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lexO=iDU= =@ |Div uR=Nt QO Vv=Qo QF= |Oa@l} |R=Ux}@W

?r=e Gwt |OOa VwQ w x=}U Civ pOt R=
�|QDmO |wHWv=O� |Q}Wt |@DHt
�O=DU=� �|Q_vt xO=R|kD O=OQyt

h} QW |DavY x=oWv=O 'l}v�t |UOvyt xOmWv=O

QO "CU= Civ uR=Nt |R=Ux}@W |xRwL QO OQ@ Q=mQB |=ypOt R= |m} x=}U Civ pOt
|Q=DN=U |=Q=O w 1?OLtQ}e pOt u}= QO sQH |oDU}=B CqO=at xDUO 'p=L u}a

=@ "CU= x=Qty |DqmWt =@ |OOa pwtat |=yVwQ R= xO=iDU= Cra u}tyx@ "CU= xO}J}B
QO xS} wx@ w xOW QDW}@ ?OLD sOa u}= 'sm =L CqO=at QO Vv=Qo C=QF= uDiQo Q_v QO

QO |m} R}iQ}e 2|]=U@v= |=ylwW O=H}= ?@U |ov}�wt Ovv=t VNB |=yQ=mwR=U ?=}e
xm ?r=e Gwt s=vx@ |O}OH |OOa VwQ R= xO=iDU= =@ Q=DWwv u}= QO "OwW|t =yMU=B
QO u=} QH |R=Ux}@W x@ s=Ok= xOw@ |}xYNWt |x} RHD x@ R=}v uwO@ w GwtlD |WwQ

O=H}= R= |Q}owrH Qw_vtx@ 'u}vJty "OwW|t x=}U Civ pOt R= xO=iDU= =@ uR=Nt
C=QF= R= xar=]t u}= QO "CU= xOW xO=iDU= uDQ=y |B wQDv; K}LYD R= |]=U@v= |=ylwW
Vv=Qo C=QF= uDiQo Q_v QO =@ |Oa@l} uoty uRNt l} w xOW Q_vhQY |ov}�wt Q=Wi

"CU= xOW |R=Ux}@W
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Gwt VwQ '|wrwrPy |oDU}=B u}v=wk 'Vv=Qo 'x=}U Civ pOt %|O}rm u=oS=w
"|B wQDv; K}LYD '?r=e

xtOkt "1
[6]p@ w u}=DWvov=QD x=}U Civ |Ov@pwtQi QO sQH |oDU}=B CqO=at xDUO
'|oDU}=B CqO=at xDUO |=Q@ |]N |oO}y=@D swyit "Ov=�4|]N |xO}y=@D�
"CU= Qr=mU= p�=Ut QO xDU}=B Q}eDt x@ C@Uv Q=W `@=D ?OLD sOa swyit pO=at
CQwYx@ sQH |oDU}=B CqO=at xDUO u}@ wm =S T} QD=t 'x=}U Civ pOt QO
xQ=wty 'CUy R}v =yGwt CaQU Qou=}=tv xm 'xS} w Q}O=kt R= |m} w xOw@ |v}mD
CqO=at |]N |oO}y=@D x@ QHvt Qt= u}= xm CU= QiY x@ l}ORv Q=}U@
=Q xS} w Q}O=kt R= xO=iDU= Q@ |vD@t |=yVwQ OQ@ Q=m xr�Ut u}= [6]"OwW|t
QDO}OW Q=}U@ ?OLD sOa u}= 'Vv=Qo QF= uDiQo Q_v QO =@ "Ovm|t pmWt

[7]"OwW|t
|OOa |=yVwQ |=Q@ xOta |Wr=J 'Q=W `@=wD ?OLD sOa =} '|]N |oO}y=@D
?@U =ylwW p�=Ut xvwou}= QO "OwW|t ?wULt uR=Nt |R=Ux}@W QO pwtat
|=y|oDUw}B=v w =ylwWpN=OD R= O}OH|Hwt Q=DN=U w xOW|Hwt Q=DN=U?} QND
?OLtQ}e p�=Ut QO '|m} R}i |=yMU=B uDW=O Qw_vtx@ "OwW|t pY=L5|U=tD
QDW}@ '\QW u}= |=[Q= sOa ?@Ux@ [8]"OwW <=[Q= 6l}v}r)= |B wQDv; \QW O}=@
|=ylwW w xOW pmWt Q=JO p�=Ut u}= =@ OQwNQ@ QO K} QY |OOa |=yVwQ
|NU=B|[=} Q ^=Lrx@|]=U@v= |=ylwW u}= "Ovvm|t O=H}=|m} R}iQ}e|]=U@v=
Zkv |DQ=@ax@ w '|B wQDv; \QW C}=aQ sOa Crax@ =t= 'Ov=xr�Ut |=Q@ K}LY
'pmWt u}= `iQ |=Q@ [9]"OvwW|tv ?wULt |m} R}i MU=B 'l}t=v}OwtQD swO uwv=k
pt=W OQ=wt QDW}@ QO xm OwW|t xO=iDU= |B wQDv; K}LYD s=vx@ |}=yVwQ R= ?re=

s}v R=V}@ 'CW=OQ@V}=Ri= |=Q@ |}=yQ=my=Q uDi=} Qw_vtx@ |Div uR=Nt |R=Ux}@W
|OOa |=yVwQ `=O@= R}v w =yxv=}=Q|D=@U=Lt u=wD VQDUo xRwQt= [1]"OQ=O xk@=U uQk
"CU= xOW uR=Nt |=y|R=Ux}@W CkO w |}=Q=m V}=Ri= ?@U 'QDj}kO w QDxv} Rysm
|=y\}Lt uwQO |R=iOvJ u=} QH h}YwD |=Q@ |awvDt |m} R}i |=ypOt
|xO=U pOt R= |i}] xm xOW x�=Q= 'OQ=O OwHw |Div uR=Nt QO xm |}xvwox@ 'pNrNDt
u=}t u}= QO "OwW|t pt=W =Q [2]|@}mQD |R=iOvJ w |�RHOvJ pOt =D [1]|R=ilD
|R=iOvJ u=} QH R=?U=vt|rm Q} wYD |x�=Q= w|@Uv|oO=U?@Ux@ x=}UCiv pOt
[3]"OwW|t ?wULt uR=Nt |R=Ux}@W QO OQ@ Q=mQB |=ypOt R= |m} uRNt uwQO
pNrNDt \}Lt uwQO u=} QH w xOW Q_vhQY uRNt |=tO Q}}eD R= pOt u}= QO
sQH p=kDv= w |Q}PBsm =QD C=QF= u}vJty pOt u}= "CU= R=i xU w <RH xU pt=W
QO 'Ov=syt x} wv=F w x}rw= CW=OQ@ V}=Ri= |=yVwQ |R=Ux}@W |=Q@ xm =Q =yR=i u}@

[5w4]"OQ}o|t Q_v
u}= QO "OQ=O OwHw x=}U Civ pOt QO CqO=at u=}@ |=Q@ |irDNt |=yVwQ
[6]xOW xO=iDU= 3p@ w u}=DWvov=QD \UwD xOWx�=Q= |U} QD=t |Ov@pwtQi R= xar=]t
CqO=at xDUO l} w |wtyU Q=Wi |xrO=at l} x@ u=} QH CqO=at u; QO xm

"OwW|t s}UkD <=RH= sQH |oDU}=B |wrwrPy

pw�Ut xOvU} wv �
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}@W|=Q@ sQH |oDU}=B |xrO=at xDUO l} w Q=Wi |=Q@ |wtyU |xrO=at l} pt=W
Ovy=wN u=Um} Q=Wi |=Q=O =yR=i |xty '|ov}�wt Q=Wi R= Q_vhQY "OwW|t <=RH=

"Ow@
Q=Okt u; |=yx}=QO xm OwW|t h} QaD |}xvwox@ n = fno; ng; nwg Q=OQ@
N T} QD=t u}vJty "OW=@ |r=N |=[i sHL OL=w Q@ p=}U pm QO <RH Qy sQH
R=i Qy QO <RH Qy sQH |xOvyOu=Wv u; |=yx}=QO xm OwW|t h} QaD Q} R CQwYx@

%CU= uRNt |r=N |=[i sHL OL=w Q@

N =

2664 nol nov 0
ngl ngv nga
0 0 nwa

3775 : (1)

Q=Wi w n <=RH= sQH uDUv=O =@ u=wD|t =Q =yR=i uwQO <=RH= sQH |Q}oQ=Qk |xwLv
%OQm u}}aD 2 |x]@=Q j} Q] R= p

n = Ne; (2)

(R) 9|oOWpL |=yC@Uv T} QD=t u}vJty "CU= e = f1; 1; 1gT u; QO xm
%OwW|t h} QaD 3 |x]@=Q j@=]t

R =

2664 1 Rv 0
Rl 1 Ra
0 0 1

3775 ; (3)

Q@ xwqa "Ra = nga=nwa w Rv = nov=ngv 'Rl = ngl=nol u; QO xm
|tHL ?}=Q[ |Q]k T} QD=t R= <=RH= sQH w =yR=i sHL u}@ \=@DQ= u=}@ |=Q@ 'u}=

%OwW|t xO=iDU= �B� 10OvR=U
u = BR�1n; (4)

sHL x@ =yR=i sHL Q@=Q@ u; |=yx}=QO xm CU= =yR=i |@Uv sHL Q=OQ@ u u; QO xm
?}=Q[ u; Q]k |wQ QY=va xmCU= |Q]k |U} QD=t B wCU= uRNt |r=N |=[i

"CU= hrDNt |=yR=i QO OvR=U |tHL
?ULQ@ eTu = 1 sHL pO=aD |x]@=Q 'Q=Wi |xrO=at uOQw; CUOx@ |=Q@
'|[=} Q C=}rta |QU l} s=Hv= =@ 'C}=yv QO "OwW|t xO=O \U@ p w n |=yQ}eDt

[6]%OwW|t xDWwv 5 |x]@=Q j@=]t Q=Wi |xrO=at
�@p
@t

+ eT @u
@n

@
@x

�
ND�1

u v
�

= � (5)

%OvwW|t h} QaD u}vJ � w � ?}=Q[ u; QO xm
� = ��eT @u

@p
+ eT @u

@n
n@�
@p

(hr=6)

� = eTu� 1
�t

� (?6)

Du u}vJty "CU= u=mt |xYDNt x w uRNt QF-wt pNrND � \@=wQ u}= QO
u}= x@ xHwD =@ "CU=yR=i |@Uv sHL u; Q]k |wQ QY=va xm CU= |Q]k T} QD=t
|oDU}=B CqO=at xDUO 'CU= R=i Qy QO <RH Qy |r=oJ |xOvyOu=Wv ND�1

u xm
%R= CU= CQ=@a x=}U Civ pOt QO sQH

@ (�n)
@t

+ @f
@x

= 0 (7)

|]=U@v= lwW O}rwD p=tDL= xm CU= |]=kv QO |awvYt |OOa VNB uOwRi=
[11w10'8]"OQ=O OwHw

pL Qw_vtx@ |@U=vt |OOa VwQ R= O}=@ xOWxDio |=y|oO}J}B Q@ x@re |=Q@
|}xYNWt |x} RHD Q@ |vD@t |=yVwQ "OQm xO=iDU= sQH |oDU}=B CqO=at xDUO
|x@U=Lt w |}xYNWt x} RHD x@ R=}v ?@Ux@ =t= OvQ=OQwNQ@ ?U=vt CkO R=
|D=@U=Lt |xm@W O=a@= x@ xHwD =@ xS} w x@ �� =yu; |D=@U=Lt |xv} Ry 'xS} w |=yQ=OQ@
|=yVwQ 'Qo}O hQ] R= [12]"CU= O=} R Q=}U@ �� |Div uR=Nt |=Q@ xO=iDU= OQwt
u=wvax@ sDU}U |xS} w Q=Okt u} QDnQR@ R= xm OvQ=O Q=Qk 7hv=RQ VwQ x}=B Q@ |RmQt
|=yVwQ u} Ro}=H u=wvax@ ,=DOta xm =yVwQ u}= [13]"Ovvm|t xO=iDU= Gwt CaQU
|OOaVNB u=R}t ,=@r=e QDsm |D=@U=Lt |xv} Ry OwHw =@ 'OvwW|t |iQat |DUOq=@
"CU= xDiQo s=Hv= |RmQt |=yVwQ |wQ Q@ |irDNt C=L}LYD [14]"OvQ=O |}q=@
[15]OvOQm `=O@=V} QOQi�Tmr VwQ T=U=Q@ =Q swO x@DQt |OOa VwQl} u}kkLt
'CU= ?U=vt uR=Nt |R=Ux}@W QO xO=iDU= OQwt 8xOW =Hx@=H |xm@W |=Q@ xm
=@ 'p}rO u}tyx@ "O@=}|t V}=Ri= |v=tR s=o uOWlJwm =@ u; |OOa VNB =t=
"OW u=tR R= pkDUt u; |OOa VNB [16]'|a=O@= VwQ u}= Q@ |LqY= p=ta*=
sQH |oDU}=B CqO=at pL C}r@=k R= [16]xOWKqY= VwQ u}= |xDUUoxt}v pmW
|oDU}=B |wrwrPy CqO=at pL |=Q@ VwQ u}= R= |oR=Dx@ "CU= Q=OQwNQ@ xO}y=@D
|=yVwQ u}vJty [3]"CU= xOW xO=iDU= Vv=Qo uwO@ x=}U Civ pOt QO sQH
pmW R= xO=iDU= u}= Q@ xwqa [20�17]"OwQ|t Q=m x@ R}v |QDxv} RyQB xD@r= w QDO}OH
xDiQo Q=Qk xar=]t OQwt ?OLD sOa Q@ x@re |=Q@ |RmQt |=yVwQ |xDi=} Q}}eD

[10]"CU=
QO xm [14]OW O=yvW}B |oDU}=B CqO=at pL |=Q@ |WwQ 'Qo}O |}xar=]t QO
|=yVwQ QO xm u}@ wm =S T} QD=t |xS} w Q=Okt u} QDnQR@ R= xO=iDU= |=Hx@ u;
xOW xDN=OQB sDU}U QO ?r=e Gwt X}NWD x@ 'CiQo|t CQwY hv=RQ Q@ |vD@t
|R=}v ?}DQD u}= x@ "OQ}o|t s=Hv= ?r=e Gwt u}= T=U=Q@ |OOa Q=W |x@U=Lt w
|xv} Ry |x_Lqt p@=k Vy=m =@ u=tRsy w CU}v u}@ wm =S T} QD=t |x@U=Lt x@
|OOa VNB u=R}t R= �� pwtat |RmQt |=yVwQ x@ C@Uv |DL �� |D=@U=Lt

[14]"OwW|t |Q}owrH R}v |i=[=
xDUO pL |=Q@ [14]ROQ=wO= |O=yvW}B ?r=e Gwt VwQ R= Q[=L |xar=]t QO
=@ w '|Oa)@l} uoty uRNt l} QO x=}U Civ pOt QO sQH |oDU}=B CqO=at
"OwW|t Q_vhQY |ov}�wt C=QF= R= w xOW xO=iDU= Vv=Qo C=QF= uDiQo Q_v QO
|]=U@v= |=ylwW O=H}= R= |Q}owrH |=Q@ [11]uDQ=y |B wQDv; K}LYD R= 'u}vJty

"OwW|t O=yvW}B u; Q=Okt |R=Uxv}y@ |=Q@ |WwQ w xOW xO=iDU=
w xOW s=Hv= x=}U Civ |m} R}i pOt QO CqO=at Q@ x=Dwm |QwQt =OD@= 'xt=O= QO
K} QWD |oDU}=B CqO=at pL |=Q@ xO=iDU= OQwt |OOa VwQ p=ta= |xwLv TBU
pL Vv=Qo uwO@ w =@ |=yCr=L QO xvwtv |xr�Ut |O=OaD 'G}=Dv VN@ QO "OwW|t

"OW Oy=wN

x=}U Civ pOt "2
x@ x=}U Civ pOt |=Q@ [6]p@ w u}=DWvov=QD \UwD xOWx�=Q= |Ov@pwtQi VN@ u}= QO
Civ <RH xU pt=W pNrNDt \}Lt uwQO u=} QH 'pOt u}= QO "CU= xOW xDiQo Q=m
R=i xU QFm =OL Ovv=wD|t uRNt \}=QW QO <=RH= u}= xm xOw@ �w� ?; w �g� R=o '(o)
|Ov@pwtQi u}= 'OW xDio xm u=vJ "OvyO p}mWD =Q �a� ?; w �v� Q=N@ '�l� `}=t
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Ht OvwW|t OQ=w|vt[ CQwYx@|rm |=yCaQU '5 Q=Wi |xrO=at |R=UxDUUo |=Q@

%R= Ow@ Oy=wN CQ=@a Q=Wi |xrO=at |}=yv |xOWxDUUo sQi xH}DvQO w
�ni �t+ �ni p

n
i �

h
(�t)ni+1=2 � (�t)ni�1=2

i
Kg sin � �t

�x
=�

�ni +
h
(�t)ni+1=2 + (�t)ni�1=2

i
K �t

(�x)2

�
pn+1
i

�
�
(�t)ni+1=2 K

�t
(�x)2

�
pn+1
i+1 �

�
(�t)ni�1=2 K

�t
(�x)2

�
pn+1
i�1

(12)

?=@L |x]kv Q=Wi R= QDsm Q=Wi xm |v=tR 'q=@ Q=Wi |xrO=at QO xm OW Qw;O=} O}=@
?6 w hr=6 \@=wQ R= � w � ?}=Q[ R}v OW=@ `=@W= Q} R u=} QH |DQ=@ax@ =} 'OW=@
Cw=iDt `=@W= Cr=L =@ u w n |=yQ=OQ@ Q}O=kt Cr=L u}= QO =t= "O};|t CUO x@
|Q}PBlQLD w �� = k�=�� |Q}PBlQLD |=yQDt=Q=B h} QaD =@ [6]"Ow@ Oy=wN
|rm |Wv=Qo |Q}PBlQLD w |rm |Q}PBlQLD '� R=i �� = k���=�� |Wv=Qo

%OwW|t x@U=Lt 13 |x]@=Q j@=]t
�t =

X
�=l;v;a

k�
��

; �t =
X

�=l;v;a

k�
��

�� (13)

|@=UL |Q}o\UwDt =@ pwrU Qy |=yRQt QO xOW |R=UxDUUo |xrO=at ?}=Q[
� w � |=yQDt=Q=B |x@U=Lt |=Q@ =t= 'OwW|t x@U=Lt x}=Uty pwrU wO Q}O=kt R=
xO=iDU= l}vwtQ=y |Q}o\UwDt R= 'Ov=|]NQ}e COWx@ w `=@W= xHQO `@=D uwJ

[21]%OwW|t
�ni+1=2 =

2�ni �ni+1
�ni + �ni+1

; �ni+1=2 =
2�ni �ni+1
�ni + �ni+1

(14)

x=oDUO l} x@ p}O@D |Oa)@l} Cr=L QO 12 |xrO=at R= pY=L CqO=at x=oDUO
"CU= pL p@=k |DL=Qx@ [22]T=twD sD} Qwor= R= xO=iDU= =@ xm OwW|t |Q]kxU
sHL VwQ R= xO=iDU= =@ �7 |xrO=at� sQH |oDU}=B |xrO=at |}=yv |xDUUo sQi

%O};|t CUOx@ 15 |x]@=Q j@=]t OwOLt
nn+1
i = nni � �t

�i�x

�
f̂i+ 12

� f̂i� 12

�
(15)

?}mQD uDW=Oxov C@=F =@ 12 Q=Wi |xrO=at =OD@= '|@}DQD VQov =@ Q=DWwv u}= QO
'=yQ=Wi u}= R= xO=iDU= =@ TBU "OvwW|t x@U=Lt O}OH |=yQ=Wi w 'pL n <=RH=
CqO=at R}v C}=yv QO "OvwW|t x@U=Lt f̂ |=yQ=W xH}DvQO w |rm |=yCaQU
CUO x@ O}OH ?}mQD w OwW|t pL Q=Wi uOw@C@=F ZQi =@ 15 sQH |oDU}=B
|iQat 15 CqO=at xDUO pL |=Q@ ?r=e Gwt |OOa VwQ Oa@ VN@ QO "O};|t

"OwW|t

?r=e Gwt VwQ "2"3
Q=Qk xO=iDU= OQwt 15 |oDU}=B CqO=at xDUO pL |=Q@ xar=]t u}= QO xm |WwQ
sDU}U uwQO ?r=e Gwt X}NWD Q@ |vD@t w xOW x�=Q= [14]ROQ=wO= \UwD 'OQ}o|t
OwHwt |OOa VNB R= '|}xYNWt |x} RHD x@ R=}v `iQ Q@ xwqa VwQ u}= "CU=
^iL =Q |a[wt |oDU}=B ?r=e Gwt VwQ "Ovm|t |Q}owrH |RmQt |=yVwQ QO
�DW ?r=e Gwt CaQU "OwW|t |R=UxO=}B OwOLt sHL VwQ ?r=k QO w xOQm

[14]%OwW|t h} QaD 16 |x]@=Q \UwD
�DW = (nR � nL) � (fR � fL)

(nR � nL) � (nR � nL)
(16)

h} QaD =@ v Q=OQ@ w OwW|t h} QaD f = RB�1v CQwYx@ <RH Qy Q=W u; QO xm
QO Q=Wi u=}O=Qo |xrtH hPL w =yR=i CaQU ẁtHt CQwYx@ vt |rm CaQU

%OwW|t x@U=Lt |UQ=O |xrO=at

v = Le 1
eTLe

vt +
�
I� Le 1

eTLe
eT
�
KL�g sin � (8)

CQwYx@ xmCU= uRNt?}W |x} w=R � wCU=nvU jr]t |Q}PBPwivK u; QO xm
L w u}tR pkF ?=DW g u}vJty "OwW|t |Q}oxR=Ov= ji= K]U R= OQoCa=UO=B
|Q}PBPwiv s}UkD R= u; Q]k |wQ QY=va xm CU=yR=i 11|Q}PBlQLD |Q]k T} QD=t
8 |x]@=Q uwJ xm CW=O CkO O}=@ "O};|t CUOx@ R=i u=ty CHRr Q@ R=i Qy |@Uv
'u}vJty "Ow@ Oy=wN Qr=mU= |D}tm vt |rm CaQU 'xOW xDWwv |Oa)@l} Cr=L QO

%OwW|t h} QaD u}vJ xm CU=yR=i |r=oJ Q=OQ@ � xrO=at u}= QO

� = RB�1�std (9)

"CU= u}tR K]U OQ=Ov=DU= \}=QW QO <=RH= |r=oJ �std u; QO xm
|QUm 'h} QaD j@] "CU=yR=i `=@W= |xHQO |x@U=Lt xOv=t|k=@ |xDmv =yvD
"OQ=O s=v R=i u; `=@W= |xHQO 'OwW|t p=eW= R=i l} \UwD xm p=}U sHL R=

%u}=Q@=v@
s = u

eTu
(10)

j}kO =[Q= sOa w |R=U|]N ?@Ux@ Q[=L |Ov@pwtQi QO xm CW=O xHwD O}=@
sHL '5 Q=Wi |xrO=at uOQw; CUO x@ |=Q@ eTu = 1 sHL pO=aD |xrO=at
=@ OvOw@ Q@=Q@ Q=Okt wO u}= Qo = "OvDU}v Q@=Q@ (s) =yR=i `=@W= |xHQO w (u) =yR=i
OQwt 7 CqO=at xDUO R= xrO=at wO pL \ki sl + sv + sa = 1 |x]@=Q x@ xHwD
|i=[= |xrO=at l} pL '=yv; u}@ hqDN= ?@Ux@ Q[=L p=L QO |rw 'Ow@ R=}v
|D=aq]= xm OwW|t |i=[= Gwt l} O=H}= x@ QHvt xrO=at u}= pL "OQ=O CQwQ[
QO 'Qo}O CQ=@ax@ "Ow@ Oy=wN QiY l}ORv u; CaQU xH}DvQO w Ovm|tv ptL =Q
x@ QHvt Qt= u}= xm CU= QiY l}ORv xS} w Q}O=kt R= |m} xQ=wty u}@ wm =S T} QD=t

[6]"OwW|t CqO=at |oO}y=@D
?@Ux@ =yR=i R= |m} Qo = xm CU= u}= Q[=L |Ov@pwtQi |=y|oS} w R= |m}
s=tD QO `=@W=Q} R =} |R=iwO Cr=L w 'OwWv p}mWD uRNt <=RH= ?}mQD w Q=Wi Q}}eD
C@=F CtUk u}= QO xOW xDio |U} QD=t CqO=at ODi= j=iD= uRNt R= |WN@ =}
`@=D Q=Wi Q@ xwqa |R=iwO Cr=L QO p=}U X=wN xD@r= "Ovvm|tv |Q}}eD w xOv=t

"CUy R}v '12?=@L |x]kv Q=Wi Ovv=t '`=@W=Q} R |=yQDt=Q=B

|OOa VwQ "3
x=}U Civ CqO=at |R=UxDUUo "1"3

|D=@U=Lt xQo n =@ CN=wvm} |Oa)@l} |xm@W l} R= CqO=at |R=UxDUUo |=Q@
=yu; |xrY=i w xQo \=kv pLt xH}Dv QO "OwW|t xO=iDU= L pw]x@ |}x}L=v |=Q@

%R= Ov=CQ=@a sy R=

xi = (i� 1)�x; i = 1; 2; :::; n; �x = L
n� 1 (11)
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"""xO
=iDU

==@
|Di

vuR
=Nt

QOV
v=Qo

QF=|
Oa@l

}|
R=Ux

}@WxDW=Ov OwHw CU=Q w AJ |=yCr=L u}@ hqDN= =} OwOLt VQB l} Qo =
|]=kv u}vJ QO "Ow@ Oy=wNv x@U=Lt p@=k 16 |xrO=at j} Q] R= Gwt CaQU 'OW=@
[8]%OwW|t |Q=Po}=H Q} R CQwYx@ |a[wt V} QOQi� Tmr VwQ R= Gwt CaQU
j�LLF j = max

[xL;xR]

�
max
j
j�j j
�

(22)

u} QDnQR@ =Hv}= QO "CU= A = �f
�n u}@ wm =S T} QD=t s=j xS} w Q=Okt �j u; QO xm

u} QDnQR@ w xOW x@U=Lt (xL + xR)=2 w xL 'xR Cr=L xU QO xS} w Q=Okt
"OQ}o|t Q=Qk xO=iDU= OQwt Gwt CaQU u=wvax@ =yv;

|BwQDv; \QW "3"3
w Vv=Qo QF= uOWxOwRi= s=ovy QO |]=U@v= |=ylwW O=H}= R= |Q}owrH Qw_vtx@
"OwW|t xO=iDU= uDQ=y K}LYD x@ swUwt|B wQDv; K}LYD R= '=yQ=W uOW?OLtQ}e
R= |OOa VwQ QO xOt; CUO x@ Gwt CaQU xm |DQwY QO OQm O=yvW}B [9]uDQ=y

%OwW|t K}LYD u}vJ �DW Q=Okt 'OW=@ QDsm |v}at Q=Okt

�DW =

8<: �2
DW+"2

2" j�DW j < ";

j�DW j j�DW j > ":
(23)

xr�Ut QO Q[=L |=yGwt CaQU |xOwOLt w xr�Ut \}=QW x@ xHwD =@ O}=@ " QDt=Q=B
|Q}owrH |]=U@v= |=ylwW O=H}= R= u=wD|t " QDt=Q=B ?U=vt s}_vD =@ "OwW u}}aD
u}= QO =t= 'OQ=Ov OwHw " |x@U=Lt |=Q@ |O=tDa= p@=k w j}kO VwQ xJQo = "OQm
QO "OwW|t xO=iDU= [23]u}kkLt |O=yvW}B VwQ R= xDi=} Q}}eD pmW l} R= Q=DWwv

%R= CU= CQ=@a " QDt=Q=B VwQ u}=
" = "0(�R � �L) (24)

nR w nL QO xm Ov=CU=Q w AJ xS} w Q}O=kt xv}W}@ ?}DQDx@ �R w �L u; QO xm
"0 = 2 R= xO=iDU= =@ OQ=wt QFm = QO xm OyO|t u=Wv |OOa G}=Dv "OvwW|t x@U=Lt

"OQm |Q}owrH |]=U@v= |=ylwW O=H}= R= u=wD|t

G}=Dv "4
|xr�Ut xvwtv wO pw= VN@ QO "CU= xOW pL xr�Ut xvwtv Q=yJ VN@ u}= QO
Q_v QO =@ Qo}O Q=@p�=Ut u=ty swOVN@ QO wVv=Qo Qw[LuwO@ x=}UCiv |Oa)@l}
|xOvyOu=Wv xm Ov=xOW ?=NDv= |}xvwox@ p�=Ut "Ov=xOW pL Vv=Qo C=QF= uDiQo
Q} R w �|R=ixU� `=@W= |=yCr=L |va} 'uRNt uwQO u=} QH hrDNt |=ys} SQ
R= =yMU=B pqkDU= uO=Ou=Wv |=Q@ R}v VN@ u}= u=}=B QO "OvW=@ �|R=iwO� `=@W=
xO=O u=Wv hrDNt |=yxQo O=OaD <=R=x@ sQ=yJ |xr�Ut MU=B 'xm@W |=yxQo O=OaD
xOt; 1 CUw}B QO p�=Ut QO xOWxO=iDU= Cq=}U w uRNt C=YNWt "CU= xOW

"CU=

Vv=Qo uwO@ p�=Ut "1"4
QO j} QRD x=J xm CU= |ki= w |Oa)@l} |vRNt p�=Ut u}= QO xO=iDU= OQwt uRNt
xO=iDU= OQwt uRNt l}D=tW 2 pmW "OQ=O Q=Qk u; |=yDv= QO |O}rwD x=J w =OD@=

"OyO|t u=Wv =Q swO w pw= p�=Ut QO

"?r=e Gwt VwQ QO q=@ x@DQt |=yCr=L "1 pmW

fR w fL w xOw@ 13q=@x@DQt CU=Q w AJ |=yCr=L ?}DQDx@ nR w nL u; QO xm
u}@ hqDN= R= |a@=D �DW 'u}=Q@=v@ "OvDUy =yCr=L u}= =@ \@DQt |=yQ=W R}v
u=Wv 1 pmW QO =yCr=L u}= "CU= R CU=Q w L AJ |q=@x@DQt |=yCr=L

"Ov=xOW xO=O
%OwW|t xDWwv 17 |x]@=Q CQwYx@ q=@x@DQt Q=W |xOWxDUUo pmW

f̂i+ 12
= 1

2 (fR + fL)� 1
2
�����DWi+ 12

���� I (nnR � nnL) (17)

uO=O Q=Qk =@ 17 w 16 CqO=at QO xm CU= |y}O@ "CU= |v=ty T} QD=t I u; QO xm
"O};|t CUO x@ ?r=e Gwt pw= |x@DQt VwQ 'L w R |=Hx@ ?}DQDx@ i w i+ 1
xOW xO=iDU= O)tu}t |xOvvmOwOLt R= R w L |q=@x@DQt |=yCr=L |x@U=Lt |=Q@

%OvwW|t h} QaD u}vJ q=@x@DQt CU=Q w AJ |=yCr=L "CU=

nL = ni + nx;i
�x
2 ;

nR = ni+1 � nx;i+1
�x
2 (18)

19 |x]@=Q j@=]t w xOW xO}t=v Q}eDt jDWt ,=Lq]Y= nx;i+1 w nx;i u; QO xm
%OvwW|t h} QaD

nx;i = minmod
�ni+1 � ni

�x
; ni � ni�1

�x

�
nx;i+1 = minmod

�ni+2 � ni+1
�x

; ni+1 � ni
�x

�
(19)

%R= CU= CQ=@a O)tu}t |xOvvmOwOLt 19 CqO=at QO

minmod(x; y) =

8>>>><>>>>:
min(x; y) x; y > 0
max(x; y) x; y < 0
0 xy < 0

(20)

OOa \UwD |v=tR s=o O}=@ 17 w 16 CqO=at \UwD xOWx�=Q= K} QY |Ov@pwtQi QO
%OwW|t h} QaD u}vJ Cr=L u}= QO (C) Cv=Qwm OOa "OwW OwOLt Cv=Qwm

C = �max
DW�t
�x

(21)

|=Q@ R=Ht u=R}t "CU= pL xR=@ QO ?r=e Gwt CaQU u} QDnQR@ �max
DW u; QO xm

|q=@ u=Qm ,qwtat =t= CU= xO=iDU= OQwt |xOvvmOwOLt ẁv x@ xDU@=w Cv=Qwm OOa
"OQ}o|t Q=Qk xO=iDU= OQwt 0 5
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|Q_
vtx

O=R|
kDO

=OQy
tw

|Q}
Wt

|@D
Ht

"RwQ 150 R= TB pw= |xr�Ut QO R=o <RH |tQH |r=oJ "5 pmW

"RwQ 150 R= TB pw= |xr�Ut QO ?; <RH |tQH |r=oJ "6 pmW

VwQx@ pL |xOvyOu=Wv =ypmW QO TB O=tv "CU= xOW x�=Q= ?; w R=o 'Civ
DW O=tv w xOW x�=Q= [6]p@ w u}=DWvov=QD \UwD xm CU= swOx@DQt hwvwOwo
"CU= O)tu}t |xOvvmOwOLt R= xO=iDU= =@ ?r=e Gwt VwQ G}=Dv |xOvyOu=Wv
Cv=Qwm OOa "Ovvm|t xO=iDU= |D=@U=Lt xQo 200 R= xOW xO=O u=Wv VwQ wO Qy
xm u=vJ "CU}v |B wQDv; K}LYD p=ta= x@ |R=}v w xOW xDiQo Q_v QO 0 5 Q@=Q@
uwO@ ?r=e Gwt VwQ w OQ=O OwHw G}=Dv u=}t |@ wN j@=]D OwW|t xOy=Wt
xDi=} CUO swO x@DQt hwvwOwo VwQ OwOL QO |DkO x@ |i=[= |OOa VNB

"CU=
w xOw@ `=@W= u=} QH uRNt s=tD QO 'OwW|t x_Lqt 3 pmW QO xm u=vJ
xy@H wO R= xr�Ut pL "OvQ=O Qw[L u=tRsy Qw]x@ ?; w Q=N@ '`}=t R=i xU Qy
15j}kQD Gwt l} pt=W s=OmQy xm xOW p}mWD 14CQwr� |rm =@ x@ swUwt Gwt
Q=Qk R=o w Civ <=RH= u}@ xm sm CaQU =@ Gwt l} &CU= lwW l} x@ pYDt
'xr�Ut u}= QO "CU= Civ w R=o <=RH= u}@ xm q=@ CaQU =@ Gwt |Qo}O w OQ=O
x@ w O@=}|t O=ODt= QDt 45 =D w xOW ẁQW QDt 10 OwOL R= j}kQD Gwt l}
x@ w xOW ẁQW QDt 125 OwOL R= 'Qo}O j}kQD Gwt w OwW|t sDN lwW l}
OwHw R}v 6 =D 4 |=ypmW QO OvwQ u}ty x@=Wt "OwW|t sDN QDt 220 QO lwW

"OQ=O
x=J =D QDt 220 R= q=@ CaQU =@ Gwt R= TB Q=N@ R=i `=@W= |xHQO V}=Ri=
j} QRD R=o Gwt =Q} R 'CU= |O}rwD x=J R= |W=v Q=Wi Vy=m C=QF= Crax@ |O}rwD
"CU= xO}UQv CtUk u}= x@ Rwvy 'CU= XNWt 5 pmW R= xm xvwou=ty 'xOW

"swO w pw= p�=Ut QO xO=iDU= OQwt uRNt l}D=tW "2 pmW

Vv=Qo uwO@ `=@W= u=} QH %pw= |xr�Ut "1"1"4
j} QRD w nini x}rw= \}=QW w CU= `=@W= Cr=L QO uRNt u=} QH xr�Ut u}= QO

%R= Ov=CQ=@a <=RH= ?}mQD ninj

nini = f0 703; 70 30; 0 0502gT ;
ninj = f0 0414; 66 23; 0 497gT (25)

%R= Ov=CQ=@a ?}DQD x@ O}rwD w j} QRD 'x}rw= |=yQ=Wi u}vJty
pini = 1800(psi)

pinj = 2000(psi)

pproad = 1600 (psi)

<=RH= ?}mQD w =yR=i `=@W= |xHQO G}=Dv ?}DQDx@ 6 =D 3 |=ypmW QO

"RwQ 150 R= TB pw= |xr�Ut `=@W= xHQO p}iwQB "3 pmW

"RwQ 150 R= TB pw= |xr�Ut QO Civ <RH |tQH |r=oJ "4 pmW
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"""xO
=iDU

==@
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vuR
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QOV
v=Qo

QF=|
Oa@l

}|
R=Ux

}@W

"RwQ 300 R= TB swO |xr�Ut QO R=o <RH |tQH |r=oJ "9 pmW

"RwQ 300 R= TB swO |xr�Ut QO ?; <RH |tQH |r=oJ "10 pmW

Vv=Qo =@ p�=Ut "2"4
j} QRD x=J xm |DQwYx@ xOW |R=Ux}@W |Owta |vRNt sQ=yJ w swU p�=Ut QO
QO xO=iDU= OQwt uRNt l}D=tW 11 pmW "CU= xDiQo Q=Qk CtUk u} QDq=@ QO
xDiQo Q_v QO g = 9 81(m=s2) x@P=H ?=DW u=R}t "OyO|t u=Wv =Q p�=Ut u}=

"CU= xOW
Vv=Qo =@ `=@W= u=} QH %swU |xr�Ut "1"2"4

xOW xDiQo Q_v QO Vv=Qo C=QF= u; QO xm CU= pw= |xr�Ut x@=Wt xr�Ut u}=
Gwt VwQ R= xO=iDU= =@ "CU= pw= |xr�Ut x@=Wt |RQt w x}rw= \}=QW "CU=
pL x@ s=Ok= uDQ=y K}LYD R= xO=iDU= R}v w O)tu}t ?}W |xOvvmOwOLt w ?r=e
QO RwQ 100 R= TB <=RH= ?}mQD w =yR=i `=@W= |xHQO G}=Dv xm OW xr�Ut u}=
O=OaD w xOW xDiQo Q_v QO 0 5 Q@=Q@ Cv=Qwm OOa "CU= xOt; 15 =D 12 |=ypmW
pL Q=@u}rw= |=Q@ xr�Ut u}= xm u}= x@ xHwD =@ "CU= 200 |D=@U=Lt |=yxQo
QO R= pY=L G}=Dv =@ Vv=Qo uwO@ Cr=L G}=Dv w OQ=Ov OwHw |aHQt pL 'OwW|t
?=wH Q=DN=U xHwD p@=k Cy@=Wt |xOvyOu=Wv xm xOW xU}=kt Vv=Qo uDiQo Q_v
Q_v QO " = 10�5 uDQ=y K}LYD QO xO=iDU= OQwt QDt=Q=B"CU= Cr=L wO Qy QO
xD@r= "CU= QDu}}=B Q=}U@ xr�Ut pwtat |=yGwt CaQU |xOwOLt R= xm OW xDiQo
x@=Wt ,qt=m |}=y?=wH x@ u=wD|t R}v "0 = 2 |=R=x@ 24 |x]@=Q R= xO=iDU= =@
Oy=wN V}=Ri= |D=@U=Lt |xv} Ry �R w �L |x@U=Lt x@ R=}v Crax@ |rw 'O}UQ
Ovv=t "OvQ=O Qw[L R=i xU Qy w xOw@ `=@W= u=} QH '15 =D 12 |=ypmW QO "Ci=}
Cr=L x@=Wt ,=D}y=t sm CaQU =@ Gwt "CU= Gwt xy@H wO pt=W pL 'pw= |xr�Ut

Vv=Qo uwO@ `=@W= Q} R u=} QH %swO |xr�Ut "2"1"4
j} QRD w x}rw= \}=QW w xOw@ `=@W=Q} R Cr=L QO uRNt u=} QH swO xvwtv xr�Ut QO

%R= CU= CQ=@a <=RH= |r=oJ

nini = f0 704; 32 10; 0 1835gT ;
ninj = f0 404; 4 042; 0 647gT (26)

&pini = 1200(psi) x}rw= |=yQ=Wi
& pinj = 1400(psi) j} QRD Q=Wi
"pprod = 1000 (psi) O}rwD Q=Wi

'Civ <=RH= ?}mQD w =yR=i `=@W= xHQO G}=Dv ?}DQDx@ 10 =D 7 |=ypmW QO
[6]p@ w u}=DWvov=QD pL |xOvyOu=Wv TB O=tv R}v =Hu}= QO "CU= xOt; ?; w R=o
"CU= O)tu}t xOvvmOwOLt w ?r=e Gwt VwQ G}=Dv |xOvyOV}=tv DW O=tv w
R}v xr�Ut u}= QO "CU= 0 5 Q@=Q@ Cv=Qwm OOa w xQo 200 |=Q=O |D=@U=Lt |xm@W
CkO R= =y?=wH OwW|t xOy=Wt xm u=vJ "CU}v uDQ=y K}LYD p=ta= x@ |R=}v
xW}ty u=} QH 'xr�Ut u}= QO xm CU= XNWt 7 pmW R= "OvQ=OQwNQ@ |rw@k p@=k
|rm =@ Gwt xy@H l} =Hu}= QO "OQ=Ov Qw[L Q=N@ R=i w xOw@ `=@W= Q} R Cr=L QO
x@ w xOW ẁQW QDt 120 R= j}kQD Gwt l} =@ xm OQ=O OwHw q=@ CaQU =@ CQwr�
ẁv R= sm CaQU Gwt 'Cr=L u}= QO =t= "OwW|t sDN QDt 200 OwOL QO |mwW

"OQ=Ov p=@vO x@ |k}kQD Gwt w CU= |U=tD |oDUw}B=v

"RwQ 300 R= TB swO |xr�Ut `=@W= xHQO p}iwQB "7 pmW

"RwQ 300 R= TB swO |xr�Ut QO Civ <RH |tQH |r=oJ "8 pmW
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"RwQ 100 R= TB swU |xr�Ut QO R=o <RH |tQH |r=oJ "14 pmW

"RwQ 100 R= TB swU |xr�Ut QO ?; <RH |tQH |r=oJ "15 pmW

RwQ 150 R= TB Otu}t ?}W |xOvvmOwOLt w ?r=e Gwt VwQ p=ta= R= pY=L
"CU= xOW x�=Q=

xDiQo Q_v QO " = 10�5w xOW xO=iDU= uDQ=y K}LYD R= R}v xr�Ut u}= QO
x@ u=wD|t R}v "0 = 2 uO=O Q=Qk w 24 |x]@=Q R= xO=iDU= =@ xD@r= "CU= xOW
w CU= |D=@U=Lt xQo 200 |=Q=O xm@W u}vJty "O}UQ x@=Wt ,qt=m |}=y?=wH

"CU= xOW xDiQo Q_v QO 0 5 Q@=Q@ Cv=Qwm OOa
x_Lqt |@; w `}=t |=yR=i pt=W |R=i wO u=} QH '19 =D 16 |=ypmW QO
R= u; j}kQD xm xOw@ CQwr� |rm =@ ẁv R= q=@ CaQU =@ Gwt 'xr�Ut u}= QO "OwW|t
"OwW|t pYDt QDt 255 QO lwW l} x@ w xOW xOQDUo QDt 225 =D 100 OwOL
ẁv R= 'CU= `}=t R=i QO R=o <RH uOW pL Qou=}=tv xm R}v u}}=B CaQU =@ Gwt

R= |W=v Q=Wi u=}O=Qo =@Vv=Qo Q=OQ@ uOw@CyHsyCra x@ "CU= |U=tD |oDUw}B=v
"OwW|t x_Lqt Civ O}rwD V}=Ri= xH}DvQO w Gwt |=yxy@HCaQU V}=Ri= 'j} QRD

xm@W |}=Qosy "3"4
`=@W= |xHQO G}=Dv '|D=@U=Lt |xm@W R= =yMU=B pqkDU= uO=Ou=Wv Qw_vtx@
xOt; 20 pmW QO hrDNt |D=@U=Lt \=kv O=OaD |=R=x@ sQ=yJ |xr�Ut QO =yR=i
R= V}@ x@ \=kv O=OaD V}=Ri= =@ =yMU=B xm CU= u; |xOvyOu=Wv pmW u}= "CU=
xOy=Wt OvwQ u}ty R}v xOWpL p�=Ut Q}=U QO "Ovvm|tv |v=OvJ Q}}eD x]kv 200

"OvwW|t =Qoty |D=@U=Lt |xm@W R= pkDUt G}=Dv w xOW

"sQ=yJ w swU p�=Ut QO xO=iDU= OQwt uRNt l}D=tW "11 pmW

"RwQ 100 R= TB swU |xr�Ut `=@W= xHQO p}iwQB "12 pmW

"RwQ 100 R= TB swU |xr�Ut QO Civ <RH |tQH |r=oJ "13 pmW

|r=L QO &CU= QD|vqw] j}kQD Gwt =Hu}= QO xm Cw=iD u}= =@ xOw@ Vv=Qo uwO@
ẁv R= 'Vv=Qo uwO@ Cr=L hqNQ@ 'xr�Ut u}= QO q=@ CaQU =@ Gwt xy@H xm
x@ pYDt j}kQD l} pt=W xm CQwr� |rm =@ ẁv R= xv w CU= |U=tD |oDUw}B=v

"OW=@|t lwW
Vv=Qo =@ `=@W= Q} R u=} QH %sQ=yJ |xr�Ut "2"2"4

xOW xDiQo Q_v QO Vv=Qo C=QF= u; QO xm CU= swO |xr�Ut x@=Wt ,=k}kO xr�Ut u}=
G}=Dv 19 =D 16 |=ypmW QO "CU= swO xr�Ut x@=Wt |RQt w x}rw= \}=QW "CU=
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}@W

"RwQ 150 R= TB sQ=yJ |xr�Ut |=Q@ xm@W |}=Qoty G}=Dv "20 pmW

|Q}oxH}Dv "5
|=Q@ u=wD|t |@ wNx@ ?r=e Gwt |OOa VwQ R= xm OW xO=O u=Wv Q=DWwv u}= QO
"OQ@ xQy@ Vv=Qo Qw[L =@ pNrNDt |=y\}Lt uwQO |R=iOvJ u=} QH |R=Ux}@W
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1. non-convex
2. expansion shock
3. Trangenstein and Bell
4. linearly degenerate
5. contact discontinuity
6. Oleinik entropy condition
7. Rusanov
8. staggered
9. solubility ratio
10. formation volume factor (FVF)
11. mobility
12. bubble point pressure
13. higher-order states
14. Buckley-Leverett
15. rarefaction
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Abstract
Black oil model is widely used in simulation of oil reser-
voirs. In this model 
ow in porous media consists of
three chemical components (oil, gas and water). These
components can form at most three phases (Liquid, va-
por and aqua) which are homogeneous mixtures of com-
ponents separated by 
uid interfaces. The black oil
model considers compressibility of 
uids and mass trans-
fer between vapor and liquid hydrocarbon phases. The
black oil formulation used here is based on the Trangen-
stein and Bell (TB) matrix formulation. This formula-
tion is particularly useful because it remains the same in
both saturated (three-phase) and under-saturated (two-
phase) cases. This formulation consists of a parabolic
pressure equation together with a set of hyperbolic mass
conservation equations for components. The mentioned
system of equations is linearly degenerate due to com-
plexity of 
ux functions which leads to singularity of
Jacobian matrix.
When gravity e�ect is included in the governing equa-
tions, the non-convexity of 
ux functions is increased,
and as a result, at some points the wave speed of sys-
tem vanishes. Most of explicit methods for solving hy-
perbolic conservation equations encounter di�culties in
such situations and produce non-physical expansion
shocks which contradict second law of thermodynamics.

To deal with this kind of expansion shocks, numer-
ical methods use additional arti�cial di�usion. In this
sense, methods with inherent additional dissipation like
Rusanov-based central schemes are less prone to expan-
sion shocks. However, these methods usually produce
too much dissipation and cannot provide acceptable ac-
curacy, especially near shocks. On the other side of
spectrum, upwind methods can capture shocks and dis-
continuities with proper accuracy. These methods can
however lead to expansion shocks more frequently than
central schemes. Besides, the upwind methods require
characteristics decomposition that is usually computa-
tionally costly.
In this paper, an improved numerical method, the so-
called Dominant Wave method, is used to simulate 
ow
in porous media using the black oil model. The nu-
merical method is characterized as a one-wave method
for which there is no need for characteristics decomposi-
tion. Moreover, the numerical method uses a �nite vol-
ume 
ux approximation and is formulated as a Rusanov-
based central type scheme.
In order to prevent expansion shocks, Harten's entropy
correction is used. This correction adds arti�cial dissi-
pation just at the points with nearly zero wave speed.
In this work, a homogeneous, one-dimensional reservoir
is used to study the performance of the dominant wave
method in simulating saturated and under-saturated 
ows
with and without gravitational e�ects.

Key Words: black oil model, gravity, system of conser-
vation equations, dominant wave method, non-convexity,
entropy correction.
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