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|WQ@ pw= |x@DQt |x} Q_v T=U=Q@ wv=v |r}]DUt C=LiY O=R; C=W=aDQ= 'Q=DWwv u}= QO
j}kO pL l} R= xO=iDU= =@ |rLtQ}e |v=UWm |x} Q_v |=[i QO �u}rOv}t� =yjQw

xOW Oa@|@ CqO=at =OD@= 'CmQL CqO=at j}kO pL Qw_vtx@ "CU= xOW |UQQ@ |r}rLD
|O}OH CqO=at ',=D}=yv "Ov=xOW xrB wm|O Qo}Om} R= |mtm `@=D l} R= xO=iDU= =@ w

w Ov=pL p@=k |r}rLD w j}kO CQwYx@ xm O};|t CUO x@ p}Uv=DB `@=wD |QUl} ?ULQ@
QO "O};|t CUO x@ xr�Ut |=Q@ |a}@] |=yTv=mQi w O=R; C=W=aDQ= MU=B ?}DQD u}= x@
VwQ CLY O}}-=D Qw_vtx@ "CU= xOW xO=iDU= |wr |RQt \}=QW R= 'jwi CqO=at pL
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jQwwv=v |a}@] Tv=mQi Q@ �� pw] x@ Ct=N[ C@Uv w ZQa x@ pw] C@Uv pt=W ��

"CU= xOW |UQQ@

mzare@mecheng.iust.ac.ir
shh@iust.ac.ir
rnazemnezhad@iust.ac.ir

'|rLtQ}e |v=UWm |x} Q_v 'O=R; C=W=aDQ= '|r}rLD w j}kO pL %|O}rm u=oS=w
"u}rOv}t jQwwv=v

xtOkt "1
VQDUo =@ xm CU=yjQwwv=v R= xO=iDU= =yxv}tR u}= R= |m} "CU= |@}mQD =}
1|D}i=Qo w |v}i=Qo |=yxLiY "OwW|t QDW}@ =yv; R= xO=iDU= x@ R=}v 'sra uwRi=RwQ
w =yuR=N QO q=@ |}=v=UQ p}rOx@ xm OvDUy wv=v |=yjQw |xvwo u} QDpw=ODt R=
l} QLD p}rOx@ u}vJty "OvQ=O OQ@ Q=m u=} QH pYw w `]k |=yI}} wU R= |Q=OQwNQ@
xO=iDU= 3=yGvUQ=WiQ@= w 2=yxOvvmO}OWDQ@= QO =yv; R= '|Uv=mQi |q=@ |=yOwt QO
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|m}v=mt |=RH= R= |O=OaD w (MEMs/NEMs) wv=v w wQm}t |m}v=mtwQDmr=
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O}=@ |}=ysDU}U u}vJ |R=UpOt �� [4]lR=v <=We QY=va w [3]wv=v |}xkQw
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|v}@V}B 'xDUw}B \}Lt |=ypOt QO |v=UWm |rLt Q}e |x} Q_v R= |Q}oxQy@ =@
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x�=Q='Ot OOa '|y=ox}mD \}=QW x@ � |rLtQ}e QDt=Q=B Q=Okt "CU= |@]k C=YDNt

|OwOLt `@=vt QO uwvm =D "OQ=O|oDU@CmQLC}y=t x@ R}v w '=yx}q w =yxQ=w}O O=OaD
`@=vt [19�16w13]"CU= xOW u}}aD hrDNt |=yxR=U |=Q@ QDt=Q=B u}= j}kO Q=Okt
|=y|vLvt Ovvm|t O=yvW}B QDt=Q=B u}= uOQw; CUO x@ |=Q@ 'xv}tR u}= QO OwHwt
|=yQ=DN=U |=Q@ 8xm@W l}t=v}O w |rLtQ}e |xDUw}B \}Lt l}v=mt 7Q=WDv=
QDt=Q=B u}= Q=Okt 'j}kLD u}= QO [21w20]"OvwW xU}=kt Qo}Om} =@ O=wtwv=v |r=DU} Qm

[19]"CU= xOW xDiQo Q_v QO 0�4nm2 |xR=@ QO

|rLtQ}e |=[i QO u}rOv}t jQw |D=W=aDQ= CqO=at "3
|v=UWm

|x} Q_v R= xO=iDU= =@ u}rOv}t l}B wQDwR}= jQwwv=v O=R; C=W=aDQ= Q@ sm =L CqO=at
[22]%R= CU= CQ=@a |v=UWm |rLtQ}e

6k2D
h2 (1� �) ('x;x + w;xx + 'y;y + w;yy) =

h
1� "2r2i I0 �w

(5)

D ('x;xx + �'y;xy) + D
2 (1� �) ('x;yy + 'y;xy)

�6k2D
h2 (1� �) ('x + w;x) =

h
1� "2r2i I2 �'x (6)

D ('y;yy + �'x;xy) + D
2 (1� �) ('x;xy + 'y;xx)

�6k2D
h2 (1� �) ('y + w;y) =

h
1� "2r2i I2 �'y (7)

y w x QwLt pwL |[Qa |=yp=tQv |WtN VNQJ 'y w 'x '=yx]@=Q u}= QO
xmCU=|WQ@K}LYD?} Q[ k2 w z |=DU=Q QO jQw|[Qa|}=Hx@=Hw w OvDUy
D = Eh3=(12(1��2)) u}vJty "CU= xOW xDiQo Q_v QO 5 6 Q@=Q@ u; Q=Okt
jQwwv=v Ct=N[ h 'uwU=wB ?} Q[ � '|v=UWm pwOtE 'jQwwv=v |WtN |DNU

"CU= |UQv}= u=tt 'I =
R +h=2
�h=2 �z

kdz (z = 0; 2) w

CmQL CqO=at j}kO pL "4
|=yQ}eDt "OvwW|t Oa@|@ CqO=at =OD@= 'xr�Ut pL x@ uO}WN@ C}twta |=Q@

%OvwW|t h} QaD u}vJ Oa@|@
X = x

a
; Y = y

a
; � = h

a
; � = b

a
; ~'� = '�;

~w = w
a
; � = "

a
; ~r2 = a2r2; � = !a2

r
�h
D

(8)

"OvDUy jQw Ct=N[ w ZQa 'pw] ?}DQDx@ h w b 'a w CU= � = x; y u; QO xm
&CU= Oa@|@ C=YDNt T=U=Q@ xOWh} QaD Qorta '|UqBq Oa@|@ Qorta R= Qw_vt
Oa@|@ QDt=Q=B � w |rLt Q}e Oa@|@ QDt=Q=B � u}vJty "r2 = @2

@X2 + @2
@Y 2 %|va}

u=tR =@ l}vwtQ=y CQwYx@ |}=Hx@=H |=yQ}eDt OwW|t ZQi "CU= |Uv=mQi
%Ovvm|t Q}}eD

~'� (x; y; t) = ~'� (x; y) ei!t;

~w (x; y; t) = ~w (x; y) ei!t (9)

CU= |O=t sUH l} R}i x@ \w@ Qt x} Q_v u}= [5]"Ow@ Oy=wN QDj}kO |D=W=aDQ= Q=DiQ
"CU= sUH u; \=kv s=tD Cr=L R= QF-=Dt |O=t |x]kv l} Q=DiQ xm OyO|t u=Wv w
pm QO VvQm R= |a@=D xR=U R= x]kv Qy QO VvD |x]@=Q 'x} Q_v u}= T=U=Q@ `k=wQO

"CU= xR=U
|v}i=Qo C=LiY =} jQwwv=vVv=tm w C=W=aDQ= |xv}tR QO xm|D=k}kLD|t=tD =t=
[9�6]'|@} QkD |=ypL Q@ CU= |vD@t xOW s=Hv= |rLt Q}e |x} Q_v R= xO=iDU= =@
OwOLt <=RH= pL [10]' 5�DQM� |r}Uv=Qi}O C=a@ Qt VwQ uwJ |OOa |=ypL
[12]"u=UWm QDU@ |wQ wv=v Q}D OwOLt p[=iD pL w [11]x}qOvJ u}i=Qo C=LiY
w 'xDi=} jQwwv=v CmQL CqO=at j}kO pL |=Q@ |WwQ CUNv CU= sRq u}=Q@=v@
wQ u}= R= "s}vm |UQQ@ xv}tR u}= QO =Q Qo}O |@} QkD w |OOa |=yVwQ CkO TBU
?=NDv= u} wv |xr�Ut u}= pL |=Q@ [15�13]xOW `=O@= ,q@k xm =Q |k}kO |rL VwQ
|v=UWm |xRwL p�=Ut |=Q@ \ki VwQ u}= R= uwvm =D xm OQm O}m -=D O}=@ =t= "s}vm|t
'wv=v |xRwL x@ OwQw w |rLtQ}e |x} Q_v R= xO=iDU= p}rOx@ w xOW xO=iDU= l}Uqm
QDxO}J}B pL OvwQ xH}DvQO w O@=}|t V}=Ri= CmQL CqO=at |r}Uv=Qi}O |x@DQt
|=yVwQ T=U=Q@ w |@} QkD xvwoI}y uwO@ CmQL CqO=at VwQ u}= QO "OwW|t
QO pL VwQ xwqax@ "OvwW|t p}O@D pL p@=k pmW x@ j}kO w |[=} Q ,qt=m
w C}rm 'OwHwt pL |=yVwQ R= |Q=}U@ x@ C@Uv 'j}kLD u}= QO xOW xDiQo Q_v

"OwW|t pt=W =Q |QDW}@ |RQt \}=QW w OQ=O |QDW}@ C}at=H

|rLtQ}e |v=UWm |x} Q_v Q@ |QwQt "2
xR=U R= x]kv l} QO VvD 'uov} Q= |rLtQ}e |x} Q_v OW xQ=W= QDV}B xm u=vJ
VvD 'x} Q_v u}= T=U=Q@ "OQ}o|t Q_v QO xR=U pm \=kv s=tD VvQm R= |a@=D =Q
�l}Uqm � |rLtVvD R= |a@=D CQwYx@ 1 |r=QoDv= |x]@=Q R= xO=iDU= =@ |rLtQ}e

%OwW|t u=}@
tij =

Z
v
�
���x0 � x����ij �x0� dV 0 (1)

CU= |}x]kv x u; QO w OwW|t x@U=Lt (V ) xR=U sHL pm |wQ p=QoDv= u}=
"OwW|t x@U=Lt xR=U QO x0 \=kv |t=tD QO VvD x@ xHwD =@ u; QO VvD xm
|rLtQ}e pvQm `@=D � (jx0 � xj) &Ov=|@]k C=YDNt |=yxir-wt ij = r; �; r�

VvD tij w |rLt VvD �ij &OQ=O |oDU@ Q=DN=U |vwQO |=yxR=Ov= x@ xm CU=
|r=QoDv= |xrO=at R= QDxO=U |r}Uv=Qi}O |xrO=at pL xm =Hv; R= "CU= |rLtQ}e
|r}Uv=Qi}O Qorta R= 6|v} Qo `@=D CQwYx@ =Q |rLtQ}e p=vQm `@=D uov} Q= 'CU=

[5]%xm OQm ZQi $

$�
���x0 � x��� = �

���x0 � x��� (2)

%s} Q=O 1 |x]@=Q QO 2 |x]@=Q |Q=Po}=H =@ xm
$tij = �ij (3)

%s} Q=O |Oa@ wO |xvwtv |=Q@ C}=yv QO
$ = 1� (e0l)2r2 = 1� �r2 (4)

R= xO=iDU= =@ xm O=wt C@=F e0 'lJwm T=}kt w |vwQO |=yxR=Ov= l u; QO xm
QO |UqBq Qorta r2 = @2

@x2 + @2
@y2 w O};|t CUO x@ |@ QHD |=yV}=tR;
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v}U

LM
Qy=W

'Q̀=
R|

@DHt CmQL CqO=at j}kO pL j} Q] u}= R= w O};|t CUO x@ p}Uv=DB `@=wD u}= ?ULQ@
%R= Ow@ Oy=wN CQ=@a f `@=D '18 w 17 '10 \@=wQ R= xO=iDU= =@ "OwW|t umtt
f = b1W1 + b2W2 (19)

%u; QO xm
bi =

�6k2 (1� �)� nl2��2
i � �2�2

6k2 (1� �)
; i = 1; 2

x@ CqO=at pL w 12 w 11 |xrO=at QO 19 w 18 '17 \@=wQ |Q=Po}=H =@ p=L
%CW=O s}y=wN uOQm ?DQt R= TB w 10 |xrO=at R= xO=iDU= =@ 'xOt; CUO

~'x = C1W1;X + C2W2;X +W3;Y

~'y = C1W1;Y + C2W2;Y �W3;X (20)

%xm
Ci = di

�2
i

h
nl2
12 �

� 1��
2
�i

+ �2�2
12 � 6k2(1��)

�2
; i = 1; 2

di = 6k2 (1� �)
�2 � 1 + �

2 bi; i = 1; 2
CqO=at |twta ?=wH pL R= xm CU= |Qo}O p}Uv=DB `@=D W3(X;Y )

21 |x]@=Q QO w xOt; CUO x@ ~'y w ~'x |=yVNQJ Q@ sm =L p}Uv=Qi}O
%Ovm|t jOY

~r2W3 + �23W3 = 0
�23 =

�
�2�2

12 �
6k2 (1� �)

�2

����1� �
2
�
� nl2

12
�

(21)

QO =@ "OwW|t xO=iDU= |R=U=OH VwQ R= 21 w 18 CqO=at pL |=Q@
%CW=O s}y=wN |R=U=OH R= TB w Wi(X;Y ) = fi(X)gi(Y ) uDiQo Q_v
|RQt \}=QW QO xO=U V}=tR; l} "g00i � �2

igi = 0 w f 00i � 
2
i fi = 0

X = 0 QO x=ox}mD |x@r wO xm |Dkw '�OvwW|t u=}@ xt=O= QO |RQt \}=QW `=wv=�
u}= |=Q@ f 00i = �
2

i fi ?=wH \ki xm OyO|t u=Wv OvW=@ xO=U X = 1 w
fi(X) = CQwYx@ `@=wD u}= ?=wH pmW u}=Q@=v@ "Ow@ Oy=wN ?U=vt \}=QW
QO |RQt \QW u}= p=ta= R= TB ,=D}=yv w CU= Ai sin(
iX) +Bi cos(
iX)

fi(X) = Ai sin(
iX); i = 1; 2 x@ `@=wD u}= 'X = 1 w X = 0 |=yx@r
\QW |=Q@ "Ov=|Q=}DN= C@=wF Ai &OvwW|t p}O@D f3(X) = A3 sin(
3X) w
`@=D xm CW=O xHwD O}=@ "CU= 
i = m�; m = 1; 2; 3; ::: ' xO=U |RQt
CU= CQ=@a gi(Y ) |=Q@ ?=wH pmW "CU= W3 p}Uv=DB `@=D x@ \w@ Qt f3(X)

%R=8<:gi (Y ) = A�i sin (�iY ) +B�i cos (�iY ) ; �2
i = 
2

i + �2
i

gi (Y ) = �Ai sinh (�iY ) + �Bi cosh (�iY ) ; �2
i = 
2

i � �2
i

(22)

s=Om R= xm u}= "Ov=|Q=}DN= C@=wF �Bi w Ai; A�i ; B�i ; �Ai x]@=Q u}= QO xm
u; \QW x@ |oDU@ �|m}rw@ QB}=y =} |D=FrFt� OwW xO=iDU= gi(Y ) `@=D pmW
OQwt \QW |=[Q= QO w CU= xDU@=w � |Uv=mQi Oa@|@ QDt=Q=B x@ �2

i C@=F "OQ=O
=D OwW p=ta= |RQt \}=QW O}=@ CqO=at pL R= TB "OQ=O xOvvmu}}aD |Wkv Q_v

TB �� 9 |x]@=Q R= xO=iDU= =@ w 7 =D 5 \@=wQ QO 8 Oa@|@ |=yQ}eDt |Q=Po}=H =@
%OvwW|t Oa@|@ jQwwv=v CmQL CqO=at �� |R=UxO=U s=Hv= R=h

6k2 (1� �)� nl2i ~r2 ~w + �2�2 ~w+

6k2 (1� �) ( ~'x;X + ~'y;Y ) = 0 (10)��1� �
2
�
� nl2

12
�

~r2 ~'x +
�
�2�2

12 �
6k2 (1� �)

�2

�
~'x

+1 + �
2 ( ~'x;X + ~'y;Y );X � 6k2 (1� �)

�2 ~w;X = 0
(11)��1� �

2
�
� nl2

12
�

~r2 ~'y +
�
�2�2

12 �
6k2 (1� �)

�2

�
~'y

+1 + �
2 ( ~'x;X + ~'y;Y );Y � 6k2 (1� �)

�2 ~w;Y = 0
(12)

u}= |R=U=OH Qw_vtx@ "CU= |rLt Q}e CQ=@a |xOvyOu=Wv nl2 = �2�2�2

|xrO=at R= TBU "OwW|t xO=iDU= f = ~'x;X + ~'y;Y |mtm `@=D R= 'CqO=at
ẁtHtR= "OwW|t |Q}ojDWt Y x@ C@Uv 12 |xrO=at R= w X x@ C@Uv 11
=@ "O};|t CUO x@ |mtm `@=D ?ULQ@ |O}OH |xrO=at xOt; CUO x@ CqO=at
O};|t CUO x@ 13 |xrO=at '10 |x]@=Q QO xOt; CUO x@ |mtm `@=D |Q=Po}=H

%CU= ~w |}=Hx@=H Q}eDt ?ULQ@ \ki xm
a1 ~r4 ~w + a2 ~r2 ~w + a3 ~w = 0 (13)

%R= Ov=CQ=@a ai |=yC@=F

a1 = �
�

1� nl2

12
�

+

�
1� nl2

12
�
nl2

6k2 (1� �)
(14)

a2 = �
��6 + nl2

�
�2�4 + 3k2 �12nl2 + �2�4� (�1 + �)

36k2�2 (�1 + �)
(15)

a3 =
�2�2 ��2�2

12 � 6k2(1��)
�2

�
6k2 (�1 + �)

(16)

%CiQo Q_v QO u}vJ u=wD|t =Q 13 |xrO=at ?=wH
~w = W1 +W2 (17)

pmW =Q} R Ovt=v|t p}Uv=DB `@=wD ,=Lq]Y= =Q W2(X;Y ) w W1(X;Y ) `@=D wO
%Ovm|t jOY 18 |x]@=Q QO w CU= XNWt =yu; ?=wH

~r2W1 + �21W1 = 0; ~r2W2 + �22W2 = 0 (18)

%u; QO xm

�21 =
a2 �p(a22 � 4a1a3)

2a1
; �22 =

a2 +
p

(a22 � 4a1a3)
2a1

u=W?=wH pmW xm xOW h} QaD |r}Uv=DB `@=wD |QU l} ?ULQ@ ~w Q}eDt '=Hv}= =D
?ULQ@ f |mtm `@=D |x@U=Lt |Oa@ s=o QO "CU= |@=}CUO p@=k w XNWt
R}v ~'y w ~'x |=yQ}eDt '?}DQDu}O@ =Q} R O@=}|t CQwQ[ W2 w W1 p}Uv=DB `@=wD
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"""C
=LiY

C=W
=aDQ=

|=Q@
|r}

rLD
j}k

Op
Ll

}|
x�=Q="xO=U |y=ox}mD \}=QW =@ jQwwv=v |=Q@ |Uv=mQi C@Uv |xU}=kt "1 pwOH

0 6 0 4 0 2 0 0 `HQt �

a/b= 1 (n,m)

0 3512 0 4904 0 7477 1 0000 [6]

�1w1�0 3512 0 4904 0 7475 1 0000 [7]

0 3512 0 4904 0 7475 1 0000 O}OH G}=Dv
0 2309 0 3353 0 5801 1 0000 [6]

�1w2�0 2308 0 3353 0 5799 1 0000 [7]

0 2308 0 3353 0 5799 1 0000 O}OH G}=Dv
0 2309 0 3353 0 5801 1 0000 [6]

�2w1�0 2308 0 3353 0 5799 1 0000 [7]

0 2308 0 3353 0 5799 1 0000 O}OH G}=Dv
0 1844 0 2708 0 4906 1 0000 [6]

�2w2�0 1844 0 2708 0 4904 1 0000 [7]

0 1843 0 2708 0 4904 1 0000 O}OH G}=Dv
0 1456 0 2155 0 4040 1 0000 [6]

�3w2�0 1456 0 2155 0 4038 1 0000 [7]

0 1456 0 2155 0 4038 1 0000 O}OH G}=Dv
0 1241 0 1844 0 3514 1 0000 [6]

�3w3�0 1241 0 1844 0 3512 1 0000 [7]

0 1241 0 1844 0 3512 1 0000 O}OH G}=Dv
a/b= 0 5

0 4287 0 5799 0 8183 1 0000 [6] �1w1�0 4287 0 5798 0 8183 1 0000 O}OH G}=Dv
0 3512 0 4904 0 7475 1 0000 [6] �1w2�0 3512 0 4904 0 7475 1 0000 O}OH G}=Dv
0 2492 0 3601 0 6111 1 0000 [6] �2w1�0 2492 0 3601 0 6111 1 0000 O}OH G}=Dv
0 2309 0 3353 0 5799 1 0000 [6] �2w2�0 2309 0 3353 0 5799 1 0000 O}OH G}=Dv
0 1655 0 2440 0 4496 1 0000 [6] �3w2�0 1655 0 2440 0 4496 1 0000 O}OH G}=Dv
0 1562 0 2309 0 4287 1 0000 [6] �3w3�0 1562 0 2309 0 4287 1 0000 O}OH G}=Dv

G}=Dv xU}=kt "1"5
|Uv=mQi C@Uv pwOH u}= QO "CU= xOW x�=Q= |}xU}=kt G}=Dv u}rw= 1 pwOH QO
xOW xU}=kt xOW QWDvt |xar=]t wO =@ xO=U |x@r Q=yJ |RQt \}=QW =@ jQwwv=v
|OQ swU |x@DQt |x} Q_v T=U=Q@ jQwwv=v C=W=aDQ= [6]pw= |xar=]t QO "CU=
u}= [7]'swO |xar=]t QO xm |r=L QO CU= xOW |UQQ@ |rLt Q}e |=[i QO
OQwt Q} w=v VwQ R= xO=iDU= =@ l}Uqm w u}rOv}t |x} Q_v wO T=U=Q@ xr�Ut

'xO=U x=ox}mD |=Q@ |UOvy w |a}@] |RQt \}=QW "O}; CUO x@ |Uv=mQi MU=B
u=}@ u}vJ Y = � w Y = 0 |=yx@r QO u}rOv}t |x} Q_v QO O=R; w Q=OQ}o

%OwW|t
~ML
yy = ~'x = ~w = 0 %xO=U x=ox}mD �
~w = ~'x = ~'y = 0 %Q=OQ}o x=ox}mD �

~ML
yy = ~ML

xy = ~Nxz = 0 %O=R; x=ox}mD �
|=yT}Ov= CU= |i=m X = 1 w X = 0 |=yx@r |wQ |RQt \}=QW |=Q@
w =yu=tt ~ML

yy w ~ML
xy ' ~Nxz \@=wQ u}= QO "s}yO Q}}eD x x@ =Q y w 'y x@ =Q x

%OvwW|t h} QaD Oa@|@ |}=Hx@=H |=yQ}eDt \UwD xm OvDUy |Oa@|@ Ov};Q@ |wQ}v
~ML
yy = ~'y;Y + � ~'x;X

~NL
xz = ~'x + ~w;X

~ML
xy = ~'x;Y + � ~'y;X (23)

x@ Qo = xm O};|t CUO x@ xrO=at 6 |RQt \QW Qy |=Q@ '|RQt \}=QW u}= p=ta= =@
%Ov};|tQO 24 |xrO=at CQwYx@ OvwW u=}@ |U} QD=t pmW

[coefficients] fA1 B1 A2 B2 A3 B3gT = [0] (24)

'jQw hrDNt |=yQDt=Q=B R= |a@=D w 6�6 |a@ Qt T} QD=t l} ?}=Q[ T} QD=t
?=wH OwHw \QW "CU= (m) Gwt pw]s}v w |a}@] Tv=mQi '|rLt Q}e QDt=Q=B
u=v}tQDO u}= "OW=@ QiY?}=Q[T} QD=t u=v}tQDO xmCU= u}= 24 |x]@=Q|y}O@ Q}e
uOQw; CUO x@ |=Q@ "Ovm|t u}}aD =Q |RQt \QW Qy |xYNWt |xrO=at `k=w QO
n O=OaD 'm Qy |=R=x@ xYNWt |xrO=at pL =} O=R; C=W=aDQ= |a}@] |=yTv=mQi

"OwW|t pY=L xr�Ut |a}@] Tv=mQi

=yv; Q}UiD w G}=Dv "5
Q@Dat Cq=kt QO OwHwt G}=Dv w |vwvm G}=Dv =OD@= 'Q[=L pL VwQ O}}-=D Qw_vtx@
CQwYx@ xv}tR u}= QO |QDpt=m G}=Dv 'VwQ CLY O}}-=D R= TB "OvwW|t xU}=kt
Ot |xH}Dv u} QDW}@ jQwwv=v|D=W=aDQ= p�=Ut pL QO "OwW|t QWDvt Q=Owtv w pwOH
x@ s}y=wN|t =Q} R "CU=|rLt Q}e w|rLtCr=L QO|a}@]Tv=mQi |xU}=kt 'Q_v
OQ@ Q=m R= OL xJ =D '�wv=v� lJwm Q=}U@ T=}kt QO jQw Q=DiQ xm s} Q@@ |B xr�Ut u}=
|Uv=mQi C@Uv s=vx@ |D@Uv u}=Q@=v@ "OQ}PB|t Q}F-=D xv}tR u}= QO K}LY |x} Q_v
Tv=mQi u=}t C@Uv 'u; R= Qw_vt w OyO|t s=Hv= =Q T=}k u}= xm OwW|t h} QaD
|Q}oxR=Ov= |a}@] Tv=mQi x@ |rLt Q}e |x} Q_v \UwD xOW |Q}oxR=Ov= |a}@]
QO "FR = �NL=�L %|va} &CU= �l}Uqm |v=UWm � |rLt |x} Q_v QO xOW
|xOvyOu=Wv (n,m) w 'xOW xDiQo Q_v QO � = 0 3 uwU=wB ?} Q[ 'G}=Dv |t=tD
X = 1 w X = 0 |=DU=Q QO |RQt \QW OwW|t Qw;O=} "CU= |Uv=mQi Owt
Q=OQ}o 'xO=U |RQt \}=QW R= |@}mQD Y = 0 w Y = � |=DU=Q QO w '(S) xO=U
SCSF u=wva =@ xm |RQt \QW u}=Q@=v@ "CU= xOW xDiQo Q_v QO (F ) O=R; w (C)

'xO=U X = 1 w X = 0 |=DU=Q QO x=ox}mD xm CU=vat u=O@ OwW|t xO=O u=Wv
|t=tD |=Q@ ?}DQD u}= "CU= O=R; Y = � |=DU=Q QO w Q=OQ}o Y = 0 |=DU=Q QO

"OwW|t u=}@ xvwou}ty |RQt \QW VW
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@DHt Q}e QDt=Q=B '(a=b = 1�) |O=a@= C@Uv |=Q@ G}=Dv u}= "CU= xDiQo Q=Qk |UQQ@
xOy=Wt xm u=vJ "CU= xOW VQ=Ro |Uv=mQi hrDNt |=yOwt w (�) |rLt
|OQ |WQ@ |q=@ x@DQt |x} Q_v =@ xS} wx@ |rw@k p@=k |v=wNty Q[=L G}=Dv OwW|t

"OQ=O
w C=W=aDQ= [8]'xOW QWDvt |xr=kt =@ |Uv=mQi C@Uv |xU}=kt u}twO QO
Ot =yjQw l}Uqm |x} Q_v T=U=Q@ w |v=UWm |rLtQ}e |=[i QO jQwwv=v Vv=tm
�SSSS� =yx@r s=tD QO xO=U |RQt \QW |=Q@ Q=DWwv u}= QO "CU= xDiQo Q=Qk Q_v
QO "CU= xOW P=ND= |wr pL VwQ SCSC |RQt \QW |=Q@ w 'Q} w=v pL VwQ
u=Wv Q[=L j}kLD QO xOW xDiQo Q_v QO u}rOv}t |x} Q_v =@ =yxU}=kt u}= '1 pmW
SSSS |RQt \QW |=Q@ |Uv=mQi C@Uv C=Q}}eD hr=1 pmW QO "CU= xOW xO=O
QO jQw |@v=H pw] ?ULQ@ SCSC |RQt \QW |=Q@ C=Q}}eD u}= ?1 pmW QO w
|v=wNty |vwvm j}kLD G}=Dv OwW|t xOy=Wt xm u=vJ "CU= xOW sUQ X |=DU=Q

"OQ=O `HQt u}= =@ |@ wN Q=}U@

|r}tmD G}=Dv "2"5
2 pmW QO OwHwt |=y<qN VWwB Qw_vtx@ OwW|t x�=Q= VN@ u}= QO xm |H}=Dv
?ULQ@ |Uv=mQi C@Uv C=Q}}eD G}=Dv QO "CU= O}OH G}=Dv VQ=Ro w u}W}B G}=Dv
|=Q@ w |rLt Q}e Oa@|@ QDt=Q=B OvJ |=R=x@ (�) pw] x@ Ct=N[ C@Uv C=Q}}eD
|xH}Dv "CU= xOW xO=O u=Wv 'Ov=xOW ?=NDv= x=wNrOx@ xm hrDNt |RQt \QW xU
=@ |Uv=mQi C@Uv xm CU= u}= OwW|t xOy=Wt pmW u}= QO xm |yHwD ?r=H
Owt w |O=a@= C@Uv '|RQt \}=QW xm =Hv; R= "Ovm|tv |Q}}eD Ct=N[ C=Q}}eD
s=tD |=Q@ ẁ[wt u}= xm CiQo xH}Dv u=wD|t CU= xOW ?=NDv= x=wNrOx@ |Uv=mQi
Q=Okt Qy |=R=x@ w |Uv=mQi hrDNt |=yOwt w |O=a@= |=yC@Uv '|RQt \}=QW

"OQ=O CLY |rLt Q}e ?} Q[
Q}e QDt=Q=B w |O=a@= C@Uv ?ULQ@ |Uv=mQi C@Uv C=Q}}eD G}=Dv 2 pwOH QO
u}= QO RQ=@ |xDmv u}rw= "CU= xOW x�=Q= |wr umtt \QW VW w hrDNt |rLt
u}= u=R}t &CU= |rLtQ}e ?} Q[ V}=Ri= QF=Q@ |Uv=mQi C@Uv O}OW Vy=m pwOH
xm |Qo}O |xDmv "OwW|t QDW}@ 'CU= QDsm |O=a@= C@Uv xm |OQ=wt QO Vy=m
R= |m} QO O=R; |RQt \QW p=ta= =@ xm CU= u}= s} wW xH=wt u; =@ CU= umtt
xOW QDsm O=R; |RQt \QW OwHw sOa x@ C@Uv |rLt ?} Q[ QF= 'jQwwv=v |=yx@r

"OwW|t QF-=Dt lJwm T=}kt QF= R= QDsm C@Uvx@ |rLt Q}e Tv=mQi w

|Q}oxH}Dv "6
|r}]DUt jQwwv=v O=R; C=W=aDQ= '|r}rLD j}kO pLl} R= xO=iDU= =@ Q[=L Q=DWwv QO
'GwORtCmQL |xr=at xU "CU= xOW |UQQ@ |rLtQ}e |v=UWm |=[i QO u}rOv}t
pL =yQ}eDt |R=U=OH VwQ R= xO=iDU= =@ w O}OH p}Uv=DB `@=wD h} QaD \UwD
`H=Qt QO xm xJv; =@ O}OH VwQ T=U=Q@ xOt; CUO x@ G}=Dv |xU}=kt "Ov=xOW
Q@ xwqa "CU= xO=iDU= OQwt VwQ |q=@ CkO |xOvyOu=Wv xOW VQ=Ro Qo}O
pw] x@ Ct=N[ C@Uv R= pkDUt |a}@] Tv=mQi C@Uv xm xOW xO=O u=Wv 'u}=
\}=QW |t=tD |=R=x@ |rLtQ}e QDt=Q=B Q=Okt w Owt xQ=tW V}=Ri= =@ w 'CU= jQwwv=v
|v=UWm |x} Q_v xm CU= u; R= |m =L xrY=L G}=Dv 'u}vJty "O@=}|t Vy=m |RQt
|RQt \}=QW =@ jQwwv=v Q@ w 'Q}F-=D u} QDsm O=R; |RQt \}=QW =@ jQwwv=v Q@ '|rLtQ}e

"OQ=O =Q Q}F-=D u} QDW}@ Q=OQ}o

Q}O=kt |=R=x@ jQwwv=v |@v=H pw] =@ |Uv=mQi C@Uv C=Q}}eD |xU}=kt "1 pmW
"|rLtQ}e ?} Q[ hrDNt

w (n,m=(1,2))) pw] x@ Ct=N[ C@Uv =@ |Uv=mQi C@Uv C=Q}}eD "2 pmW
"(� = 0 5
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C=W
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|=Q@
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Ll
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x�=Q="�� = 0 1 w (m,n)= �1w1�� hrDNt |O=a@= C@Uv w |RQt \}=QW =@ jQwwv=v |=Q@ |rLtQ}e Oa@|@ QDt=Q=B =@ |Uv=mQi C@Uv w Oa@|@ Tv=mQi C=Q}}eD "2 pwOH

0 8 0 6 0 4 0 2 0 0 �

|Uv=mQi C@Uv |Uv=mQi C@Uv |Uv=mQi C@Uv |Uv=mQi C@Uv |Uv=mQi C@Uv �NL |RQt \}=QW
� = 0 6

0 4354 0 5351 0 6820 0 8779 1 0000 17 5196 SCSF

0 4221 0 5166 0 6712 0 8759 1 0000 9 3561 SFSF

0 3762 0 4769 0 6328 0 8547 1 0000 13 9330 SFSS

0 2005 0 2633 0 3789 0 6335 1 0000 35 0643 SSSS

0 1910 0 2513 0 3631 0 6159 1 0000 45 0923 SCSS

0 1867 0 2458 0 3560 0 6080 1 0000 56 8967 SCSC

� = 0 8
0 3988 0 5014 0 6559 0 8667 1 0000 13 8996 SCSF

0 4048 0 5085 0 6635 0 8718 1 0000 9 4047 SFSF

0 3746 0 4771 0 6330 0 8548 1 0000 12 2549 SFSS

0 2412 0 3146 0 4451 0 7050 1 0000 24 2330 SSSS

0 2319 0 3030 0 4308 0 6914 1 0000 29 8086 SCSS

0 2273 0 2973 0 4237 0 6846 1 0000 36 7592 SCSC

� = 1 0
0 3886 0 4904 0 6458 0 8616 1 0000 12 2606 SCSF

0 3988 0 5019 0 6578 0 8683 1 0000 9 4458 SFSF

0 3765 0 4772 0 6331 0 8548 1 0000 11 3810 SFSS

0 2708 0 3512 0 4904 0 7475 1 0000 190 840 SSSS

0 2626 0 3412 0 4785 0 7374 1 0000 22 4260 SCSS

0 2583 0 3359 0 4721 0 7319 1 0000 26 7369 SCSC

=yCWwv=B
1. Graphene and Graghite sheets
2. super resonators
3. super manometers
4. Gibson
5. Di�erential Quadrature Method
6. Green function
7. dispersion curves
8. lattice dynamics
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