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b
dE1 � _vbdE1v

b
dE2

� )

(62)

"OwW|t swrat u=tQi |rQDvm Qw=DWo 63 |x]@=Q j@]
T = Cb _� = Cb

��K� (� � �d) + _�d
�

(63)

u; QO xm OyO|t u=Wv =Q u=tQi |x} w=R |xDU@xkrL |=]N l}t=v}O 64 |x]@=Q
"Ovm|t p}t QiY CtU x@ =]N C@Ft K� ?=NDv= =@

_e+K�e = 0! e = � � �d (64)

|xOvvmp=@vO � 'xDW=OvVyH=Qi =]NCU=l} xHQO =]N|m}t=v}O |xrO=at uwJ
�d OQ=O u=mt= |y=o "Ovm|tv Zkv =Q u=tQi |x} w=R O}k w CU=Q}t CQwYx@ �d
xm Ovm VyH��2 x@��2 R= xDUw}B=v Qw]x@ u; |x@U=Lt QO tan�1 OwHw p}rOx@
�d VyH =@ "Ovm|t p}t �d |x} w=R x@ |t=Q;x@ � |x} w=R '63 QDr}i OwHw p}rOx@
"CU= 54 |x]@=Q |=Q@ |@U=vt |OwQw u=vJty _�d &OwW|tv O=H}= _�d QO |Q}}eD
xm OW=@ nQR@ OL R= V}@ xOW xDU=wN |rQDvm Qw=DWo xm ODi=|t j=iD= |y=o
|HwQN Qw=DWo xv}W}@ Ov=wD|t =yvD Qorta Cr=L u}= QO &OW=@ GQ=N Qorta u=wD R=
|O=} R C=v=Uwv xm OvDUy |}xvwox@ u=tQi |=yp=vo}U |y=o =} Ovm x�=Q= =Q OwN
w `=@W= QF= O}=@ u}=Q@=v@ "OyO MU=B =yv; R= |OwOat x@ Ov=wD|t \ki Qorta w OvQ=O
%CU= xOW x�=Q= 66 w 65 `@=D wO\UwD Q=m u}= xmCiQo Q_v QO =Q =yQortanv} QDr}i

� =

(
u juj < �max

�maxsign (u) juj > �max

)
(65)

� (s) = u (s)
�s+ 1 (66)

� w Qorta p;xO}= Q}e |HwQN � w CU= p=xO}= Qw=DWo p=vo}U u \@=wQ u}= QO
xrB |OwQw uOQm p=@vO |=Q@ Qorta |}=v=wD u; V}=Ri= =@ xm CU= QDr}i ?]k Tma

"O@=}|t Vy=m

lQLDt hOy l}t=v}O "4
l}twvwrwy l}t=v}O |=Q=O xm xOW ZQi Q=OsQH |}xQP CQwYx@ lQLDt hOy
Ovm CmQL |DyH Qy x@ |UOvy O}k I}y uwO@ Ov=wD|t x]kv l} QO u}=Q@=v@ "CU=

"�5 pmW�
hOy 'hOy x@ =yC=@ Q uOW l}ORv =@ xm OwW|t ZQi |Qw] hOy l}t=v}O
67 |x]@=Q "OwW u=}=tv R} Qo w ?}kaD R= |ak=w |Dr=L ?}DQD u}= x@ =D OR} Qo|t
?} Q[ Kt w 'hOy sQH mt u; QO w CU= lQLDt hOy CmQL |xrO=at Qou=}@
|xYNWt Qou=}@ t T}Ov= "CU= lqyDU= ?} Q[ Ct w 'hOy R= R} Qo |wQ}v

"CU= hOy
mt

"
�qtE1
�qtE2

#
= KtFt � Ct

"
_qtE1
_qtE2

#
(67)

u=tQi |x} w=R O}k Q@ |rQDvm I}y 'O}; CUO x@ VwQ u}= x@ u=tQi |rQDvm Qw=DWo Qo =
OL l} R= O}=@v x} w=R u}= xm CU= u}= u=tQi |x} w=R pQDvm R= Qw_vt "Ow@ Oy=wNv
"OW Oy=wN Zkv u=tQi |x} w=R O}k CQwY u}= QO =Q} R OwW QDsm =} QDW}@ |Y=N
xm CU= u}= Q@ ZQi uwJ Ci=} |Qo}O VwQ R= O}=@ =Q |rQDvm Qw=DWo Q=Okt u}=Q@=v@
xt=O= QO u=tQi |x} w=R |rQDvm sD} Qwor= "CU= Q}eDt �

2 w ��2 u}@ u=tQi |x} w=R
"CU= xOW xO=O K}[wD

u=tQi |x} w=R pQDvm "1"3
O}=@ u; uDi=} |=Q@ xm OyO|t u=Wv =Q u=tQi |x} w=R ?wr]t l}t=v}O 54 |x]@=Q
"OwW s}_vD O}=@ xm CU= |@U=vt pQDvm C@=F k� x]@=Q u}= QO &Ci=} =Q _�d w �d

"OW Oy=wN u=}@ _�d w �d QDt=Q=B wO uDi=} VwQ xt=O= QO
_� = �K� (� � �d) + _�d (54)

58 =D 55 \@=wQ 'xOW xO=O u=Wv u; QO C=@ Q |=yxYDNt xm 1 pmW x@ xHwD =@
CqO=at R= =} CU= C} -wQ p@=k ,=v}a xm Ov=|twta x=oDUO QO |O}k \@=wQ Qou=}@
E2 w E1 T}Ov= w '?wr]t |=vatx@ dT}Ov= "CU= x@U=Lt p@=k xOW u=}@ *|O}k

"CU= xvO@ RmQt CaQU |=DU=Q hQat
vbd =

q
vb 2
dE1 + vb 2

dE2 (55)

vbdE1 = C�dvbd (56)

vbdE2 = S�dvbd (57)

_�d = vbd tan (�d)
L

(58)

|xvO@ |x} w=R hOy CtU x@ C=@ Q CmQL =@ xm OwW|t xO}O 59 |x]@=Q x@ xHwD =@
QO xm Cio O}=@ xD@r= "Ovm|t p}t OwN ?wr]t Q=Okt CtU x@ OwN x@ OwN R}v C=@ Q
|xvO@ RmQt ?wr]t |=y?=DW _vbdE2 w _vbdE1 'C} Qwt-=t ẁv x@ xHwD =@ \@=wQ u}=
pQDvm VN@ QO u; |x@U=Lt |xk} Q] "OvwW|t ZQi swrat |Q=Okt =@ w C=@ Q
?}DQD x@ xm �vbdE2 '�vbdE1 w vbdE2 'vbdE1 R}v w OW Oy=wN u=}@ C=@ Q |xawtHt
|Q}op=QoDv= R= xO=iDU= =@ Ov=xvO@ RmQt ?wr]t ?=DW jDWt w ?wr]t |=yCaQU

"OW Ovy=wN swrat ?wr]t ?=DW |Q}ojDWt w

�d = a tan 2
 
vbdE2
vbd

;
vbdE1
vbd

!
(59)

60 |x]@=Q u; R= |Q}ojDWt =@ u=wD|t CU= Q=QkQ@ xQ=wty 59 |x]@=Q uwJ p=L
"Ci=} =Q

_�d =
_vbdE2v

b
dE1 � _vbdE1v

b
dE2�

vbd
�2 (60)

xOy=Wt 61 |x]@=Q QO xm u=vJ "Ci=} =Q �d u=wD|t \@=wQ u}= R= xO=iDU= =@
u}=Q@=v@ 'OQ=O Q=Qk ��2 w �2 u}@ Q_v OQwt x} w=R tan�1 R= xO=iDU= p}rOx@ OwW|t
&Ovm p=@vO =Q ?wr]t |x} w=R |DUQOx@ O}=@ u=tQi |x} w=R "Ovm|t =[Q= =Q u=tQi O}k

"CU= p}rO u}tyx@ R}v u=tQi |x} w=R l}t=v}O QO _�d OwHw

�d = tan�1
 
L
�

_vbdE2v
b
dE1 � _vbdE1v

b
dE2
��

vbd
�3 !

(61)
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"Q=OsQH |xOwD l} QO QBtO w Qvi p}rLD V}=tv "6 pmW

R}v CR w CL &CU= |@U=vD |xOvvmpQDvm u=ty w C} Qvi ?} Q[ Qou=}@ KS

w C=@ Q wO |=Q=O xawtHt u}= "Ov=|kDWt |xOvvmpQDvm u=ty w lqyDU= ?} Q[
sD} Qwor= |=QH= 'uOw@ Q=OsQH x@ xHwD =@ "Ov=sQH |=Q=O xty w CU= hOy l}
CQwY |DUQOx@ xawtHt pQDvm xJv=vJ =Q} R CU= C}ty= =@ Q=}U@ ?U=vt |ywQo
xO=O u=Wv sDU}U |=Q@ O}=@ p=L "OW Oy=wN l =v?wW;w Q=O}=B=v xawtHt OQ}ov
sD} Qwor= w u; R= xO=iDU= =@ =D OwW |L=Q] ?wr]t |=y?=DW 6 pmW QO xOW
C=L}[wD x@ xHwD =@ "OvwW |L=Q] |@U=vt |rQDvm |=yQw=DWo xOW u=}@ |rQDvm
s}_vD R}v w |ywQo pQDvm QO xm OW Oy=wN ?Um |QD|v}a x=oO}O 6 pmW w jwi

"Ovm|t ltm ?}=Q[
x@ C@Uv |Q}oQ=Qk C}akwt w =y?=DW R= xO=iDU= =@ C=@ Q Qy ?wr]t ?=DW
sy =@ hOy w =yC=@ Q R= l}I}y xm |}xvwox@ 'OwW|t |L=Q] hOy w =yC=@ Q Qo}O
=yC=@ Q |rO=aD xrY=i "OwW ^iL =yv; |rO=aD |xrY=i w OvW=@ xDW=Ov |OQwNQ@
x@ xHwD =@ ?wr]t ?=DW xm u}= R= Qw_vt "OwW|t XNWt =yv; O=a@= R= xO=iDU= =@
|x]@=Q QO Qo}O |=yC=@ Q ?=DW xm CU}v u}= OwW|t |L=Q] =yC=@ Q Qo}O ?=DW
?wr]t ?=DW |x]@=Q QO ?=DW OvJ uOQw; `k=w QO "Ot; Oy=wN ?wr]t ?=DW
=Q} R 'OQw; s}y=wN ?wr]t ?=DW |x]@=Q QO =Q hOy ?=DW |rw Ow@ Oy=wN =vat|@
?=DW C=@ Q ?=DW Q=m u}= =@ w CU= hOy uOQm p=@vO `k=w QO pQDvm R= OwYkt
70 w 69 \@=wQ QO "OW Oy=wN jkLt C=}rta u; |] QO w xOQm p=@vO =Q hOy
|xYDNt q \@=wQ u}= QO "CU= xOW u=}@ i C=@ Q ?wr]t ?=DW w hOy ?=DW

"CU= xOW h} QaD A CUw}B QO xm CU= Kw]U |t=tD QO |twta
at =

h
�qtE1 �qtE2

iT
(69)

�qdi =
h

�qdiE1 �qdiE2
iT

(70)

u=}@ hOy w C=@ Q u}@ w C=@ Q wO u}@ u; |xR=Ov= w |@Uv |xrY=i 71 |x]@=Q QO
"CU= xOW

�ij =
h
qjE1 � qiE1 qjE2 � qiE2

iT
; Rij =



�ij


�it =

h
qtE1 � qiE1 qtE2 � qiE2

iT
; Rit = k�itk (71)

Rij x]@=Q u}= QO OwW|t h} QaD i C=@ Q ?wr]t ?=DW 72 |x]@=Q QO C}=yv QO
|rO=aD |xrY=i RR w 'hOy w C=@ Q u}@ |xrY=i Rit 'C=@ Q wO u}@ |xrY=i
u}@ |rO=aD |xrY=i Rt "OwW|t u}}aD =yC=@ Q O=a@= x@ xHwD =@ xm CU=yC=@ Q u}@

"xOvvm?}kaD C=@ Q x@ C@Uv hOy C}a[w V}=tv "5 pmW

CU= OwyWt 68 |x]@=Q QO xm u=vJ w CU= hOy R} Qo |wQ}v Ft x]@=Q u}= QO
"OwW|t QDW}@ R} Qo |wQ}v hOy x@ C=@ Q uOW l}ORv =@ xm OwW|t h} QaD |Qw]
|Q}owrH hOy CaQU OL R= V}@ V}=Ri= R= xm CU= |rt=a hOy lqyDU= |wQ}v

"Ovm|t

Ft =
nX
i=1

�!eit
k�!�itk =

nX
i=1

�!�it
k�!�itk2

k�!�itk = Rit (68)

ẁv x@ xDU@ xm CU= hOy w =yC=@ Q u}@ |@Uv C}akwt Q=OQ@ �!�it '68 |x]@=Q QO
Qy QO =yC=@ Q |=Q@ |twta |=yxYDNt "CU= Cw=iDt C=YDNt x=oDUO w K]U
CQwY u}tyx@ R}v hOy |=Q@ =yxYDNt u}= xm CU= xOt; A CUw}B QO K]U

"CU=

=yC=@ Q xawtHt |=Q@ xOvvmpQDvm |L=Q] "5
u}= hOy "CU= (�q1d; �q2d) ?wr]t |=y?=DW uOQw; CUO x@ VN@ u}= hOy
uORxkrL Qw_vtx@ xmCU= sQH |=Q=O Q=OMQJ |=yC=@ Q R= |}xawtHt pQDvm Q=DWwv
=D QwO =yC=@ Q CU= umtt C=}rta u}= QO "OvwQ|t Q=m x@ lQLDt hOy l} pwL
O=H}= Ea=@ u; ?ka QO |WWwB O=H}= =@ =} Ovvm Q=mW =Q u; w xOR xkrL hOy QwO
|Q}oQ=Qk w hOy uOQm p=@vO 'OwYkt u}=Q@=v@ "OvwW hOy R= |D_i=Lt C=}rta
|YNWt |xrY=i QO C=@ Q Qy xm |Qw]x@ 'CU= u; R= |rO=aD |xrY=i l} QO
|v=mt \}=QW QO O}=@ C=@ Q Qy xm p=}UQv}= p}rLD =@ "OQ}o Q=Qk Qo}O |=yC=@ Q R=
?wr]t ?=DW u=wD|t 'OW=@ xDW=O Q=Qk Qo}O |=yC=@ Q w hOy x@ C@Uv |YNWt
p=}UQv}= |xOwD |=Q@ |ywQo u}v=wk xm CW=O xHwD O}=@ "OQw; CUO x@ =Q =yC=@ Q
xDiQo Q=m x@ |rQDvm u}v=wk R= u=wD|tv w CU= Cw=iDt sQH uwO@ |=ysDU}U =@
=@ O}=@ u}v=wk u}= &OQm xO=iDU= sQH |=Q=O sDU}U l} |=Q@ sQH uwO@ |xOwD QO
s=Hv= QO u}kkLt "OvwW xO=iDU= p@=k =yv; |=Q@ =D OwW ?}mQD |Qo}O |=ysD} Qwor=
u}= |wQ |r=ta= C=Q}}eD =@ w [16]Ov=xOQm xO=iDU= Q} R p}rLD R= |ywQo C=}rta

"O}UQ Oy=wN s=Hv= x@ j}kLD u}= |ywQo C=}rta sD} Qwor=
w Qvi xm xOW ZQi Q[=L Q=DWwv QO xm OwW|t xO}O 6 pmW x@ xHwD =@
=yQvi u}= `k=w QO "OQ=O OwHw hOy =@ =yC=@ Q u}@ R}v w '=yC=@ Q u}@ QO |}=yQBtO
OwW|t xOy=Wt xm u=vJ "Ov=|kDWt pQDvm Qou=}@ =yQBtO w |@U=vD pQDvm Qou=}@
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"OQm xO=iDU= VwQ u}= R= u=wD|tv xm CU= u}= Q@
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|@Uv C}akwt Q}oxR=Ov= OQwtQO xr=kt u}= QO u}=Q@=v@ "OvwW GQ=N Qou}tND C=@ Q
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"Ovm|t p=UQ= Qou}tND C=@ Q x@ R} wv =@ x=Qty =Q hOy w =yC=@ Q
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\UwD xOW |Q}oxR=Ov= C=aq]= x@ xHwD =@ j C=@ Q "OwW|t xOR u}tND j Qou}tND
s}U|@ \=@DQ= w uDv; \UwD xm i C=@ Q R= xOW xO=DUQi C=aq]= w xOvQB |xr}Uw
"OR=OQB|t i C=@ Q Cr=L |=yQ}eDt w |@Uv |xrY=i u}tND x@ Ovm|t Ci=} QO
utr=m |xv}y@ |i=Y R= TBU w utr=m |xv}y@ QDr}i R= u}tND |=Q@ xr=kt u}= QO

"CU= xOW xO=iDU=
wO u}@ |@Uv |x} w=R #ij w C=@ Q wO u}@ |@Uv |xrY=i �ij '7 pmW QO
p=UQ= Qou}tND C=@ Q x@ w xOW xDiQo xR=Ov= xOvQB |xr}Uw \UwD xm CU= C=@ Q
w wrH MQJ CaQU 'u=tQi |x} w=R Q}_v �� =Q OwN C=aq]= R}v i C=@ Q &OwW|t
C=@ Q w ODUQi|t Qou}tND C=@ Q |=Q@ �� R} wv =@ x=Qty xvO@ |x} w=R R}v w =yQw=DWo
Cr=L |=yQ}eDt u}tND x@ utr=m |=yQou}tND w C=aq]= u}= R= xO=iDU= =@ Qou}tND

"OR=OQB|t i C=@ Q
w OwW|t u=}@ i w j |=yC=@ Q u}@ |@Uv CmQL CqO=at 82 =D 76 \@=wQ QO
CmQL |xrO=at =yv; p[=iD w C=@ Q Qy |m}t=v}O CqO=at R}v w |DmQL |=yO}k R=

"i C=@ Q Cr=L Q}eDt u}tND |=Q@ j Qou}tND C=@ Q V}=tv "7 pmW

?}DQDx@ Kp w Kd "OwW|t u}}aD Qwv=t ẁv R= xO=iDU= =@ xm CU= hOy w =yC=@ Q
xrY=i s}_vD R}v w =yC=@ Q u}@ CaQU Vy=m |=Q@ |@U=vD w |kDWt pQDvm ?}=Q[
hOy w C=@ Q u}@ |@U=vD w |kDWt pQDvm ?}=Q[ R}v Kt

p w Kt
d "OvDUy =yv; u}@

"CU=
�qdi=
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j=1
j 6=i

�
Kp (Rij �RR) �ij
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+Kd _�ij

�
+Kt

p (Rit �Rt) �itRit

+Kt
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sOa |=Q@ =yC=@ Q u}@ u=v}t]= |x}W=L w Qwv=t ẁv x@ xHwD =@ |rO=aD |xrY=i
|rO=aD |xrY=i hOy QwO =yC=@ Q pt=m uORxkrL |=Q@ ,qFt "OwW|t u}}aD OQwNQ@

"OQ}o Q=Qk =yC=@ Q xwQo |UOvy RmQt QO hOy xm OW=@ |Qw] O}=@
w CU= syt hOy =@ C=@ Q u}@ |rO=aD |xrY=i 'j}kLD u}= hOy x@ xHwD =@
Qo}O |wU R= &OW=@ nQR@ |i=m QOk x@ O}=@ |@U=vD |xOvvmpQDvm ?} Q[ xH}DvQO
hOy =@ C=@ Q u}@ O=} R pY=wi QO xm OwW|t Ea=@ |rQDvm |xQy@ u}= uOw@ nQR@
"OwW |ywQo C=}rta |oDiW; w |Q=O}=B=v Ea=@ w xO=O C=@ Q x@ |O=} R ?=DW
Q}eDt ?}=Q[ R= O}=@ w CU}v ?U=vt C=}rta u}= |=Q@ C@=F |rQDvm ?} Q[ u}=Q@=v@
w 'lJwm |@U=vD pQDvm |xQy@ hOy w C=@ Q u}@ O=} R pY=wi QO "OwW xO=iDU=
"CU= Q=QkQ@ ẁ[wt u}= Tma sm |xrY=i QO w CU= nQR@ |kDWt pQDvm |xQy@

"OQ}o|t CQwY Q=mOwN Qw] x@ |[=} Q `@=D l} =@ xQy@ Q}}eD C=}rta
� = Rit � (Rt + �) (73)

� =
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�
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p1 Kt
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h
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p2 Kt

d2
iT
(75)

Q}}eD ?}=Q[ |rO=aD |xrY=i R= |}xrY=i xJ QO xm Ovm|t u=}@ � '73 |x]@=Q QO
|xrY=i Qo = %CU= 1 w QiY u}@ |@} Q[ � '74 |x]@=Q QO u}vJty "Ovvm|t
R= QDsm Qo = w CU= 1 ?} Q[ u}= OW=@ |rO=aD |xrY=i R= QDW}@ hOy R= C=@ Q
MQv V}=Ri= |=Q@ " x]@=Q u}= QO "CU= QiY ?} Q[ u}= OW=@ |rO=aD |xrY=i
O}=@ =yC=@ Q u}@ |kDWt pQDvm C=}rta u}L QO CW=O xHwD O}=@ "CU= � C=Q}}eD
|@U=vD pQDvm CU}v |R=}v |rw Ovm pQDvm =Q =yv; u}@ CaQU =D OW=@ Q=QkQ@ xQ=wty
|rO=aD |xrY=i R= QDsm =yv; |@Uv |xrY=i xm |v=tR "OW=@ Q=QkQ@ xQ=wty =yv; u}@
=yC=@ Q Qo = &Ovm|t |Q}owrH =yv; u}@ OQwNQ@ R= w xOW pta OQ=w |@U=vD pQDvm OW

"OW Oy=wN p}tmD C=}rta OvUQ@ |rO=aD |xrY=i x@

Qou}tND |L=Q] "6
u}= QO "OwW|t u=}@ =yQ}oxR=Ov= x@ \w@ Qt C=}[Qi =OD@= Qou}tND |L=Q] |=Q@
`q]= ,=k}kO =yC=@ Q R= l} Qy u=mt R= lQLDt hOy xm CU= u; Q@ ZQi Q=DWwv
OQwtQO "Ovm|t x@U=Lt j}kO Qw]x@ =Q =yC=@ Q R= R} Qo |wQ}v u; x@ xHwD =@ w OQ=O
|x} w=R xm OvQ=O |k}kO |=yQwUvU =yC=@ Q |t=tD xm CU= u; Q@ ZQi =yC=@ Q
=yC=@ Q u}vJty &Ovvm|t x@U=Lt =Q OwN wrH MQJ CaQU w u=tQi |x} w=R w xvO@
OwHwt u}tR |wQ 9|}=y|Q=PoCtqa "Ov=p=vo}U Ci=} QO s}U|@ |=yuDv; |=Q=O
xO=iDU= =@ =yC=@ Q w CU= XNWt C@=F `HQt x@ C@Uv =yv; j}kO u=mt xm CU=
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}twv

wrwy
Q}e

|=y
C=@

Qxa
wtH

tp
QDvm

wl
}t=v}

O

a9 ?}DQDx@ Q=O?}W K]U QO "Ov=Cw=iDt Kw]U ẁv x@ xDU@ an w ak u; QO xm
O}=@ "OvDUy a22 w a21 |wQm K]U QO w a18 w a17 |}xv=wDU= K]U QO w a10 w
QO xO=iDU= |=Q@ xm CU= 11u=tR =@ xDUw}B |x]@=Q l} 83 |x]@=Q xm CW=O xHwD

"OQm p}O@D 12u=tR =@ xDUUo sDU}U x@ =Q u; O}=@ utr=m QDr}i
'�|Qr} w=� |r}]DUt VwQ "OQm xO=iDU= u=wD|t VwQ OvJ R= |R=UxDUUo |=Q@
?}DQDx@ xm OvOwHwt |=yVwQ xrtH R= 13=Dwm � nv=Q VwQ w |}xkvRwP VwQ
xO=iDU= u}tND Qw_vtx@ |R=UxDUUo u}= R= uwJ |rw 'OwW|t QDW}@ u=WCkO
R}v Qr} w= VwQ R= xO=iDU= 'OQ=O OQ@ Q=m utr=m |i=Y w QDr}i QO \ki w OW Oy=wN
sQi xt=O= QO "OwW|t K}LYD sw=Ot Qw]x@ =]N u}= Qou}tND QO w CUwo@=wH
88 |x]@=Q R= "CU= xOW u=}@ �|Qr} w=� |r}]DUt VwQx@ 83 |xrO=at |xDUUo
[17]"O};|t CUO x@ |QDj}kO VwQ R= pOt OwN |rw xOW xO=iDU= u}tND |=Q@ \ki
Xij (K) = (f (Xij (K � 1)) ; � (K � 1)) dt+Xij (K � 1)

+ w(K � 1) (88)

|xr}Uw pw= Q}oxR=Ov= OW u=}@ xm u=vJ "OW Oy=wN u=}@ =yQ}oxR=Ov= |HwQN xt=O= QO
|=yQ}eDt xm |D=@ Q =@ =Q Qou}tND C=@ Q |@Uv |x} w=R w xrY=i xm CU= |}xOvQB
xOw@ R} wv =@ x=Qty C=aq]= p=UQ= u}= "OyO|t VQ=Ro OwW xOR u}tND O}=@ VDr=L
R} wv CQwYx@ =Q u; Ci=} u=wD|tv R} wv u}= |=Q@ |rOt uwJ OwW|t xO}O xm u=vJ w
Q}oxR=Ov= =} QwUvU QO OwHwt R} wv u=wvax@ R} wv u}= "s}=xDiQo Q_v QO |Uwo O}iU

%OW Oy=wN KQ]t

Zij1 =

"
�ij + vij�
#ij + vij#

#
=

"
�ij
#ij

#
+ vij1 (89)

CQwYx@ w xOW KQ]t QwUvU QO OwHwt |=yR} wv u=wvax@ vij# w vij� u; QO xm
"CU= R} wv u=wD T} QD=t Rij1 (K) x]@=Q u}= QO "OwW|t u=}@ 90 |x]@=Q

vij1 = N
�
0; Rij1 (K)

�
Rij1 (K) =

" �
�ij�
�2 0

0 �
�ij#
�2 # (90)

CUO x@ 91 |x]@=Q R= Qwr}D ?} QkD R= xO=iDU= =@ |HwQN T} QD=t Q}oxR=Ov= u}= |=Q@
"O};|t CUO x@ 92 |x]@=Q T=U=Q@ |HwQN T} QD=t "Ot; Oy=wN

[Hx (mk)]j;j0 = @hj (xk)
@xj0 x=m

(91)

Hij
1 =

24 0 0 0 1 0
0 0 0 0 1

35 (92)

u=tQi |x} w=R 'wrH MQJ CaQU xm OQ=O OwHw R}v |twO Q}oxR=Ov= OW u=}@ xm u=vJ
=Q C=aq]= u}= Qou}tND C=@ Q |=Q@ w OQ}o|t xR=Ov= =Q C=@ Q |xvO@ |x} w=R w

"OQm Oy=wN u=}@ =Q swO |HwQN 93 |x]@=Q T=U=Q@ xm ODUQi|t

Zij2 =

2664 ui1 + viu1
�i + vi�
�i + vi�

3775 =

2664 ui1
�i
�i

3775+ vij2 (93)

x=oDUO QO C=@ Q |twta |=yxYDNt q2 w q1 \@=wQ u}= QO "O};|t CUO x@ |@Uv
xHwD "�A CUw}B� OvQ=O =Q OwN X=N h} QaD Kw]U R= s=Om Qy QO xm Ov=jr]t
|Oa@ VN@ QO xm OvDU}v XNWt j C=@ Q Cr=L |=yQ}eDt R= |[a@ xm OwW

"CU= xOW u=}@ =yv; u}tND |ovwoJ
qij1 = qi1 � qj1 (76)

qij2 = qi2 � qj2 (77)

#ij = �
2 + a tan 2

�
qij2 ; q

ij
1
�� �j (78)

�ij = #ij + �j � �i (79)

�ij =
q�

qij2
�2 +

�
qij1
�2 (80)

_�ij =
_qij1 q

ij
1 � _qij2 q

ij
2

�ij
= viS�ij � vjS#ij (81)

_#ij =
_qij2 q

ij
1 � _qij1 q

ij
2

�2
ij

� _�j = viC�ij � vjC#ij
�ij

� _�j (82)

|r@k |=yVN@ QO xm C=@ Q Qy CmQL CqO=at R}v w 82 w 81 \@=wQ R= xO=iDU= =@
C=@ Q wO u}@ |@Uv CmQL |xrO=at 'xOt; CUO x@ =RHt CQwYx@ Kw]U Qy |=Q@
Qy x@ \w@ Qt |@Uv CmQL |xrO=at C CUw}B QO "Ot; Oy=wN CUO x@ i w j
CQwYx@ |@Uv CmQL |xrO=at |rm Cr=L QO "O};|t CUO x@ =RHt Qw]x@ Kw]U

"CU= 83 |x]@=Q
_Xij = f (Xij ; �) + w (83)

%R= Ov=CQ=@a Cr=L |=yQ}eDt u; QO xm
x1 = ui1; x2 = �i; x3 = �i; x4 = �ij ; x5 = #ij

(84)

OQ=w R} wv R}v w w CU= i w j C=@ Q wO |rQDvm |=yQw=DWo u=ty � '83 |x]@=Q QO
Qw=DWo OQ=O xm |}=yQwUvU x@ xHwD =@ 'OW xDio xm u=vJ j C=@ Q "CU= pOt Q@
=Q i C=@ Q |@Uv CaQU w u=mt uwJ |rw Ovm|t x@U=Lt CkOx@ =Q OwN |rQDvm
R}v =Q i C=@ Q |rQDvm |=yQw=DWo "Ovm|t x@U=Lt =]N w u}tND =@ w Ov=O|tv ,=k}kO
w CU= Cw=iDt Mi =@ M i w Ti =@ T i xH}Dv QO Ovm|t x@U=Lt R} wv w =]N =@

"Ov=\=@DQ= QO sy =@ 85 |x]@=Q j@=]th
Ti Mi

iT
=
h
Ti Mi

iT
+ � ierror (85)

|Qw=DWo `} RwD "OQ=O hqDN= �i =@ �error |xR=Ov=x@ � i OwW|t xOy=Wt xm u=vJ
=]N u}= =Pr "O=O X=YDN= u; x@ u=wD|tv |rOt I}y w xOw@ u}at=v ,qt=m � ierror
u}tND QiY u}ov=}t =@ |Uwo R} wv CQwYx@ xm OwW|t Qy=_ pOt QO |R} wv u=wvax@
pOt Q@ OQ=w R} wv "OW=@ � ierror x@=Wt Cr=L |=yQ}eDt Q@ u; QF= w OwW|t xOR

"CU= R} wv u=wD QiC x]@=Q u}= QO "OwW|t x@U=Lt 86 |x]@=Q CQwYx@

� ierror = N
�
0; QiC

�! QiC =

" �
�iM
� 0

0 �
�iT
� # (86)

%R= CU= CQ=@a R} wv Tv=} Q=wwm T} QD=t
Qi (K) = BiQiC

�
QiC
�T �

Bi
�T

dt (87)
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C@=
F|

kDOt
Lt

w|
O=}Y

uU
L %|v=UQRwQx@

Vk = yk � h �m�k �
Sk = Hx

�
m�k
�
P�k HT

x
�
m�k
�

+Rk

Kk = P�k HT
x
�
m�k
�
S�1
k

mk = m�k +KkVk

Pk = P�k �KkSkKT
k

u=tR QO Cr=L |=yQ}eDt Tv=} Q=wwm w u}ov=}t |v}@V}B P�k w m�k x]@=Q u}= QO
|=yQ}eDt Tv=} Q=wwm w u}ov=}t u}tNDmk w Pk "CU= |Q}oxR=Ov= uO}O R= p@k k
|Q}oxR=Ov= Tv=} Q=wwm |v}@V}B Sk "CU= |Q}oxR=Ov= uO}O R= Oa@ k u=tR QO Cr=L
u=}@ k u=tR QO =Q |v}@V}B KqY= |ovwoJ xm CU= QDr}i |xQy@Kk 'k u=tR QO

[20�18]"Ovm|t
m�k+1 = f (mk; uk)

P�k+1 = Fx (mk; uk)PkFTx (mk; uk) +Qk

Ck = PkFTx (mk; uk)
�
P�k+1

��1

ms
k = mk + Ck

�
ms
k+1 �m�k+1

�
P sk = Pk + Ck

�
P sk+1 � P�k+1

�
CTk (103)

|i=Y \UwD k |v=tR |xrLQt QO Cr=L Tv=} Q=wwm w u}ov=}t u}tND ms
k w P sk

"CU= u}tND |i=Y KqY= |ovwoJ Qou=}@ xm CU= |i=Y |xQy@ Ck "CU=

C=@ Q Cr=L |=yQ}eDt R= |[a@ u}tND "1"6
|=yQwUvU x@ xHwD =@ xm CU= u; Q@ ZQi 'C=@ Q Cr=L |=yQ}eDt u}tND |=Q@
,=k}kO wrH MQJ CaQU w u=tQi |x} w=R 'C=@ Q |xvO@ |x} w=R C=@ Q |wQ OwHwt
s=Om Qy QO C=@ Q RmQt u=mt OvwW xOR u}tND O}=@ xm |}=yQ}eDt "CU= XNWt
u}tR |wQ Q@ |Q=PoCtqa |O=OaD K]U Qy QO OW u=}@ xm u=vJ "CU= Kw]U R=
xm |}=yQ}oxR=Ov= R= xO=iDU= =@ C=@ Q "CU= XNWt =yv; j}kO u=mt xm OQ=O OwHw
u=mt R= j} Q] u}= x@ w xDi=} =yv; x@ C@Uv =Q OwN |@Uv u=mt OQ=O Q=Qk u; |wQ

"O@=}|t `q]= OwN
"CU= xOW u=}@ |r@k |=yVN@ QO Kw]U R= s=Om Qy QO C=@ QCmQL |xrO=at

"O};|t CUO x@ 104 |x]@=Q R= Cr=L QPo T} QD=th
F iP

i
k;k0

= @fk
@xk0

dt+ I5�5 (104)

XNWt ,qt=m xm CU= Pi = (Pq1; Pq2) CQwYx@ |=y|Q=PoCtqa u=mt
"CU= 107 |x]@=Q j@=]t Q}oxR=Ov= |HwQN "CU=

#Pki w CU= Pk Ctqa =@ i C=@ Q |xrY=i �Pki '107 =D 105 \@=wQ QO
"CU= i C=@ Q \UwD Pk Ctqa O}O |x} w=R R}v

�Pki =
q

(Pq2 � qi2)2 + (Pq1 � qi1)2 (105)

#Pki = a tan 2
�
Pq2 � qi2; Pq1 � qi1

�� �i (106)

ZPki =

"
�Pki + vPk�i
#Pki + vPk#i

#
=

"
�Pki
#Pki

#
+ vPki (107)

xDiQo Q_v QO |Uwo R} wv u=wvax@ pw= QwUvU R} wv Ovv=ty w CU= |Q}oxR=Ov= R} wv vij2
"OwW|t

vij2 = N
�
0; Rij2 (K)

�
(94)

Rij2 (K) =

2664
�
�iju1
�2 0 0

0
�
�ij�
�2 0

0 0 �
�ij�
�2
3775 (95)

"O};|t CUO x@ 96 |x]@=Q T=U=Q@ |HwQN T} QD=t

Hij
2 =

2664 1 0 0 0 0
0 1 0 0 0
0 0 1 0 0

3775 (96)

x�=Q= Q} R \@=wQ CQwYx@ |rm R} wv Tv=} Q=wwm T} QD=t R}v w |rm |HwQN T} QD=t
"OvwW|t

Rij =

"
Rij1 (K) 02�3

03�2 Rij2 (K)

#
(97)

Hij =

"
Hij

1
Hij

2

#
(98)

Zij =

"
Zij1
Zij2

#
(99)

=@ xm O@=}|t CQwQ[ |HwQN u}tND xDi=}xaUwD utr=m QDr}i sD} Qwor= |=QH= |=Q@
%O};|t CUO x@ xOR u}tND Cr=L |=yQ}eDt

Zij =

"
Hij

1
Hij

2

#
Xij (100)

%Ot; Oy=wN CUO x@ 101 |x]@=Q R= Qwr}D ?} QkD R= xO=iDU= =@ Cr=L QPo T} QD=th
F ij
i
k;k0

= @fk
@xk0

dt+ I5�5 (101)

=@ p=L 'xDi=}xaUwD utr=m QDr}i QO R=}v OQwt |=yQDt=Q=B |r@k |x@U=Lt x@ xHwD =@
|xrO=at Cr=L |=yQ}eDt u}tND x@ u=wD|t xDi=}xaUwD utr=m sD} Qwor= R= xO=iDU=
wO QO 102 |x]@=Q QO xDi=}xaUwD utr=m QDr}i sD} Qwor= "Ci=} CUO |@Uv CmQL
u=wD|t utr=m QDr}i =@ Cr=L |=yQ}eDt u}tND =@ "CU= xOW u=}@ |v=tR |xrLQt
sD} Qwor= QO Qo}O Q=@l} =Q xOW xOR u}tND |=yQ}eDt 'QDy@ u}tND |x�=Q= |=Q@
VN@ QO Qou}tND wO u}= Cw=iD "O=O Q=Qk �103 |x]@=Q� xDi=}xaUwD utr=m |i=Y

[17]"Ot; Oy=wN G}=Dv
%|v}@V}B

m�k = f (mk�1; uk�1)

P�k = Fx (mk�1; uk�1)Pk�1FTx (mk�1; uk�1) +Qk�1 (102)
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O"O};|t CUO x@ |@Uv CmQL
qti1 = qt1 � qi1 (110)

qti2 = qt2 � qi2 (111)

#t = a tan 2 � _qt2; _qt1
�

(112)

vt =
q

( _qt2)
2 + ( _qt1)

2 (113)

#ti = �
2 + a tan 2

�
qti2 ; qti1

�� �i (114)

�ti = #ti + �i � �t (115)

�ti =
q

(qti2 )2 + (qti1 )2 (116)

_�ti = _qti1 qti1 � _qti2 qti2
�ti

= vtS�ti � viS#ti (117)

_#ti = _qti2 qti1 � _qti1 qti2
�2
ti

� _�i = vtC�ti � viC#ti
�ti

� _�i (118)

|r@k |=yVN@ QO xm hOy CmQL |xrO=at R}v w 118 w 117 \@=wQ R= xO=iDU= =@
i C=@ Q u}@ |@Uv CmQL |xrO=at 'Ot; CUO x@ =RHt CQwYx@ Kw]U Qy |=Q@
Qy x@ \w@ Qt |@Uv CmQL |xrO=at E CUw}B QO "Ot; Oy=wN CUO x@ hOy w
j@=]t |@Uv CmQL |xrO=at |rm Cr=L QO "CU= xOW u=}@ =RHt Qw] x@ Kw]U

%OwW|t u=}@ 119 |x]@=Q
_Xti = f (Xti; �) + w (119)

OW xDio xm u=vJ i C=@ Q "CU= pOt Q@ OQ=w R} wv w w hOy R} Qo |wQ}v F u; QO xm
Ovm|t x@U=Lt j}kO Qw]x@ =Q OwN |rQDvm Qw=DWo OQ=O xm |}=yQwUvU x@ xHwD =@
'Ovm|t x@U=Lt =]N w u}tND =@ w Ov=O|tv ,=k}kO =Q hOy |@Uv u=mt uwJ |rw
Cw=iDt Ft =@ F t xH}DvQO "Ovm|t x@U=Lt R} wv w =]N =@ R}v =Q hOy R} Qo |wQ}v

"Ov=\=@DQ= QO sy =@ 120 |x]@=Q j@=]t w CU=

Ft = F t + F terror (120)

hqDN= Ft =@ Ferror |xR=Ov= x@ F t xOW xO=O u=Wv 120 |x]@=Q QO xm u=vJ
X=YDN= u; x@ u=wD|tv |rOt I}y w xOw@ u}at=v ,qt=m F terror |wQ}v `} RwD "OQ=O
|Uwo R} wv CQwYx@ =Q u; xm OwW|t Qy=_ pOt QO |R} wv u=wvax@ =]N u}= =Pr "O=O
x@=Wt |QF= Cr=L |=yQ}eDt |wQ =]N u}= QF= "OR s}y=wN u}tND QiY u}ov=}t =@
u}= QO "OwW|t x@U=Lt 121 |x]@=Q T=U=Q@ pOt Q@ OQ=w R} wv "CU= F terror

"CU= R} wv u=wD QtC x]@=Q

F terror = N
�0; QtC�! QtC =

" �
�tFE1

� 0
0 �

�tFE2
� # (121)

T} QD=t x]@=Q u}= QO "OwW|t h} QaD 122 |x]@=Q j@=]t pOt R} wv Tv=} Q=wwm
"�E CUw}B � CU= Cw=iDt K]U Qy QO Bt

Qi (K) = BtQtC
�
QtC
�T �Bt�T dt (122)

xO=iDU= |=Q@ xm CU= u=tR =@ xDUw}B |x]@=Q l} 119 |x]@=Q xm CW=O xHwD O}=@
|xrO=at |xDUUo sQi "s}vm p}O@D u=tR =@ xDUUo sDU}U x@ =Q u; O}=@ utr=m QDr}i QO

j@=]t w xOW KQ]t Q}oxR=Ov= QO OwHwt |=yR} wv u=wvax@ vPk#i w vPk�i =yx]@=Q u}= QO
R} wv |xYNWt T} QD=t RPki (K) x]@=Q u}= QO "OvwW|t x@U=Lt 108 |x]@=Q

"CU=
vPki = N

�
0; RPki (K)

�
RPki (K) =

24 �
�Pk�i

�2 0
0

�
�Pk#i

�2

35 (108)

"O};|t CUO x@ 109 |x]@=Q T=U=Q@ |HwQN T} QD=t
HPk
i = 1

(rP )2" 0 0 0 �
qi1 � Pq1

�
rP

�
qi2 � Pq2

�
rP

0 0 � (rP )2 �
qi1 � Pq1

� �
qi2 � Pq2

� #
(109)

utr=m QDr}i R= xO=iDU= =@ "CU= u}tR |wQ Pk Ctqa =D i C=@ Q |xrY=i rP
"OR u}tND =Q C=@ Q u=mt u=wD|t xDi=}xaUwD

hOy w C=@ Q |@Uv Cr=L |=yQ}eDt u}tND "2"6
"OwW|t xOR u}tND hOy Cr=L |=yQ}eDt Qou}tND C=@ Q \UwD VN@ u}= QO
Qou}tND C=@ Q \UwD hOy Cr=L |=yQ}eDt 'OwW|t xOy=Wt 8 pmW QO xm u=vJ
|xr}Uw \UwD xOW |Q}oxR=Ov= C=aq]= x@ xHwD =@ i C=@ Q "OwW|t xOR u}tND i
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