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QO "Ovvm|t CmQW CQ=QL p=kDv= Ov}=Qi QO xQ=w}O x@ l}ORv C=QP =yvD '|Rri
|DQ=QL Pwiv jta �k w 'lDU= C=LiY R= p=}U C=QP |xrY=i d '3 pmW
|xr}Uwx@ CQ=QL S=BtB u} QDQFwt "CU= �OW Oy=wN h} QaD Oa@ VN@ QO xm �
"CU= |DQ=QL Pwiv jta pO=at ,=@} QkD sy R= u=WxrY=i xm OwW|t s=Hv= |D=QP
|DQ=QL Pwiv jta Q@=Q@ xU =D wO ,=OwOL Ot=H |xLiY wO |xrY=i u} QDy@ u}=Q@=v@
p}=Uw OQmrta |xOvvmu}}aD QDt=Q=B wO |DQ=QL w GRr Pwiv jta wQ u}= R= "CU=

"OvDUy|m}DUwm ;wtQD

l}DUwm ;wtQD |DQ=QL AtB |L=Q] sD} Qwor= "3
[3w2]C=Q |]N l}DUwm ;wtQD CqO=at Q@ |vD@t |L=Q] u}= QO xO=iDU= OQwt VwQ
l}DUwm ;wtQD sDU}Ul}|L=Q] QO QDV}B 'l}DUwm ; Gwt|]N|xrO=at R= "CU=
xDiQo Q=Qk xO=iDU= OQwt """w [22]|}=@=@ [21w20]'|v=H}D [26]'Qri=y Ovv=t |O=Qi= \UwD
'|L=Q] h=Oy= x@ xHwD =@ =OD@= QO 'l}DUwm ;wtQD sDU}U l} |L=Q] CyH "CU=
CqO=atu}= "OwW|t xDWwv sDU}U <=RH=lDlD |=Q@l}DUwm ;wtQD|]NCqO=at
|=yQDt=Q=B C=Q}}eD|ovwoJ w xOw@|v=Uwv |=tO wCaQU 'Q=Wi Gwt CqO=atpt=W
|oDUw}B CyH Oa@ |xrLQt QO "Ovm|t u=}@ sDU}U R= VN@ Qy pw] QO =Q jwi
w xOW x@U=Lt VN@ Qy |m}DUwm ; Tv=OBt= Q=Okt 'sDU}U pm pw] QO Gwt
VN@ Qy O=a@= 6=yTv=OBt= j=@]v= R= xO=iDU= =@ 'sy x@ pYDt <RH wO Qy u}@

"Ot=H xLiY R= hrDNt pY=wi QO R=o C=QP Q=DiQ "3 pmW
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}kt

QOl
}DUw

m;wt
QD|

DQ=QL
At

B|
L=Q]%CU= xOW x@U=Lt lDU= Oa@|@ |=yQDt=Q=B 14 =D 12

Lsn = kLs (12)

Xsn = kXs (13)

B = y0
y0 + 1 (14)

"OwW|t xO=iDU= |RQt x}q ?} QkD w x=Dwm lDU= ?} QkD R= |L=Q] |R=UxO=U |=Q@
s=o [20]"OW=@ 1 R= QDsm O}=@ Oa@|@ |=tO hqDN= u=R}t |L=Q] QO OwW|t Qw;O=}
u}= "CU= OwHwt Ow}k w |L=Q] h=Oy= uOQmXNWt '|L=Q] Ov}=Qi QO CUNv
|DQ=QL u=wD w 'Q_v OQwt |=tO hqDN= 'p=}U |x}rw= |=tO %R= Ov=CQ=@a C=aq]=
'u; |] xm OQ}o|t CQwY sDU}U |Q=m p=}U ?=NDv= |Oa@ s=o QO "Q_v OQwt
?=NDv= 'Qw_vt u}= |=Q@ "OwW|t u}}aD sDU}U |SwrwvmD ẁv w |L=Q] |Wt\N
pta =D OwW|t ?@U ẁ[wt u}= "O@=}|t CQwQ[ 1 R= QDlJwm pOv=QB OOa =@ R=o
CUv=O O}=@ 'jwi OQ=wt Q@ xwqa "OwW s=Hv= |QDy@ C}i}m w CaQU =@ CQ=QL p=kDv=
Q}F-=D sDU}U CN=U |SwrwvmD w O=a@= '|yOR=@ Q@ ,=t}kDUt |OQmrta |=yQDt=Q=B xm
"p=}U \UwDt Q=Wi w R=Ov=x=Q C@Uv 'R=Ov=x=Q Ot=U@ %R= Ov=CQ=@a =yQDt=Q=B u}= "OQ=O
%OQ}o|t s=Hv= xrLQt Q=yJ QO lDU= |L=Q] 'xOWO=} OQ=wt ?=NDv= R= TB
x@ O}=@ lDU= TvH "lDU= O=a@= w 7O=OUv= C@Uv 'xUOvy ẁv 'TvH ?=NDv=
"OW=@ O=} R V=|DQ=QL C}iQ_ w sm u; |DQ=QL C}=Oy xm OwW ?=NDv= |}xvwo
C}=Oy "OR=U|t Q}PBu=mt= lDU= pw] QO =Q =tO u=}O=Qo O=H}= O=} R |DQ=QL C}iQ_
u=}O=Qo =D OwW|t ?Hwt lDU= pw] QO =tQo VQ=W R= Cav=tt=@ R}v sm |DQ=QL
|xUOvy |=Q=OlDU= xm xO=O u=Wv =y|UQQ@ "OwW^iLlDU= QO xOWO}rwD |}=tO
QO 'lDU= ẁv u}= CN=U CqmWt x@ xHwD =@ =t= 'OQ=O =Q |}=Q=m u} QDq=@ |v}B
lDU= R= Oa@ lDU= u}= "OwW|t xO=iDU= |}xLiY lDU= R= pwtat |=y|L=Q]
O=OUv= C@Uv uOw@q=@ [3]"OQ=O |}xO=U CN=U w CU= |}=Q=m u} QDq=@ |=Q=O |v}B
sDU}U |}=Q=m V}=Ri= xH}DvQO w 'lDU= xQ=w}O w R=o T=tD K]U V}=Ri= ?Hwt
xm OW=@ u=vJ O}=@v lDU= C=LiY |oOQWi xm CW=O xHwD O}=@ xD@r= "OwW|t
|=yQDt=Q=B R= xO=iDU= =@ Oa@ |xrLQt QO "OwW p=}U u=Uwv u=} QH ?} QND ?Hwt
CUO x@ Qw_vtx@ "OwW|t XNWt lDU= O=a@= 3 pwOH QO xOW h} QaD Oa@|@
lDU= OQmrta ?} Q[ �� `]kt K]U w u=mt 'pw] pt=W �� lDU= O=a@= uOQw;
lDU= O=a@= xv}y@ OQmrta ?} Q[ x@ xHwD =@ w xOW x@U=Lt hrDNt \}=QW QO
|m}DUwm ; u=wD Q}O=kt R= OQmrta ?} Q[ uOQw; CUO x@ |=Q@ "OwW|t XNWt
l}DUwm ; u=wD Q}O=kt R= |Q}oxQy@ =@ VwQ u}= QO "OwW|t xO=iDU= |DQ=QL Q=@ w
OQmrta ?} Q[ Q=Okt 'Oa@|@ |}=tQo Q=@ u}vJty w Oa@|@ |W}=tQU Q=@ 'Oa@|@
%OQ}o|t CQwY 19 =D 15 CqO=at \UwD C=@U=Lt u}= "O};|t CUO x@ sDU}U

� = rTmrTc = �Tmn tan(xn)
(
 � 1)BLsn

(15)

� = 1�p��kn + 1
2��

2
kn (16)

Qcn = ��knD2 sin (2xn)
8
(1 + �)�

qquad�
��

�1 +
p
� + �

1 +
p
�

�
� �1�p��kn +

p
�
��

(17)

Wsn = ��knD2Lsn
4


h
(
 � 1)B cos2(xn)

i

"|Q=m p=}U x@ \w@ Qt |=yQDt=Q=B "1 pwOH
CwY CaQU

|r=oJ
xS} w |}=tQo C}iQ_
|DQ=QL C}=Oy ?} Q[

CHRr ?} Q[
xS} w |=y=tQo C@Uv

"OQmrta x@ \w@ Qt |=yQDt=Q=B "2 pwOH
Ot=U@

Q=Wi C=v=Uwv xvt=O
\UwDt Q=Wi
\UwDt |=tO
=tO u=}O=Qo
|DQ=QL Q=@

"lDU= x@ \w@ Qt |=yQDt=Q=B "3 pwOH
|r=oJ

|}=tQo C}iQ_
|DQ=QL C}=Oy ?} Q[

lDU= pw]
lDU= u=mt

C=LiY xrY=i
C=LiY Ct=N[

`]kt K]U

TBU w OvwW|t Oa@|@ =yQDt=Q=Bu}= '|L=Q] x@ \w@ Qt |=yQDt=Q=BVy=m wC=@U=Lt
3 =D 1 pw=OH QO =yQDt=Q=B u}= u} QDsyt "OvQ}o|t Q=Qk xO=iDU= OQwt |L=Q] |=Q@

"CU= xOW QmP
6 w 5 \@=wQ R= R=o x@ \w@ Qt Oa@|@ |=yQDt=Q=B '|R=UOa@|@ R= xO=iDU= =@

%OvwW|t x@U=Lt

� =
�
�v
�k

�2
(5)

�kn = �k
y0

(6)

%OvwW|t x@U=Lt 11 =D 7 \@=wQ R= sDU}U OQmrta x@ \w@ Qt Oa@|@ |=yQDt=Q=B
DR = P1

Pm
(7)

Qcn = Qc
PmaA

(8)

Qhn = Qh
PmaA

(9)

Wn = W
PmaA

(10)

�Tmn = �Tm
Tm

(11)

CqO=at QO "CU= xOW xO=O u=Wv 3 pwOH QO R}v lDU= x@ \w@ Qt |=yQDt=Q=B
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"""w
u=}v

=@Qk
xw=m

'|t
}Qm

uU
Lt %=@ CU= Q@=Q@ p=}U C=QP |}=Hx@=H |xvt=O xH}DvQO

1
2LCHX = u

!
= P1;0
!�ma

sin (kx) = D

k

sin (kxCHX) (22)

CQ=QL Q=Okt xm =Hv; R= "OwW|t ?=NDv= LCHX Q@=Q@ OQU |DQ=QL pO@t pw] ,=D}=yv
2LCHX Q@=Q@ sQo pO@t pw] 'CU= OQU pO@t R= QDW}@ sQo pO@t R= xDi=}p=kDv=

"OwW|t xDiQo Q_v QO
xrwr `]kt K]U "OW=@ lJwm w sw=kt 'l@U u=mt= OL=D O}=@|t ?w}D
|Q_v Cr=L QO QwD=vwRQ xrwr pw] "CU= lDU= `]kt K]U xR=Ov=x@ QwD=vwRQ
|O=} R Q=}U@ Q=Okt xm =Hv; R= "CU= sDU}U |R=Ov=x=Q Gwt pw] hYv xR=Ov=
|L=Q] =@ 'OwW|t hQYt QwD=vwRQ xrwr \UwD sDU}U QO l}DUwm ; u=wD R=
"O=O V}=Ri= =Q xOR=@ w CU=m l}DUwm ; C=iqD= R= u=wD|t QwD=vwRQ xrwr xv}y@
?U=vDt xrwr |@v=H K]U =@ QwD=vwRQ xrwr \UwD xOW lryDUt l}DUwm ; u=wD
Vy=m QO |}=RUx@ Vkv Ov=wD|t QwD=vwRQ xrwr |@v=H K]U Vy=m =Pr &CU=
CQwYx@ QwD=vwRQ ,qwtat wQ u}= R= "OW=@ xDW=O sDU}U |iQYt l}DUwm ; u=wD
lDU= K]U |xR=Ov=x@ nQR@ Cm =O `]kt K]U "OwW|t |L=Q] �5 pmW� xmDwO
xO=O u=Wv 2 T}Ov= =@ lJwm Cm =O w 1 T}Ov= =@ nQR@ Cm =O Qo = "CU=

%OwW
L1 = xs + 1

2Ls (23)

L2 = 1
k

tan�1
�

(D2=D1)2

tan (kL1)

�
(24)

uO}UQ w QwD=vwRQ xrwr |=yCtUk R= l} Qy |iQYt l}DUwm ; u=wD |x@U=Lt |=Q@
[20]"OwW|t xO=iDU= 25 |xrO=at R= |m}DUwm ; u=wD C=iqD= Q=Okt u} QDsm x@

dW
dA

= 1
4�m ju1j2 �v! + 1

4
jP1j2
�ma2 (
 � 1) �k! (25)

"OyO|t u=Wv =Q QwD=vwRQ |xrwr |rN=O K]U x@ l}DUwm ; C=irD MQv xrO=at u}=
|xrwr |DQ=QL C=irD Qou=Wv u; swOVN@ w GRr C=irD Qou=Wv xrO=at u}= pw=VN@
|iQYt u=wD Q=Okt 'Cm =O wO u}= |=Q@ 25 |xrO=at |U} wvR=@ =@ "CU= QwD=vwRQ

%O};|t CUO x@ 27 w 26 CqO=at R= Oa@|@

"C=iqD= Vy=m |=Q@ xmDwO QwD=vwRQ "5 pmW

�
�

�
� (1 +

p
�)
� 1
�

+
p
� sin2 (xn)
B�

(18)

COP = Qhn
Wsn

= Qcn
Wsn

+ 1 (19)

|=Q@ |tm Q=}U@ l}DUwm ; u=wD 'OQ}o@ Q=Qk R=Ov=x=Q R= QwO |xrY=i QO lDU= Qo =
|m}ORv Qo}O hQ] R= "O@=}|t Vy=m sDU}U OQmrta ?} Q[ w OwW|t sy=Qi u;
&OwW|t CaQU xQo x]kv x@ u; |m}ORv Ea=@ R=Ov=x=Q x@ lDU= OL R= V}@
C=QP |v=Uwv CaQU Vy=m "O@=}|t Vy=m C=QP |v=Uwv CaQU Cr=L u}= QO
pta QO sDU}U |oO=Di=Q=m R= ,=D}=yv w 'sDU}U OQmrta ?} Q[ Vy=m ?Hwt

"OwW|t
Oa@|@ u=mt w pw] |=v@tQ@ OQmrta ?} Q[ Q=Owtv R= |}xvwtv 4 pmW QO
pmW u}= QO "CU= R=Ov=x=Q |}=yDv= K]U Q=Owtv u}= -=O@t "CU= xOW xO=O u=Wv
OQmrta ?} Q[ xv}W}@ 'O@=} V}=Ri= lDU= pw] QOkQy xm OwW|t xOy=Wt
'CU= xv}W}@ OQmrta ?} Q[ |vLvt Q=Okt xm |t=ovy "O@=}|t Vy=m R}v
OwW|t lDU= |iQYt l}DUwm ; u=wD V}=Ri= ?Hwt lDU= pw] V}=Ri=
C}r@=k Qo}O lDU= w xOW O=H}= lDU= QO umtt |=tO u=}O=Qo u} QDW}@ =Q} R
u; |@=}CUO R= lDU= pw] Vy=m Qo}O hQ] R= "OQ=Ov =Q |}=tQo Q=@ V}=Ri=
Vy=m OQmrta ?} Q[ wQ u}ty R= &Ovm|t |Q}owrH |}=tO u=}O=Qo QFm =OL x@

"O@=}|t
|=Q@ OQmrta ?} Q[ Q=Okt 'lDU= Oa@|@ u=mt w pw] Q}O=kt ?=NDv= =@
Oa@|@ |DQ=QL Q=@ Q=Okt R= xO=iDU= =@ Oa@ |xrLQt QO "O};|t CUO x@ lDU=
x@U=Lt QwD=vwRQ xrwr `]kt K]U Ck}kL QO w lDU= `]kt K]U 9 |x]@=Q w

"OwW|t
|DQ=QL |=ypO@t "OwW|t s=Hv= |DQ=QL |=ypO@t |L=Q] 'lDU= R= TB
O}=@ =yvDxv =ypO@t w lDU= "OvQ=O xOyaQ@ =Q |Q=m p=}U R=/x@ =tQo p=kDv= |xi}_w
Q=Wi Ci= xv}tm ?Hwt O}=@ xmr@ 'OvW=@ xDW=O =Q |DQ=QL K]U QO T=tD u} QDW}@
=ypO@t w lDU= O=OUv= C@Uv x}rw= |L=Q] QO wQ u}ty R= "OvwW sDU}U QO
R= C=QP |}=Hx@=H |xvt=O |x@U=Lt |=Q@ "OwW|t xDiQo Q_v QO u=Um} ,qwtat
Ov=CQ=@a CqO=at u}= "OwW|t xO=iDU= CaQU w Q=Wi Gwt |xOWxO=U |xrO=at

%R=
u1 = P1;0

�ma
sin (kx) (20)

P1 = P1;0 cos (kx) (21)

"Oa@|@ u=mt w pw] |=v@tQ@ OQmrta ?} Q[ Q=Owtv R= |}xvwtv "4 pmW
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}kt
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}DUw

m;wt
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DQ=QL
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"QwD=vwRQ ?w}D |}=tW pOt "6 pmW

"|m}DUwm ;wtQD |DQ=QL AtB |xv}y@ |L=Q] sD} Qwor= "7 pmW

|L=Q] G}=Dv "4
Ow}k w |L=Q] |=yR=}v u}}aD '|L=Q] QO s=o u}DUNv OW xO=O K}[wD xm u=vJ

"CU= xOW x�=Q= 4 pwOH QO Q}O=kt u}= "CU= xr�Ut QO xOW p=ta=
sDU}U CN=U |SwrwvmD w O=a@= '|yOR=@ Q@ ,=t}kDUt |OQmrta |=yQDt=Q=B
Q=Wi w R=Ov=x=Q C@Uv 'R=Ov=x=Q Ot=U@ %R= Ov=CQ=@a =yQDt=Q=B u}= "CU= Q=PoQ}F-=D
w =}vO QO OwHwt |=y|L=Q] x@ xHwD =@ =yQDt=Q=B u}= Q}O=kt "p=}U \UwDt
xOW xOQw; 5 pwOH QO =yQDt=Q=B u}= Q}O=kt "OwW|t ?=NDv= K=Q] |x@ QHD

"CU=
u; h=Oy= R= uOw@ u=RQ= w CU= |y=oW}=tR; T=}kt QO |L=Q] u}= xm =Hv; R=

"OwW|t xO=iDU= |Q=m p=}U u=wvax@ =wy R= 'CU=
|R=Uxv}tm R}v w 'lDU= C=LiY w p=}U u}@ T=tD K]U |R=Uxv}W}@ |=Q@
?=NDv= lDU= |=Q@ 0 8 O=OUv= C@Uv K=Q] |x@ QHD j@] 'sDU}U QO Q=Wi Ci=
8 pmW QO xm lDU= OQmrta ?} Q[ Q=Owtv 'jwi C=aq]= x@ xHwD =@ "OwW|t

W1N =
�

 � 1p
�

+ 1
�

(kL1)

+
�1
2
�

 � 1p
�
� 1
�

sin (2kL1)
�

(26)

W2N =
�
D2
D1

��
P1;2
P1;1

�2�
1 + 
 � 1p

�

�
(kL2)

+1
2
�
D2
D1

��
P1;2
P1;1

�2�
1� 
 � 1p

�

�
� [sin (2kL1)� sin (2k (L2 + L1))] (27)

p=kDv= s=ovy 'OvwW pYDt Qo}Om} x@ x]U=w uwO@ lJwm w nQR@ Cm =O wO Qo =
Q=JO p=}U u=} QH 'Tmax@ w lJwm Cm =O x@ nQR@ Cm =O R= p=}U C=v=Uwv
wO p=YD= |=Q@ "OwW|t p}mWD `]kt K]U Q}}eD pLt QO x@=OQo w xOW V=WDe=
`]kt =@ |}xrwr R= 'p=}U C=v=Uwv u=} QH QO V=WDe= O=H}= sOa u}vJty w Cm =O
u=Wv =y|UQQ@ "OwW|t xO=iDU= lJwm w nQR@ `]kt =@ |=yxrwr u}@ |]wQNt
|]wQNt pO@t pw] [20]"CU= xHQO 30 \wQNt ?}W |xv}y@ OL xm CU= xO=O

%OwW|t x@U=Lt 28 |xrO=at R=

Lc = (D1 �D2) =2
tan (300) = D1

�� 1
2� tan (300)

��
1� D2

D1

��
(28)

l}DUwm ; C=iqD= |x@U=Lt R= CU= lJwm Q=}U@ |]wQNt Cm =O pw] xm =Hv; R=
"OwW|t Q_v hQY u;

"CU= Qi=@ sHL s=v =@ QwD=vwRQ |=yDv= sHL |L=Q] '|L=Q] |xrLQt u} QN;
j=@]v= |=Q@ |Q=R@= Q@ xwqa w xOQm pta sDU}U |=Q@ QBtO l} Ovv=ty 'Qi=@ sHL
sHL xJQy xm CU= QmP x@ sRq "Ovm|t =Q}t =Q sDU}U C=v=Uwv sDU}U QO Tv=OBt=
w OQ=O xOvwQ Gwt OQmrta =@ |QDW}@ Cy@=Wt =DU}= Gwt OQmrta OW=@ QDW}@ Qi=@
Q@=Q@ 2 5 ,=OwOL |tHL xm xO=O u=Wv x@ QHD =t= &Ow@ Oy=wN QDW}@ sDU}U |yOR=@
QO l}DUwm ; Gwt CaQU "Ow@ Oy=wN |i=m Qi=@ sHL |=Q@ QwD=vwRQ ?w}D pm sHL
CaQU Vy=m Q=JO xQ=@l} Qi=@ sHL x@ OwQw s=ovy w CU= xv}W}@ Cm =O |=yDv=
C=@U=Lt "OwW|t |L=Q] \wQNt l} pmW x@ Qi=@ sHL Q=DWwv u}= QO "OwW|t
l}DUwm ; C=iqD= O@=} V}=Ri= xHQO 9 ?}W =@ Qi=@ |x_iLt Qo = xm OyO|t u=Wv
Q=Okt 'Qi=@ sHL |=Q@ 25 |xrO=at |U} wvR=@ =@ [21w20]"OwW|t xv}tm Qi=@ sHL

%O};|t CUO x@ u}vJ |iqD= u=wD
WbN = 3

q
36�V 2

B

� 1p
�

� 2k
�D1

�
�
�
P1;2
P1;1

�2
cos1 (k (L2 + L1))

(29)

"O};|t CUO x@ 30 |x]@=Q R= N Q=Okt w 'WN = W=N u; QO xm

N = �
8
 
D1�vaP 21;1

Pm

!
(30)

P1;2
P1;1

= cos (kL1)
sin (kL2)

(31)

'OW xO=O K}[wD =yv; |L=Q] xm |}=RH= w |DQ=QL AtB l} R= |}=tW 6 pmW QO
"CU= xOW xO=O u=Wv

|L=Q] pt=m sD} Qwor= "OUQ|t u=}=B x@ R=UOQU |x}rw= |L=Q] xrLQt u}= QO
"CU= xOW xO=O u=Wv 7 pmW QO l}DUwm ;wtQD |DQ=QL AtB
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xDi=} Ow@y@ sD} Qwor= |HvU Q=@Da= "5
|R=Ux}@W �E Q=Ri=sQv \UwD pOt =OD@= 'xOWs=Hv= |L=Q] CLY |UQQ@ |=Q@
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