvm} sm =QD "1"6

|awvYt CHRr QF= hPL QO [7]=v=t=Q=m VwQ C}r@=k xr�Ut u}= QO
|xm@W l} xr�Ut u}= QO "OwW|t |UQQ@ CN=wvm} sm =QD Cr=L QO
?U=vDt xm|}=yCaQU =@ u; |=yxQo xm x}rw= �|iO=YD�CN=wvm} Q}e
u}= "�4 pmW� OvwW|t sm =QDt RmQt CtU x@ CU= =yxQo C}akwt =@
u}vJty "OQ}o|t Q=Qk |UQQ@ OQwt |}xv=wDU= C=YDNt QO xr�Ut
|xOvyOu=Wv 4 pmW "CU= OL=w Q@=Q@ u=O}t u}= \=kv s=tD QO |r=oJ
,=@} QkD xm CU= |v=tR COt |] R= Oa@ xr�Ut u}= |OOa pL |xH}Dv
xm u=vJ "CU= xDi=} Vy=m u; |x}rw= Q=Okt syO l} x@ u=O}t sHL
l} x@ |}xv=wDU= C=YDNt QO xr�Ut u}= 'CU=O}B xr�Ut h} QaD R=
xOvvmOwOLt O}=@ Cr=L u}= QO =Pr "OW Oy=wN p}O@D CN=wvm} sm =QD

"Ovm |Q}owrH xr�Ut pL Q@ |awvYt CHRr QF= p=ta= R=
xOy=Wt |OOa pL Ov}=Qi |] QO xOvvmOwOLt `@=D Q=DiQ |UQQ@ =@
OL=w Q=Okt O}rwD =@ xQ=wty jwi |xr�Ut\}=QWCLD `@=Du}= xm OwW|t
|Q}owrH pL Ov}=Qi Q@ |awvYt CHRr QF= p=ta= R=  i QDt=Q=B |=Q@
|xOvyOu=Wv R}v Cr=L u}= QO |r=oJ `} RwD |UQQ@ u}vJty "Ovm|t
u=O}t pN=O QO CN=wvm} CQwYx@ |r=oJ |Q@=Q@ 1000 V}=Ri=
hPL QO =Q =v=t=Q=m |awvYt CHRr OQmrta CLY xr�Ut u}= "CU=
u}= u}vJty "OyO|t u=Wv CN=wvm} Z=@kv= Cr=L QO CHRr QF=
|Ov@xm@W ẁv R= pkDUt xOvvmOwOLt `@=D xm OyO|t u=Wv xr�Ut

"Ovm|t pta jwi |xDU=wN uOQw;Q@ CyH QO xO=iDU= OQwt
l}D=@=}O; Z=@kv= "2"6

hOy "OQ}o|t Q=Qk |UQQ@ OQwt [10]p=Wowm |xr�Ut VN@ u}= QO
uOW p�=k R}=tD QO |awvYt CHRr C}r@=k |UQQ@ xr�Ut u}= R=
|Dr=L QO |}x@ Q[ Gwt |xr}Uwx@ Z=@kv= w l}D=@=}O; Z=@kv= u}@
l} R= xr�Ut u}= "OW=@v OwyWt |Oa@l} uQ=kD xvwoI}y xm CU=
=@ u; Q@ j@]vt |D=@U=Lt |xm@W |=yxQo xm CU= xOW p}mWD xQm

"|iO=YD xm@W l}B wQDvR}= Z=@kv= |xr�Ut "4 pmW

"=v=t=Q=m |awvYt CHRr |x@U=Lt |xwLv "3 pmW

CS w |r=oJ �i 'pwrU QO OwHwt |xO=t |xS} w |=y=tQo C@Uv
25 w 24 |=yx]@=Q CQwYx@ Q}N= C}tm wO u}= "CU= CwY CaQU

"OvwW|t x@U=Lt

�I =
2�b�c
�b + �c

(24)

cs = min(cs;b; cs;c) (25)

h} QaD 20 |x]@=Q u=ty CQwYx@  i xOvvmOwOLt `@=D QN; QO
rl w rr |=Q@ xDi=}s}taD |x]@=Q R= =Hv}= QO xm Cw=iD u}= =@ "OwW|t
u=}@ 27 w 26 \@=wQ QO xDi=} s}taD |=ysQi u}= [7]"OwW|t xO=iDU=

%Ov=xOW
rl =

�vi+1 ��~vi
�Xi+1 ��X̂i

� j�vij
j�Xij (26)

rr =
�vi�1 ��~vi

�Xi�1 ��X̂i

� j�vij
j�Xij (27)

Q} R CQwYx@ 27 w 26 \@=wQ |x@U=Lt |=Q@ R=}v OQwt |=yQDt=Q=B
"�Ov=xOW XNWt 3 pmW QO a; b; c; d \=kv� OvwW|t x@U=Lt

�xi = xb � xc ; �xi+1 = xc� xd ; �xi�1 =xa� xb
�vi = vb � vc ; �vi+1 = vc� vd ; �vi�1 = va� vb

(28)

QO c w b |=yxQo |=ywQ}v ẁtHt x@ ~fi=1 |wQ}v O}=@ QN; QO
wQ}v u}= Qw_vt u}= |=Q@ "OwW xi=[= |SQv= w CmQL xR=Ov= |xrO=at
CQwYx@ c xQo |=ywQ}v x@ w 'C@Ft CQwYx@ b xQo |=ywQ}v x@ O}=@
u}= xm CU= XNWt ,qt=m |r@k EL=@t T=U=Q@ "OwW xi=[= |ivt

"OQ=O =Q R=}v OQwt |xv=oGvB X=wN s=tD |awvYt CHRr

G}=Dv "6
ha[ w Cwk \=kv 'xvwtv |xr�Ut OvJ |OOa pL =@ CtUk u}= QO
?=NDv= |}xvwox@ p�=Ut u}= "OwW|t |UQQ@ =v=t=Q=m |awvYt CHRr
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?U=vt |awvYt CHRr ?=NDv= =@ |}x@ Q[ Gwt j}kO Q}NUD

R= |awvYt CHRr pm hPL |=vatx@ Q=m u}=� OwW ?=NDv= QiY Q@=Q@
x@ l}ORv Q=}U@ |r=oJ `} RwD |OOa G}=Dv '�CU= |OOa pL Ov}=Qi
OyO|t u=Wv xr�Ut u}=Ck}kL QO "Ovm|t |v}@V}B =Qhr= 6Cr=L
R= =Q l}D=@=}O; CmQL X}NWD C}r@=k [6]=v=t=Q=m |awvYt CHRr xm
CHRr QF= 'C}kiwt =@ Ov=wD|t Cr=L u}= QO w xDW=O |}x@ Q[ Gwt

"Ovm hPL pL Ov}=Qi R= =Q |awvYt

hwOUCUq@ Gwt "3"6
|}xv=wDU= C=YDNt QO [11]hwOUCUq@ Gwt |xr�Ut VN@ u}= QO
|xm@W xm |a@ Qt u=O}t l} R= xr�Ut u}= "OQ}o|t Q=Qk |UQQ@ OQwt
u}= O=a@= "CU= xOW p}mWD xOt; OwHw x@ u; |wQ Q@ |DQ=mO |D=@U=Lt
"CU= u; uQ=kD QwLt |ki= QwLt w xOw@ OL=w 1 25� 1 25 u=O}t
|SQv= "CU= OL=w Q@=Q@ |r=oJ w 'QiY Q@=Q@ u=O}t u}= s=tD QO Q=Wi
Q@=Q@ xm CU=Q CtU R= pw= pwrU RHx@ =ypwrU s=tD QO R}v |rN=O
=D OwW|t ?@U ?}mQD u}= "CU= QiY pO=at 'CU= OL=w 5027=7
w xOW O=H}= u=O}t GQ=N CtU x@ pN=O R= =Qo =w |}x@ Q[ Gwt l}
|v}@V}B pL u}= w CU= |r}rLD xr�Ut u}= pL "Ovm CmQL x@ ẁQW
|] =Q OL=w l} Q@=Q@ |Di=Ut |}x@ Q[ Gwt OL=w u=tR QO xm Ovm|t
"CU= xOW pL xrLQt wO QO xr�Ut u}= 'VN@ u}= QO "OQm Oy=wN
QO w 'CU= p=ai pt=m CQwYx@ |awvYt CHRr xm |Dr=L QO =OD@=
xOW hPL pL Ov}=Qi R= |awvYt CHRr |xOvvmOwOLt swO Cr=L
"CU= xOW xO=O u=Wv 8 w 7 |=ypmW QO pL wO u}= G}=Dv "CU=

"CU=Qo =wp�=Ut QO|awvYtCHRr QF=|UQQ@ xr�Utu}= R= hOy
O=H}= =Qo =w p�=Ut |UQQ@ QO |v=OvJ pmWt |awvYt CHRr ,qwY=
xmu=vJ "CU= xOy=Wt p@=k 8 w 7 pmW wO QO ?r]t u}= [6]Ovm|tv
QO xOvvmOwOLt OwHw sOa =} OwHw 'OwW|t xOy=Wt =ypmW u}= QO
u}vJty w �? 8 w ? 7 |=ypmW� |D=@U=Lt |xm@W |}=yv pmW
xr�Ut u}= OQwt QO |r}rLD pL xmu=vJ "OQ=Ov |Q}F-=D Gwt C}akwt
OL=w u=tR |] R= Oa@ |}x@ Q[ Gwt Cr=L wO Qy QO 'Ovm|t |v}@V}B
xDmv u}= x@ O}=@ =Hv}= QO "OQ=O Q=Qk OL=w C}akwt QO |@ wN CkO =@
'OQ=Ov |v=OvJ QF= xr�Ut u}= QO xOvvmOwOLt OwHw xJQo = xm OQm xQ=W=
C=v=Uwv O}OWD ?@U u; OwHw sOa CU=O}B hr= 8 pmW R= xmu=vJ

"OwW|t �|Owta QwLt� |a=aW QwLt |m}ORv QO |m} R}iQ}e

wQW}B CqmWt "7
=}=B wC@=F|}x@ Q[Gwtl} =yv; QO xm|r�=Ut x@|awvYtCHRr p=ta=
Qo = =t= "OW Oy=wNK}LYG}=Dv x@GDvt,qwtat OQ}o|t Q=Qk|UQQ@ OQwt
|r=oJ u=}O=Qo =@ RQtl} R= =} 'Ovm OQwNQ@?rY |xQ=w}Ol} =@ x@ Q[
w '�OOvw}B|t ẁkwx@ xO=t wO u=}t RQt QO xm xJv; Ovv=ty� Ovm Qw@a O=} R

"Ov=CmQL p=L QO|}xv=wDU= C=YDNt QO (�z;�r=4) Q@=Q@|DaQU
?U=vDt|rN=O |SQv= |=Q=O R}v|D=@U=Lt |xm@W |=ypwrU u}vJty
?@U |v=O}t |=yQDt=Q=B |=Q@ Q}O=kt u}vJ u}= "OvDUy (3 z=8)2 =@
QO l}B wQDvR}; \=U@v= w r CyH QO |O=} R l}D=@=}O; Z=@kv= O=H}=
pL u}= w xOw@ |r}rLD pL |=Q=O xr�Ut u}= "OW Oy=wN z CyH
u=tR� |]=U@v= Gwt uOWTmavt R= Oa@ |r=oJ Ovm|t |v}@V}B

"OW=@ 37 4 Q@=Q@ Gwt u}= CWB QO RmQt R= �OL=w 0 8 OwOL
"CU= Cr=L u}= QO |D=@U=Lt |xm@W |xOvyOu=Wv 5 pmW
|=DU=Q QO xm@W u}= QO |r=oJ `} RwD Qou=Wv hr= 6 pmW u}vJty
u}= R= xmu=vJ "CU= xQm RmQt l}ORv |}x]kv QO �r QwLt� |a=aW
Q=Okt x@ Q=}U@ |U=mav= Gwt |x}L=v QO |r=oJ Q=Okt CU=O}B Q=Owtv
|U=mav= Gwt |x}L=v QO |r=oJ Q=Okt u}vJty "CU=l}ORv |r}rLD
Q=Owtv u}ty ? 6 pmW QO "CU= C@=F |r}rLD pL |v}@V}B j@=]t
V}=tv OW=@ p=aiQ}e |awvYt CHRr |xOvvmOwOLt xm |Dr=L QO
xOvvmOwOLt hPL 'OwW|t xO}O Q=Owtv u}= QO xmu=vJ "CU= xOW xO=O
|Qw]x@ &OwW|t RmQt l}ORv |L=wv QO O=} R Q=}U@ |=]N RwQ@ ?@U
"OUQ|t OwN |ak=w u=R}t Q@=Q@ wO =D |DL |L=wv u}= QO |r=oJ xm
R}v C2 w C1 |va} |awvYt CHRr C@=F ?}=Q[ Cr=L u}= QO Qo =

"pWowm |xr�Ut QO |D=@U=Lt |xm@W "5 pmW

"pWowm |xr�Ut QO |r=oJ `} RwD "6 pmW
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|HQ@ O}aU w |Qy=_t EQtw}m '|}wrQ=@v= =[QO}tL

l} x@|oDUw}B=v R=|}x@ Q[ Gwt Q}}eD?@U|awvYtCHRr xmCU=
|x]U=wx@ xv =ypwrU u}= O=OaD "OwW|t pwrU OvJ ZQa QO VyH
CHRr ẁv x@ xDU@=w u}at Q=Okt l} xmr@ '|}x@ Q[ Gwt l} R}i
QO =]N RwQ@ u}vJty "OQ}o|t Q=Qk xO=iDU= OQwt xm CU= |awvYt
ẁkw|x]U=wx@,qwtat Ovm|t OQwNQ@|RQt x@|}x@ Q[Gwt xm|t=ovy

QO|}=y=]N u}vJ ẁkw "CU= �|awvYt uOWsQo� x@ swUwt|}xO}OB
|[a@ xmCU= xOW?@U|}xO}OBu}vJ [14]"CU= OwyWt u=kkLt Q=m
13|awvYt CQ=QL C}=Oy Q=mwR=U R= xO=iDU= xv}tR u}= QO u=kkLt R=
|aU xm |}=yVwQ [14]"Ovvm O=yvW}B |awvYt CHRr Q=vm QO =Q
|awvYt CQ=QL p=kDv= uDiQo Q_vQO uwO@ =Q jwi CqmWt Ovvm|t
|t}taD w Ov=xDi=} VQDUo |Oa@l} |xm@W l} |wQQ@ Ovvm pL
CQ=QL p=kDv= =t= "OQ=Ov OwHw |Oa@xU w wO C=YDNt QO =yv; |=Q@
"CU= xDi=} VQDUo R}v |Oa@xU w wO p�=Ut |UQQ@ |=Q@ |awvYt
[14]CU= xDW=O |};Q=m p�=Ut R= |[a@ p}rLD QO VwQ u}= u}vJty

"OQ=O |QDW}@ |UQQ@ |=H Rwvy Qo}O p�=Ut QO u; R= xO=iDU= =t=

|Q}oxH}Dv "8
C=k}kLD QO xO=iDU= OQwt |awvYt CHRr `=wv= Q[=L Q=DWwv QO
CHRr `=wv= |t=tD ,=@} QkD OW xOy=Wt xm u=vJ "OWQwQt hrDNt
|}=v=wD =} =Qoty p�=Ut Q}_v �� X=N Cq=L QO xOW u=}@ |awvYt
u}= QO "OvDW=Ov |@U=vt Q=DiQ �� x@ Q[ w l}B wQDvR}; Z=@kv= u}@ R}=tD
|=Q=O xm CU= |awvYt CHRr =yvD [6]=v=t=Q=m |awvYt CHRr u}@
R= xm u=vJ "CU= |awvYt CHRr |=Q@ xOW KQ]t |xv=oGvB X=wN
X}NWD|}=v=wD j}kO Qw]x@|awvYtCHRr u}= O};|tQ@ |OOaG}=Dv
R= xO=iDU= |x]U=wx@ u}vJty "OQ=O =Q x@ Q[ R= l}B wQDvR}; Z=@kv=
"OQ=O =Q?rY|=yCmQLX}NWD|}=v=wD [5]wmv=B wQm|awvYtCHRr
,=YwYN =D OQw;|t sy=Qi CHRr ẁv u}= |=Q@ =Q u=mt= u}= X=wN u}=
"OW=@ xDW=O |QDQ@ |awvYt CHRr `=wv= Qo}O Q@ =Qoty p�=Ut QO
OyO|t u=Wv|awvYtCHRr ẁvu}= |wQ Q@ xDiQo CQwY |=y|UQQ@
|=yVwQ =@ C@=kQ |=Q@ sRq |OOa CkO |awvYt CHRr ẁv u}= xm
w j}kO Q=}U@ u=}@ |x]U=wx@ XwYNx@ CkO u}= [6]"OQ=O =Q hvwOwo
|DL xm OwW|t ?@U xr�Ut u}= "CU= u; QO CHRr X=wN |m} R}i
x@ hvwOwo |=yVwQ R=}v |x]U=wx@ Oa@xU w wO QO p�=Ut |UQQ@ QO
u=vJ u}vJty "O@=} C}LHQ= O=a@= u}= x@ s}taD |=Q@ Qorta CUmW
sm =L l} R}i uOWxO}J}B =@ |awvYt CHRr |Ov@pwtQi OW u=}@ xm
w |Ov@pwtQi 'hvwOwo |=yVwQ QO =t= OQm Oy=wNv |Q}}eD xr�Ut Q@

"OW Ovy=wN xO}J}B COWx@ pL VwQ
`q[= |wQQ@ u; |x@U=Lt |awvYt CHRr u}= pmWt =yvD

"p=ai |xOvvmOwOLt =@ hwOUCUq@ |xr�Ut "7 pmW

"p=aiQ}e |xOvvmOwOLt =@ hwOUCUq@ |xr�Ut "8 pmW

Ovm Qw@a Q}eDt |xR=Ov= =@ |}=ypwrU |=Q=O |D=@U=Lt |xm@Wl} R= =}
=v=t=Q=m|awvYtCHRr QO =y=]N xvwou}= "OwW|t Q=mW; pL QO =]N
|UQQ@ x@ |Oa@l} |xm@Wl} QO [12]uwQt=m Q=@ u}rw= "OQ=O OwHw R}v
CHRr QO ?}=Q[ u}}aD |=Q@ |WwQ |iQat =@ w= "CN=OQB pmWt u}=
uDU=m QO |aU =ypwrU |x}rw= |xR=Ov= u}}aD u}vJty w |awvYt
|iQat =@ xm O=O u=Wv OwN Q=m QO R}v [13]u}rwoQ=t "OQm =]N xvwou}=
OQwt =ywQ}v |x@U=Lt QO xm u=}O=Qo QwD=QB= |R=UxDUUo VwQ ?U=vt
xvwou}= "OQm|Q}owrH|DqmWtu}vJRwQ@ R= u=wD|tOQ}o|t Q=Qk xO=iDU=
QO |}x@ Q[ Gwt |x@U=Lt QO =]N RwQ@ xm OvyO|t u=Wv =y|UQQ@
p}rO u}=x@ �xO=tl}TvH R= =t=� xR=Ov=l} wCN=wvm} Q}e |=yxm@W
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?U=vt |awvYt CHRr ?=NDv= =@ |}x@ Q[ Gwt j}kO Q}NUD

=@ w sm =L CqO=at |R=UxDUUo |=Q@ [7]=v=t=Q=m |R=UxDUUo VwQ R=
xm@W `q[= C=aq]= R= OwN |R=UxDUUo VwQ u}= xm u}= x@ xHwD
|awvYt CHRr R= xO=iDU= Ovm|t xO=iDU= Qr} w= CqO=at pL |=Q@
R= xO=iDU= =t= "CU= xOWv R=}v OQwt |x_i=L sHL V}=Ri= ?@U jwi
14=Qo RmQt |=yVwQ XwYNx@ 'Qo}O |R=UxDUUo |=yVwQ QO u;

"OQ}o Q=Qk |UQQ@ OQwt O}=@

Q=Okt =D OwW|t ?@U Qt= u}= "CU= |D=@U=Lt |xm@W |=ypwrU
u}vJty w `q[= u}= C=aq]= |Q=Oxov |=Q@ |QDW}@ |x_i=L
`q[= xm u}= p}rOx@ u}vJty "OW=@ R=}v OQwt xOW x@U=Lt |=ywQ}v
|QDW}@ C=@U=Lt sHL 'Ov=xm@W u; |=ypwrU R= QDW}@ xm@W l}
pwrU RmQt QO =yv; Q=Okt xm Qo}O |awvYt CHRr `=wv= x@ C@Uv
xO=iDU= |x]U=wx@ Q[=L Q=DWwv QO "CU= R=}v OQwt OwW|t x@U=Lt

CWwv=B
1. shock wave
2. shock tracking
3. arti�cial viscosity
4. operator splitting
5. dissipativity
6. wave front
7. compatible
8. staggered grid
9. median mesh
10. limiter
11. uniform compression
12. rigid rotation
13. arti�cial heat 
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14. collocated `@=vt
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