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leCaQU sm |x@ Q[ |=Q@ |r}rLD xt}v MU=B |x�=Q=

OvthOy O=wt R= xOW xDN=U |r}]DUt jQw
�OWQ= T=vWQ� � u=RQi O=WQi

�Q=}Wv=O� �C=}aQW OtLt
�O=DU=� Q=H=k xrr=CtLQ

|Uw] u}Or=Q}Yv xH=wN x=oWv=O 'l}v�t |UOvyt |xOmWv=O

O=wt R= xOW xDN=U |=yxR=U x@ ,=twta 'CaQUsm |x@ Q[ |xv}tR QO xOWx�=Q= |=yp}rLD
'Qo}O |wU R= "CU=xDW=O jraD �|[Qa |OQou=Uty =@ 'xS} wx@� C} RwBt=m =} OQou=Uty

|=yx}q |DNU QF= w xOW xDiQo Q_v QO x@ Q[ ZQat QO K]U |DNU =yvD =ypOt u}= QO
R= 'OwHwt Cq=kt R= Qo}O |NQ@ QO "CU= xOW xDiQo xO}O=v x@ Q[ |=yMU=B QO u} Q} R

ut[ =D CU= xOW VqD Q[=L VywSB QO "CU= xOW xO=iDU= T=tD uwv=k |R=U|]N
|=y|}=UQ=v `iQ R}v w OvthOy Q=DN=U |=Q=O |=yjQw x@ xOWO=} |=yp}rLD VQDUo
hrDNt |=yQDt=Q=B QF= 'Qw_vt u}ty x@ "OwW x�=Q= u; |=Q@ |r}rLD xt}v |NU=B 'xOWO=}
|xOwOLt QO 'CaQUsm |x@ Q[ |=yMU=B Q@ OvthOy O=wt Q=DN=U =@ jQw w uRx@ Q[
xO=iDU= RDQy T=tD |]NQ}e uwv=k R= xr�Ut p}rLD QO w xDiQo Q=Qk |UQQ@ OQwt u=UWm

|=y=]N 'xOW pY=L |r}rLD MU=B R= xO=iDU= =@ |vwvm G}=Dv xm =Hv; R= "CU= xOW
VywSB G}=Dv "OwW|tv Q=mW; =yu; QO pw=ODt |OOa |=y?} QkD w |R=U|]N '|R=UpOt
"CU= xDiQo Q=Qk O}}-=D OQwt 'xS} w |=yCr=L |=Q@ u}kkLt Qo}O G}=Dv =@ xU}=kt QO |vwvm

farshad farzan@sina.kntu.ac.ir
shariyat@kntu.ac.ir
ghajar@kntu.ac.ir

xt}v pL 'OvthOy O=wt R= xOW xDN=U jQw 'CaQUsm |x@ Q[ %|O}rm u=oS=w
"|r}rLD

xtOkt "1
Q=F; |R=UQ=mW; |}=v=wD =ypOt u}= CU= |y}O@ [4�1]"OvQvi w sQH |=yu=tr= R=
u}kkLt R= |NQ@ "OvQ=Ov 'OvQ}osWJ |y=o xm '=Q pw= Owt R= QDq=@ |W=aDQ= |=yOt
|=yjQw CaQUsm |x@ Q[ |xv}tR QO xOWx�=Q= |=ypOt XwYNQO |at=H QwQt
QO Q}N= |=yp=U QO xm =Q |}=yVywSB R}v Qo}O |NQ@ w [5]Ov=xOQm x�=Q= |D} RwBt=m

[6]"Ov=xOQm QwQt xOW x�=Q= xv}tR u}=
'jQw CaQUsm |x@ Q[ p}rLD QO xDUw}B |=ypOt R= xO=iDU= XwYNQO
jQw QO xOt; O}OB |rm |=y|}=Hx@=H w =yVvD |UQQ@ x@ =yvD u=QoVywSB R= |NQ@
[8w7]"CU= xDiQov Q=Qk xHwD OQwt uRx@ Q[ |wQwQi u=R}t =yp}rLD u}= QO &Ov=xDN=OQB
|}=Hx@=H u=mt= Ok=i jQw |=Q@� T=tD |x}L=v |UOvy |R=UpOt R= R}v Qo}O |NQ@

[13�9]"Ov=xOQm xO=iDU= �|[Qa
xOW s=Hv= |}=yp}rLD R}v |[Qa |}=Hx@=H C}r@=k =@ C} RwBt=m jQw |=Q@
R= 'l}B wQDwDQ= |=yjQw T=tD x@ \w@ Qt \@=wQ '|Oa@ C=ar=]t QO [16�14]"CU=
|v=UWm pwOt =@ RDQy |x]@=Q QO 1OQou=Uty O=wt |v=UWm pwOt |v} Ro}=H j} Q]
|@ QHD C=ar=]t R= xO=iDU= =@ |Oa@ u=QoVywSB TBU w [17]OW KqY= |[Qa
R= xO=iDU= =@C}=yv QO [18]"OvOQm KqY= �jQw� x@ �=[is}v� R= =Q xrY=L G}=Dv 'OwN
xO=iDU= =@ R}v w [19]'jQw K]U sQi Q}}eD w uRx@ Q[ |UOvy |Q=oR=U Q@ |vD@t |rOt

[20]"OW p}rLD w |UQQ@ jQw CaQUsm |x@ Q[ MU=B 'OwOLt |=RH= VwQ R=

C=}�RH =yv; QO xm Ov=|UOvyt O=wt R= |O}OH pUv 'OvthOy Q=DN=U |=Q=O O=wt
|H} QOD w xDUw}B CQwYx@ 'xOW pQDvm w OvthOy `@=Dl} ut[ xO=t |Q=DN=UR} Q
�xOvvmC} wkD R=i C=QP pmW w xR=Ov= '|m}v=mt |=y|oS} w QO Q}}eD R= xO=iDU= =@�
QO xm CU= |Q=DN=UR} Q 'Qt= u}= |xH}Dv "Ovm|t Q}}eD Qo}O |x]kv x@ |}x]kv R=

"Ovm|t O=H}= xDUw}B |B wmUwQm =t C=Q}}eD xO=t |DQ=QL w |m}v=mt X=wN
R= R=i OvJ =} wO |tHL QUm =yv; QO xm OvO=wt R= |}=y?}mQD OvthOy O=wt
OvJ =} l} O=ODt= QO u=mt R= |a@=D pmWx@ w xDUw}B CQwYx@ xOvyOp}mWD O=wt
|m}v=mt X=wN |H} QOD C=Q}}eD R= |m}D=tW 1 pmW QO "Ovm|t Q}}eD xR=U R= Oa@
|}xO=t R= xOWxDN=U jQw l} Ct=N[ |=DU=Q QO �|v=UWm pwOt ,qFt� O=wt

"CU= xOW xO=O u=Wv OvthOy
QO xm QwDwt |=yA=B wU w uwDU}B CN=U x@ u=wD|t O=wt u}= OQ@ Q=m OQ=wt R=
w xvO@ '|}x@ Q[ |=yQ=@ Q@=Q@ QO sw=kt |=yQBU 'OvQ=O Q=Qk |Q=Hiv= |=yQ=@ ZQat

"OQm xQ=W= |}=t}B=wy `}=vY QO xO=iDU= w =yp}@twD= R= |[a@ |U=W
xO=iDU= j} Q] R= |R=UxDUUo Q@ |vD@t 'xOWx�=Q= |}x@ Q[ |=ypOt R= |Q=}U@

pw�Ut xOvU} wv �
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xt}v
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x�=Q=

Q}O=kt |=R=x@ |v=wD pOt j@] 'Ct=N[ |=DU=Q QO |tHL QUm C=Q}}eD "2 pmW
"n hrDNt

"OvthOy jQw |xOvyOp}mWD |=RH= |m}v=mt X=wN "1 pwOH
Zirconia Aluminum

E = 151 GPa E = 70 GPa

v = 0 3 v = 0 3
� = 3000 kg=m3 � = 2707 kg=m3

|DNU 'OwHwt |=yp}rLD QO pw=ODt ZQi hqNQ@ 'OW u=}@ QDW}B xm u=vJ
Q}}eD |xwLv x@ xmr@ 'jQw u}} wQ |x}q |DNU x@ =yvDxv �T=tD� x@ Q[ |x}L=v
|Oa@ VN@ QO ẁ[wt u}= "CU= xDU@=w R}v |[Qa CyH QO O=wt |=y|oS} w

"CU= xDiQo Q=Qk |UQQ@ OQwt

OvthOy jQw pO=at |m}v=mt |=y|oS}w "3
|DNU 'OwHwt |=yp}rLD QO pw=ODt ZQi hqNQ@ 'OW u=}@ p@kVN@ QO xm u=vJ
|=y|oS} w Q}}eD |xwLv x@ xmr@ 'jQw u}} wQ |x}q |DNU x@ =yvDxv T=tD x}L=v
xO=iDU= OQwt O=wt |m}v=mt X=wN "CU= xDU@=w R}v |[Qa CyH QO O=wt
x�=Q= 1 pwOH QO '|vwvm VywSB QO zirconia/aluminum OvthOy jQw |=Q@
uwU=wB ?} Q[ hQat v w |tQH |r=oJ hQat � 'pwOH u}= QO "CU= xOW

"CU=
%s} Q=O h Ct=N[ |wQ �1 |x]@=Q� |tHL QUm CQ=@a R= |Q}op=QoDv= =@

(Vf )cer = 1
h

h=2Z
�h=2

�
z
h

+ 1
2
�n

dz = 1
n+ 1 ;

(Vf )met = 1� (Vf )cer (3)

Rri |tHL QUm hQat (Vf )met w l}t=QU |tHL QUm hQat (Vf )cer u; QO xm
'CU= |a[wt |tHL QUm R= |Q}op=QoDv= pY=L xm 3 |x]@=Q R= xO=iDU= =@ "CU=
|=Q@ uwvm = "s}DUy xOvyOp}mWD |=RH= R= l} Qy |rm |tHL QUm uDi=} x@ QO=k
"s}vm|t xO=iDU= 3\qDN= uwv=k R= OvthOy |xO=t |rm |m}v=mt C}Y=N uDi=}

xO=t l} R= Oa@ l} O=ODt= QO xO=t X=wN |H} QOD C=Q}}eD l}D=tW "1 pmW
"OvthOy

OvthOy jQw CaQUsm |x@ Q[ p}rLD XwYNQO |at=H VywSB uwvm =D
O=wt |=y|oS} w =@ |}=yx}q x@ OvthOy jQw 'OwHwt C=ar=]t QO "CU= xOWv x�=Q=
OwOLt <=RH= |=yQ=Ri=sQv \}Lt QO =yp}rLD w 'xOW x} RHD uoty w OQou=Uty
|v}@V}B |=Q@ |r}rLD xt}v |NU=B Q[=L VywSB QO "CU= xDiQo CQwY |Q=HD
|W=aDQ= sDU}Ul} x@ jQw p}O@D uwO@ 'OvthOy jQwCaQUsm |x@ Q[ |=yMU=B
|xrO=at "CU= xOW x�=Q= 'uoty w OQou=Uty |=yx}q x@ jQw |x} RHD =} xDUUo
uwO@ w Cr=L u} QD|rm QO 'uRx@ Q[ Q@ sm =L |xrO=at =@ u=tRsy 'jQw Q@ sm =L
Q=}U@ =yMU=B CkO 'wQ u}= R= "CU= xOW pL RDQy |x]@=Q |R=U|]N R= xO=iDU=

"CUq=@

OvthOy |xO=t QO O=wt |=y|oS}w C=Q}}eD h}YwD "2
O=ODt= QO xDUw}B w |H} QOD Qw]x@ OvthOy |xO=t l} QO |m}v=mt X=wN
VywSB u}= QO xO=iDU= OQwt OvthOy jQw O=wt "Ovm|t Q}}eD Oa@ OvJ =} l}
"Ovm|t Q}}eD |m}t=QU,qt=m O=wt x@ |Rri ,qt=m O=wt R= '|[Qa CyH QO '�1 pmW�
QO OvthOy |xO=t X=wN |H} QOD C=Q}}eD h}YwD |=Q@ |irDNt |=ypOt
pOt� '|vwvm |xar=]t QO xO=iDU= OQwt pOt "OQ=O OwHw u; Ct=N[ O=ODt=
u=}@ u}vJ |a[wt |tHL QUm C=Q}}eD '|v=wD `@=D pOt QO "CU= �|v=wD

%OwW|t

Vf (z) =
�
z + h=2

h

�n
=
�
z
h

+ 1
2
�n

(1)

|v=}t |x}q R= xm CU= Ct=N[ |=DU=Q QO |v=mt XDNt z u; QO xm
'u}=Q@=v@ "CU= 2|v=wD uwv=k |=tv n w jQw Ct=N[ h 'OwW|t |Q}oxR=Ov=
nv=} pwOt Q}_v� Ct=N[ |=DU=Q QO �P � xO=t x=wNrO C}Y=N l} C=Q}}eD
p}O@D 2 |x]@=Q x@ |v=wD pOt j@] '�v uwU=wB ?} Q[ =} � |r=oJ 'E

%OwW|t
P (z) = Vf (z)Pt + (1� Vf (z))Pb (2)

C}Y=N Pb w (z = +h=2) jQw |}q=@ K]U QO xO=t C}Y=N Pt u; QO xm
|tHL QUm C=Q}}eD '2 pmW QO "CU= (z = �h=2) jQw |v}}=B K]U QO xO=t
Q}O=kt |=R=x@ w |v=wD `@=D pOt j@] 'Ct=N[ |=DU=Q QO jQw u}} wQ K]U |xO=t

"CU= xOW xO=O V}=tv n hrDNt
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Qi x@=Wt RDQy |x]@=Q R= u=wD|t =Q Pwiv u=R}t 'OwW u} Ro}=H |[Qa OQou=Uty

jQw |=Q@ u} Ro}=H pwOt u=v; [1]"OQm x@U=Lt OQou=Uty O=wt T=tD |x]@=Q =@
%OvOQm x�=Q= 6 |x]@=Q ?r=k QO =Q |[Qa OQou=Uty

� =

 3F
4pRE�TI

!2=3
(6)

x@U=Lt 7 |x]@=Q R= w CU= |[Qa OQou=Uty O=wt QF-wt pwOt E�TI u; QO xm
%OwW|t

�1 =
�
Ex=Ey � �2

xz

1� �2
xy

�1=2
;

�2 =
1 +

�
Ex2Gxz � 1

�� �xz (1 + �xy)

1� �2
xy

�3 =
n�1 + �2

2
o1=2�1� �xy

Gxy

�
;

E�TI =
� 2
�1�3

�
(7)

\@=wQ u=wD|t �4 w 3 |=yx]@=Q� Q=DWwv u}= QO xOW O=yvW}B K}LYD R= xO=iDU= =@
uDiQo Q_v QO |=Q@ 'OvthOy jQw |Qy=_ |U=tD |DiU |x@U=Lt QO =Q 7 w 5

"O=O VQDUo |[Qa |voty=v

uRx@ Q[ CmQL w jQw R}N Q@ sm =L CqO=at "6
xQy@ x@ Q[ u}L QO |Q}tN |=ypmW Q}}eD uO=Ov MQ ZQi R= |vwvm VywSB QO
'CU= \@DQt R}v jQw CaQUsm |x@ Q[ h} QaD =@ xOWO=} ZQi "CU= xOW xDiQo
|Q=QkQ@ "CU= xOW x�=Q= CaQUsm |x@ Q[ |=Q@ |OOaDt h} Q=aD uwvm =D xJQo =
pQDvm 'VvD p}rLD OwOLt <=RH= |=yQ=Ri=sQv QO jQw |R=UpOt =@ xOWO=} ZQi
|OL CaQU R= QDu}}=B ?D=Qtx@ G}=Dv VN@ QO xOW ?=NDv= |=yCaQU w xOW
uDWwv =@ "CU= xOW ?=NDv= �\}=QW u} QDO@ QO x}v=F Q@ QDt 5 OwOL QO� xOW O=}
s}y=wN OvthOy O=wt R= xOW xDN=U jQw |=Q@ 'Sv=Qo q � Qr} w= CmQL CqO=at

%CW=O

�u0 : @Nxx
@x

+ @Nxy
@y

= I0
@2u0
@t2

�v0 : @Nxy
@x

+ @Nyy
@y

= I0
@2v0
@t2

@w0 : @2Mxx

@x2 + 2@2Mxy

@y@x
+ @2Myy

@y2 + q = I0
@2w0
@t2 (8)

OL=w Q@ |WtN Qw=DWo |x]@=Q 'jQw l}Uqm |x} Q_v \@=wQ R= xO=iDU= =@ u}vJty
%O};|t CUO x@ u}vJ R}N ?ULQ@ pw]

Mxx = �
�
D11

@2w0
@x2 +D12

@2w0
@y2

�
Myy = �

�
D12

@2w0
@x2 +D22

@2w0
@y2

�
Mxy = �2D66

�
@2w0
@x@y

�
(9)

%s} Q=O uwv=k u}= C=}[Qi R= xO=iDU= =@
Ez =

�
(Vf )cer
Ecer

+
(Vf )met
Emet

��1

Ex = Ey = Ecer (Vf )cer + Emet (Vf )met

� = �cer (Vf )cer + �met (Vf )met

Gxy = Gxz =
�

(Vf )cer
Gcer

+
(Vf )met
Gmet

��1
(4)

OvthOy jQw |rm |m}v=mt X=wN 4 \@=wQ xawtHt R= xO=iDU= =@ '?}DQDu}O@
"OwW|t x@U=Lt

\@=wQ 'Qo}O C=ar=]t QO OwHwt |=yp}rLD QO xmCU= u}=C}ty= R�=L |xDmv
|=[is}v x@ =yvD 'xOW x�=Q= OQou=Uty ,qt=m |=[is}v |=Q@ ,qwY= xm RDQy T=tD
u=ty w xOW xO=O VQDUo �|}x}q |=yC} RwBt=m Ovv=t� uoty |[Qa OQou=Uty
|=y|oS} w =yvD 'u; Q@ xwqa "Ov=xOW xO=iDU= OwOLtCt=N[ |=Q=O jQw |=Q@\@=wQ
|=yx}q uOw@ sQv =} CNU w xOW xO=iDU= C=@U=Lt QO sUH u}} wQ |x}q |xO=t
x@ \@=wQ VQDUo |=Q@ |WwQ �hr= %VN@ u}= QO "CU= xOW ZQi Q}F-=D|@ u} Q} R
�\UwDt =} |Qy=_ |tHL QUm |x@U=Lt QO Ct=N[ QF= uO=O Cr=NO =@� jQw
|=Q=O sUH x@ uoty OQou=Uty sUH \@=wQ VQDUo �? &4 w 3 \@=wQ j} Q] R=
pw=ODt |=]N R= R}yQB |=Q@ |WwQ �G &|[Qa uoty=v |rw OQou=Uty X=wN
"CU= xOW x�=Q= �jQw� OwOLt Ct=N[ |=Q=O sUH |=Q@ =[is}v \@=wQ R= xO=iDU=

"Ov=xOW p}tmD xOv}; |=yVN@ QO xOW u=}@ ?r=]t =@ OQ=wt u}= R= |DtUk

RDQy T=tD uwv=k "4
xOW xO=iDU= T=tD |xO}OB h}YwD Qw_vtx@ RDQy T=tD uwv=k R= VywSB u}= QO

%R= Ov=CQ=@a T=tD uwv=k uDi=} |=Q@ RDQy C=}[Qi "CU=
&Ov=l =m]Y= uwO@ T=tD QO s=UH= "1

&CU= QiY T=tD |}xQ}=O |x}L=v R= GQ=N Q=Wi "2
uwQ}@ w 'QiY T=tD |}xQ}=O |x}L=v pN=O QO sUH wO Kw]U u}@ |xrY=i "3

&CU= QiY R= QDnQR@ T=tD |xQ}=O
QO =Q T=tD |wQ}v 'T=tD |}xQ}=O |x}L=v |xOwOLt QO Q=Wi `} RwD p=QoDv= "4

"OyO|t Q=Qk Q=}DN=
%OQm x�=Q= T=tD |wQ}v |=Q@ =Q 5 |x]@=Q xOWO=} C=}[Qi |x}=B Q@ RDQy

F = K�
32

K = 4
3
p
R:E

1=E = 1=E1 + 1=E2 (5)

|U=tD |DNU K 'uRx@ Q[ |v=UWm pwOt E2 'jQw |v=UWm pwOt E1 u; QO xm
"CU= jQw QO uRx@ Q[ |wQwQi Q=Okt � w 'jQw

x@ Q[ pLt QO jQw |Qy=_ |U=tD |DNU "5
xm Ov=xO=O u=Wv u}kkLt "CU= Q@Dat OQou=Uty |xO=t |=Q@ ,=iQY RDQy |x]@=Q
|m}v=mt |=y|oS} w R= |@}mQD =@ RDQy |x]@=Q QO OQou=Uty |xO=t pwOt xJv=vJ
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x�=Q='CN=wvm} `} RwD =@ xOQDUo |} wQ}v =D CU= |Q=Wi CQwYx@ xOQ=w |wQ}v xm =Hv; R=
w x = a=2 C=YDNt x@ jQw |RmQt |x]kv Q@ OQ=w F (t) x@ Q[ |wQ}v |=Q@

%CWwv u=wD|t y = b=2
q(x; y; t) = F (t):�(x� a=2; y � b� =2) (18)

%17 |x]@=Q QO xH}Dv QO
qmn(t) = 4

ab

Z b

0

Z a

0
q(x; y; t)dxdy = 4p

ab
sin m�2 sin n�2 (19)

%s} Q=O �10 |xrO=at� jQw |rm |xrO=at QO 19 w 17 '16 \@=wQ |Q=Po|=H =@
�wmn(t) + 1

I0

�
D11

�m�
a

�4
+ 2D̂12

�m�
a

�2 �n�
b

�2

+D22
�n�
b

�4�
wmn(t)� 4k

I0ab
sin m�2 sin n�2 �3=2 = 0

(20)

%u; QO xm
D̂12 = D12 + 2D66 (21)

sQH Q@ sm =L |xrO=at QO 16 |x]@=Q QO xOW x�=Q= MU=B |Q=Po|=H R= 'u}vJty
%O};|t CUO x@ 22 |xrO=at �15 |x]@=Q� uRx@ Q[X

m;n

�wmn(t) sin m�2 sin n�2 =
��k
m

�
�3=2 � �� (22)

=Dwm � Sv=Q |v=tR |Q}op=QoDv= VwQ R= xO=iDU= =@ 22 w 20 CqO=at u=tRty pL R=
CUO x@ jQw |wQwQi w R}N Q}O=kt '�MATLAB Q=Ri=sQv QO ODE45 Qorta�

"O};|t

G}=Dv "8
QO |at=H G}=Dv 'OvthOy |r}]DUt jQw CaQUsm |x@ Q[ |UQQ@ XwYNQO
|x]@=Q '\qDN= uwv=k R= |Q}oxQy@ R= TB Q[=L VywSB QO uwJ =Pr "CU}v Q=}DN=
QDj}kO p}rLD u=mt= 'xOW K}LYD xr=kt u}= QO QvQD \@=wQ KqY= =@ RDQy T=tD

%CU= Q} R O=a@= =@ xO=U |=yx=ox}mD |=Q=O |UQQ@ OQwt jQw "OQ=O OwHw
a = 500mm ; b = 400mm ; h = 2mm

CaQUsm |x@ Q[ G}=Dv =@ |vwvm |x@ Q[ |r}rLD xt}v pL G}=Dv '|Q=PoxLY |=Q@
Pwiv w R}N |v=tR |xJN} Q=D 3 pmW QO "CU= xOW xU}=kt [19]OQou=Uty jQw

"CU= xOW xO=O V}=tv VywSB u}= QO xOW x�=Q= VwQ R= xO=iDU= =@ uRx@ Q[
\UwD xOW VQ=Ro G}=Dv |x}=B Q@ jwi |=yC}tm |v=tR C=Q}}eD R}v 4 pmW QO
'2 pwOH QO "CU= xOW xO=O u=Wv OwOLt u=tr= VwQ R= xO=iDU= =@ w [4]u}kkLt
w 'xU}=kt Wu VwQ w |vwvm p}rLD |x}=B Q@ jQw R}N w uRx@ Q[ |xv}W}@ Pwiv
2 pwOH |=yxO=O "CU= xOW XNWt Wu G}=Dv R= |vwvm G}=Dv h=QLv= OYQO
,=DOta 'G}=Dv hqDN= "OvQ=O Qo}Om} =@ |@ wN j@=]D G}=Dv u}= ,=twta xm OyO|t u=Wv
R= |vwvm VywSB QO xm =Hv; R= "CU= pL |=Q@ xOW xDiQo Q=mx@ |=yVwQ R= |W=v

"OW=@ xOw@ QDq=@ G}=Dv CkO xm OwQ|t Q=_Dv= 'xOW xO=iDU= |r}rLD xt}v VwQ

'�8|xrO=at� jQwCmQL|xrO=at QO|WtN Qw=DWoCqO=at xawtHt|Q=Po|=H =@
%O};|t CUO x@ R}N Q@ sm =L |xrO=at

� @2

@x2

�
D11

@2w0
@x2 +D12

@2w0
@y2

�
� 4 @2

@y@x

�
D66

@2w0
@x@y

�
� @2

@y2

�
D12

@2w0
@x2 +D22

@2w0
@y2

�
+ q = I0

@2w0
@t2 (10)

|wU R= "CU= jQw |WtN |DNU Qou=}=tv D w xOQDUo Q=@ hQat q u; QO xm
?UL Q@ �z |ivt CyH QO� wQ}v CyH x@ xHwD =@ uRx@ Q[ Q@ OQ=w |wQ}v 'Qo}O

%O};|t CUO x@ uRx@ Q[ ?=DW w sQH
F1 = �m�� (11)

|wQ}v u}vJty "CU= uRx@ Q[ RmQt |}=Hx@=H � w uRx@ Q[ sQH m u; QO xm
'OwW|t x@U=Lt |vwvm |xr=kt w QvQD KqY= =@ RDQy |x]@=Q R= xm jQw Q@ OQ=w |U=tD

%R= CU= CQ=@a
F2 = k�

32 (12)

|oQR@ Q_v R= xm CU= ptar=Tma w pta |wQ}v 'uRx@ Q[ w jQw Q@ OQ=w |=ywQ}v
%s} Q=O u}=Q@=v@ 'Ov=u=Um}

jF1j = jF2j (13)

=@ Pwiv u=R}t 'Ovm|t OQwNQ@ lR=v jQw =@ |wQm uRx@ Q[ xm |Dr=L |=Q@ u}vJty
%OwW|t \@DQt uRx@ Q[ |}=Hx@=H w jQw R}N x@ 14 |x]@=Q R= xO=iDU=

� = � � w (14)

R}N w w 'uRx@ Q[ |}=Hx@=H u=R}t � 'jQw QO uRx@ Q[ Pwiv � 'xrO=at u}= QO
%s} Q=O 11 |x]@=Q QO 12 w 14 \@=wQ |Q=Po}=H =@ "CU= jQw |v=}t |x}q

�w =
��k
m

�
�3=2 � �� (15)

uRx@ Q[ w jQw Q@ sm =L CqO=at pL "7
GwR |x@DQt =@ |v=mt C=kDWt uOWQ=mW; w jQw |=yx=ox}mD uOw@ xO=U x@ xHwD =@
MU=B x@ x}@W |NU=B R= 'jQw Q@ sm =L |xrO=at pL |=Q@ '10 sm =L |xrO=at QO

%OwW|t xDiQo Q_v QO u}vJ R}N MU=B sQi '=DU=Q u}= QO "s}vm|t xO=iDU= Q} w=v

w(x; y; t) =
5X

m=1

5X
n=1

wmn(t): sin m�:x
a

: sin n�:y
b

(m;n = 1; 3; :::) (16)

%OwW|t xDiQo Q_v QO 17 xrO=at j@=]t q(x; y; t) Q=@ |xrO=at u}vJty

q(x; y; t) =
5X

m=1

5X
n=1

qmn(t): sin m�:x
a

: sin n�:y
b

(17)
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"n = 1 Cr=L |=Q@ uRx@ Q[ |}=Hx@=H w Pwiv 'R}N C=Q}}eD Q=Owtv "5 pmW

|=y|oS} w |x]@=Q hrDNt u=wD xU |=Q@ uRx@ Q[ Pwiv u=R}t |xU}=kt "6 pmW
"OvthOy |xO=t

|=y|oS} w |x]@=QhrDNt |=yu=wD |=Q@ x@ Q[ |wQ}v C=Q}}eD |xU}=kt "7 pmW
"OvthOy |xO=t

COt '4 x@ 0 2 R= nV}=Ri= QF= Q@ xH}DvQO "OwW|t QDsQv jQw 'CU= �151Gpa�
OwW|t xOwRi= jQw R}N w uRx@ Q[ |xv}W}@ Pwiv Q@ R}v w O@=}|t V}=Ri= T=tD u=tR

"�3 pwOH�
|UQQ@ x@ Q[ |wQ}v w Pwiv u=R}t Q@ uRx@ Q[ |x}rw= CaQU Q}}eD Q}F-=D 'xt=O= QO
|=Q@ uRx@ Q[ Pwiv u=R}t Q@ x}rw= CaQU Q}}eD QF= x@ =OD@= Qw_vt u}O@ "CU= xOW
u=R}t QO x}rw= CaQU Q}}eD QF= TBU w �8 pmW� n = 1u=wD =@ OvthOy |xO=t

VywSB QO xOW x�=Q= VwQ R= xO=iDU= =@ uRx@ Q[ Pwiv w jQw R}N C=Q}}eD "3 pmW
"Q[=L

[19]"Wu \UwD xOt; CUO x@ G}=Dv "4 pmW

"jQw R}N w uRx@ Q[ Pwiv Q}O=kt |=Q@ h=QLv= OYQO w G}=Dv |xU}=kt "2 pwOH
�m� xv}W}@ R}N u=R}t �m� xv}W}@ Pwiv u=R}t j}kLD VwQ

0 8085e� 5 1 8165e� 5 Q[=L VywSB
0 8631e� 5 2 0127e� 5 Wu VwQ

6 32 9 7 h=QLv= OYQO

OvthOy |xO=t |=Q@ uRx@ Q[ |}=Hx@=H w Pwiv 'R}N |v=tR C=Q}}eD |xJN} Q=D
QUm 1 |x]@=Q xm =Hv; R= "CU= xOW xO=O u=Wv 5 pmW QO n = 1 Cr=L QO
QUm u}= 'n u=wD V}=Ri= =@ 'OyO|t u=Wv =Q u}} wQ |x}q |m}t=QU O=wt |tHL
3 |x]@=Q &O@=}|t V}=Ri= `]kt |Rri O=wt |tHL QUm w xOW QDlJwm |tHL
x@ C@Uv jQw R}N w |wQwQi u=R}t 'Cr=Lu}= QO =Pr "CU= ẁ[wt u}= O} -wt R}v
u=wD xU |=Q@ uRx@ Q[ Pwiv u=R}t |xU}=kt '6 pmW QO "O@=}|t V}=Ri= 3 pmW
QO "CU= xOW xO=O u=Wv OvthOy |xO=t |m}v=mt |=y|oS} w |x]@=Q hrDNt
|x]@=QhrDNt u=wD xU |=Q@ x@ Q[ |wQ}v |v=tR |=yxJN} Q=D |xU}=kt R}v 7 pmW

"OwW|t xOy=Wt OvthOy |xO=t |m}v=mt |=y|oS} w
u=tR COt x=Qtyx@ uRx@ Q[ |}=Hx@=H w Pwiv 'R}N Q}O=kt u} QDW}@ 3 pwOH QO
u=vJ "Ov=xOW xU}=kt O=wt|m}v=mt |=y|oS} w |x]@=QhrDNt |=yu=wD |=Q@ T=tD
V}=Ri= `]kt QO jQw |Rri O=wt OYQO xOWO=} u=wD V}=Ri= =@ 'OwQ|t Q=_Dv= xm
|m}t=QU O=wt R= QDlJwm �70Gpa� O=wt u}= |v=UWm pwOt uwJ w 'O@=}|t
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x�=Q=

"n = 1 Cr=L |=Q@ Pwiv Q=Okt Q@ uRx@ Q[ sQH Q}}eD QF= "10 pmW

"n = 1 Cr=L |=Q@ |U=tD |wQ}v Q@ uRx@ Q[ sQH Q}}eD QF= "11 pmW

"n = 1 Cr=L QO OvthOy |xO=t Pwiv u=R}t Q@ jQw O=a@= Q}}eD QF= "12 pmW

Q}}eD QF= Qou=}=tv R}v 13 pmW "CU= xOW xO=O u=Wv 12 pmW QO n = 1 Cr=L
"CU= |U=tD |wQ}v u=R}t Q@ jQw O=a@=

xov C@=F jQw Ct=N[ x@ `r[ pw] C@Uv 'G}=Dv u}= G=QNDU= QO xm =Hv; R=
jQw swU u=wD =@ xm |WtN |DiU V}=Ri= x@ jQw `q[= pw] V}=Ri= 'xOW xDW=O
uRx@ Q[ sQH Q@=Q@ R= jQw R} Qo u=mt= xm |Qw]x@ "OwW|t QHvt (D) OQ=O \=@DQ=
x@ xHwD =@ ẁ[wt u}= "O@=}|t V}=Ri= uRx@ Q[ sQH |wQwQi u=R}t w xDi=} Vy=m
"OwW|t O}OWD 'Cr=L u}= QO jQw QDsm lQLD C}r@=k R= |W=v T=tD |wQ}v V}=Ri=

u=tR COt R}v w 'uRx@ Q[ |}=Hx@=H w Pwiv 'R}N xv}W}@ Q}O=kt |xU}=kt "3 pwOH
"OvthOy |xO=t `} RwD *Cw=iDt Cr=L xU QO T=tD

(s) T=tD u=tR COt (m) xv}W}@ R}N (m) xv}W}@ Pwiv n

6 609e� 5 3 33e� 5 2 244e� 5 0 2
7 530e� 5 3 944e� 5 2 556e� 5 1
7 889e� 5 4 102e� 5 2 678e� 5 4

"n = 1 Cr=L |=Q@ uRx@ Q[ Pwiv u=R}t Q@ x}rw= CaQU Q}}eD QF= "8 pmW

"|U=tD |wQ}v u=R}t Q@ uRx@ Q[ |x}rw= CaQU Q}}eD QF= "9 pmW

|x}rw= CaQU V}=Ri= =@ xm CU= |y}O@ "CU= xOW xDN=OQB �9 pmW� T=tD |wQ}v
G}=Dv "O@=}|t V}=Ri= |wQwQi w wQ}v u=R}t xH}DvQO w 'xOWO=} sQH |SQv= 'uRx@ Q[
'uRx@ Q[ |x}rw= CaQU V}=Ri= =@ xm OvR=U|t Q=mW; u}vJty 9 w 8 |=ypmW

"O@=}|t Vy=m T=tD u=tR
|wQ}v w Pwiv u=R}t Q@ u=Um} |x}rw= |SQv= =@ uRx@ Q[ sQH Q}}eD QF= 'Oa@ s=o QO
|xO=t Pwiv Q=Okt |xJN} Q=D Q@ uRx@ Q[ sQH Q}}eD QF= "CU= xOW |UQQ@ x@ Q[
|U=tD |wQ}v Q@ uRx@ Q[ sQH Q}}eD QF= w '10 pmW QO n = 1 Cr=L QO OvthOy
sQH V}=Ri= =@ xm OyO|t u=Wv xrY=L G}=Dv "CU= xOW xO=O u=Wv 11 pmW QO
|R}J=v u=R}t x@ T=tD |wQ}v w |wQwQi Q}O=kt '�u=Um} |x}rw= |SQv= |=Q@� uRx@ Q[

"Ov@=}|t V}=Ri=
x@ Q[ |wQ}v w Pwiv |xJN} Q=D Q@ jQw O=a@= Q}}eD QF= =D xOW |aU xt=O= QO
|=Q@ uRx@ Q[ |wQwQi u=R}t Q@ jQw O=a@= Q}}eD Q}F-=D |ovwoJ "OwW xU}=kt w |UQQ@
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Qi Oy=wN T=tD |wQ}v Q@ xty R= V}@ w 'jQw R}N 'uRx@ Q[ Pwiv u=R}t Q@ |Q}otWJ

R}N Q}otWJ Vy=m ?Hwt jQw Ct=N[ V}=Ri= 'xOW x�=Q= G}=Dv j@] "CW=O
Ea=@ w xDW=O Twmat |xH}Dv uRx@ Q[ Pwiv u=R}t Q@ Qt= u}= |rw 'OwW|t jQw

"OwW|t u; V}=Ri=
|xQ}=O R= QDW}B xm CU= |OOaDt w h} Q_ Q=}U@ C=mv |w=L |vwvm VywSB
I}y 'u}= Q@ uwRi= "CU= xOw@ GQ=N QwWm R= GQ=N w pN=O u=QoVywSB C=yHwD
xDiQov s=Hv= OvthOy jQw CaQUsm |x@ Q[ |xv}tR QO QwWm pN=O QO |WywSB
|=yVywSB QO |DL 'u}vJty "CU= xv}tR u}= QO VywSB u}rw= Q[=L Q=DWwv w
|rt-=D p@=k Cq=mW= '|rwtat OQou=Uty R}v w |D} RwBt=m |=yjQw |=Q@ xOWs=Hv=

%R= Ov=CQ=@a xr=kt |tra |=yOQw=DUO R= |NQ@ "OQ=O OwHw
Q=@ u}rw= |=Q@ OvthOy O=wt R= xOW xDN=U jQw CaQUsm |x@ Q[ p}rLD �hr=

"QwWm QO
|=[is}v |=Q@ xm RDQyT=tD\@=wQ R= s}kDUt |xO=iDU= sOa|=Q@|WwQ |x�=Q= �?
xOw@v C}=yv|@ Ct=N[ |=Q=O xm jQw |x@ Q[ p}rLD QO 'xOW x�=Q= uoty
ptLDt |QDsm Q=}U@ |wQwQi u=R}t w T=tD |wQ}v w xDW=OQ@ R}N |oO=Ux@ w

"OwW|t
'T=tD K]U u} Q} R |=yx}q O=wt TvH QF= uO=O Cr=NO |=Q@ |WwQ |x�=Q= �G
|=ywQ}v Q}O=kt ,=trUt "CU= xOW xDiQo xO}O=v ,qt=m QF= u}= OwHwt Cq=kt QO xm
x=ox}mD l} |wQ lR=v jQw xm |OL Cq=L |=Q@ R}N w |wQwQi u=R}t 'T=tD
=@ |}x}q |wQ Q@ jQw� CU= |r=N lR=v jQw Q} R =} xOW xO=O Q=Qk ?rY ,qt=m

"OvQ=O Q=mW; |Dw=iD '�OQ=O Q=Qk QiY |DiU
"jQw |x@ Q[ Q@ sm =L |]NQ}e \@=wQ |=Q@ |OOa � |r}rLD xt}v pL |x�=Q= �O

Cr=L QOOvthOy |xO=t |U=tD |wQ}v u=R}t Q@ jQw O=a@= Q}}eD QF= "13 pmW
"n = 1

|Q}oxH}Dv "9
x�=Q= |r}rLD xt}v pL w |R=UpOt |xw}W 'xOt; CUOx@ G}=Dv |Q=PoxLY T=U=Q@
|tHL QUm QF= u}vJty "OQ=O x=Qty x@ |k}kO |=yMU=B |vwvm VywSB QO xOW
|vt[ |Q}owrH xH}DvQO w jQw s=mLDU= V}=Ri= QO OvthOy |xO=t QO l}t=QU
=@ 'xOt; CUO x@ G}=Dv x@ xHwD =@ u}vJty "OW |UQQ@ |Q}tN |x}L=v x@ OwQw R=
|=yxR=U QO OvthOy O=wt OQ@ Q=m x@ xHwD =@ "O@=}|t Vy=m jQw R}N n V}=Ri=
QO xOW O=H}= pmW Q}}eD xJQy xm OUQ|t Q_v x@ |R=UwQOwN `}=vY w |}=[i
Q}F-=D uRx@ Q[ |x}rw= CaQU V}=Ri= "Ow@ Oy=wN QDW}@ u; C}@ wr]t 'OW=@ QDsm jQw

=yCWwv=B
1. isotropic
2. power-law exponent
3. rule of mixtures (ROM)
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