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lQLDt |qwr =@ xv=owO pwOv=B QO ?wW; |UQQ@
�Q=}Wv=O� |w[Q p}a=tU=O}U

�OWQ= |U=vWQ� |wHWv=O� �|QO=k xR�=i
R} Q@D x=oWv=O l}v�t |UOvyt xwQo '|UOvyt |xOmWv=O

"CU= xOW p}rLD |OOa CQwYx@ xv=owO pwOv=B Q@ sm =L CqO=at Q[=L VywSB QO
|x]kv VwQ R= CqO=at u}= pL |=Q@ "Ovm|t CmQL |Y=N `@=D CLD pw= pwOv=B |qwr
|Q=O}=B=v |r=tDL= |UQQ@ |=Q@ sQ=yJ |x@DQt 2=Dwm� nv=Q VwQ R}v w xOWKqY= 1|v=}t
G}=Dv "OvOW s=Hv= ?rDt Q=Ri=sQv =@ w |OOa CQwYx@ =y|UQQ@ |t=tD "CU= xOW xO=iDU=
*R=}v OQwt |SQv= Q=Okt 'OwW QDnQR@ qwr CmQL Tv=mQi xJQy xm CU= u; R= |m =L xrY=L
|=yxYNWt w 3|oN=WwO Q=Owtv 'u}vJty "OwW|t QDsm ?wW; x@ uO}UQ |=Q@ sDU}U
sDU}U s_v|@ CmQL |xOvyOu=Wv xm xOW O=H}= ?U=vt |=yQDt=Q=B |=Q@ 4hwv=B=}r |v=wD
Q}F-=D lQLDt |qwr Tv=mQi xm xOW xO=O u=Wv Q=DWwv u}= QO "CU= X=N |}=yxOwOLt QO

"OQ=O xv=owO pwOv=B QO 5?wW; ẁQW Q@ |}xOta
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ghaderi67@yahoo.com

'hwv=B=}r |v=wD |=yxYNWt '=Dwm� nv=Q VwQ 'xv=owO pwOv=B %|O}rm u=oS=w
"xQ=mv=wB K]U '|oN=WwO Q=Owtv

xtOkt
lQLDt |}x]kv sQH l}x=Qtyx@ 'xOvvmu=Uwv uRw uwO@ |xr}t l} Ck}kL
u}= l =v?wW; Q=DiQ "�xv=oxJ@ ?=D |=Q@ xO=U |rOt� Ow@ u; QwLt O=ODt= QO
|xe}D R= s=OmQy "OW |UQQ@ |OOa CQwYx@ xr�Ut |=yQDt=Q=B ?ULQ@ xr}t
CQwYx@ u=NQJ� lQLDt |qwr =@ |rwOv=B CQwYx@ u=wD|t =Q xOvvmxQ=B u}W=t
Q}O=kt s=tD |=R=x@ xm Ow@ u}= R= |m =L j}kLD u}= G}=Dv [5]"OQm pOt �|Owta
CmQL Tv=mQi Q=Okt V}=Ri= |=R=x@ '|}=Q}t w xUOvy |=Q@ sDU}U |=yQDt=Q=B
Q}N= |=yVqD QO "OwW|t p}O@D l =v?wW; x@ |O=a R= sDU}U Q=DiQ 'qwr
u=wD|t xm OW xO=O u=Wv 'wQ}v p=ta= =@ xv=owO pwOv=B |oN=WwO R}r=v; |=Q@
O=H}= pwOv=B wO |}=Q}t ?}=Q[ C@Uv x@ xHwD =@ R}=tDt |oN=WwO Q=Owtv wO

[6]"OQm
|Owta w ?w=vDt CQwYx@� lQLDt |qwr =@ xv=owO pwOv=B 'Q[=L VywSB QO
x@ 'j}kLD u}= *|rY= hOy "OQ}o|t Q=Qk |UQQ@ OQwt �CU=Q Q}Ut l} |=DU=Q QO
?wW; ẁQW |=Q@ R=}v OQwt |SQv= Q=Okt Q@ qwr CmQL Tv=mQi Q}F-=D uOQw; CUO
K]U uwJty |irDNt |=yVwQ |Q}oQ=mx@ =@ Q=Okt u}= "CU= pwOv=B CmQL QO
CtUk QO "O};|t CUO x@ |oN=W wO Q=Owtv w hwv=B=}r |=yxYNWt 'xQ=mv=wB
sm =L |Sv=Qo q CqO=at 'sDU}U |=Q@ xOW xDiQo Q_v QO pOt K} QWD ut[ 'swO
x=Qtyx@ =yv; |xU}=kt w pL |=yVwQ 'swU CtUk QO "Ov=xOW x@U=Lt pwOv=B Q@
|}=yv G}=Dv w xOW s=Hv= |=yQ=m "Ov=xOW x�=Q= xU}=kt u}= R= xOt; CUO x@ G}=Dv
|iQat sHvB w sQ=yJ |=yVN@ QO ?}DQDx@ 'pwOv=B l =v?wW; CmQL |UQQ@ |=Q@

"Ov=xOW

|t_v|@ Q=DiQ |xOy=Wt w pwOv=B hrDNt `=wv= pL |=Q@ 'Q}N= |=yxyO |]
pwOv=B QO =QPo ?wW; w ?wW; |UQQ@ Qw_vtx@ "CU= xOW |O=} R VqD =yv; QO
=@ u; R= pY=L G}=Dv |xU}=kt xm [1]OvO=O s=Hv= |W}=tR; u}kkLt '|]NQ}e
?wW; |xOwOLt QO V}=tR; OQwt pwOv=B xm CU= u; R= |m =L |OOa |=yxO=O
l} 'Qo}O |WywSB QO "OyO|t |OvtWRQ= w ?w=vDt MU=B ?wW; |=OD@= w
|OOa CQwYx@ 'OQ=O Q=Qk CN=wvm} Q}e |U}]=vet u=O}t QO xm |vy; pwOv=B
"OW O=H}= sDU}U u}= x@ \w@ Qt 6xQ=mv=wB K]U 'QDy@ R}r=v; |=Q@ [2]"OW pOt
xi=[= CqO=at x@ |Y=N |]NQ}e C=Q=@a |U}]=vet u=O}t OwHw Crax@

"OvwW|t
w s_vt |x}L=v QO =Q C@=F |qwr =@ xv=owO pwOv=B u}kkLt 'Qo}O |WywSB QO
R}r=v; =Q �� sDU}U x@ xOW xO=O |SQv= |xYNWt Q}O=kt x@ xHwD =@ �� l =v?wW; R}v
|=Q@ |SQv= Q=Okt "OvOW pL xOWKqY= |v=}t |x]kv VwQ =@ CqO=at [3]"OvOQm
|oN=WwO Q=Owtv 'xQ=mv=wB K]U Q}_v hrDNt |=yVwQ =@ l =v?wW; CmQL ẁQW
=Q |y@=Wt |SQv= Q=Okt |oty xm CiQo Q=Qk |UQQ@ OQwt hwv=B=}r |=yxYNWt w

"OvO=O u=Wv
w |R=UpOt �?w=vDt CQwYx@� Q}eDt pw] =@ pwOv=B l} |m}t=v}O Q=DiQ
QO pwOv=B u}= [4]"OW |UQQ@ Vv=Q=mty w wm =}r}@ \UwD u; s_v|@ CmQL

pw�Ut xOvU} wv �
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QQ@%OQm p}O@D pw= x@DQt |xrtH Q=yJ x@ u=wD|t =Q 6 w 5 \@=wQ
_�1 = 
1 _�2 = 
2

_
1 = D1l2 �D2m2l2 cos(�2 � �1)
l1l2(m1 +m2)� l1l2m2 cos2(�2 � �1)

_
2 = D2l1(m1 +m2)�D1l1 cos(�2 � �1)
l1l2(m1 +m2)� l1l2m2 cos2(�2 � �1)

(7)

p@=k |OOa CQwYx@ jwi CqO=at 'xr�Ut C=}[Qi u=wvax@ Q} R Q}O=kt uO=OQ=Qk =@
%Ow@ Ovy=wN pL

m1 = 3; m2 = 1; l1 = 2; l2 = 1; �t = 0 25
OwHw |Q=DU}=B=v `@vt I}y uwJ w 'CU= sDU}U x@ |OwQw |SQv= Qou=}@ x}rw= \}=QW

"CU= sDU}U x@ |OwQw |SQv= u=ty pm |SQv= 'OQ=Ov

pL |=yVwQ |xU}=kt
nv=Q w xOWKqY= |v=}t |x]kv VwQ wO |xr}Uwx@ 7 CqO=at sDU}U pL =OD@=
x@ \w@ Qt xQ=mv=wB `]kt 2 pmW QO "OwW|t xO=O u=Wv sQ=yJ |x@DQt |=Dwm�
w �t = 0 01 =@ |v=}t |x]kv VwQ R= xO=iDU= =@ xm 'xOW xO=O u=Wv sDU}U
|=[i |Oa@xU Q=Owtv R= |a]kt K]U 'xQ=mv=wB `]kt "CU=xOW sUQ ! = 1
|R=i |=[i |Oa@xU Q=Owtv 3 pmW "CU= QiY pO=at �1 u; QO xm CU= |R=i
`]kt 4 pmW QO "CU=xOWxO}Wm Tv=mQi w |v=tR |xrY=i Q=Okt u=ty =@ xm CU=
4 w 2 |=ypmW "CU=xOW sUQ =Dwm� nv=Q VwQ R= xO=iDU= =@ sDU}U |=Q@ xQ=mv=wB
p=mW= s=tD QO sDU}U |x}rw= \}=QW =Hv}= x@ =D "OvQ=O Qo}Om} =@ |rw@k p@=k x@=WD

"[�1; �2;
1;
2] = [0; 0 1; 0; 0] %R= Ow@ CQ=@a EL@ OQwt
%CWwv u}vJ u=wD|t =Q sDU}U |SQv= pm Q=Okt

E0 = V0 + T0 (8)

u}= QO "OvDUy sDU}U |x}rw= |W@vH w p}Uv=DB |SQv= ?}DQDx@ T0 w V0 u; QO xm
|=yxO=O |=Q@ "Ov=xOW xDiQo Q_v QO QiY Q@=Q@ H0 w x}rw= |=yCaQU s=tD xr=kt

%CU= x@U=Lt p@=k x}rw= |SQv= |DL=Qx@ '=Hv}= x@ =D xOW QmP |OOa
E0 = m1g(l1 cos �1 +H0)�m2g(l1 cos �1 +H0 + l2 cos �2)

= 88 15 (9)

"! = 1 w �t = 0 01 =@ |v=}t `]kt VwQx@ pL |=Q@ xQ=mv=wB `]kt "2 pmW

sm =L CqO=at w Q_v OQwt pOt
lQLDt |qwr =@ xv=owO pwOv=B l} 'xOW xO=iDU= u; R= VywSB u}= QO xm |rOt

%OwW|t xO=O KQW 1 |x]@=Q R= xO=iDU= =@ qwr CmQL "�1 pmW� CU=
H(t) = h cos(!t) (1)

"CU= CmQL Tv=mQi ! w xv}W}@ |xvt=O h 'qwr |}=Hx@=H Qou=}@ H u; QO xm
|=Q@ "CU= xOW xO=iDU= CmQL Q@ sm =L \@=wQ u}}aD |=Q@ |Sv=Qo q CqO=at R=
Qy=_ x}rw= \}=QW pmW x@ xm � |SQv= 'CmQL |=yQDt=Q=B |Q}PBp=QoDv= R= u=v}t]=
'OvQ}PBp=QoDv= =yQDt=Q=B sm |SQv= =@ |L=wv QO "OwW|t s}UkD x}L=v xU x@ �OwW|t
QO "CU= OwHwt pB wm l}vwtQ=y |xOvvmu=Uwv OQ=wt R= |m} x}L=v u}= QO =Q} R
^i=Lt Q=Okt l} pm |}x} w=R CmQL xR=Ov= uwJ R}v q=@ |r}N |SQv= =@ |L=wv
�?wW;� =Q Q=Okt wO u}= u}@ |=y|SQv= "CU= pw@k p@=k |Q}PBp=QoDv= 'CU= x} wv=F
|UQQ@ OQwt |=yQDt=Q=B OwW|t ZQi xOwOLt u}= QO "Ovt=v|t �s_v|@ Q=DiQ� =}
|W@vH |SQv= [7]"�CU=xOWv x�=Q= |Q}PBp=QoDv= sOa |=Q@ |D=@F= I}y� OvQ}PBp=QoDv=

%Ov=x@U=Lt p@=k |DL=Qx@ �V � p}Uv=DB w �T �
T = 1

2m1[(l1 _�1)2 + _H2+ 2l1 _H _�1 sin �1] + 1
2m2[(l1 _�1)2+ (l2 _�2)2

+ _H2�2l1 _H _�1 sin �1�2l2 _H _�2 sin �2 �2l1l2 _�1 _�2 sin(�2��1)]
(2)

V = �m1g(l1 cos �1 +H)�m2g(l1 cos �1+H +l2 cos �2) (3)

L = T � V (4)

u=tR x@ C@Uv jDWt |xOvyOu=Wv =yx]kv w sDU}U Sv=Qo q |SQv= L 'q=@ \@ wQ QO
CmQL swO |x@DQt \@=wQ '4 |xrO=at x@ Sv=Qo q� Qrw= CqO=at p=ta= =@ p=L "CU=

%�CU=xOW Q_vhQY lJwm CqtH R= 'OvwQ u}= QO� Ov};|t CUO x@
��1l1(m1 +m2) + ��2(m2l2 cos(�2 � �1) = (m1 +m2)

[!h _�1 cos �1 sin(!t)� g sin �1 � !2h sin �1 cos(!t)

� _�1h! cos �1 sin(!t)] +m2l2 _�22 sin(�2 � �1) = D1 (5)

��1l1 cos(�2 � �1) + ��2l2 = !h _�2 cos �2 sin(!t)� g sin �2

�!2h sin �2 cos(!t)� !h _�2 cos �2 sin(!t)

+l1 _�21 sin(�2 � �1) = D2 (6)

"lQLDt |qwr =@ xv=owO pwOv=B l}D=tW "1 pmW
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[�1; �2;
1;
2] = x}rw= \}=QW w ! = 1 |=Q@ |R=i |=[i Q=Owtv "6 pmW
"[0; 3�=4; 0; 0]

"[�1; �2;
1;
2] = [0; 7�=8; 0; 0] w ! = 1 |=Q@ xQ=mv=wB `]kt "7 pmW

[�1; �2;
1;
2] = w ! = 1 |=Q@ |R=i |=[i Q=Owtv "8 pmW
"?wW; ẁQW w [0; 7�=8; 0; 0]

[�1; �2;
1;
2] = [0; 7�=8; 0; 0] Q}O=kt x@ =}=wR |x}rw= Q}O=kt Qo = p=L
Q=Qk OwOLt |x}L=v l} QO =OD@= xQ=mv=wB `]kt QO |R=i |=[i \=kv 'Ov@=} V}=Ri=
QDnQR@ w QDnQR@ =yv; |xOwOLt w xOW GQ=N QwmPt |x}L=v R= |DOt R= TB w OvQ=O
u}@ R= pwOv=B CmQL s_v '|SQv= Q=Okt u}= |=R=x@ TB "�8 w 7 |=ypmW� OwW|t
?wW; CtU x@ sDU}U Q=DiQ u; |=R=x@ xm �2 |x}rw= |x} w=R Cio u=wD|t "OwQ|t

"CU= u=}O=Q 2 748 OwQ|t
"Ov=xOW xDN=vW x}rw= \}=QW x@ C}U=UL =@ l =v?wW; |m}t=v}O |=ysDU}U
Q=Okt |va} �� hwv=B=}r |v=wD |=yxYNWt |OOa u}}aD =@ C}U=UL Q=DWwv u}= QO
XNWt �� |R=i |=[i QO l}ORv Q=}U@ |=yQ}Ut u}@ |}=tv V}=OH \UwDt

"|R=i |=[i |Oa@xU Q=Owtv "3 pmW

"=Dwm� nv=Q VwQ x@ pL |=Q@ xQ=mv=wB `]kt "4 pmW

?wW; ẁQW w |SQv= V}=Ri=
|x} w=R |x}rw= Q=Okt =yvD �� x}rw= \}=QW Q}O=kt V}=Ri= =@ '! XNWt Q=Okt |=Q@
u=Wv OwN R= |t_v|@ Q=DiQ sDU}U 'X=N |xOwOLt l} QO �� (�02) swO pwOv=B
QYLvt xOwOLt u}= (!) qwrCmQLTv=mQi Q=Okt Qy |=Q@ xmCU= K[=w "OyO|t
xDiQo Q_v QO C@=F ! Q=Okt =OD@= 'sDU}U Q=DiQ XwYNQO j}kLD |=Q@ "CU= OQi x@
|UQQ@ ! = 1 |=R=x@ pwOv=B CmQL Q=DiQ =Hv}= QO "Ovm|t Q}}eD x}rw= |SQv= w xOW
|x}rw= \}=QW |=Q@ xQ=mv=wB `]kt w |R=i |=[i |Oa@xU Q=Owtv =OD@= "OwW|t
'|SQv= Q=Okt u}= |=R=x@ "s}vm|t sUQ =Q [�1; �2;
1;
2] = [0; 3�=4; 0; 0]

"�6 w 5 |=ypmW� OvQ=O |t_vt |wor= |R=i |=[i Q=Owtv w xQ=mv=wB `]kt

[�1; �2;
1;
2] = x}rw= \}=QW w ! = 1 |=Q@ xQ=mv=wB `]kt "5 pmW
"[0; 3�=4; 0; 0]
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QQ@

Rm |Oa@ m |=[i QO |m}t=v}O sDU}U l} [8]"CU= t u=tR QO Q}Ut wO u}@
"�1 � �2 � �3 � ::: � �m [8]%OwW|t xDN=vW hwv=B=}r |xYNWt m =@

|OOa |=yVwQ |xr}Uwx@ xv=owO pwOv=B sDU}U |=Q@ hwv=B=}r |xYNWt Q=yJ
Q_v QO 1200 w 10�9 ?}DQDx@ 'C}=yv}@ w QiY |OL Q}O=kt "OwW|t x@U=Lt
xO=O u=Wv 11 =D 9 |=ypmW QO =yQ=my=Q u}= |Q}oQ=mx@ G}=Dv "OvwW|t xDiQo
"Ov=xOW s=Hv= x}rw= |=}=wR hrDNt Q}O=kt w ! = 1 |=Q@ C=@U=Lt u}= "CU=xOW

%O};|t CUO x@ u}vJ �(~x0) hwv=B=}r |xYNWt Q=Okt "OwW|t
�(~x0) = lim

t!1 limk�~xk!0
1
t

log k�~x(t)k
k�~x(0)k (10)

w ~x0(0) R=?}DQD x@ t = 0 u=tR QO xm OvDUy |Q}Ut wO ~x1(t) w ~x0(t) u; QO xm
u}@ 7|UO}rk= |xrY=i k�~x(0)k "�CU= `HQt Q}Ut ~x0(t)� OvQPo|t ~x1(0)

|UO}rk= |xrY=i k�~x(t)k w CU= t = 0 u=tR QO ~x1(t) w ~x0(t) Q}Ut wO

|=yxYNWt 'q=@ |=yu=tR QO sDU}U |Q=O}=B w [�1; �2;
1;
2] = [0; 3�=4; 0; 0] |x}rw= \}=QW |=R=x@ u=tR ?ULQ@ hwv=B=}r |=yxYNWt Q=Owtv "9 pmW
"
2;
1; �2; �1 =@ \@DQt ?}DQDx@ �4; �3; �2; �1 hwv=B=}r

|=yxYNWt 'q=@ |=yu=tR QO sDU}U |Q=O}=B=v w [�1; �2;
1;
2] = [0; 7�=8; 0; 0] |x}rw= \}=QW w u=tR ?ULQ@ hwv=B=}r |=yxYNWt Q=Owtv "10 pmW
"
2;
1; �2; �1 =@ \@DQt ?}DQDx@ �4; �3; �2; �1 hwv=B=}r
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U=O
}U

?}DQDx@ �4; �3; �2; �1 hwv=B=}r |=yxYNWt '[�1; �2;
1;
2] = [0; 3; 0; 0] |x}rw= \}=QW |=Q@ u=tR x@ C@Uv hwv=B=}r |=yxYNWt |Q=O}=B=v "11 pmW
"
2;
1; �2; �1 =@ \@DQt

"?wW; x@ p}O@D V}=tvw ! = 1 |=Q@ |oN=WwO Q=Owtv "12 pmW

"qwr Tv=mQi ?ULQ@ ?wW; O=H}= |=Q@ �02 Q=Owtv "13 pmW

|xYNWt Q=yJ 'OvDUy [0; 3�=4; 0; 0] CQwYx@ x}rw= \}=QW xm |Dr=L QO
%Ov};|t CUO x@ 1200(s) u=tR |=Q@ hwv=B=}r

�1 = 0 0077
�2 = 0 0078
�3 = 0 0074
�4 = 0 0094

"CU=xOW xO=O u=Wv 9 pmW QO u=tR x@C@Uv =yxYNWt u}= R= s=Om Qy Q}}eD OvwQ
p}t C}=yv}@ CtU x@ xYNWt Q=yJ [0; 7�=8; 0; 0] |x}rw= \}=QW |=Q@
'xwqax@ �10 pmW� OyO|t MQ t = 880 s QO |v=yo =v V}=Ri= l} w Ovvm|t
V}=tv 11 pmW QO [0; 3; 0; 0] |x}rw= \}=QW |=Q@ hwv=B=}r |=yxYNWt Q=Owtv
Q=Okt |=Q@ ?wW; ẁQW |xOwOLt O} -wt hwv=B=}r |=yxYNWt 'TB "CU=xOW xO=O
xv}W}@ |x} w=R |Oa@xU Q=Owtv "Ot; CUO x@ p@k VwQ R= xm CUqwr Tv=mQi OL=w
sUQ 12 pmW QO pwOv=B u=ty |x}rw= |x} w=R w u=tR x@ C@Uv swO pwOv=B |=Q@
OwyWt |xvwtv pmW u}= "CU= xLiY Q@ Owta u=tR QwLt Q=Owtv u}= QO "CU=xOW
?wW; u; R= Oa@ =t= 'CU= s_vt Q=Owtv OvwQ �02 = 2 7 R= p@k "CU= |oN=WwO

"OyO|t MQ
Tv=mQi Qy |=Q@ 'qwrCmQLTv=mQihrDNt Q}O=kt |=Q@ QwmPt C=}rta s=Hv= =@
|=Q@ �02 Q=Okt C=Q}}eD "OyO|t MQ |OQi x@ QYLvt |x}rw= \}=QW QO ?wW;
u=vJ "CU=xOW xO=O u=Wv 13 pmW QO qwr CmQL Tv=mQi ?ULQ@ ?wW; ẁQW
R= |m} "OQ=O OwHw 5 w 3 5 Tv=mQi OwOLQO |R}N w Ci= 'CU= OwyWt xm
|=Q@ Q=Owtv QO |a}@]Q}e Vy=m TB "CU= 3 9337 sDU}U |a}@] |=yTv=mQi

"O=O \@ Q O}OWD Q}F-=D w |a}@] Tv=mQi x@ u=wD|t =Q ! = 4
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Abstract
During recent decades, much attention has been paid
to solving di�erent kinds of dynamic systems, including
pendulums, to observe their chaotic behavior. The gov-
erning equations of a double pendulum are investigated
numerically in this paper. The pivot of the �rst pen-
dulum is considered to be moving, following a certain
mathematical template. Also, the pendulum, as a dy-
namic system, shows regular and chaotic behavior, un-
der di�erent conditions of its motion, such as initial an-
gles and velocities (as the initial energy injected into the
system), and the frequency of the pivot. The Lagrange
equation governs this phenomenon. The proposed solu-
tion methods include the modi�ed midpoint, along with
fourth-order Runge-Kutta, to check the conditions for
probable instability. The total value of the energy of
the system is in the form of initial kinetic and potential
energies. All numerical evaluations of the mathemat-
ical equations were coded. To investigate the chaotic
behavior, a three dimensional phase space diagram for
characteristic parameters of the system was constructed.
The energy of chaos onset for each value of the pivot fre-
quency was obtained utilizing three procedures: 1) The
Poincare map, which is a special section in the three-
dimensional diagram of phase space, in which one of the
system parameters is constant (the angle of the �rst pen-
dulum with a vertical line is zero). For a regular system
(not chaotic), points in the Poincare map are located in
an imaginary circle with limited radius, and they do not
exceed this circle, even at very large times, 2) Lyapunov
characteristic exponents, which are the average expo-
nential separation between the nearby phase space tra-
jectories of system motion. A system with one or more

positive Lyapunov characteristic exponents is known as
chaotic, and 3) The bifurcation diagram for characteris-
tic parameters that shows the period doubling of chaos.
It is a form of transition from periodicity to chaos. From
this diagram, the onset of chaos is detected. The results
are obtained using three methods, which depict good
agreement with each other. They indicate that the more
the frequency of the moving pivot, the less the initial en-
ergy required by that system to become chaotic. Initial
energy decrease, which is due to frequency increase, fol-
lows a regular style, except for the natural frequency of
the system. It was found that the moving pivot of the
double pendulum has a dominant e�ect on chaos onset
under certain circumstances.

Key Words: double pendulum, Runge-Kutta, Lyapunov
characteristic exponents, bifurcation diagram, Poincare sec-
tion.
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