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�Q=}Wv=O� |WQi RwQy@
�|QDmO� �|R=} R =}v|ra |ra

u=Q}= CavY w sra x=oWv=O 'l}v�t |UOvyt |xOmWv=O

CtU x@ CmQL u; QO xm CU= �|]=Lt |=yxQm� VwQ |R=Uxv}y@ |=yVwQ R= |m}
R= =Pr w OQ}o|t CQwY Ow}k x@ C@Uv |L=Q] *pw@k p@=k |=[i pN=O R= xv}y@ ?=wH
QO xv}y@ |x]kv |wU x@ CmQL Q}Ut VwQ u}= QO "OwQ|t Q=tWx@ =yRmQt VwQ xrtH

uOQm|]N x@ C@Uv wQ u}ty R= w OQ=O Q=Qk p=ai Ow}k x@ C@Uv |v=Um} ,=@} QkD |xrY=i
xOW xDiQo Q=m x@ |w=Ut=v Ow}k |=Q@ QDV}B VwQ u}= "OyO|tv u=Wv C}U=UL Ow}k

=} |]N |w=UD Ow}k uDiQo Q_v QO C}r@=k =D O@=}|t s}taD VwQ u}= j}kLD u}= QO "CU=
|aU =DU=Q u}= QO "Ovm ?Um |R=Uxv}y@ p�=Ut |=Q@ |w=Ut=v Ow}k Q=vm QO =Q |]NQ}e

^iL |]=Lt |=yxQm VwQ QO OwHwt *?U=vt |D=P C=}YwYN umtt OL =D CU= xOW
|=yp=Ft pL R= xOt; CUO x@ G}=Dv "CU= xOW x�=Q= xw}W xU Qw_vt u}= x@ p}v |=Q@ "OwW

"CU= VwQ u}= |}=Q=m R= u=Wv |UOvyt QO uwo =vwo

farshi@iust.ac.ir
ali alinia@iust.ac.ir

|w=UD Ow}k '|]=Lt |=yxQm |xw}W '=yRmQt VwQ '|R=Uxv}y@ %|O}rm u=oS=w
"|]NQ}e

xtOkt "1
C=yH VwQ [1]'1=]N `@=D VwQx@ u=wD|t CU= Q=OQwNQ@ '|w=Ut=v Ow}k =@ s-=wD
Qw]x@ =Q |w=UD Ow}k |DNUx@ =]N `@=D VwQ xm =Hv; R= "OQm xQ=W= [2]2pw@k p@=k
xY}kv u}= [3]3�ALM� ptmt Sv=Qo q ?}=Q[ VwQ |Q}oQ=mx@ =@ 'Ovm|t =[Q= pt=m
|=Q@ |w=UD Ow}k R= [4]4|twta |xDi=}Vy=m u=}O=Qo VwQ x]@=Q u}= QO "OW `iDQt
Q=OQ@ [5]5|twta u=}O=QoQ} wYD VwQ p@=kt QO &Ovm|t xO=iDU=|L=Q] |=[iVy=m
|xr}Uwx@ xOWh} QaD |=[iQ} R QO =Q xOt; CUO x@ |@=}xv}y@ |wHwCUH CyH
u}= QO 'Ow}k uOw@ |]NQ}e CQwY QO "Ovm|t Q} wYD p=ai Ow}k w |w=UD Ow}k
VwQ wO "OQm xO=iDU= |DWoR=@ CmQL R= O}=@ Ow}k K]U x@ CWoR=@ |=Q@ VwQ wO
|}=yVwQ Qo}O R= R}v [7]7swO xHQO QQmt |R} Qxt=vQ@ w [6]6|]N QQmt |R} Qxt=vQ@

"OvQ=OQwNQ@ |@Uv |=yC}kiwt R= xm OvDUy
OvDUy |ia[ w Cwk \=kv |=Q=O |Qo}O x@ C@Uv l} Qy xOWO=} |=yVwQ
|=Q@ CmQL Q}Ut =yVwQ u}= R= |[a@ QO "Ov=xOW u=}@ p}YiDx@ `H=Qt QO xm
OQ=O Q=Qk Ow}k Kw]U |wQ Q@ |R=Uxv}y@ Ov}=Qi QO QDQ@ |L=Q] \=kv x@ |@=}CUO
xv}y@ |x]kv CtU x@ pw@k p@=k |=[i R= GQ=N R= Q}Ut u}= Qo}O |[a@ QO w
R= |R=Uxv}y@ Ov}=Qi QO xOt; CUO x@ \=kv |}=Qosy '|OQ@ Q=m x=oO}O R= "CU=
u}= QD?wr]t &CU= Q=_Dv= OQwt xv}y@ ?=wH CtU x@ pw@k p@=k |=[i pN=O
|Qw]x@ OW=@ xDW=O |v=Um} ,=D@Uv |xrY=i Ow}k x@ C@Uv CmQL Q}Ut xm CU=
pw@k p@=k ?=wH xDUO l} 'OwW hkwDt |R=Uxv}y@ Ov}=Qi p}rO Qyx@ w x=oQy xm
|L=Q] \=kv Q}Ut xm OvOQm VqD u}kkLt R= |[a@ =Pr "Ow@ Oy=wN OwHwt ?wN
|=]N `@=D R= u=wD|t p=Ft u=wvax@ "OvQ}o Q=Qk pw@k p@=k |=[i pN=O QO ,=t�=O

=Q �� |w=Ut=v w |w=UD Ow}k pt=W �� O}kt *|UOvyt *|R=Uxv}y@ |xr�Ut |rm sQi
%O=O u=Wv u}vJ u=wD|t

min f(~x)

s:t: gj(~x) � 0; j 2 J1 = f1; :::; Jg
hk(~x) = 0; k 2 K1 = f1; :::;Kg
xLi � xi � xUi ; i 2 I1 = f1; :::; ng (1)

"OvDUy |Q}PBjDWt w xDUw}B `@=wD f; gj ; hk : Rn ! R 'x 2 Rn u; QO xm
%CQwYx@ xr�Ut u}= |=Q@ pw@k p@=k \=kv xawtHt

X = fx 2 Rn : gj(x) � 0; hk(x) = 0g
w |UOvyt |tra |=yxv}tR R= |a}Uw |xQDUo QO |}xr�Ut u}vJ pL "OwW|t u=}@
|xH}DvQO w Ov=xOQm j}kLD xv}tR u}= QO |Q=}U@ u=kkLt "O@=}|t CQwQ[ |OQ@ Q=m
xm xOW x�=Q= jwi |xr�Ut pL |=Q@ |irDNt |R=Uxv}y@ |=yVwQ C=k}kLD u}=
QO =yVwQ u}=|t=tD |x�=Q= "OvDUy OwN x@ \w@ Qtha[ w Cwk \=kv |=Q=Ol} Qy
xOWs=Hv= *|U=U= C=k}kLD R= |[a@ x@ ,q=tH= =Hv}= QO w OQ=Ov CQwQ[ Q=DWwv u}=
"OwW|t xQ=W= OQ=O =Q |w=Ut=v w |w=UD O}k ẁv wO Qy uDiQo Q_v QO C}r@=k xm

'|]NQ}e |w=UD Ow}k uDiQo Q_v QOC}r@=k R= xm |R=Uxv}y@ |=yVwQ xrtH R=
pw�Ut xOvU} wv �
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}taDR= u=Wv OW=@ QDl}ORv QiY x@ Q=Okt u}= xJ Qy Qo}O CQ=@ax@ "OQw; CUO x@ =Q

xOW?DQt |OwaY ?}DQDx@ Q}O=kt u}= "CU= O}k u; uOw@ QDl}ORv =} uOw@ QD|v=QL@
pw= O}k Q O=OaD |OwaY CU}r u}= R= "OwW|t xO}t=v gmin(~xp) u; u} QDsm w
R= 'gj(~xp)'|Q=H |x]kv QO u=WQ}O=kt xm |Ow}k Qo}O CQ=@ax@ (Q � n)

xDiQo Q_v QO Oa@ |xrLQt QO uOQm|]N |=Q@ OvW=@ QDlJwm R� � gmin(~xp)

|y}O@ "OwW|t ?=NDv= 3 =@ Q@=Q@ =Hv}= QO w CU= 1 R= QDnQR@ R� Q=Okt "OvwW|t
CiQo Q_v QO O}=@ |QDW}@ O}k O=OaD OwW ?=NDv= QDnQR@ R� Q=Okt xJQy xm CU=
u}= w hOy `@=D 'Oa@ |xrLQt QO "CU= sRq u; |=Q@ |QDW}@ pL u=tR C@Uv x@ xm
|Q=H |x]kv pwL �xOt; CUO x@ CU}r R= pw= O}k Q� xOW ?=NDv= |w=Ut=vOw}k
"OvwW|t |]N Qwr}D |QU \U@ R= xO=iDU= =@ 'OQ=O Q=Qk pw@k p@=k |=[i QO xm
~f
(p)

(~x) = f(~xp) + (~x� ~xp)T ~rf(~xp)

~g
(p)

j (~x) = gj(~xp) + (~x� ~xp)T ~rgj(~xp); j = 1; :::; Q (2)

'|w=Ut=v *Ow}k u}= Q@ T=tt|]=Lt xQm u} QDnQR@ RmQt w `=aW ?=NDv= ut[TBU
p@=k |=[i pN=O QO xQm RmQt xm |Qw]x@ O};|t CUO x@ xOW|]N hOy `@=D
&OW=@ xDW=O Q=Qk hOy `@=D Vy=m CtU QO w |w=Ut=v Ow}k \UwD xOWh} QaD pw@k
|w=Ut =} QDlJwm |U=tt xQm `=aW |xR=Ov= xm OQ}o Q=Qk |}=H QO O}=@ R}v xQm RmQt
RmQt Q=m u}= =@ "�1 pmW� OW=@ Ow}k R= l} Qy =D xQm RmQt x]kv xrY=i |xR=Ov= =@
,=@} QkD p=ai Ow}k R= u; |xrY=i w xOw@ pw@k p@=k |=[i pN=O QO xOt; CUO x@
Q_v QO |L=Q] O}OH |x]kv u=wvax@ xOt; CUO x@ xQm RmQt p=L "CU= u=Um}
=@ G} QODx@ =D xOW Q=QmD O}OH |x]kv u}= pwL Ov}=Qi u}= xQ=@ wO w OwW|t xDiQo
|x]kv CtU x@ xQm RmQt w xOW QDOwOLt pw@k p@=k |L=Q] |=[i l}vmD u}=
|=Q@ OwW|t Qw;O=} "O@=}|t Vy=m G} QODx@ R}v u; `=aW ,=a@D w Ovm CmQL xv}y@
?=wH |x]kv xm |Dr=L Q@ x@re Qw_vtx@ u}vJty w |R=U|]N ?} QkD CkO ^iL
C}OwOLt O}k x@ |UQQ@ OQwt Ow}k Q@ xwqa O}=@ 'OQ=O Q=Qk =[iQ} R l} QO |}=yv
=yu; R= |NQ@ xm OvQ=O |@U=vt |=y|oS} w =yRmQt VwQ "OwW xHwD R}v CmQLxR=Ov=
p=aixt}v w p=ai Ow}k x@ hQY xHwD w |v=QL@ Q}e Ow}k |Dkwt hPL "1 %R= Ov=CQ=@a
pN=O QO |L=Q] |x]kv CmQL "2 "OwW|t xr�Ut sHL Vy=m Ea=@ Qt= u}= xm
Ov}=Qi p}rO Qy x@ x=oQy 'T=U= u}=Q@ &|w=Ut=v Ow}k x@ C@Uv pw@k p@=k |=[i
pw@k p@=k ?=wH l} K=Q] O}O R= xOt; CUO x@ |x]kv OwW hkwDt |R=Uxv}y@

"|Oa@wO |=[i QO |]=Lt |=yxQm VwQ l}D=tW "1 pmW

x@ C@Uv pw@k p@=k |=[i *RmQt QO CmQL |xO}= "OQ@ s=v =yRmQt VwQ w |rN=O
Qo}O w [9w8]'OW x�=Q= OQ=wy \UwD '?OLt p�=Ut |=Q@ 'xv}y@ ?=wH CtU x@ Ow}k
R= u=wD|t p=Ft u=wvax@ [14�10]"OvO=O \U@ Cq=L Q}=U |=Q@ =Q xO}= u}= u=kkLt
[13w12]'OwOLtxt}v p�=Ut [11]'xv}W}@�xv}tm p�=Ut |xv}tR QO xOWs=Hv= |=yQ=m
w |Q}PBjDWt ZQi =@ OQ=wy |=yRmQt VwQ "OQm xQ=W= [14]|QUm |=yxt=vQ@ w
XwYNQO u=kkLt R= |[a@ [15]"CU= Q=OQwNQ@ |]N |}=Qosy R= uOw@?OLt

[16]"Ov=xDW=O C}r=ai |}=Qosy u}= CaQU V}=Ri=
uDi=} |=Q@ 'pw@k p@=k |=[i pN=O QO CmQL |xO}= R= xO=iDU= =@ u}kkLt
[17]OvOQm O=yvW}B =Q �|]=Lt |=yxQm VwQ� Ow}k x@ C@Uv pw@k p@=k |=[i RmQt
"CU= Q=wDU= hOy `@=D w Ow}k xOW|]N Q@ 8xQmQ+@+= l} uOQm\=Lt Q@ |vD@t xm
�� |}xR=U p�=Ut |=Q@ =yQ}eDt uwQ=w R= xO=iDU= =@ w [18]'VwQ u}= VQDUo =@ =yOa@
*Q}osWJ Vy=m Ea=@ xm |v=QL@ Q}e Ow}k |Dkwt hPL |xw}W |x�=Q= =@ XwYNx@
|=Q@ Ot;Q=m |WwQ x@ =Q u; �� OwW|t pm}U Qy QO xOW xDiQo Q_v QO Ow}k O=OaD
|=yVwQ R= pw@k p@=k |=[i RmQt uDi=} |=Q@ [20w19]"OvOQm p}O@D |rta p�=Ut pL
RmQt u; QO xm 9|w[}@ |xw}W R= u=wD|t ,qFt 'OQm xO=iDU= u=wD|t R}v |Qo}O
u}vJty [22w21]"CUH xQy@ OwW|t xDiQo Q_v QO 10|L=Q] RmQt u=wvax@ |[}@
RmQt uDi=} |=Q@ 11u+}Uy uwo|[}@ u} QDnQR@ uOQm\=Lt R= xO=iDU= x@ u=wD|t
|R} Qxt=vQ@ |xr�Ut pL |=Q@ p}Uv=DB `@=D l} R= xO=iDU= x@ =} 'pw@k p@=k |=[i
xHQO |DL =} |]Njwi |}=Qoty CaQU |DL Ov=wD|t xm OQm xQ=W= R}v [23]|]N

[23]O@=}@ R}v swO
[24]CU= xOW xO=iDU= R}v |w=UD Ow}k uDiQo Q_v QO |=Q@ 12|w[}@ |xw}W R=
"CU=QH= p@=k |w=Ut=v Ow}k |=Q@ \ki |]=Lt |=yxQm VwQ 'Q[=L p=L QO =t=
QO xm |Qw]x@ CU= [18w17]|]=Lt |=yxQm VwQ VQDUo w \U@ 'hOy =Hv}= QO
"OQm =[Q= VwQ u}= ltmx@ R}v =Q |]NQ}e |w=UD Ow}k u=wD@ |w=Ut=v Ow}k Q=vm
\U@ \UwD |w=Ut=v Ow}k Ovv=ty R}v Ow}k u}= '|w=UD Ow}k uDiQo Q_v QO |=Q@
VwQ 'Q} R QO xOWx�=Q= |xw}W xU R=|m} R= xO=iDU= =@TBU w xOW|]N Qwr}D |QU
|R=Uxv}y@ |xQwO Qy QO |w=UD Ow}k xm OwW|t C}=Oy |wLvx@ |]=Lt |=yxQm

"OwW Qw_vt R}v
Ow}k lQDWt |=[iQ} R x@ xQm RmQt xQwO Qy s=Hv= R= Oa@ xr�Ut pw= VwQ QO
Q}}eD |}xvwox@ |]=Lt |=yxQm |xw}W swO VwQ QO "OwW|t xO=O p=kDv= |w=UD
R= xm OQ}o|t Q=Qk |w=UD Ow}k lQDWt |=[iQ} R |wQ |]=Lt |xQm RmQt xm O@=}|t
p=ai xW}ty O}=@ =Q |w=UD Ow}k swU VwQ QO "OwW|t pY=L Ow}k u}= |xOW|]N
xOW|]N |w=UD Ow}k |t=tD Q@ xQwO Qy QO |]=Lt xQm xm |Qw]x@ CiQo Q_v QO
VN@ QO xOWx�=Q= |xw}W R= xO=iDU= =@ OwW|t |aU Cr=L u}= QO "OwW T=tt
QDW}@ |rm |xv}y@ ?=wH x@ uO}UQ p=tDL= =D OQm CmQL =[i ?OLt CtU x@ 3

"OwW

|]=Lt |=yxQm |xw}W "2
uOw@ pt=m |=Q@ [18w17]CU= TQDUO QO |]=Lt |=yxQm VwQ pt=m K}[wD xJQo =
|]=Lt |=yxQm VwQ Q=m T=U= "OwW|t K} QWD Q=YDN=x@ QwmPt VwQ 'EL@
'|w=Ut=v Ow}k |t=tD u=}t R= C=@U=Lt sHL Vy=m Qw_vtx@ =OD@= xm CU= u}vJ
OvW=@ xOW Q=Hvy ?U=vt Qw]x@ Ow}k xJv=vJ "OvwW|t ?=NDv= Ow}k u} QD|v=QL@
O}k uOw@ |v=QL@ u=R}t u=wD|t 'gj(~xp) '|Q=H |x]kv QO O}k Q=Okt R= xO=iDU= =@
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|R=
}R=

}v|r
a|

raw
|W

QiR
wQy@ TBU "Ovvm|t pL |w=Ut=v Ow}k uDiQo Q_v QO =@ ,=iQY =Q xQwO Qy =OD@= |]=Lt

\UwD xm Q} wYD T} QD=t R= xO=iDU= =@ O}OH |x]kv u}= 'xQm RmQt uOt; CUO x@ =@
|w=UD Ow}k lQDWt |=[iQ} R Q@ O};|t CUO x@ x]kv u}= pwL |w=UD Ow}k u=}O=Qo
|]NQ}e |w=UD Ow}k OwHw CQwYQO "O};|tCUO x@ |O}OH |x]kv w xOW Q} wYD
pt=m Qw]x@ O}OH |x]kv |DWoR=@ CmQL u}= s=Hv= Q=@ l} =@ \ki CU= umtt
R= xO=iDU= =@ |DWoR=@ CmQL u}= "OQ}ov Q=Qk |w=UD Ow}k lQDWt |=[iQ} R |wQ

[25]"O}; pY=L Q_v OQwt CkO =D OwW|t Q=QmD O}OH |x]kv

2 |xw}W "2"3
VwQ QO "CU= Q} R CQwYx@ |w=UD Ow}k uDiQo Q_v QO |=Q@ |O=yvW}B swO VwQ
|Q}oQ=Qk x@ Qw@Ht '~xp+1 'xQm RmQt |D=O}ytD R= xO=iDU= =@ xJv=vJ |]=Lt |=yxQm
x@ |@=}CUO |=Q@ =Pr "Ot; Oy=wN CUO x@ xr�Ut hOy 'OW=@ |w=UD Ow}k |wQ
%OvwW|t |]N '~xp '|Q=H |x]kv pwL |]NQ}e |w=UD Ow}k =OD@= Qw_vt u}=

~h(p)
k (~x) = hk(~xp) + (~x� ~xp)T ~rhk(~xp); k = 1; :::;K (5)

(~x� ~xp) = ~Sp (6)

%=@ CU= Q@=Q@ ~xp+1 |x]kv QO xOW|]N `@=D Q=Okt
~h(p)
k (~xp+1) = hk(~xp) + (~x� ~xp)T ~rhk(~xp) = 0 (7)

O}OH |x]kv sy w (~xp) |rai |x]kv sy xm =Hv; R= 'xOWu=}@ h} QaD x@ xHwD =@
|x]@=Q QO '�2 pmW� OvQ=O Q=Qk xOW|]N |w=UD O}k |wQ wO Qy (~xp+1) |Oa@
'~Sp 'CmQL Q=OQ@ h} QaD x@ xHwD =@ "OvQiY Q@=Q@ ~h

(p)

k (~xp+1) w hk(~xp) Q}O=kt 7
"O};|t CUO x@ CmQL Q=OQ@ |=Q@ uO=OQ=Qk =@ Q} R O}k 'CU= 6 |x]@=Q CQwYx@ xm
~S
T

p ~rhk(~xp) = 0 (8)

'~Sp 'CmQL Q=OQ@ O}k u}= `k=w QO "CU= xOW x�=Q= 3 pmW QO O}k u}= |UOvy Q}@aD
T=tt uOw@ Owta Qou=}@ `k=w QO xm Ovm|t Q} wYD xOW|]N O}k K]U |wQ Q@ =Q
~Sp ?ULQ@ |]N |}x]@=Q 8 |x]@=Q OwW|t x_Lqt xm u=vJ "CU= u=}O=Qo Q@
|]N |R} Qxt=vQ@ QO Q=m u}= =@ "OwRi= 3 |x]@=Q x@ |DL=Qx@ =Q u; u=wD|t xm CU=
u}= |xOW|]N Q@ xQm u}= RmQt xm OwW|t ?=NDv= |}xvwox@ |]=Lt xQm u} QDnQR@
Q@ xwqa 'CU= ?=wH |x]kv xm xQm RmQt xQwO Qy QO xH}DvQO "OQ}o Q=Qk |w=UD Ow}k
|w=UD Ow}k K]U |wQ ?} QkD Qw]x@ OQ=O Q=Qk pw@k p@=k |=[i pN=O QO xm u}=
|wQ xQm RmQt |w=UD O}k l} R= V}@ OwHw CQwYQO CU= |y}O@ "OQ}o|t Q=Qk R}v
'xQwO Qy |=yDv= QO u}vJty "OQ}o|t Q=Qk xOW|]N |=[iQ} R u}= lQDWt pYi

"2 |xw}W |UOvy Q}@aD "2 pmW

|xrY=i QO sm =L Ow}k x@ C@Uv xQwO Qy QO xOt; CUO x@ |x]kv "3 "Ow@ Oy=wN
u=v}t]= ?} Q[ |=Q=O Ow}k x@ C@Uv OwW|t Ea=@ xm OQ=O Q=Qk |v=Um} ,=@} QkD
Ow}k uOQm|]N x@ C@Uv |L=Q] |=[i pN=O CmQL p}rOx@ "4 "OW=@ Q@=Q@ ,=@} QkD
uDi=} |xr�Ut u=wD|t |[=} Q u=}@x@ "O=O Oy=wN u=Wv |QDsm C}U=UL VwQ u}=

%O=O u=Wv u}vJ =Q xQm RmQt
Maximize : rp

Subject to :

rp � l(p)ineq; �|w=Ut=v Ow}k |=Q@�; ineq = 1; :::; Q
rp � l(p)f

~l L(p) � ~S(p) � ~l U(p) (3)

~S(p) 's=p |xQwO QO |]=Lt xQm `=aW rp �� OW u=}@ QDV}B xmu=vJ �� u; QO xm
|=Q@ u}}=B w q=@ OL Q=Okt~l U(p) w~l L(p) 'O}OH xQm RmQt x@ |r@k |x]kv R= CmQL Q=OQ@
w 'xOW ?=NDv= |w=Ut=v Ow}k =D xQm RmQt |xrY=i l(p)ineq 'CmQL Q=OQ@ |=yxir-wt
|x]@=Q j@=]t w xOw@ s=p |xQwO QO |oty xm 'hOy `@=D =D xQm RmQt |xrY=i l(p)f

%�1 pmW� Ov};|t CUO x@ 4
l(p)ineq =

gj(~xp) + ~STp :~rgj(~xp)���~rgj(~xp)��� ; l(p)f =
�~STp :~rf(~xp)���~rf(~xp)

��� (4)

R= xOt; CUO x@ xQm RmQt� s=p pm}U QO |L=Q] |x]kv Q=OQ@ (~xp) u; QO xm
Ow}k gj(~x) w 'xr�Ut hOy `@=D f(~x) 'u=}O=Qo Qorta ~r Q=OQ@ '�|r@k pm}U
3 |x]@=Q QO xOW x�=Q= |xr�Ut xm OwW|t x_Lqt "OvDUy xOW?=NDv= *|w=Ut=v
p}mWD rp w ~Sp Q=OQ@ |=yxir-wt =Q u; |=yQ}eDt xm CU= |]N |R} Qxt=vQ@ l}

"OvyO|t

|]=Lt |=yxQm VwQ QO |w=UD Ow}k "3
Ea=@ |DL=Qx@ \ki w CU}v |oQR@ `v=t |R=Uxv}y@ QO |]N |w=UD Ow}k OwHw
'|R=Uxv}y@ Ov}=Qi |=yDv= QO xJQo =|]NQ}e|w=UD Ow}k =t= "OwW|t =[i Oa@Vy=m
Oy=wNv Q}PBu=mt=|DL=Qx@ Qt= u}= 'OvwW|t =[i Oa@Vy=mEa=@|]N Ow}k Ovv=ty
u=vJ "Ov=|w=Ut=v Ow}k pt=W |oty [18w17]`H=Qt |NQ@ QO xOW|UQQ@ Ow}k "Ow@
xm |Qw]x@ CU= |]=Lt |=yxQm VwQ |}=v=wD uOwRi= j}kLD u}= hOy OW u=}@ xm
VwQ u}= ltmx@ u=t-=wD CQwYx@ =Q |w=Ut=v Ow}k w |]NQ}e |w=UD Ow}k u=wD@

"OQm =[Q=
u=@ Rx@ =} 'O}k u}= |wQ O}=@ |}=yv ?=wH xm CU=vatu}O@ |w=UD O}k OwHw
?=wH |w=UD O}k OvJ OwHw CQwYQO u}vJty "OQ}o Q=Qk =[iQ} R u}= |wQ |[=} Q
`]=kD R= pY=L |=[iQ} R QO |DQ=@ax@ w |w=UD Ow}k lQDWt pYi |wQ O}=@ |}=yv
|=yxQm VwQ QO =Q |]NQ}e |w=UD O}k u=wD@ xm u}= |=Q@ "OW=@ xDW=O Q=Qk Ow}k u}=
VwQ xU xt=O= QO "OQm xO=iDU= hrDNt |xw}W OvJ R= u=wD|t OQm OQ=w |]=Lt

"CU= xOW x�=Q= pmWt u}= Q@ x@re |=Q@

1 |xw}W "1"3
xm CU= uDw}v uOQmQ} wYD |xw}W R= xO=iDU= QwYDt |=yVwQ u} QDxO=U R= |m}
|=yxQm VwQ QO xm CQwYu}O@ [25]'OwW|t xO=iDU= R}v u=}O=Qo Q} wYD VwQ QO
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|U
Ovyt

|R=
Uxv

}y@
QO|

]=L
t|

=yxQ
mV

wQs
}taD

|OOa |=yp=Ft "4
?U=vt xOW K} QWD |=yxw}W R= l}t=Om R= xO=iDU= xm CU= KQ]t p=-wU u}= uwvm =
xOWKQ]t |=yxw}W |xU}=kt w xOWx�=Q= VwQ uOWuWwQ |=Q@ "Ow@ Oy=wN QDOt;Q=m w
|QDy@ Q} wYD xm CU= xO=U ,=D@Uv p=Ft l} pw= p=Ft "OwW|t x�=Q= xO=U p=Ft OvJ
|OQ@ Q=m p�=Ut R= |}xvwox@ |Oa@ p=Ft Q=yJ "OyO|t x�=Q= xOWx�=Q= |xw}W xU R=
pt=W =Q |w=Ut=v O}k sy w |]NQ}e |w=UD O}k sy xm Ov=xOW ?=NDv= |UOvyt

"OQm xOy=Wt =Q VwQ u}= |rta OQ@ Q=m u=wD@ xm OvW=@

pw= p=Ft "1"4
"O} Q}o@ Q_v QO CU= Q}eDt wO |=Q=O xm =Q Q} R |R=Uxv}y@ |xr�Ut

min f(x; y) = �y + x

s:t: g1(x; y) = y � 1
x� 2 � 4 � 0;

g2(x; y) = �y +
p5x+ 12 + 5 � 0;

g3(x; y) = �y + x+ 2 � 0;
h1(x; y) = �y +

p
x+ 1 = 0;

g4(x; y) = x � 0;
g5(x; y) = y � 0: (11)

pmW QO "CU= xOW x�=Q= hr=4 pmW QO p=Ft u}= |=Q@ |L=Q] pw@k p@=k |=[i
x_Lqt "CU= xOW xO=O u=Wv pw= |xw}W R= xO=iDU= =@ xr�Ut u}= pL VwQ ?4
|w=UD O}k |wQ x]kv u}= 'RmQt |x]kv uOt; CUO x@ R= Oa@ xQwO Qy QO xm OwW|t
x@ ẁQW Ow}k R= |m} smCUO xm |}=H 'Oa@ x@ b |x]kv R= w OwW|t Q} wYD
O}k sy w |w=UD O}k sy �� O}k wO Qy O}=@ uOQmQ} wYD s=ovyx@ 'Ovm|t uOWZkv
uOW XNWt 'uOw@ xQ}eDtwO p}rOx@ p=Ft u}= QO "CiQo Q_v QO =Q �� xOWZkv
QDW}@ Q}eDt O=OaD =@ |}xr�Ut QO =t= "CU= xv}y@ |x]kv uOWswrat |=vatx@ O}k wO
"OQm xO=iDU= |twta u=}O=Qo Q} wYD VwQ R= xv}y@ ?=wH x@ uO}UQ |=Q@ xt=O= QO O}=@
|oOWZkv O}k l} R= V}@ b |x]kv QO xm OW=@ |}xvwox@ xr�Ut xJv=vJ u}vJty
|QDW}@ |oOWZkv xm OQm ?=NDv= =Q |O}k xOWZkv Ow}k u}@ QO O}=@ 'OyO u=Wv

"OyO|t u=Wv
xOW xO=O u=Wv 2 |xw}W R= xO=iDU= =@ xr�Ut u}= pL VwQ G4 pmW QO
pta R= xO=iDU= =@ O}=@ xQwO Qy |=OD@= QO CU= XNWt pmW QO xm u=vJ "CU=
|Oa@ |xQ}=O TBU w OwW xO=O `=HQ= |w=UD Ow}k |wQ |Q=H |x]kv 'uOQmQ} wYD
O}k |wQ |L=Q] |x]kv Q=m u}= =@ "OwW sUQ 7 |xrO=at O}k uDW=O Q_v QO =@
QDlJwm xQ}=O `=aW 'xv}y@ |x]kv x@ uOWl}ORv =@ G} QODx@ w xOQm CmQL |w=UD

"OwW|t
xO=O u=Wv y4 pmW w O4 pmW QO p=Ft u}= QO 3 |xw}W R= xO=iDU= |xk} Q]
CU= T=tt |w=UD O}k |wQ xQ}=O xQwO Qy QO OwW|t x_Lqt xm u=vJ "CU= xOW
"OwW|t QDsm |w=UD O}k R= xQ}=O RmQt |xrY=i xv}y@ |x]kv x@ uOW QDl}ORv =@ w
y4 pmW QO xm u; p=L CU= |w=UD O}k Qakt CtU QO xQ}=O CmQL O4 pmW QO
CUO x@ pmW wO u}= |xU}=kt R= "Ovm|t CmQL O}k u}= ?OLt |=[i QO xQ}=O
CmQL uOW QDs=Q; Ea=@ Ov=wD|t ?OLt |=[i QO CmQL p=Ft u}= QO xm O};|t

VwQ Q}_v 'uOQmQ} wYD |xw}W R= xO=iDU= =@ u=wD|t |w=UD Ow}k j}kO <=[Q= |=Q@
"OQm Q} wYD |w=UD Ow}k u}= |wQ =Q |]=Lt xQm RmQt 'u=}O=Qo Q} wYD

3 |xw}W "3"3
Ow}k |]=Lt |=yxQm VwQ QO xm OQm u=}@ u}vJ u=wD|t =Q swU |O=yvW}B VwQ
u}= =OD@= Qo}O CQ=@ax@ "OvwW xDiQo Q_v QO |w=Ut=v Ow}k Ovv=t |]NQ}e |w=UD
u} QDnQR@ =t= "OvwW|t |]N ' ~xp '|Q=H |x]kv pwL |w=Ut=v Ow}k Ovv=t R}v Ow}k
Qo}O CQ=@ax@ '|w=UD Ow}k |t=tD Q@ xQm u}= xm CUH |}xvwox@ O}=@ =Q |]=Lt xQm
uDiQo Q_v QO Qw_vtx@ CU= |i=m Qo}O CQ=@ax@ "OW=@ T=tt '=yu; |xOW|]N

"OwW xOwRi= 3 |x]@=Q x@ 9 \@=wQ '|w=UD Ow}k
rp = l(p)eq ; �|w=UD Ow}k |=Q@�; eq = 1; :::;K (9)

l(p)eq =
hk(~xp) + ~S

T
p :~rhk(~xp)���~rhk(~xp)

��� (10)

|Oa@ pm}U |=Q@ O}OH |x]kv xm 'xOt; CUO x@ xQm RmQt ẁ[wt u}= x@ xHwD =@
Ov}=Qi |xQwO |wQW}B =@ xm O}O u=wD|t =t= "OQ=Ov Q=Qk |w=UD Ow}k |wQ 'CU=
|w=UD Ow}k x@ G} QODx@ xQm RmQt 'OwW|t lJwm G} QODx@ xQm `=aW |R=Uxv}y@
Oy=wN |w=UD Ow}k |wQ Q@ xQm RmQt Q=m |=yDv= QO xm |Qw]x@ OwW|t QDl}ORv
=@ w OQ}PB s=Hv= |w=UD Ow}k ?OLt CtU QO CmQL Q=m |=OD@= QO Qo = "CUWv
�|w=Ut=v Ow}k xJ w |w=UD Ow}k xJ� Ow}k R= u=mt= OL =D xrY=i xm u}= x@ xHwD
"Ot; Oy=wN u}}=B |rLt |xv}y@ ?=wH x@ uO}UQ p=tDL= Ow@ Oy=wN u=Um} ,=@} QkD
pmW j@=]t %OQm pta u}vJ u=wD|t |w=UD Ow}k ?OLt CtU uDi=} |=Q@
=@ "CU= xOW s}UQD |Oa@ wO |=[i QO xm O} Q}o@ Q_v QO =Q |w=UD O}k l} 3
w C@Ft O}k hQ] s=Om QO h `@=D Q}O=kt xm CU}v XNWt =OD@= QO xm u}= x@ xHwD
=@ |]=Lt xQm w xOQm |]N =Q O}k (a0) x}rw= |x]kv QO 'CU= |ivt hQ] s=Om
ZQi "OwW|t sUQ �O}k |xOW|]N |wQ xQm RmQt uDiQo Q=Qk� 2 |xw}W R= xO=iDU=
?=UL (a1(h)) O}k Q=Okt x]kv u}= QO "OW=@ a1 xOt; CUO x@ |x]kv xm OwW|t
xm CU=vat u=O@ '�hr=3 pmW� x]kv u}= QO h `@=D Q=Okt uOw@ |ivt "OwW|t
CQwYx@ h = 0 O}k =Pr w OyO|t u=Wv =Q =[i ?OLt CtU '~rh 'u=}O=Qo Q=OQ@
�?3 pmW� x]kv u}= QO h `@=D Q=Okt uOw@ C@Ft "OwW|t xDiQo Q_v QO h � 0
w CU=[i Qakt CtU QO '~rh 'u=}O=Qo Q=OQ@ xm CU= ẁ[wt u}= |xOvyOu=Wv
xDiQo Q_v QO �h � 0 CQwYx@ |DQ=@ax@ w h � 0 CQwYx@ h = 0 O}k u}=Q@=v@
`@=D ?OLt |=[i pN=O CtU x@ h `@=D u=}O=Qo Q=OQ@ CyH Q=m u}= =@ "OwW|t

"OQ}o Q=Qk CtU u; QO xQm RmQt OwW|t Ea=@ w Ow@ Oy=wN

"|w=UD O}k l} ?OLt CtU uDi=} |xk} Q] "3 pmW
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|W

QiR
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"pw= p=Ft "4 pmW

xOW |UQQ@ u}kkLt \UwD QDV}B xr�Ut u}= &Ov=|]NQ}e u; QO |w=UD O}k
[27w26'16]"CU=

min f(X) = x21 + x22 + 2x23 + x24 � 5x1 � 5x2 � 21x3 + 7x4

s:t: g1(X) = x21 + x22 + x23 + x24 + x1 � x2 + x3 � x4 � 8;
g2(X) = x21 + 2x22 + x23 + 2x24 � x1 � x4 � 10;
h1(X) = 2x21 + x22 + x23 + 2x1 � x2 � x4 = 5: (12)

Q=Okt w X� = (2; 1; 0;�1) R= CU= CQ=@a p=Ft u}= QO xv}y@ ?=wH |x]kv
w hOy `@=D Q=Okt C=Q}}eD &f(X�) = 44 =@ CU= Q@=Q@ x]kv u}= QO hOy `@=D
xO=O u=Wv 5 pmW QO |R=Uxv}y@ |xQwO O=OaD ?ULQ@ |]=Lt xQm `=aW Q=Okt
Cw=iDt *u} R=e; |x]kv xU =@ jwi |xr�Ut OwW|t x_Lqt xm u=vJ "CU= xOW

=@ u=wD|t =Q xY}kv u}= xm OwW '?=wH |m}ORv QO ,=YwYN 'xv}y@ |x]kv |wU x@
"OQm u=Q@H |oOvyO?=DW |=yxw}W R= |Q}oxQy@

xm|t=ovy R}v w |Oa@OvJ p�=Ut QO =t= "CU= |Oa@ wO p=Ftl} xr�Ut =Hv}= QO
uDiQ p=tDL= '|w=UD Ow}k?OLt|=[iCtU QOCmQLCU= 1 R=V}@ |w=UD Ow}k
R= xO=iDU= =} =[i Qo}OCtU QOCmQL =@ xU}=kt QO =Q |rLt |xv}y@ ?=wH |wU x@
O}OH |x]kv Qy xm OQ=O =QC} Rt u}= 2 |xw}W R= xO=iDU= "OyO|tVy=m 2 |xw}W
x@ R=}v xm u=tR Qy 3 |xw}W QO p@=kt QO "Ovm|t =[Q= |@} QkD Qw]x@ =Q |w=UD Ow}k
"O};|t CUO x@ ?=wH uOQmQ} wYD pta Q=@ l} =@ =yvD OW=@ |R=Uxv}y@ Ov}=Qi `]k

swO p=Ft "2"4
w |w=Ut=v O}k wO sy w hOy `@=D sy u; QO xm OQ=O Q}eDt Q=yJ swO p=Ft
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"2 p=Ft QO |R=Uxv}y@ |xQwO O=OaD ?UL Q@ |]=Lt xQm `=aW w hOy `@=D C=Q}}eD |ovwoJ "5 pmW

sQ=yJ p=Ft "4"4
pt=W w QDnQR@ |r=Ft '�HS 114� [28w7]CU= `@=vt Qo}O R= xDiQoQ@ xm R}v p=Ft u}=
uOQmxv}y@ |=Q@ uOQm Q=Op}mr; Ov}=Qi QO|t}W|UOvyt QO p=Ft u}= "CU= Q}eDt 10
%R= CU= CQ=@a p=Ft u}= |[=} Q CQwY "OQ}o|t Q=Qk xO=iDU= OQwt |Q=m \}=QW
min f(X)=5 04x1 + 0 035x2 + 10x3 + 3 36x5 � 0 063x4x7

s:t: g1(X) = 35 82� 0 222x10 � 0 9x9 � 0;
g2(X) = �133 + 3x7 � 0 99x10 � 0;
g3(X) = �35 82 + 0 222x10 + 1

0 9x9 � 0;
g4(X) = 133� 3x7 + 1

0 99x10 � 0;
g5(X) = 1 12x1 + 0 13167x1x8 � 0 00667x1x28�

0 99x4 � 0;
g6(X) = 57 425 + 1 098x8 � 0 038x28 + 0 325x6�

0 99x7 � 0;
g7(X) = �1 12x1 � 0 13167x1x8 + 0 00667x1x28+

1
0 99x4 � 0;

R= Oa@ ,=@} QkD xm OwW|t x_Lqt "CU= xOW pL 3 w 2 |xw}W wO Qy \UwD
u=R}t xm OwW|t xOy=Wt R}v w OwW|t XNWt xQm RmQt CmQL Q}Ut xQwO 5
|xkqa OQwt ẁ[wt u}= &CU= QDO}OW u} R=e; |=yxQwO QO hOy `@=D QO Ci=
QDq=@ CkO x@ uO}UQ |=Q@ xOW s=Hv= xi=[= |=yxQwO O=OaD w CU= |OQ@ Q=m p�=Ut

"CU=

swU p=Ft "3"4
%R= CU= CQ=@a �HS 71� [28]CU= `@=vt Qo}O R= xDiQoQ@ xm swU p=Ft

min f(X) = x1x4(x1 + x2 + x3) + x3

s:t: g1(X) = x1x2x3x4 � 25 � 0;
h1(X) = x21 + x22 + x23 + x24 � 40 = 0;
1 � xi � 0; i = 1; :::; 4: (13)

xOW x�=Q= 3 w 2 |xw}W \UwD p=Ft u}= |=Q@ xOt; CUO x@ G}=Dv 6 pmW QO
ẁQW |x]kv R= CmQL =@ u}W}B p=Ft Ovv=t OwW|t xOy=Wt xm u=vJ "CU=
CU= CQ=@a xv}y@ ?=wH |x]kv "CU= Q@=Q@ xOt; CUO x@ G}=Dv 'hrDNt |x}rw=
x]kv u}= QO hOy `@=D Q=Okt xm X� = (1; 4 7430; 3 8212; 1 3794) R=

"f(X�) = 17 0140 =@ CU= Q@=Q@
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raw
|W

QiR
wQy@

"swU p=Ft QO |R=Uxv}y@ |xQwO O=OaD ?UL Q@ |]=Lt xQm `=aW w hOy `@=D C=Q}}eD |ovwoJ "6 pmW

CQwYx@ w xOW XNWt xQm CmQL Q}Ut xQwO 10 OwOL R= Oa@ OwW|t x_Lqt
"Ovm|t CmQL ?=wH CtU x@ Q=O}=B w CN=wvm}

sHvB p=Ft "5"4
VvD Ow}k CLD xm =B QN |xR=U l} uRw |R=Uxv}y@ R= CU= CQ=@a sHvB p=Ft
xJv=vJ "OQ=O u=w=Qi OQ@ Q=m l}v=mt w u=Qta |UOvyt QO w OQ=O Q=Qk |}=Hx@=H w
|]NQ}e |w=UD Ow}k <=[Q= [29]OwW u=}@ wQ}v VwQ uw}UqwtQi QO xr�Ut u}=
wO CLD xm |w[axU |=B QN p=Ft xvwtv l} |[=} Q CQwY [30]CU= |QwQ[

%R= CU= CQ=@a [32w31]OQ=O Q=Qk |Q=PoQ=@ hrDNt Cr=L

min f(X) = 14 1421(x1 + x3) + 10x2

s:t: g1&g2 = �2e4 � 0 3536e5� 0 7071x4
x1

� 2e4;
g3&g4 = �2e4 � 0 7071x4

x2
� 2e4;

g5&g6 = �2e4 � 1 0607e5� 0 7071x4
x3

� 2e4;
g7&g8 = �2e4 � 0 3536e5� 0 7071x5

x1
� 2e4;

g8(X) = �57 425� 1 098x8 + 0 038x28 � 0 325x6�
1

0 99x7 � 0;
h1(X) = 1 22x4 � x1 � x5 = 0;

h2(X) = 98000x3
1000x3 + x4x9

� x6 = 0;
h3(X) = x2 + x5

x1
� x8 = 0;

0 00001 � x1 � 2000; 0 00001 � x2 � 16000;
0 00001 � x3 � 120; 0 00001 � x4 � 5000;
0 00001 � x5 � 2000; 85 � x6 � 93;
90 � x7 � 95; 3 � x8 � 12;
1 2 � x9 � 4; 145 � x10 � 162: (14)

xO=O u=Wv 4 p=Ft |=Q@ |]=Lt xQm `=aW w hOy `@=D Vy=m Q=Owtv 7 pmW QO
xm CU= xOW xDiQo Q_v QO Cw=iDt ẁQW |x]kv xU R}v p=Ft u}= |=Q@ "CU= xOW
Q=Okt [28]"CU= xOW QmP 1981 p=U QO u}kkLt \UwD '|O=yvW}B |x]kv u}rw=
xmu=vJ "f(X�) = 1768 806 =@ CU= Q@=Q@ 'X� 'xv}y@ |x]kv QO hOy `@=D
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[28]"CU= |O=yvW}B |x]kv 1 ẁQW |x]kv 'sQ=yJ p=Ft QO |R=Uxv}y@ |xQwO O=OaD ?ULQ@ |]=Lt xQm `=aW w hOy `@=D C=Q}}eD |ovwoJ "7 pmW

h1(X)=�0 117866
x1

� 0 353563
x3

+
�2 35698�10�6

x1
+

3 33333� 10�6

x2
+ 2 35698� 10�6

x3

�
x4 = 0;

h2(X)=�0 117866
x1

+ 0 117866
x3

+
�2 35698�10�6

x1
+

3 33333� 10�6

x2
+ 2 35698� 10�6

x3

�
x5 = 0;

0 1 � xi; i = 1; ::; 3 (15)

?ULQ@ |]=Lt xQm `=aW w hOy `@=D Q=Okt OwW|t xOy=Wt 8 pmW QO xm u=vJ
|Qw]x@ 'OQ=O CN=wvm} Vy=m 3 w 2 |xw}W wO Qy QO |R=Uxv}y@ |xQwO O=OaD
QO =@ R}v p=Ft u}= QO "CU= Q}osWJ x}rw= |xQwO OvJ QO hOy `@=D Ci= u=R}t xm
Qo}Om} =@ xOt; CUO x@ |=y?=wH 'hrDNt |x}rw= ẁQW |x]kv xU uDiQo Q_v
xmu=vJ "Ovm|t P=ND= xv}y@ |x]kv QO =Q f(X�) = 100 Q=Okt hOy `@=D w OvQ@=Q@
R= xO=iDU= =@ CU= O=} R =yu; QO Ow}k O=OaD xm |}=yp=Ft u}vJ QO OwW|t xOy=Wt
Vy=m ?@U Qt= u}= xm 'CU=yQ}eDt O=OaD x@ sRq Ow}k O=OaD |]=Lt |=yxQm VwQ
w CU= lOv= =yQ}eDt O=OaD |OQ@ Q=m p�=Ut QO ,=twta "OwW|t C=@U=Lt Q}osWJ

g9&g10 = �2e4 � 0 7071x5
x2

� 2e4;
g11&g12 = �2e4 � �0 3536e5� 0 7071x5

x3
� 2e4;

g13&g14 = �0 2 � 0 117866
x1

� 0 353563
x3

+�
�2 35698� 10�6

x1
+ 2 35698� 10�6

x3

�
x4 � 0 2;

g15&g16 = �0 05 � �0 117866
x1

� 0 353563
x3

+�2 35698� 10�6

x1
+ 2 35698� 10�6

x3

�
x4 � 0 05;

g17&g18 = �0 2 � 0 117866
x1

+ 0 117866
x3

+�
�2 35698� 10�6

x1
+ 2 35698� 10�6

x3

�
x5 � 0 2;

g19&g20 = �0 05 � �0 117866
x1

+ 0 117866
x3

+�2 35698� 10�6

x1
+ 2 35698� 10�6

x3

�
x5 � 0 05;
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"sHvB p=Ft QO |R=Uxv}y@ |xQwO O=OaD ?UL Q@ |]=Lt xQm `=aW w hOy `@=D C=Q}}eD |ovwoJ "8 pmW

xJv=vJ u}=Q@=v@ "OwW =Qoty R}v |rLt ?=wH x@ CU= umtt u}vJty &OW Oy=wN
xOW XNWt xr�Ut p=ai Ow}k xm |}=H '|R=Uxv}y@ Ov}=Qi |=yDv= QO xw}W u}= R=

"OW Oy=wN CmQL `} QUD Ea=@ OwW xO=iDU= 'CU=
u=wD|t �� OQ}o Q=Qk Ow}k xOW|]N |wQ O}=@ xQm RmQt u; QO xm �� 2 |xw}W R=
O=} R |]NQ}e u=R}t |Dkw XwYNx@ 'xw}W u}= R= xO=iDU= s=ovyx@ =t= OQm xO=iDU=
Q=Qk |w=UD Ow}k |wQ ,qt=m ?=wH ?} QkD R= xO=iDU= p}rOx@ CU= umtt 'CU=
V}=Ri= x@ Qt= u}= xm O@=}|t CQwQ[ |DWoR=@ CmQL xQwO Qy |=OD@= QO =Pr w OQ}ov
xO=iDU= OW=@ O=} R |w=UD Ow}k O=OaD |Dkw u}vJty "Ot=Hv=|t C=@U=Lt sHL
V}=Ri= =Q |rLt |xv}y@ ?=wH x@ uO}UQ p=tDL= Ov=wD|t |}=yvDx@ xw}W u}= R=

"OyO
xQm uOQmQw@Ht w |w=UD Ow}k uDiQo Q_v QO |w=Ut=v �� 3 |xw}W R= xO=iDU=
|=yxQwO O=OaD x@ R=}v ,q=tDL= 2 |xw}W =@ xU}=kt QO �� Ow}k u}= Q@ uOw@ T=tt x@
Qo}O O}O R= pw@k p@=k |=[i Ov=wD|t |w=UD O}k Qy OwHw xm =QJ "OQ=O |QDW}@
�|w=UD Ow}k pm O=OaD x@ xHwD =@� =Pr w Ovm s}UkD CtUk wO x@ =Q |w=Ut=v Ow}k
CtUk u; QO w xDiQo Q_v QO =Q lJwm VN@ l} =yvD pw@k p@=k |=[i pm R=
|tm ?=wH CtU x@ =[i QO xQm CmQL uOWxDUy; p=tDL= u}=Q@=v@ "Ovm|t CmQL
|=yxw}W R= xO=iDU= =@ xr�Ut u}= 'u}W}B C=Q=y_= j@=]t xm OW Oy=wN QDW}@
?OLt |=[i CtU QO CmQL u}vJty "Ow@ Oy=wN uOW`iDQt p@=k |oOvyO?=DW

Q=}U@ VwQ u}= |}=Q=m |Dq=L u}vJ QO "OvW=@ O=} R Q=}U@ CU= umtt Ow}k O=OaD
"Ow@ Oy=wN OwyWt

|Q}oxH}Dv "5
|xw}W R= xm =yRmQt VwQx@ |]NQ}e |w=UD Ow}k uOwRi= C}r@=k j}kLD u}= QO
Qw_vt u}= x@ p}v |=Q@ "CiQo Q=Qk |UQQ@ OQwt 'O} wH|t xQy@ |]=Lt |=yxQm VwQ
VwQ C}y=t xm Ov=xOW xDiQo Q_v QO |}xvwox@ xw}W xU u}= "OW x�=Q= xw}W xU
QwO x@ u=mtq=|DL pw@k p@=k |=[i QO CmQL Qo}O u=}@ x@ w '|]=Lt |=yxQm
Ow@y@ u}vJty &O}; CUO x@ ?=wH |wQ |]N ?} QkD R= QDsm |Q}PB Q}F-=D w Ow}k R=
uOwRi= x@ xm u; uwO@ OwW ^iL u=mt= OL =D x}rw= |xQwO OvJ QO hOy `@=D `} QU

"OW=@ |R=}v |i=[= |=yQ}eDt
xOWx�=Q= |=yxw}W R= l} s=Om R= xO=iDU= xm CU= KQ]t p=-wU u}= p=L
p}rOx@ xm CW=O xHwD xDmv u}= x@ O}=@ ?U=vt ?=wH uDi=} |=Q@ "CU= QD?U=vt
1 |xw}W R= xO=iDU= '|]=Lt |=yxQm VwQ QO Qwr}D \U@ |]N ?} QkD |Q}oQ=mx@
|wQ xOt; CUO x@ ?=wH uDiQoQ=Qk Ea=@ xJQo = VwQ |=OD@= QO �uOQmQ} wYD�
R= |[a@ QO u; R= xO=iDU= �xr�Ut |}=yv hOy� OwW|t |w=UD Ow}k |=[iQ} R
sRq Q}Ut |xt=O= QO Qo}O |=yVwQ R= xO=iDU= w CU}v QU}t |}=yvDx@ p�=Ut
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|U
Ovyt

|R=
Uxv

}y@
QO|

]=L
t|

=yxQ
mV

wQs
}taDOw}k |@} QkD Qw]x@ \=kv u}= 3 |xw}W QO |rw Ovvm|t =[Q= =Q |w=UD Ow}k |v=}t

=@ "OwQ|t QDq=@ CkO u}= =yxQwO O=OaD V}=Ri= =@ xm OQm Ovy=wN =[Q= =Q |w=UD
Q}Ut |xv=}t QO x=oQy w Ow@ Oy=wN QDsm C=@U=Lt Q=Okt 3 |xw}W QO OwHw u}=
CmQL R= xO=iDU= Q=@ l} =@ =yvD OW=@ |R=Uxv}y@ Ov}=Qi hkwD x@ R=}v |r}rO Qy x@

"OvwW|t =[Q= pt=m Qw]x@ R}v |w=UD Ow}k |DWoR=@

O=OaD |Dkw ,=YwYN 'uDt QO xOWu=}@ |xw}W R= |Q}oxQy@ =@ |w=UD Ow}k x@ C@Uv
"O=O Oy=wN Vy=m =Q |rLt ?=wH x@ uDiQ p=tDL= 'O@=} V}=Ri= |w=UD Ow}k

|xvwtv OvJ x@ Q=DWwv u}= QO xm 'hrDNt |=yp=Ft pL R= xOt; CUO x@ G}=Dv
"CU= 3 |xw}W sRq |}=Q=m R= u=Wv 'OW xQ=W= u;

\=kv '2 |xw}W QO xm OQm xQ=W= xDmv u}= x@ O}=@ 3 w 2 |xw}W |xU}=kt QO

CWwv=B
1. penalty function method
2. feasible direction
3. augmented lagrangian method
4. generalized reduced gradient method
5. generalized gradient projection
6. sequential linear programming
7. sequential quadratic programming
8. hypersphere
9. ellipsoidal technique
10. design centering
11. Hessian ellipsoid
12. ellipsoid algorithm
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