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xtOkt
|xrO=at� w �Q=Wi |xrO=at� xDUO wO x@ u=wD|t =Q CqO=at u}= "CU= |]NQ}e
QO 'CU= |wtyU VNB |xrO=at l} Q=Wi |xrO=at "OQm |R=U=OH �sQH |=k@
CU= |wtyU VNB � |}=Hx@=H CqO=at x=oDUO l} sQH |=k@ |xrO=at xm |r=L
|D=@U=Lt sHL seQ|ra Q=Wi |xrO=at "CU= ?r=e |}=Hx@=H C=QF= u; QO xm
pwtat |vt[ |=yVwQ R= u=wD|t u; pL |=Q@ w OQ=Ov |O=} R |OOa Vr=J q=@
|=k@ |xrO=at xm CU= |r=L QO u}= "OQm xO=iDU= 'OvQ=O \QW w O}k|@ |Q=O}=B xm
VN@ Q=W `@=D w CU= 1xO}y=@D xrO=at u}= =Q} R CU= |}xS} w CkO OvtR=}v sQH
|xty xm |r=L QO 'R=i l} CU= umtt R}v |y=o "CU= 2?OLt Q}e u; |wrwrPy
CLD "Ovt=v|t �xOWvQ}U� =Q Cq=L u}= xm OwW hPL 'OvQ[=L |}=}t}W |=RH=
Q=m x@ pOt x@ xDU@ "OwW|t QDpmWt ?D=Qtx@ sQH |=k@ |xrO=at pL \}=QW u}=
u}vJ pL "O}=}@ OwHw x@ xr�Ut QO xOWvQ}U Cr=L OvJ =} l} CU= umtt 'xDiQ
|}xr�Ut 'OQ=O xO}y=@D hrDNt Cq=L s�=O Z} waD x@ R=}v xm |DqO=at sDU}U
|}=Hx@=H |xrO=at pL |=Q@?U=vt |OOa VwQ P=ND= u}=Q@=v@ "CU= R}ov=Q@Vr=J

"CU= Q=DWwv u}= |rY= h=Oy= R= |m} sQH |=k@ VNB �
|}=v=wD Crax@ [1]hwvwOwo |xO=wv=N |=yVwQ R= xO=iDU= '|O=tDt u=}r=U
|R=Ux}@W QO |@U=vt Q=}U@ ?=NDv= =y|oDUw}B=v |R=UQ=mW; QO u; |q=@
C=Q}}eD |x@U=Lt |=Q@ |}q=@ Q=}U@ CkO R= =yVwQ u}= xJQo = "Ow@ uR=Nt
3|}xYNWt |x} RHD Crax@ 'CU= Q=OQwNQ@ =y|oDUw}B=v pLt QO |v=yo =v

|v@ QmwQO}y uR=Nt R= Civ CW=OQ@ V}=Ri= 'Civ CavY QO |U=U= p�=Ut R= |m}
*|m} R}i |=yxO}OB R= |y=o ; sRrDUt 'Civ Ci=} R=@ Ov}=Qi |xv}y@ |L=Q] "CU=
Qy *syt |=yx@vH R= |m} "CU= |Div uR=Nt QO p=}U u=} QH Q@ sm =L *hrDNt
T=}kt QO uRNt nvU |=yxQiL R= Civ G=QNDU= QO u; Q}F-=D u=R}t 'Ci=} R=@ Ov}=Qi
C}kiwt |O=} R OL =D|B wmUwQm}t|}=Hx@=H|}=Q=m xm|}xvwox@CU=|B wmUwQm}t
Q@ Q=PoQ}F-=D pt=wa R= |m} 'u}@ u}=QO "Ovm|t u}}aD =Q Ci=} R=@ Ov}=Qi Qy CUmW =}
|=yR=i u}@ Q=Wi hqDN= '|B wmUwQm}t |}=Hx@=H |}=Q=m Q@ xH}DvQO w p=}U lQLD
p}rOx@ xm Q=Wi Cw=iD u}= "CU= pNrNDt |=y\}Lt l} Q=@ |Q=Ht QO hrDNt
Q=Wi `@=D \UwD ,qwtat 'O};|t OwHw x@ hrDNt |=yR=i u}@ T=tD K]U VvmQOv=
|=yOv}=Qi Q@ u; C=QF= VywSB u}= QO w OQ}o|t Q=Qk p}rLD w x} RHD OQwt |ov}�wt

"OwW|t |UQQ@ Civ Ci=} R=@
=Q} R 'CU= O}it Q=}U@ |v@ QmwQO}y uR=Nt |R=Ux}@W |=Q@ x=}U Civ pOt
u}= "Ovm pOt |@ wNx@ =Q u@ QmwQO}y |x} wv=F w x}rw= Ci=} R=@ Ov}=Qi wO Qy Ov=wD|t
u}@ sQH p=kDv= w p=}U |Q}PBsm =QD w CU= |R=ixU � |�RHxU u=} QH l} pOt

"Ovm|t x@U=Lt ?}mQD R= =yxO=O u} QDsm R= xO=iDU= =@ =Q hrDNt |=yR=i
w xDU@=w ,=O}OW pOt u}= |xOvvmh}YwD |�RH p}Uv=Qi}O CqO=at |xawtHt
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%s}vm|t h} QaD =yR=i R= l} Qy \UwD xOWp=eW= p=}U R=
s = u

eTu
(1)

h} QaD |UQ=O uwv=k |xr}Uwx@ |R=i |=yCaQU "e = f1; 1; 1gT u; QO xm
%R= CU= CQ=@a |Wv=Qo |=ywQ}v R= Q_vhQY =@ xm 'OwW|t

vj = ��jrpj ; j = l; v; a (2)

'uRNt nvU |Q}PBPwivK� CU= j R=i |Q}PBlQLD '�j = Kkrj=�j u; QO xm
Q=Wi CqO=at "�CU=j R=i l}t=v}O CHRr w |@Uv |Q}PBPwiv ?}DQDx@ �j w krj

%OvwW|t u=}@ 3 \@=wQ \UwD |ov}�wt
pv � pl = pcv (sv)

pa � pl = pca (sa) (3)

x@ C@Uv ?; w Q=N@ |=yR=i |ov}�wt Q=Wi ?}DQDx@ pca w pcv `@=wD u; QO xm
|ov}�wt |=ypOt =} |y=oW}=tR; G}=Dv j} Q] R= CU= umtt xm CU= Civ R=i
xm CU= xOW x�=Q= |ov}�wt Q=Wi h}YwD |=Q@ |irDNt |=ypOt "OwW u} Ro}=H
|=Q@ xOWx�=Q= pOt w [13w12]|R=iwO u=} QH |=Q@ xOWx�=Q= |=ypOt =yv; u} QDQwyWt

"CU= [14]|R=ixU u=} QH
V}=Ri= x=}U Civ CqO=at |oO}J}B '|ov}�wt Q=Wi C=QF= uDiQo Q_v QO =@
p}O@D p}rOx@ R}v |WN@ w |]NQ}e CqtH R= |W=v V}=Ri= u}= R= |WN@ "O@=}|t
Q=Wi ?=NDv= u}vJty "CU= |wtyU |xrO=at l} x@ |wrwrPy sQH |=k@ |xrO=at
p}rOx@ xm =QJ &CU= syt Q=}U@ |}xr�Ut R}v sm =L CqO=at G=QNDU= |=Q@ =v@t
CqO=at G=QNDU= Qw_vtx@ "OQ=O Cw=iD sy =@hrDNt |=yR=i Q=Wi '|ov}�wt |xO}OB
T=U=Q@ =Q CqO=at w '?=NDv= =v@t u=wvax@ =Q =yR=i R= |m} Q=Wi u=wD|t 'sm =L
Qo}Om} x@ =yv; |oDU@=w w CqO=at |oO}J}B Q@ ,qwtat Q=m u}= |rw "OQm s}_vD u;
'OwW hPL xOWvQ}U Cr=L QO =v@t R=i u; xm |t=ovy Qo}O |wU R= "O}=Ri=|t
xO=iDU= 'pmWt u}= pL |=Q@ |Qo}O VwQ =t= "OwQ|t p=-wU Q} R CqO=at Q=@Da=
u}=x@ "OwW|t h} QaD =yR=i pm CaQU |xr}Uwx@ xm [16w15]CU= |twta Q=Wi R=
|OOa CqmWt R= w O@=}|t Vy=m Qo}Om} x@ CqO=at |oDU@=w w |oO}J}B ?}DQD

"OwW|t xDU=m R}v |ov}�wt Q=Wi |xr�Ut x@ \w@ Qt
fj = �j=�t CQwYx@ =Q fi u=} QH QUm `@=wD =OD@= '|twta Q=Wi h} QaD |=Q@
"CU= pm |Q}PBlQLD h:Qat �t =

P
j=l;v;a �j u; QO xm 's}vm|t h} QaD

pc(sv; sa) Ovv=t|a@=D x=ov; 'OvW=@ s `=@W= |xHQO R=|a@=D ,=iQY `@=wDu}= xJv=vJ
%xm |}xvwo x@ OQ=O OwHw

rpc = fvrpcv + farpca (4)

Ovm =[Q= =Q 4 |x]@=Q pc `@=D xm u}= |=Q@ |i=m w sRq \QW xm O=O u=Wv u=wD|t
[16]%xm CU= u}=

@fv
@sa

@pcv
@sv

+ @fa
@sa

@pca
@sv

= @fv
@sv

@pcv
@sa

+ @fa
@sv

@pca
@sa

%OwW|t h} QaD 5 |x]@=Q j@=]t p |twta Q=Wi '\QW u}= |Q=QkQ@ ZQi =@
p = pl + pc (5)

|}q=@ Q=}U@ |D=@U=Lt |xv} Ry 'xS} w |=yQ=OQ@ uOQw; CUO x@ w u}@ wm =S T} QD=t
"OQ=O

'Q}PBsm =QD |=yu=} QH |R=Ux}@W QO w |OOa |=yVwQ h}] QO 'Qo}O |wU R=
R= xO=iDU= R=e; |x]kv "CU= xDW=O OQ@ Q=m |awvYt VNB =@ |RmQt |=yVwQ
'Ov=xOW xO=yv =v@ 4pL C@=F |xDUw}B |}xmD ?} QkD |x}=B Q@ xm |RmQt |=yVwQ
'hwvwOwo pw= |x@DQt VwQ =@ xU}=kt QO [2]"Ow@ 1971 p=U QO xOWs=Hv= C=ar=]t
|=yVwQ OQ@ Q=m |rw OvQ=Ov xS} w Q}O=kt w xS} w Q=OQ@ |x} RHD x@ R=}v =yVwQ u}=
|oO=U '=t= "Ow@ xOW hkwDt =yCOt 'OL R= V}@ |OOa VNB p}rOx@ |RmQt
VQDUo x@ =D CW=O u; Q@ =Q u=kkLt 'C=@U=Lt w |Q}oQ=mx@ QO =yVwQ u}= |@Uv

"OvQw; |wQ 5q=@ l}miD CQOk =@ |RmQt |=yVwQ
p=U QO |O=yvW}B VwQ |=Hx@ =Q swO |x@DQt |OOa VwQ l} u}kkLt
R=}v sOa |va} 'u}W}B VwQ |rY= C} Rt xm OvOQm `=O@= [2]�|RmQt VwQ� 1971
|xm@W |=Q@ VwQ u}= [3]"CU= xOQm ^iL =Q u=t} Q j}kO =} |@} QkD |=yQopL x@
O=a@= w [5w4]C=HQO x@ |Oa@ u}kkLt \UwD =yVwQ u}= "CU= O}it xOW =Hx@=H
R}v =Q =yVwQ u}= R= xOW =Hx@=HQ}e |xm@W xNUv l} u=v; "Ci=} xaUwD [7w6]QDq=@

[8]"OvOQm `=O@=
O(�x2r=�t)|x@DQt R=|awvYtCHRr|=Q=O xOWO=}|OOa|=yVwQ|xty
|awvYtVNB?}DQDu}O@ "CU= VwQ u;CkO |x@DQt |xOv}=tv r u; QO xm 'OvDUy
'Xkv u}= KqY= Qw_vtx@ "O@=}|t V}=Ri= |Oa=YD CQwYx@ |v=tR s=o Vy=m =@
O(�x2r�1)|x@DQt R= u;|awvYtCHRr xm [9]OWKqY=|}xvwox@u}Wv=HVwQ
|v=OvJ Q}}eD VwNDUO VwQ u}=|awvYtVNB '|v=tR s=oVy=m =@ xH}DvQO &OW=@
Civ p�=Ut x@ Cw=iDt |RmQt VwQ xvwo xU 'VwQ u}= |=yC} Rt Crax@ "OwW|tv
O=O u=Wv xrY=L G}=Dv "OW xU}=kt Qo}Om} =@ =yv; |}=Q=m w [10]p=ta= |Oa@l} x=}U
QDW}@ pL QO OwHwt |=y|oDUw}B=v X}NWD QO Q)tO=D w h)v=oQwm VwQ CkO xm

"CU= CFL OOa R= pkDUt u; |awvYt VNB R}v w CU=
Civ |@}DQD |Ov@pwtQi '|ov}�wt C=QF= uDiQo Q_v QO |=Q@ 'Q[=L |UQQ@ QO
Q=Wi h} QaD R= xO=iDU= =@ 'CU= xOW x�=Q= [11]p*@ w u}=DWvov=Q*D \UwD xm x=}U
Qw_vtx@ xO=iDU= OQwt |OOa VwQ C=}�RH TBU "OwW|t xO=O \U@ 6|twta
xm x=}U Civ |Oa@l} |xr�Ut xU R}v =yDv= QO "OwW|t u=}@ sm =L CqO=at pL
|OOa VwQ CkO w OwW|t pL 'CU= OwHwt |tra Q@Dat Cq=kt QO =yv; G}=Dv

"OQ}o|t Q=Qk |UQQ@ OQwt xDiQ Q=m x@

sm =L CqO=at
=Hv}= QO "OQm |Ov@pwtQi xw}W u}OvJ x@ u=wD|t =Q x=}U Civ pOt Q@ sm =L CqO=at
7|tHL|v=wNty=vl} R= xm [11]CU= x=}UCiv|@}DQD |Ov@pwtQi|@=NDv= |xw}W
R= uRNt pN=O p=}U 'x=}U Civ pOt QO "CU= Q=OQwNQ@ Q=Wi |xrO=at G=QNDU= QO
"Ov=xOW `} RwD |@; w Q=N@ '`}=t R=i xU QO xm OwW|t p}mWD ?; w R=o 'Civ <RH xU
sHL w z = fzo; zg; zwgT Q=OQ@ \UwD |r=N |=[i sHL OL=w Q@ <=RH= sQH
u = ful; uv; uagT Q=OQ@ \UwD |r=N |=[i sHL OL=w Q@ =yR=i R= l} Qy
'Civ |=RH= |xOvyOu=Wv w w g 'o |=yT} wvQ} R =Hv}= QO "OwW|t xO=O V}=tv
Q=N@ '`}=t |=yR=i |xOvyOu=Wv a w v 'l |=yT} wvQ} R xm |r=L QO 'CU= ?; w R=o
Cw=iDt '|ov}�wt Q=Wi OwHw Crax@ 'uRNt QO OwHwt |=yR=i Q=Wi "CU= |@; w
QO xm =Hv; R= "O=O V}=tv p = fpl; pv; pagT Q=OQ@ =@ =Q u; u=wD|t xm CU=
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UL %R= CU= CQ=@a 12 |xrO=at T=U=Q@ z w u u}@ |x]@=Q =Hv}= QO

u = BTz (12)

OwHw =yR=i |xty xm |t=ovy 'u=} QH "TR = I xm CU= |U} QD=t T u; QO xm
`}=t R=i QO OwHwt R=o |xty CU= umtt =t= "OwW|t xO}t=v �`=@W=� 'OvW=@ xDW=O
�xOWvQ}U� =Q u=} QH CQwY u}= QO &OwW hPL Q=N@ R=i xH}DvQO w OwW pL |@; w
QO "CU= `}=t ?=@L |x]kv Q=Wi R= QDq=@ uRNt Q=Wi OyO|t u=Wv xm s}} wo|t
\@=wQ |rm pmW xJQo = OvQ=O KqY= x@ R=}v B w T 'R |=yT} QD=t Cr=L u}=
|=Q@ |Ov@pwtQi u}= ?=NDv= |rY= p}rO xDmv u}= "OwW|tv Zwa 12 w 11 '8
xOWvQ}U w xOWQ}U |=yCr=L u=wD|t u; |xr}Uwx@ =Q} R 'CU= Q[=L |xar=]t

[11]"CU}v Qo}Om} R= =yv; l}miD x@ R=}v w OQm |UQQ@ sy =@ =Q
|xrO=at� 11 |xrO=atpL|=Q@ |OOaVwQ p=ta= Qw_vtx@CU=|QwQ[p=L
"s}vm l}miD Qo}Om} R= =Q xrO=at u}= |wtyU w |wrwrPy |=yVN@ �sQH |=k@

%s}vm|t |R=U=OH =Q 6 |x]@=Q =OD@= Qw_vt u}= |=Q@
vj = vpj + vcj ; j = l; v; a (13)

'|twta Q=Wi C=QF= R= |W=v CaQU vpj = fjvt xrO=at u}= QO
=@ "CU= |ov}�wt Q=Wi C=QF= R= |W=v CaQU vcj = �j (r(pc � pcj)) w

%CW=O s}y=wN 11 |xrO=at QO 13 |x]@=Q |Q=Po}=H
@�z
@t

+ @hp
@x

= @hc
@x

(14)

hc = �RB�1vc w '|twta Q=WiC=QF= R=|W=v Q=Whp = RB�1vp u; QO xm
|}=Hx@=H CQ=@a l} @hp

@x xm O=O u=Wv u=wD|t "CU= |ov}�wt C=QF= R= |W=v Q=W
w CU= VNB CQ=@a l} @hc

@x xm|r=L QO 'Ovm|t C} wkD =Q |wrwrPy C=QF= w CU=
?U=vt |OOa VwQ ?=NDv= |xwLv 'Oa@ VN@ QO "Ovm|t C} wkD =Q |wtyU C=QF=

"OW Oy=wN K} QWD C=Q=@a u}= R= l} Qy |R=UxDUUo |=Q@

|OOa VwQ
u=O}t l} |=Q@ "OwW|t xO=iDU= OwOLt sHL VwQ R= 14 w 8 CqO=at pL |=Q@

%OwW|t h} QaD u}vJ u=tr= Qy |xR=Ov= w xm@W \=kv L pw]x@ |Oa@l}
xi = (i� 1) �x; i = 1; 2; :::; n
�x = L

n� 1 (15)

Kw]U |xr}Uwx@ xm CU= |}x}L=v i |x]kv =@ Q_=vDt pQDvm sHL
=@ "OwW|t OwOLt xi+1=2 = xi + �x=2 w xi�1=2 = xi � �x=2

%s} Q=O i pQDvm sHL |wQ Q@ 8 |x]@=Q R= |Q}op=QoDv=Z Z
�dxdt=

Z Z
�@p
@t
dxdt+

Z Z
eTBT @

@x

�
RB�1v

�
dxdt

(16)

%u; QO xm
� = ��eT @u

@p
+ eTu@�

@p
; � = eTu� 1

�t

u=}@ u}vJ u=wD|t =Q 2 |R=i |=yCaQU |x]@=Q '5 =D 2 \@=wQ R= xO=iDU= =@ uwvm =
%OQm

vj = fjvt + �j (r (pc � pcj)) ; j = l; v; a (6)

%OwW|t h} QaD 7 |x]@=Q j@] xm CU= pm CaQU vt w pcl = 0 x]@=Q u}= QO
vt =

X
j=l;v;a

vj = ��trp (7)

xDU@=w |twta Q=Wi u=}O=Qo x@ \ki pm CaQU 'O};|tQ@ xrO=at u}= R= xm u=vJ
Q=Wi |xrO=at |R=UxDUUo QO xr�Ut u}= "CU= |ov}�wt Q=Wi R= pkDUt w CU=

"CU= C}ty= R�=L
Cr=L |xrO=at |=]N K}LYD R= |twta Q=Wi `} RwD Q@ sm =L |xrO=at
R= |a@=D =yvD |R=i |=y|r=oJ xm u}= ZQi =@ [11]"O};|t CUO x@ (eTu = 1)

%R= Ow@ Oy=wN CQ=@a pY=L Q=Wi |xrO=at 'OW=@ |twta Q=Wi
eTu� 1

�t
=
�
��eT @u

@p
+ eTu@�

@p

�
@p
@t

+

eT @u
@z

@
@x

�
RB�1v

�
(8)

"CU= |R=i |=yCaQU Q=OQ@ v = fvl; vv; vagT w u=tR t 'pNrND � u; QO xm
C@Uv Qou=}@ xmCU= |tHL pmW Q}}eDT} QD=t R}v B = diagfBl; Bv; Bag
lv=D \}=QW QO R=i u=ty sHL x@ C@Uv �RC� uRNt \}=QW QO R=i Qy sHL

"OvQ=Wi R= |a@=D =yvD =yB '|DQ=QL C=QF= ?=}e QO "CU= �STC� xQ}NP
h}YwD =yR=i u}@ QO =Q =RH= `} RwD|ovwoJ wCU=C}rqLC@Uv RT} QD=t
R=i QO |rY= <RH Q=Okt x@ j R=i QO i <RH Q=Okt C@Uv CQwYx@ Rij "Ovm|t
STC \}=QW QO xm CU= R=i u; R= |�RH R=i l} |rY= <RH "OwW|t h} QaD j
"OvDUy |@; w Q=N@ '`}=t |=yR=i |rY= |=RH= ?}DQDx@ ?; w R=o 'Civ "OW=@ Q[=L
w B |=yT} QD=t xm CU= u}= 8 Q=Wi |xrO=at G=QNDU= QO |U=U= ZQi
|=]N R= Qo}O CQ=@ax@ "OvW=@ |twta Q=Wi R= |a@=D '|R=i |=yQ=Wi |=Hx@ R

Q_vhQY |R=i Q=Wi |=H x@ |twta Q=Wi QO =yT} QD=t u}= |x@U=Lt R= |W=v
"CU= xOW

w |@; w `}=t |=yR=i QO R=o C}rqL p@ w u}=DWvov=QD \UwD xOWx�=Q= pOt
%u}=Q@=v@ 'OQ}o|t Q_v QO =Q Civ Q}N@D

R =

2664 1 Rv 0
Rl 1 Ra
0 0 1

3775 (9)

%u; QO xm
Rl = zgl

zol
; Rv = zov

zgv
; Ra = zga

zwa
(10)

QO "CU= |r=N |=[i sHL OL=w Q@ j R=i QO i <RH sQH zij x]@=Q u}= QO
OwW|t xDiQo Q_v QO Civ QO R=o C}rqL =yvD xm x=}U Civ l}Uqm |=ypOt
CUO x@ sQH |=k@ uwv=k \UwD =RH= p=kDv= |xrO=at "Rv = Ra = 0 %s} Q=O

%O};|t
@�z
@t

+ @
@x

�
RB�1v

�
= 0 (11)
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"""|
xDi=

}xaU
wDp

Ot|
OOa

pL
|=Q@

O}OH
|W

wQ|
x�=Q="(h�p )i+1=2 = hp(z�i+1=2) w OvDUyAJ wCU=Q |=yCr=L x@ \w@ Qt?}DQDx@

%OvwW|t |yOQ=Okt 8O)tv}t |xOvvmOwOLt |Q}oQ=mx@ =@ R}v =yQ}eDt C=kDWt

z0i = MM
�zi+1 � zi

�x
; zi � zi�1

�x

�
(22)

%OwW|t h} QaD u}vJ O)tv}t |xOvvmOwOLt u; QO xm

MM(x; y) =

8>>>><>>>>:
min(x; y) x > 0 & y > 0
max(x; y) x < 0 & y < 0
0 xy < 0

(23)

%R= CU= CQ=@a (ai+1=2) pwrU K]U Q@ Gwt CaQU h} QaD

ai+1/2 = �
�
@hp
@z

(z)
�

z 2 `�z�i+1/2; z
+
i+1/2

�
(24)

CU= |Q}Ut `
�
z�i+1=2; z

+
i+1=2

�
w 'H T} QD=t |i}] `=aW �(H) u; QO xm

sy x@ u=t} Q |=yui \UwD w |R=i |=[i QO =Q z+
i+1=2 w z�i+1=2 Cr=L wO xm

|=yVwQ R= u=wD|t QwmPt T} QD=t *|i}] `=aW |x@U=Lt |=Q@ "Ovm|t pYDt
xm OvJQy "OQm xO=iDU= =yT} QD=t |xS} w Q=Okt xv}W}@ |x@U=Lt x@ \w@ Qt |OOa
|r}rLD |=yVwQ R= [11]'jwi T} QD=t |xS} w Q}O=kt R= |m} uOw@ QiY x@ xHwD =@

"OQm xO=iDU= T} QD=t u}= |xS} w Q=Okt xv}W}@ |x@U=Lt |=Q@ u=wD|t R}v
Q=Okt uDi=} 'CU= xO}J}B Q=}U@ u; |yOQ=Okt w ?OLtQ}e Q=W `@=D xm =Hv; R=
[10]%OwW|t xO=iDU= 25 u}tND R= VywSB u}= QO "CU}v |v=U; Q=m ai+1=2 j}kO
ai+1/2 = �

�
@hp
@z

(�z)
�

(25)

xm Ovm|t C@=F |@ QHD G}=Dv "CU= z+
i+1=2 w z�i+1=2 |@=UL u}ov=}t �z u; QO xm

[10]"CU= l}ORv Gwt CaQU |ak=w |xv}W}@ Q=Okt x@ |i=m |xR=Ov=x@ Q=Okt u}=
xm =Hv; R= "s}vm|t |UQQ@ QwmPt |OOa VwQ |=Q@ =Q |Q=O}=B \}=QW p=L
Q=O}=B \QW w O}k uwO@ xrO=at u}= 'OwW|t pL |vt[ CQwYx@ Q=Wi |xrO=at
K} QY CQwYx@ sQH |=k@ |xrO=at =t= "OQ=Ov |Q=O}=B \}=QW |UQQ@ x@ R=}v w CU=
R= "s}yO|t Q=Qk |UQQ@ OQwt u; |=Q@ =Q |Q=O}=B \}=QW =Hv}= QO w OwW|t pL
\QW "1 %OQ=O |Q=O}=B \QW wO x@ R=}v 'CU= |wtyU sQH |=k@ |xrO=at xm =Hv;
|rY= OOa l} w Gwt CaQU T=U=Q@ xm '9�CFL� |wr � V} QO} Qi � Cv=Qwm

%OwW|t x@U=Lt 26 |x]@=Q R= xO=iDU= =@ 'K]U Qy |wQ Q@ �C Ovv=t�
a�t
��x

< C (26)

s=o Q@ =Q |Qo}O C}OwOLt xm sQH |=k@ |xrO=at |wtyU VN@ R= |W=v \QW "2
%OwW|t u=}@ 27 |x]@=Q CQwYx@ \QW u}= "Ovm|t p=ta= |v=tR

��t
��x2 < v (27)

xm CU= D VNB T} QD=t |xS} w Q=Okt u} QDnQR@ � w VNB OOa v u; QO xm
%R= CU= CQ=@a 28 |x]@=Q j@] u; h} QaD

D = � �t
eTu

RB�1C
h
I� seT

i
BT (28)

w OwW|t x R= pkDUt RB�1 'OW=@ C@=F i pQDvm sHL Q@ p xm u}= ZQi =@
%OwW|t xO=U u}vJ 16 |x]@=Q

�i�x�t = �i
�
pn+1
i � pni

�
�x

+�t
��
vn+1
t

�
i+1/2

� �vn+1
t

�
i�1/2

�
(17)

u=tR QO pm |=yCaQU xm|r=L QO 'OvwW|t|yOQ=Okt tn u=tR QO � w �?}=Q[
"OwW|t pL |vt[ CQwYx@ Q=Wi |xrO=at u}=Q@=v@ "OvwW|t |yOQ=Okt tn+1
p}mWD CqO=at x=oDUO l} '=ypwrU |xty |=Q@ 17 |x]@=Q uDiQo Q_v QO =@
u}= pL |=Q@ Q[=L VywSB QO "CU= |Q]kxU u; ?}=Q[ T} QD=t xm OwW|t
|mOv= |D=@U=Lt |xv} Ry |=Q=O xm CU= xOW xO=iDU= T=twD sD} Qwor= R= x=oDUO

"CU=
|twta Q=Wi u=}O=Qo `@=D =yvD vt pm CaQU 'OW QmP p@k VN@ QO xm u=vJ
|xrO=at xmCio u=wD|t xH}Dv QO "CU= u; C=QF= w |ov}�wt Q=Wi R= pkDUt wCU=
|=k@ |xrO=at QO =yvD C=QF= u}= w CU= |ov}�wt Q=Wi C=QF= R= pkDUt 17 Q=Wi
'u}=Q@=v@ wCU= |twta Q=Wih} QaD R= |W=v ẁ[wt u}= "OyO|t u=Wv =Q OwN sQH
|xrO=at |=Q@ "OwW|t Q=Wi |xrO=at uOW QDxO=U x@ QHvt |twta Q=Wi Q}eDt Q}}eD
VwQ |Q}oQ=m x@ =@ w pQDvm sHL |wQ Q@ 14 |x]@=Q R= |Q}op=QoDv= =@ '=RH= p=kDv=

%s} Q=O K} QY
zn+1
i � zni = � �t

�i�x

h
(hp)i+1=2 � (hp)i�1=2

i
+ �t
�i�x

h
(hc)i+1/2 � (hc)i�1/2

i
(18)

|WNB w |}=Hx@=H Q=W |=yQ=OQ@ ?}DQD x@ (hc)i+1=2 w (hp)i+1=2 u;QO xm
'OW xQ=W= R}v QDV}B xm u=vJ "OvwW|t |yOQ=Okt i + 1=2 K]U Q@ xm OvDUy
u; |x@U=Lt |=Q@ xH}DvQO 'Ovm|t C} wkD =Q |wtyU C=QF= (hc)i+1=2 Q=W Q=OQ@

%OQm xO=iDU= pwtat |RmQt |=yVwQ R= u=wD|t

(hc)i+1/2 = 1
2hc

�
zi;

zi+1 � zi
�x

�
+ 1

2hc
�
zi+1;

zi+1 � zi
�x

�
(19)

\=kv |wQ Q=W u}ov=}t CQwYx@ 'K]U |wQ |ov}�wt Q=W Q=Okt 19 |x]@=Q QO
=Q |wrwrPy C=QF= xm (hp)i+1=2 Q=W Q=OQ@ |x@U=Lt =t= "OW xDiQo Q_v QO x}=Uty
|x@U=Lt |=Q@ 'OW xQ=W= xm u=vJ wCU= Q=OQwNQ@|}q=@|oO}J}B R= Ovm|tC} wkD
Q)tO=D w h)v=oQwm "s}vm|t xO=iDU= Q)tO=D w h)v=oQwm |q=@ CkO |RmQt VwQ R= u;
=Hv}= QO xm OvOQm |Ov@pwtQi xDUUos=tD w xDUUoxt}v pmW wO Qy x@ =Q VwQ u}=
|awvYt VNB "OQ=O |}=k@ pmW =Q} R 'OwW|t xO=iDU= u; |xDUUoxt}v pmW R=
CQ=@a xOWxO=O |OOa Q=W VwQ u}= QO "CU= O(�x3) |x@DQt R= VwQ u}=

[10]%R= CU=
(hp)i+1/2 = 1

2
h�

h+
p
�
i+1/2 +

�
h�p
�
i+1/2

i�
1
2ai+1/2

�
z+
i+1/2 � z�i+1/2

�
(20)

%u; QO xm
z+
i+1/2 = zi+1 � �x

2 z0i+1;z�i+1/2 = zi + �x
2 z0i (21)
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"""w
|Q_

vtx
O=R|

kDO
=OQy

t'u
=}Qro

}@u
UL R= pmWDt R} Q |xm@W l} w 10pw= |x@DQt CUOq=@ VwQ R= xO=iDU= =@ xr�Ut

[17]"Ow@ xOW pL " = 5� 10�4 m2=s |=Q@ w xQo 2000
xO=iDU= xQo 400 w 100 '30 R= pmWDt xm@W xU R= xr�Ut u}= |OOa pL QO
w 0 4 =@ Q@=Q@ ?}DQDx@ VNB w CFL O=Oa= 'R}v |v=tR s=o pQDvm |=Q@ w CU= xOW
|=yxO=O x=Qty x@ j} QRD RwQ 3 R= TB xOt; CUOx@ G}=Dv "OvOW ?=NDv= 0 167
|vLvt pmW u}= "OwW|t xOy=Wt 1 pmW QO [17]u}W}B |=y|UQQ@ R= pY=L
'OwW|t xOy=Wt xm u=vJ "OyO|t u=Wv u=mt ?ULQ@ =Q ?; R=i `=@W= |xHQO
VwQ x@ C@Uv |QDsm Q=}U@ |=yxQo O=OaD QO q=@ CkO |RmQt VwQ R= pY=L G}=Dv
|DL VwQ u}= CkO |xOvyOu=Wv u}= xm OUQ|t MU=B x@ pw= |x@DQt CUOq=@

"CU= sm Q=}U@ |=yxQo O=OaD QO
hrDNt Q}O=kt |=Q@ =Q jwi |xr�Ut '|ov}�wt Q=Wi C=QF= QDW}@ |UQQ@ Qw_vtx@
xOW xO=O u=Wv 2 pmW QO u; |xH}Dv xm s}vm|t pL 32 |xrO=at QO " ?} Q[
u}= QO |va} &" = 0 =@ CU= Q_=vDt |ov}�wt uwO@ Cr=L pmW u}= QO "CU=
|wrwrPy sQH |=k@ |xrO=at u}=Q@=v@ w OwW|tv ^=Lr |ov}�wt Q=Wi C=QF= Cr=L
xH}DvQO w O@=}|t V}=Ri= R}v da VNB ?} Q[ '" ?} Q[ V}=Ri= =@ "Ow@ Oy=wN
|W=v VNB C=QF= pmW u}= QO "OwW|t O}OWD sQH |=k@ |xrO=at |wtyU C=QF=
Ci=Ut 'OwW|t xOy=Wt xm u=vJ "CU= xOW xO=O u=Wv |@ wNx@ " V}=Ri= R=

=@ Q[=L Q=m G}=Dv |xU}=kt� u=mt ?UL Q@ ?; `=@W= |xHQO |vLvt "1 pmW
[17]"�u}W}B C=ar=]t R= pY=L G}=Dv

"u=mt ?ULQ@ ?; `=@W= |xHQO |vLvt Q@ " ?} Q[ Q}F-=D "2 pmW

u=}@ u}vJ w CU= uRNt nvU w p=}U X=wN x@ xDU@=w C T} QD=t u; QO xm
%OwW|t

C =

2664 0 flfv @pcv@sv
flfa @pca@sa

0 (fv � 1) fv @pcv@sv
fvfa @pca@sa

0 fafv @pcv@sv
(fa � 1) fa @pca@sa

3775
v |xv}W}@ Q=Okt xm OyO|t u=Wv Q[=L |xar=]t QO xOt; ptax@ |=y|UQQ@
u=wD|t 27 w 26 \@=wQ x@ xHwD =@ p=L "CU= 0 3 =@ Q@=Q@ |Q=O}=B |Q=QkQ@ |=Q@

%OQm u=}@ u}vJ =Q |Q=O}=B x@ |@=}CUO Qw_vtx@ |v=tR s=o R=Ht Q=Okt
�t = min

�
C��x
a

; v��x2

�

�
(29)

|=ys=o R=Ht Q=Okt |xv}tm xm OwW|t xO=iDU= |rY= |v=tR s=o l} R= 'pta QO
"CU=ypwrU RQt |wQ Q@ xOWx@U=Lt |v=tR

EL@ w G}=Dv '=yV}=tR;
w OwW|t pL |Oa@l} |xr�Ut xU 'xOWQmP |OOa VwQ w pOt |@=} RQ= |=Q@
"OwW|t xU}=kt |tra `@=vt QO OwHwt |OOa =} |r}rLD G}=Dv =@ =yv; pL G}=Dv
|UQQ@ OQwt |ov}�wt Q=Wi C=QF= =@ CQwr � |rm =@ R=iwO u=} QH pw= |xr�Ut QO
EL@t QO syt |}xr�Ut xm Q*DQ)wl+t |xr�Ut pL swO |xr�Ut QO "OQ}o|t Q=Qk
l} QO |R=ixU u=} QH pL x@ swU |xr�Ut "OwW|tx�=Q= CU= |ov}�wt Q=Wi
Q=Wi |QDt=Q=B |UQQ@ x@ u; QO w OQ=O X=YDN= xOWvQ}U � xOWQ}U |@}mQD uRNt

"s} R=OQB|t |ov}�wt
� |rm =@ |R=iwO ?; j} QRD |xr�Ut l} u}= 'OW u=}@ xm u=vJ "pw= |xr�Ut
"CU= xOW xDiQo Q_v QO u; |=Q@ |ov}�wt Q=Wi C=QF= xm CU= C@=F |@O =@ CQwr
Civ \UwD xm QDt x 2 [0; 300] |xvt=O QO xm CU= KQW u}O@ xr�Ut CQwY
w C@=F uRNt QO pm CaQU "OwW|t j} QRD ?; x = 0 |x]kv R= 'xOW `=@W=
CU= |R=iwO xr�Ut xJQo = "CU= xOW ?=NDv= vt = 1 2� 10�4 m=s =@ Q@=Q@
pOt R= u; pL |=Q@ =Hv}= QO 'OQm pL Qr=mU= Q=W l} h} QaD =@ =Q u; u=wD|t w
xr�Ut l} R}i xm u}= OwHw =@ "OwW|t xO=iDU= QiY |R=o <RH Q=Okt =@ x=}U Civ
\}=QW "Ov=t Oy=wN |k=@ u=vJty x=}U Civ pOt |OOa |=y|oO}J}B 'CU= xO=U

%R= CU= CQ=@a j} QRD |=RH= w uRNt |x}rw=
zres = f1 0 0gT ; zinj = f0 0 1gT (30)

%CU= |]NQ}e ?; R=i u=} QH QUm `@=D w OYQO 20 uRNt pNrND

fa = s2
a

s2
a +M (1� sa)2 (31)

xOW ?=NDv= 1 =@ Q@=Q@ xr�Ut u}= QO w OwW|t xO}t=v lQLD C@Uv M u; QO xm
j@=]t 'CU= |ov}�wt Q=Wi C=QF= u=R}t Qou=}@ xm ?; R=i VNB ?} Q[ "CU=

%CU= xOW xDiQo Q_v QO 32 |x]@=Q
da = �afl

@pca
@sa

= "sa (1� sa) (32)

G}=Dv w OQ=Ov OwHw |r}rLD pL xr�Ut u}= |=Q@ "CU= C@=F OOa l} " u; QO xm
u}= 'u}W}B |=yxO=O T=U=Q@ "OwW|t xU}=kt OwHwt C=aq]= =@ u; R= pY=L
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"""|
xDi=

}xaU
wDp

Ot|
OOa

pL
|=Q@

O}OH
|W

wQ|
x�=Q="swO |xr�Ut x@ \w@ Qt |m} R}i C=aq]= "1 pwOH

=yQDt=Q=B Q}O=kt
� 2
pd 1000 pa

sres;j 0
�a 0 001 kg/ms

�l 0 02 kg/ms

K 10�10 m2

� 0 3

xDiQo Q_v QO |ov}�wt Q=Wi C=QF= pw= Cr=L xU QO "CU= xOW pL hrDNt Cr=L
G}=Dv 3 pmW "CU= xOW xDiQo xO}O=v C=QF= u}= sQ=yJ Cr=L QO |rw OwW|t
[19]u}kkLt |r}rLDxt}v pL G}=Dv x=Qty x@ =Q swO |xr�Ut |OOa pL R= pY=L
Q@=Q@ CFL OOa pw= |xr�Ut Ovv=ty '|OOa VwQ |Q=O}=B Qw_vtx@ "OyO|t V}=tv

"CU= xOW xDiQo Q_v QO 0 167 =@ Q@=Q@ VNB OOa w 0 4 =@
R = 0 Cr=L u}= QO "CU= xiQ]wO |}=Hx@=H Cr=L x@ \w@ Qt hr=3 pmW
uRNt QO xDi=}u=} QH pm |@O xH}DvQO w pm CaQU 34 |x]@=Q j@] xH}Dv QO w
uRNt QO ?; w Civ xm CU= swyit u=O@ u}= "(vt = vl + va = 0) CU= QiY
?; xm |t=ovy xH}Dv QO "vl = �va |va} %Ovvm|t CmQL sy CyH hqN QO
CtUk u=ty R= |k} QRD ?; =@ |w=Ut |@O =@ Civ 'OwW|t j} QRD uRNt pN=O x@
|=k@ |xrO=at QO |}=Hx@=H CQ=@a 'CU= QiY pm CaQU uwJ "OwW|t GQ=N
|xrO=atl} sQH |=k@ |xrO=atCr=L u}= QO u}=Q@=v@ w Ow@ Oy=wN QiY Q@=Q@ R}v sQH
?; `=@W= |xHQO |vLvt pmW u}= QO "CU= |}=Hx@=H CQ=@a uwO@ |wtyU
u}@ |@ wN j@=]D 'OwW|t xOy=Wt xm u=vJ "CU= xOW xO=O u=Wv u=mt ?ULQ@
u=Wv ẁ[wt u}= "OQ=O OwHw |r}rLDxt}v pL w Q[=L |xar=]t R= pY=L G}=Dv
R}v |}=Hx@=H C=QF= uwO@ |wtyU p�=Ut pL |=Q@ Q[=L |OOa VwQ xm OyO|t

"CU= ?U=vt Q=}U@
Cr=L u}= QO "CU= |�RH |xiQ]l} |}=Hx@=H Cr=L x@ \w@ Qt ?3 pmW
pm |@O "CU= xOW ?=NDv= 0 8 OOa =Hv}= QO xm CU= 1 =D QiY u}@ |OOa R
O}=@ 'uR=wD |Q=QkQ@ |=Q@ xH}DvQO w CU= |k} QRD ?; |@O 0 8 R}v uRNt QO u=} QH
xJQo = &OwW GQ=N uRNt R= ?; j} QRD u=mt R= |k} QRD ?; |@O 0 2 u=R}t x@ Civ
CaQU Cr=L u}= QO xm =Hv; R= "OwW|t GQ=N u; R= R}v uRNt Qo}O hQ] R= Civ
OQ=O =Q VNB w |}=Hx@=H C=QF= wO Qy sQH |=k@ |xrO=at 'CU= QiY hr=Nt pm
xOy=Wt pmW u}= QO xm u=vJ "CU= VNB � |}=Hx@=H |wtyU |xrO=at l} w

"CU= |@U=vt Q=}U@ CkO |=Q=O |OOa pL R= pY=L |xH}Dv 'OwW|t
"CU= 1 Q@=Q@ R Q=Okt CU= hwQat xiQ]l} |}=Hx@=H x@ xm swU Cr=L QO
VNB w |}=Hx@=H QF= wO Qy w OvDUy xv}W}@ pm |@O w CaQU Q=Okt Cr=L u}= QO
|wtyU |xrO=at l} sQH |=k@ |xrO=at p@k Cr=L Ovv=ty xH}DvQO "OQ=O OwHw
uRNt R= ?; j} QRD pLt R= Qo}O Civ Cr=L u}= QO "Ow@ Oy=wN |}=Hx@=H � VNB
Cra u}tyx@ w OwW|t GQ=N u; R= uRNt Qo}O CtU R= =yvD xmr@ 'OwW|tv GQ=N

"Ov} wo|t xiQ]l} |}=Hx@=H u; x@
xOy=Wt xm u=vJ "CU= xOW xO=O u=Wv Cr=L u}= pL |xH}Dv G3 pmW QO
C@Uv u=mt QO =Q |QDW}@ Ci=Ut |vLvt |}=Hx@=H C=QF= V}=Ri= p}rOx@ 'OwW|t
pL w |OOa pL u}@ |@ wN j@=]D R}v Cr=L u}= QO "Ovm|t |] |r@k Cr=L x@

"OQ=O OwHw |r}rLDxt}v

V}=Ri= |ov}�wt C=QF= V}=Ri= =@ 'u; CmQL CaQU xH}DvQO w Gwt \UwD xOW|]
|ov}�wt C=QF= V}=Ri= =@ Civ |x}rND QO Gwt CQOk xm CU= |r=L QO u}= "O@=}|t

"O@=}|t Vy=m
|xr�Ut x@ xmCU= |ov}�wt Q=WiEL@t QO syt p�=Ut R= |m} u}= "swO |xr�Ut
VwQx@ w [18]=O=vwU w QDQwlt \UwD Q=@ u}rw= xr�Ut u}= "CU= QwyWt QDQwlt
l} pN=O x@ ?; Cr=L u}= QO "OW pL xiQ]wO |}=Hx@=H Cr=L |=Q@ |r}rLDxt}v
uOw@xDU@ Crax@ "OwW|t j} QRD xDU@ |=yDv= =@ w C}=yv|@ pw] =@ Civ R= QB uRNt
pm |@O xm |}xvwo x@ &OwW|t GQ=N uRNt R= ?; j} QRD pLt R= Civ 'uRNt xD
u}= QO "CU= QiY pm CaQU xH}Dv QO w �Civ w ?; ẁtHt� uRNt QO u=} QH
w CU= |}=Hx@=H CQ=@a uwO@ |wtyU |xrO=at l} sQH |=k@ |xrO=at Cr=L
|=Q@ |QDW}@ C=}�RH =@ =Q QDQwlt |xr�Ut u}kkLt "CU= ?r=e u; QO VNB C=QF=
w CQwr � |rm =@ w xiQ]l} '|�RH |xiQ]l} 'xiQ]wO |}=Hx@=H hrDNt Cq=L
[19]"OvO=O Q=Qk |UQQ@ OQwt |r}rLDxt}v VwQ x@ hrDNt |OwQw `=@W= |xHQO =@
OQwt Q[=L |xar=]t G}=Dv =@ xU}=kt w |@=} RQ= |=Q@ u=v; C=ar=]t G}=Dv =Hv}= QO

%R= CU= CQ=@a j} QRD |=RH= w uRNt |x}rw= \}=QW "OQ}o|t Q=Qk xO=iDU=
zres = f1 0 0gT ; zinj = f0 4 0 0 6gT (33)

CQ=@a uRNt QO pm CaQU 'CU= G=RDt= p@=kQ}e w Q}PB=vsm =QD p=}U xm =Hv; R=
%R= Ow@ Oy=wN

vt (t) = Rva (0; t) (34)

CaQU va "CU= 1 =D QiY u}@ u; Q=Okt xm CU= |@} Q[ R w u=tR t u; QO xm
x]@=Q u}= &OQm xO=iDU= 7 |x]@=Q R= u=wD|t u; |x@U=Lt |=Q@ xm CU= |@; R=i

%CU= Q} R CQwYx@ |R=iwO w |Oa@l} u=} QH |=Q@
va = favt � da @sa@x (35)

35 |x]@=Q uO=O Q=Qk =@ "CU= ?; R=i VNB ?} Q[ 'da = �afl @pca@sa
u; QO xm

%CW=O s}y=wN pm CaQU |=Q@ u; pL w 34 QO

vt (t) = �@sa (0; t)
@x

Rda (0; t)
1�Rfa (0; t) (36)

37 |x]@=Q R= 'tn+1 |v=tR s=o QO pm CaQU |x@U=Lt |=Q@ 'Q[=L |UQQ@ QO
%CU= xOW xO=iDU=

vn+1
t = �

�
sajni=2 � sajni=1

�x

�
R dajni=11�R fajni=1

(37)

CkO =@ |OOa jDWt '|@; R=i `=@W= |xHQO |v=mt jDWt |x@U=Lt |=Q@ xm
pOt R= |@Uv |Q}PBPwiv w |ov}�wt Q=Wi `@=wD |=Q@ "CU= xDiQ Q=m x@ pw= |x@DQt

%CU= xOW xO=iDU= |Qwm � TmwQ@
pca = �pds�1/�

a (38)

krl = s2
l

�
1� (1� sl)1+2/�

�
; kra = s3+2/�

a (39)

nvU w p=}U \}=QW x@ \w@ Qt |m} R}i C=aq]= Q}=U x=Qty x@ pOt u}= |=yQDt=Q=B
"OwW|t xOy=Wt 1 pwOH QO uRNt

xr�Ut u}= "CU= QDt 0 25 uRNt |=Q@ xOW ?=NDv= pw] '|OOa C=@U=Lt QO
Q=yJ |=Q@ 'j} QRD x}v=F 1000 R= TB w xQo 200 R= pmWDt |}xm@W R= xO=iDU= =@
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"�[19]u=Q=mty w l}Uwi Q=m G}=Dv =@ Q[=L Q=m G}=Dv |xU}=kt� u=mt ?UL Q@ ?; `=@W= |xHQO |vLvt "3 pmW

O}rwD x=J Q=Wi w 4000 psi j} QRD x=J Q=Wi '3500 psi uRNt |x}rw= Q=Wi
xt}t[ QO uRNt nvU w p=}U X=wN x@ \w@ Qt C=aq]= Q}=U "CU= 3000psi

=@ u; R= pY=L G}=Dv w OQ=Ov OwHw |r}rLD pL xr�Ut u}= |=Q@ "CU= xOW xOQw;
'xr�Ut pL |=Q@ "CU= xOW xU}=kt [11]p@ w u}=DWvov=QD C=ar=]t R= pY=L G}=Dv
Q=Owtv 4 pmW QO "CU= xOW ?=NDv= 0 4 =@ Q@=Q@ CFL OOa w 200 xQo O=OaD
R= TB w |ov}�wt Q=Wi C=QF= R= Q_vhQY =@ uRNt pw] QO =yR=i `=@W= |xHQO
u}=DWvov=QD Q=m G}=Dv pmW u}= QO u}vJty "CU= xOW xO=O u=Wv j} QRD RwQ 125
|}q=@ CkO R= xrY=L G}=Dv OwW|t xOy=Wt xm u=vJ "CU= xOW xOQw; R}v p@ w

"CU= Q=OQwNQ@
s}vm|t pL ,=OOHt |ov}�wt Q=Wi uDiQo Q_v QO =@ =Q Q[=L |xr�Ut p=L
=Hv}= QO "s}vm|t xU}=kt |ov}�wt Q=Wi uwO@ Cr=L =@ =Q u; R= pY=L G}=Dv w
=@ Q@=Q@ =yR=i |xty QO (sres) xOv=t|k=@ `=@W= |xHQO w � = 2 s}vm|t ZQi
|ov}�wt Q=Wi uwO@ Cr=L Ovv=ty CFL OOa w =yxQo O=OaD u}vJty "OW=@ QiY

|UQQ@ =Q sQH |=k@ |xrO=at |wtyU VN@ hPL Q}F-=D 'sQ=yJ Cr=L QO
|xrO=at xH}DvQO w s}vm|t Q_vhQY |ov}�wt Q=Wi C=QF= R= Cr=L u}= QO "s}vm|t
=@ xU}=kt Qw_vtx@ "Ow@ Oy=wN |wrwrPy CQwr � |rm =@ |xrO=at l} 'sQH |=k@
Cr=L R= xOt;CUO x@ pm CaQU =@ Q@=Q@ =Q Cr=L u}= QO pm CaQU 'swU Cr=L
x�=Q= O3 pmW QO |r}rLDxt}v pL x=Qty x@ QwmPt pL |xH}Dv "s}yO|t Q=Qk swU
MQ |mwW uRNt QO 'swU Cr=L hqNQ@ 'OwW|t xOy=Wt xm u=vJ "CU= xOW

"CU= |ov}�wt Q=Wi R= |W=v |wtyU C=QF= hPL R= |W=v xm xO=O
"CU= xOWvQ}U uRNt l} x@ |@; |vR?q}U pt=W xr�Ut u}= %swU |xr�Ut
\}=QW "OwW|t j} QRD uRNt x@ x = 0 |x]kv R= ?; w Cwi 1000 uRNt pw]

%R= Ov=CQ=@a xr�Ut u}= |=Q@ j} QRD w |}=OD@=
zres = f0 646 116 29 0 0gT
zinj = f0 0 0 0 1 271gT (40)
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wQ|
x�=Q=

"swU |xr�Ut pL R= pY=L G}=Dv Q@ |ov}�wt Q=Wi Q}F-=D "5 pmW

|Q}oxH}Dv
x=}U Civ pOt QO xO=iDU= |=Q@ q=@ CkO |RmQt VwQ |Q}oQ=m x@ u=mt= Q=m u}= QO
u=Wv pY=L G}=Dv "CiQo Q=Qk |UQQ@ OQwt |ov}�wt Q=Wi C=QF= uDiQoQ_v QO =@
|=yVwQ Q}=U =@ xU}=kt QO sm |awvYt VNB |=Q=O |OOa VwQ u}= xm OyO|t
xH}DvQO w [10]CU= CFL OOa R= pkDUt u; |awvYt VNB u=R}t w CU= |RmQt
?=NDv= u; QO xm CU= sQH |=k@ |wtyU CqO=at |R=Ux}@W |=Q@ |@U=vt VwQ
u}vJty "CU= xH=wt |wrwrPy Cq=L x@ C@Uv |QDW}@ C}OwOLt =@ |v=tR s=o
|twta Q=Wi |Ov@pwtQi R= xO=iDU= =@ xDi=}xaUwD x=}U Civ pOt 'Q[=L |UQQ@ QO
xO=iDU= xm OW xO=O u=Wv w OW xO=O \U@ |ov}�wt Q=Wi C=QF= uDiQo Q_v QO |=Q@
|xr�Ut xm =Hv; R= "OwW|t CqO=at |oDU@=w Vy=m Ea=@ |Ov@pwtQi u}= R=
pOt u}= s}taD 'CU= Q=OQwNQ@ |}xS} w C}ty= R= Q=OlQD uR=Nt QO |ov}�wt Q=Wi

"O=O Q=Qk Q_v Ot |Oa@ Q=m u=wvax@ u=wD|t =Q uR=Nt R= xDUO u}= x@

=@ Q[=L |xar=]t |xU}=kt� "uRNt pw] QO =yR=i `=@W= |xHQO Q=Owtv "4 pmW
"�|ov}�wt C=QF= R= Q_v hQY =@ [11]p@ w u}=DWvo =QD C=ar=]t R= pY=L G}=Dv

x@ uwvm = "CU= xOW ?=NDv= 0 3 =@ Q@=Q@ VNB OOa w 0 4 w 200 =@ Q@=Q@ ?}DQDx@
|ov}�wt Q=Wi Q}F-=D 5 pmW QO "s} R=OQB|t pY=L G}=Dv Q@ pd Q}O=kt Q}F-=D |UQQ@
QO "CU= xOW xO=O u=Wv pd hrDNt Q}O=kt |=Q@ =yR=i `=@W= |xHQO |vLvt Q@
x@ |r@k CtUk R= xm 11|ov}�wt Q=Wi uwO@ Cr=L x@ \w@ Qt |vLvt pmW u}=
'OwW|t xOy=Wt xmu=vJ "CU= xOW x�=Q= ,=OOHt xU}=kt Qw_vtx@ 'Ow@ xOt; CUO
QO |@; w `}=t 'Q=N@ |=yR=i x@ \w@ Qt |L=wv CaUw |ov}�wt Q=Wi C=QF= p}rOx@
"CU= xOW |D=Q}}eD Q=JO |ov}�wt uwO@Cr=L x@C@Uv =yR=i `=@W= |xHQO Q=Owtv
Vy=m |ov}�wt Q=Wi uwO@ Cr=L x@ C@Uv uRNt pm QO Q=N@ R=i `=@W= |xHQO
QO "CU= xDi=} V}=Ri= uRNt \=kv QFm = QO |@; R=i `=@W= |xHQO xm |r=L QO 'xDi=}
V}=Ri= Ea=@ ?; w `}=t |=yR=i u}@ |ov}�wt Q=Wi xm Cio u=wD|t Qt= u}= x}HwD
|wQ}v l} Qt= u}= w CU= xOW uRNt QO ?; CmQL CaQU V}=Ri= xH}DvQO w Pwiv

"CU= xOQw; OwHw x@ Q=N@ R=i CmQL p@=kt QO xOvQ=OR=@

CWwv=B
1. degeneracy
2. non-convex
3. characteristic decomposition
4. piecewise constant approximation
5. high-resolution central schemes
6. global pressure
7. volume error discrepancy
8. minmod limiter
9. courant-friedrichs-levy (CFL)
10. �rst order upwind method
11. without capillarity
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%Ov=xOW ?=NDv= Q} R CQwYx@ p}mWD |tHL ?}=Q[ 'u}vJty

Bl =

8>>>><>>>>:
1� 2 31� 10�5p Rl(p) = 0 Qo =
1 + 1 5� 10�4p RL > 0w OW=@ `=@W= `}=t Qo =

1+1 5�10�4pb
1+2 31�10�5(p�pb) OW=@ xOWvQ}U `}=t Qo =

Bv =

8><>: 1
6+0 06p OW=@ `=@W= Q=N@ Qo =

1
7+0 06p + �Rv

Rv

h
1

6+0 06p � 1
7+0 06p

i OW=@ xOWvQ}U Q=N@ Qo =

Ba =

8>>>><>>>>:
1� 1 8� 10�5p Ra(p) = 0 Qo =
1� 3� 10�6p Ra > 0 w OW=@ `=@W= ?; Qo =

1�3�10�6pb
1+6 78�10�5(p�pb) OW=@ xOWvQ}U ?; Qo =

|Qwm � TmwQ@ pOt R= Q=N@ w |@; |=yR=i |ov}�wt Q=Wi `@=wD |=Q@ 'C}=yv QO
%CU= xOW xO=iDU=

pcv = pd (1� �sv)�1=� ; pca = �pd�s�1=�
a

%R= CU= CQ=@a w CU= j R=i QF-wt `=@W= |xHQO 'sj u; QO xm

�sj = sj � sres;j
1� P

j=l;v;a
sres;j

; j = l; v; a

"CU= j R=i |xOv=t|k=@ `=@W= |xHQO sres;j 'u; QO w

xt}t[
uRNt nvU w p=}U X=wN

u}vJty "CU= (days) RwQ u=tR OL=w w (ft) Cwi pw] OL=w 'swU |xr�Ut QO
|Q}PBPwiv w (cp) R=wB|Dv=U?ULQ@CHRr '(psi) `@ Qt Iv}= Q@ OvwB?ULQ@ Q=Wi
|UQ=O|r}t Q=Okt Q@=Q@ 0 006328 =} 'ft2cp=psi days ?ULQ@ uRNt nvU
|UQ=O|r}t 100 =@ Q@=Q@ uRNtnvU|Q}PBPwiv Q=Okt xr�Utu}= QO "OwW|t xO}HvU
|=Q@ "CU= xOW ?=NDv= '� = 0 2 + 0 2� 10�5p CQwYx@ uRNt pNrND w

%CU= xOW xO=iDU= Q} R `@=wD R= |@Uv |Q}PBPwiv
kr;l = sl (1� sv) (1� sa) ; kr;v = s2

v; kr;a = s2
a

%CU= xOW xO=iDU= Q} R `@=wD R= R}v C}rqL |=yC@Uv |=Q@
Rl(p) = 0 05p;
Rv(p) = 9� 10�5 � 6� 10�8p+ 1 6� 10�11p2;

Ra(p) = 0 005p
%Ov=xOW h} QaD u}vJ R}v |R=i |=yCHRr

�l =

8>>>><>>>>:
0 8� 1� 10�4p OW=@ `}=t Qo =�0 8� 1� 10�4pb

�
(1 + 6 78

�10�5 (p� pb)� OW=@ xOWvQ}U `}=t Qo =
�v = 0 012 + 3� 10�5p

�a =

8<:0 35 OW=@ `=@W= ?; Qo =
0 35 �1 + 6 78� 10�5 (p� pb)� OW=@ xOWvQ}U ?; Qo =
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