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|=Q@ QiY l}t=v}O |xv}tN |wQ =B wO |R=UQ=O}=B w QiY l}t=v}O swU VN@ QO
`HQt |=yQ}Ut CN=U |xwLv sQ=yJ VN@ QO "OW Oy=wN u=wva |k}irD pOt
=@ |R=UQ=O}=B |xr�Ut 9|R=UQDt=Q=B w uDiQx=Q ?wr]t |wor= x@ |@=}CUO Qw_vtx@
G}=Dv uwt=Q}BEL@ x@ sHvB pYi "OwW|t KQ]t 10Q}*} R*@ |=y|}xrtHOvJ R= xO=iDU=
"OwW|t u=}@ QwmPt ?r=]t |Ov@`tH R}v QN; QO w 'xDi=} X=YDN= |R=Ux}@W

CmQL CqO=at u=}@ w |R=UpOt "2
u=Um} \@=Q wO R= pOt u}= "�1 pmW� O} Q}o@ Q_v QO =Q |]@=QxU |=B wO C=@ Q l}
'lQDWt |}x]kv QO s�=k |xLiY QO xm xOW p}mWD xvD \@=Q l} w =y=B |=Q@
w �� =B hm \@=Q Ow@v xOWx�=Q= pOt QO "Ov=pYDt syx@ 'uor pYit =@ Q_=vDt
uOW hPL `@]r=@ w =B uDiQo xmDl} w 'wU l} R= �� lRwk pYit Ow@v xH}DvQO
xm OwW|t C=@ Q uDiQx=Q QO X=N |]}=QW RwQ@ x@ QHvt Qo}O |wU R= wv=R pYit

"OwW|t u=wva Q} R C=}[Qi ?r=k QO \}=QW u}=
T=tD |x]kv w CU= u}tR =@ |}x]kv T=tD |=Q=O |y=ox}mD |=B %pw= ZQi
CQwYu}O@ "OwW|t ZQi u}tR w xO=DU}= |=B u}@ p=aiQ}eC@=F |qwrl} pmWx@
"OW Oy=wN xawtHt uOW p=aiQ} R x@ QHvt |rQDvm x=oO}O R= lRwk pYit Ow@v
|=yxmQLt O=OaD R= QDW}@ xawtHt |O=R; C=HQO O=OaD xm CU=vat u=O@ u}=
|Ov@xQm}B h}YwD |=Q@ xDi=}s}taD |=yxYDNt =Hv}= QO "CU= u; |xOvvmpQDvm
uor pY=it |wQ =yxmQLt Qw=DWo R}v w q = [q1; q2; q3] 2 Q xawtHt

"Ov=xOW ^=Lr u = [u1;u2]

OwQi s=ovy xm =vatu}O@ OwW|t xDiQo Q_v QO |v; |y=ox}mDwO |xryw %swO ZQi
u}=Q@=v@ "OQ}o s=Hv=|v; CQwYx@ =y=Bu}@|ovw; w|y=ox}mDVkvZ} waD '|ovw; |=B
"OwW|t ZQi xOt; OwQi |=B VRer wVyH uwO@ R}v w '|v; CQwYx@ OQwNQ@ O=ONQ
u}tR |wQ =B |ovw; |xryw R= |WN@ QO 'wv=R pYit u=Oki Crax@ %swU ZQi

"s}vm|t |WwBsWJ u; R= xm OwW|t xO}�=U
|=B wO |=yC=@ Q |R=UQ=O}=B =@ \=@DQ= QO xOW s=Hv= |=yQ=m QDW}@ hqNQ@
"CU= xOW xDiQo Q_v QO Q=O?}W u}tR |wQ CmQL Q}Ut VywSB u}= QO 'paivtQ}e
\}=QW |UQQ@ Qw_vtx@ w '=y=B CmQL QO x@=Wt OvwQ |x_Lqt =@ xt=O= QO
CW=ov w |ovw; |xryw QO CmQL CqO=at G=QNDU= x@ 'OQwNQ@ w V}=DU}= K}LY
"s} R=OQB|t �|y=ox}mD� K]U Vvm =w |wQ}v |x@U=Lt R}v w OQwNQ@ O=ONQ QO Q=Po

|ovw; |xryw pOt "1"2
pmWx@ w CmQL|@ u}tR |wQ |y=ox}mD |=B |=yDv= |ovw; xryw QO 'pw= ZQi j@]
CqO=at |@=NDv= |xDi=}s}taD C=YDNt |x}=B Q@ u}=Q@=v@ "OwW|t xDiQo Q_v QO qwr

%OwW|t G=QNDU= |Sv=Qo q VwQ x@ CmQL
M(q) �q + C(q; _q) _q +G(q) = Eu (1)

C=QF= T} QD=t C(q; _q) 'sQH T} QD=t x@ swUwt |DNr C=QF= T} QD=t M(q)
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_p2 = J(p2) _q+
e = @p2(q�e )

@q�e
_q+
e = 0 (8)

%CW=O s}y=wN R}v 8 w 7 |xrO=at wO ?}mQD R="
Me(q+
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J(p2) 02�2
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_q+
e

F2

)
=

(
Me(q�e ) _q�e

02�1

)
(9)

|=yQ}eDt?ULQ@|a@=D u=wD|t =Q pe xOwRi=|}=Hx@=H |xYDNt '|ovw; |xryw QO
?ULQ@ |}=yv |xrO=at x=ov; "OQm |krD pe = Pe(q) |x]@=[ =@ q |Ov@xQm}B

%R= Ow@ Oy=wN CQ=@a OQwNQ@ R= V}B Cr=L |=yQ}eDt
"

Me � [J(p2)]0

J(p2) 02�2

#(
_q+
e

F2

)
=

8>><>>: Me

" 1N�N
@Pe
@q

#
02�N

9>>=>>; _q�

(10)

%R= OW=@ CQ=@a 10 |xrO=at R= Q=_Dv= OQwt MU=B Qo =�
_q+
e ; F2

�0 =
� �� _q;�F2

�0 _q� (11)

|x_Lr x@ OQwNQ@ R= V}B |x_Lr R= QPo |xwLv hQat �(�) |=yCW=ov x=ov;
%R= Ov=CQ=@a w OvDUy OQwNQ@ R= TB

�F2 = � hJ(p2)
�
Me(q�e )

��1 J 0(p2)
i�1

J(p2)
" 1N�N

@Pe
@q

#
�� _q =

�
Me(q�e )

��1 J 0(p2) �F2 +

" 1N�N
@Pe
@q

#
(12)

R= V}B CU= swUQt 'O};|t O}OB CmQL QO =ys=o |v=Uty R= xm |@ w=vD ?@Ux@
x@ pYDt OQwNQ@ R= TB w xO=DU}= |=B |=yDv= x@ pYDt CNr ?wJQ=J x@ Q[
wQ u}= R= "OwW Qw_vt �CU= O}OH |xO=DU}= |=B Vkv QO xm � xOt; OwQi |=B |=yDv=
|=B x@ pYDt xm O}OH CNr ?wJQ=J QO Cr=L |=yQ}eDt s=v 'OQwNQ@ Qy R= TB
T} QD=t l} ?Q[ |x]U=wx@ =ys=v Z} waD "OwW|t RwQx@ 'Ow@ Oy=wN xOt; OwQi
=@ =Q s=v Z} waD T} QD=t Qo = "OQ}o|t CQwY |r@k s=o |=yQ}eDt Q=OQ@ Q@ |}xNQJ
|=yQ}eDt =@ |Oa@ s=o u} R=e; \}=QW u}vJty "RR = 1 x=ov; 's}yO u=Wv R

%R= Ow@ Oy=wN CQ=@a xOW s=v Z} waD

x+ =

(
q+

_q+

)
=

(
�q q�

� _q _q�

)
=

(
Rq��

[R 0N�2] �� _q
�

_q�

)
� �(x�) (13)

R= V}B |x_Lr R= Cr=L |=yQ}eDt QPo pt=m |xwLv hQat � CW=ov u; QO xm
OwW O}m -=D xDmv u}= Q@ ,=OOHt CU= sRq "CU= OQwNQ@ R= TB |x_Lr x@ OQwNQ@
|R=Ux}@W QO O}=@ K}LY OQwNQ@ \}=QW x@ |@=}CUO |=Q@ jwi pOt Q=@Da= xm
CiQo Oy=wN CQwY K}LY |t=ovy OQwNQ@ wQ u}= R= "OwW |UQQ@ OQwNQ@ Qy
\}=QW u; R= l} Qy Zkv &OwW xOQw;Q@ VN@ u}= |=OD@= QO xOW u=}@ \}=QW xm

"CU= uDiQx=Q uOW OwOQt |vatx@

?ULQ@ u; u}@ wm =S R}v J(ps) = @
@qe

[ps(qe)] w CU= xOt;OwQi =} xO=DU}=
\=kv u=mt C=YDNt ?}DQDx@ =Q p2 w p1 Qo = "CU= xOwRi= |xDi=}s}taD C=YDNt
ps = p1 OQwNQ@ O=ONQ R=V}B =D x=ov; 's} Q}o@ Q_v QO|ovw; w xO=DU}= |=B|}=yDv=
xDUw}B |D=Q}}eD =@ F1 u}vJty "Ow@ Oy=wN ps = p2 OQwNQ@ |x_Lr QO CUQO w
|}x@ Q[ |wQ}v �F2 R}v w '|ovw; |xryw QO p1 Q@ OQ=w |y=ox}mD |wQ}v =@ Q_=vDt

"OwW|t xDiQo Q_v QO 'OQwNQ@ O=ONQ |=Q@ p2 Q@ OQ=w
C=YDNt QO |}=Hx@=H |xYDNt |=Q@ ?U=vt ?=NDv= l} pe = p1
QO F1 |y=ox}mD |wQ}v |x@U=Lt s=ovy CQwY u}= QO "CU= xOwRi= |xDi=}s}taD

%CW=O s}y=wN 'OwW|t Qw_vt ps = p1 =Hv; QO xm |ovw; |xryw

J(p1) = @p1(qe)
@qe

= @p1
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i
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+
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=
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+
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xOW ^=Lr _p1 = 0 '|y=ox}mD K]U |wQ xO=DU}= |=B uOWqwr ZQi =@ u; QO xm
|Ov@xQm}B |=yQ}eDt ?ULQ@ =Q F1 Q=OQ@ u=wD|t xrO=at wO u}@ �p1 hPL =@ "CU=

%OQm x@U=Lt =yxmQLt Qw=DWo w

F1 =Hy [(HM21 �M11)�q + (HC21 � C11) _q + (HG2 �G1)

+Bu] (6)

"Hy = (H 0H)�1H 0 w H = M12M�1
22 u; QO xm

xO=DU}= |=B 'u}tR Q@ u; |v; |x@ Q[ w |ovw; |=B OwQi =@ OQwNQ@ O=ONQ QO
R= "OwW|t Zwa =y=B Vkv ?}DQDu}O@ w OwW|t Ovr@ u}tR R= u=tRsy �j@=U�
|SQv= hqD= =@ u=UWmQ}e OQwNQ@ l} CQwYx@ u}tR Q@ |ovw; |=B CUWv xm =Hv;
VwNDUO CaQU Cr=L |=yQ}eDt OwQ|t Q=_Dv= 'CU= x=Qty xawtHt |W@vH
"Ovv=t|t xDUw}B |Ov@xQm}BCr=L |=yQ}eDt xmCU=|r=L QO u}= w 'OwW|oDUw}B=v
|xR=@ QO |}x@ Q[Q}e |=ywQ}v QF= uDiQoxO}O=v =@ w OwW|t ZQi |v; x@ Q[ p=ta=
xawtHt Q@ OQ=w |HQ=N |wQ}v =yvD s}} wo@ s}v=wD|t 'x@ Q[ p=ta= lJwm C}=yv|@
'|}x} w=R |xv=mD |=k@ uwv=k j@] u}=Q@=v@ "CU= x@ Q[ |wQ}v u=ty OQwNQ@ QPo QO
Q@=Q@ �xOt; OwQi |=B |=yDv=� p2 |x]kv pwL xawtHt |}x} w=R |xv=mD C=Q}}eD O}=@
p=ta= |xR=@ |wQ 3 |x]@=Q R= |Q}op=QoDv= =@ =Pr "OW=@ xOW OQ=w |x@ Q[ COW =@

%s} Q=O |}x@ Q[Q}e |=ywQ}v R= Q_vhQY w x@ Q[
Me(q+

e ) _q+
e �Me(q�e ) _q�e = [J(p2)]0 F2 (7)

xrY=iq@ Q}eDt Q=Okt Qou=}@ ?}DQDx@ + w - T} wvq=@ |=Q=O |=yQ}eDt =Hv}= QO
u=}@ xm u=vJ xwqax@ "F2 =

R t+
t� �F2(�)d� s} Q=O w Ov=x@ Q[ R= TB w V}B

"q+
e = q�e %TB &Ovv=t|t xDUw}B OQwNQ@ QPo QO |Ov@xQm}B Cr=L |=yQ}eDt OW

=yu; QO xm OW Oy=wN p}mWD xrO=at N + 2 O=OaD �7 |xrO=at� jwi |w=UD R=
|xrO=at Q@ xwqa "OwW|t Qy=_ '[F2]2�1 w [ _q+
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Ovm|t =[Dk= u}tR Q@ OwQi R= TB |ovw; |=B |=yDv= VyH w VRer sOa ZQi '7
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tO}U sDU}U |Q=O}=B |UQQ@ ?}DQDu}O@ "CU= OwN |}xQwO wtv QO =wvm} |Q}U |=Q=O

�xDU@� �|Q=Ot |Q=O}=B� |=v@tQ@ xmr@ OQ}o|tv s=Hv= u=tR ?ULQ@ K} QY Qw]x@
"OwW|t |UQQ@ sDU}U R=i |xLiY |wQ

|k}irD QiY l}t=v}O G=QNDU= "1"3
ZQi y = �(q) |HwQN `@=D ?=NDv= QO 'xOW u=}@ C=L}[wD x@ xHwD =@

[9w8]%s}vm|t
" (@�
@ _q

= 0)CU= sDU}U |Ov@xQm}B |=yxYDNt R= |a@=D =yvD � "1
OwHw �� �Q � Q Ovv=t �� xDi=}s}taD C=YDNt |xvt=O R= |R=@ |xawtHtQ} R "2
LfLg�(q)u l}miD T} QD=t 'q 2 �Q x]kv Qy |=R=x@ xm |wLvx@ OQ=O

"OW=@ Q}PBTwmat w |a@ Qt
%xm CU= OwHwt � = �(q) uwJ |Q=Okt |k}kL xQ=wty `@=D "3

[�(q); �(q)] : �Q ! RN

"OW=@ VQ} wYD pN=O x@ l}x@l} |DW=ov
"OwW|t QiY � u; |=R=x@ xm CU= OwHwt q0 2 �Q Q}_v x]kv l} smCUO "4
[�(q�0 ); pv2 (q�0 )] = [0; 0] xm|Qw]x@ OQ=OOwHwq�0 2 �QuwJ xv=o}|}x]kv "5
u}= "OW=@ pt=m [�(q); pv2 (q)]jq�0 Q=OQ@ |x@DQt xwqax@ w ph2 (q�0 ) > 0 w
u}= 'uNU Qo}O x@ "CU= u}tR Q@ OwQi s=ovy =B VRer sOa ut[Dt \QW
=RHt |=yxW} Q |=Q=O u}tR K]U =@ =B `]=kD |xrO=at xm Ovm|t u=}@ \QW

"Ow@ Oy=wN
Ovv=t Q |U=tt hqm R= |Oa@ wO w Q=wty |}xv}tNQ} R jwi C=}[Qi CLD
%|va} &Ovv=t|t QiY ( _�) u; jDWt w (�) |HwQN `@=D 'u; |wQ xm OQ=O OwHw Z
Z = fx 2 TQ j�(x) = 0; Lf�(x) = 0g (17)

%CU= xOW x@U=Lt u}vJ _� '2 |xrO=at x@ xHwD =@ xm
_� = @�

@x
_x =

�
@�
@q

@�
@ _q

�
[f(x) + g(x)u] = Lf� (18)

%OQwNUB pQDvm 'xwqax@
u� = � (LgLf�(x))�1 �L2

f�(x)
�

(19)

%OQw;|tQO =OQw=v |ovw; |xryw l}t=v}O CLD =Q Z
8 z 2 Z : fzero(z) � f(z) + g(z)u� 2 TzZ (20)

QiY l}t=v}O =Q _z = fzero(z) w \QiY l}t=v}O |xv}tN "=Q Z 'h} QaD j@]
"s}t=v|t sDU}U

C=YDNt p}O@D 'CmQL |ovw; |xryw QO sDU}U QiY l}t=v}O u=}@ |=Q@
sDU}U |xDi=}s}taD |=yxYDNt u;CLD xm s}vm|th} QaD =Q �(q) = [�(q); �]

sDU}U p=aiQ}e Q}eDt w |HwQN |=yQ}eDt |=[i x@ Q |Ov@xQm}B |=[i R= =Q
%Ow@ Oy=wN Q@Dat TQ |=[i QO 21 Cq}O@D x=ov; "s} Q=ov|t

�1 = �(q); �2 = (Lf�) (q; _q)

�1 = �(q); �2 = (Lf�) (q; _q) (21)

|k}irD l}t=v}O pOt "3"2
p}Uv=Qi}O |xrO=at l} ?r=k QO� |ovw; l}t=v}O |=ypOt |r@k VN@ wO QO
l} p}tmD |=Q@ �xDUUo CW=ov l} ?r=k QO� OQwNQ@ QPo w �xDUw}B pwLD =@
=ys=o uOt;QO xNQJ x@ R= uDiQx=Q "OvOW G=QNDU= xv=o =OH Qw]x@ uDiQx=Q u}L s=o
xm |ovw; |xryw CmQL |xrO=at pL R= CU= CQ=@a s=o Qy "OW Oy=wN pY=L
|Ov@xQm}B x@ w xOW R=e; |y=ox}mDwO |Ov@xQm}B l} R= =y=B |x}rw= Cr=L u; QO
CmQL |xrO=at '|Q=QmD |xNQJ l} QO u}=Q@=v@ "OwW|t sDN |Oa@ |y=ox}mDwO
OQwNQ@ CW=ov R= xm |O}OH |x}rw= \}=QW =@ 's=o Qy p}tmD R= TB |ovw; |=B

%R= CU= CQ=@a |k}irD pOt "OW Oy=wN pL p@=kt |=B |=Q@ 'OwW|t x@U=Lt

� :

8<: _x = f(x) + g(x)u x� =2 S
x+ = � (x�) x� 2 S

(14)

|y=ox}mD K]U xm CU= Q |Ov@xQm}B |=[i QO xO}Hvo |}xv}tNQ} R S =Hv}= QO
�`]=kD |xLiYQ@=� =Q u; wQ u}= R= &Ovm|t h}YwD Q |=[i uwQO =Q �u}tR�
|y=ox}mD K]U Q@ |ovw; |=B |=yDv= OQwNQ@ \}=QW u; |wQ =Q} R 's}} wo|t R}v
hqm =}� |Ov@xQm}B |=[i O=a@= R= QDsm |m} 'xLiYQ@= u}= O=a@= "OwW|t Q=QkQ@

%s}vm|t h} QaD u}vJ =Q u; w Ow@ Oy=wN �V=|U=tt
S = f(q; _q) 2 TQjpv2 (q) = 0; ph2 (q) > 0g (15)

sDU}U QiY l}t=v}O |wQ CmQL |R=UQ=O}=B "3
VN@u}= QOlv}= "OWG=DvDU= s=o Qy QO QPoCW=ov wCmQLCqO=atp@kVN@ QO
l}t=v}O CqO=at 'u; |=R=x@ xm s}vm x@U=Lt u=vJ |rQDvm |OwQw l} s} Q=O OYk
u} QDCU=QQU R= |m} "OvyO x�=Q= pw@k p@=k uDiQx=Q |wor= l} sDU}U |k}irD
|x@U=Lt u=ty =} �xOWx@U=Lt Qw=DWo� VwQ '|}xDU=wN u}vJ jkLD QO =yVwQ
|}=y|HwQN 'sDU}U |=y|OwQw O=OaD x@ VwQ u}= QO "CU= �Twmat l}t=v}O�
OQwNUB |xOvvmpQDvm l} |L=Q] =@ xm OwW|t h} QaD Cr=L |=yQ}eDt x@ xDU@=w
VwQ u}O@ "OvwW xOQ@ QiY x@ |@v=Ht Qw]x@ =y|HwQN OwW|t |aU Cr=L
R= |}xawtHt ?r=k QO CmQL u}L C=@ Q |Ov@xQm}B |=Q@ ?wr]t |UOvy |wor=
=@ CU= pO=at =y|HwQN |@v=Ht uOWQiY xm |Qw]x@ OwW|t xv} RtQ =y|HwQN
|R=Ht l}twvwrwy |=yO}k ?r=k QO |HwQN =Hv}= QO "?wr]t |wor= x@ |UQDUO
R= |Q}oOQwNUB |x]U=wx@ O}=@ xm OwW|t h} QaD sDU}U |Ov@xQm}B |=yQ}eDt |wQ
Q=mwR=U QO |ak=w |Ov@ wO}k?@Ux@ xv w �� ?U=vt |rQDvm |OwQw p=ta= w =yCr=L
u}@ s}y=wN|t xm OW=@ |O}k |x]@=Q �0(q) Qo = "OwW ^iL �� sDU}U |m}v=mt
QO =Q `@=D u}= ?wr]t Q=Okt �do �(q) w OwW ^iL sDU}U |Ov@xQm}B |=yQ}eDt
u}}aD C=@ Q |Ov@xQm}B R= p=aiQ}e |UOvy Q}eDt l} C}akwt ?ULQ@ w x_Lr Qy
'OW=@ =wvm} |D=Q}}eD |=Q=O |ovw; |xryw QO CmQL Q}U QO �(q) xm u; \QWx@ 'Ovm
Ovm p}t QiY x@ |@v=Ht Qw]x@ CmQL pw] QO s} Q=O Q=_Dv= xm |HwQN `@=D x=ov;

%OwW|t h} QaD 16 |xrO=at ?r=k QO
y = �(q) := �0(q)� �d o �(q) (16)

u=tR O=ODt= QO xm u; |=H x@ sDU}U pwLD 'jwi VwQ j@=]t xm CU= QmP u=}=W
u=tR Ovv=tx@ xm OwW|t p=@vO |Ov@xQm}B R= |@ w=vD |Q}eDt O=ODt= QO OwW p=@vO
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"""|
}xLi

Y
|]

@=QxU
|=B

wOC
=@Q

uDi
Qx=Q

|R=
UQ=

O}=Bx@U=Lt �1 = �2 = 0 |=R=x@ w 28 |x]@=Q R= (q; _q) Q}O=kt \}=QW u}= QO
|=yC}tm 'OW u=wva QiY l}t=v}O |=yQ}eDt OQwtQO xm |D=Q}@aD =@ "OW Oy=wN
G=QNDU= 30\@=wQ j@] 'QiYl}t=v}O |xv}tN |wQ 'jwi CqO=at QO xOWh} QaD

%�=Hv}= QO ?NDvt |xDi=}s}taD |=yxYDNt Q@ j@]vt� OwW|t

�1 = � jZ = qN

�2 = @K
@ _qN

����Z � 
 (q; _q) � 
0(q) _q

�1(�1) = @�
@q

:

"
@�
@q


0

#�1
:

" 0
1
#

(1�N) (N�N) (N�1)

������������
Z

�2(�1) = � @V
@qN

����Z (30)

p}Uv=DB |SQv= V (q) w |W@vH |SQv= K(q; _q) = 1
2 _q0M(q) _q u; QO xm

"Ov=xawtHt
xawtHt|}x} w=R |xv=mD pO=aD uwv=k Qoh}YwD `k=w QO QiYl}t=v}OCqO=at�
|ovw; |xryw QO u=QwO u}L C=@ Q|}x} w=R |xv=mD C=Q}}eD MQv OQ=O|t u=}@ xmCU=
|HQ=N |=yQw=DWo Ov};Q@ =@ CU= Q@=Q@ ( _�2) u}tR x@ |mDt p=aiQ}e pYit pwL
u}= �"�CU= xawtHt uRw |wQ}v Qw=DWo =yvD =Hv}= QO xm � xawtHt Q@ xOW p=ta=
Q}e |xDi=}s}taD |xYDNt |=R=x@ xawtHt u} Sv=Qo q R= ,=t}kDUt s}DUv=wD|t =Q Q}@aD
xm CW=O xHwD xDmv u}= x@ O}=@ Ci=}yQ u}= QO "s}vm G=QNDU= �qN =Hv}= QO� p=ai
qN R= pkDUt xawtHt |W@vH |SQv= xm swyit u}= x@ CU= |}xQwO |}xYDNt qN
?wJQ=J =@ =Q xawtHt |xQm}B C}akwt xm CU= |kr]t |x} w=R qN xm =QJ 'CU=
"CU= |@=NDv= CNr ?wJQ=J R= pkDUt xQ=wty |W@vH |SQv= w OHvU|t CNr

%x=ov; '@K=@qN = 0 u}=Q@=v@
d
dt

�
@K
@ _qN

�
+ @K
@qN

+ @V
@qN

= 0

) d
dt

�
@K
@ _qN

�
= d
dt

([M(q)]N _q)

= d
dt

(
0(q) _q) = _�2 = � @V
@qN

(31)

O=ONQ QO QPo pOt w |ovw; |xryw QO sDU}U QiY l}t=v}O u}@ O}=@ uwvm =
"O}; CUO x@ s=o l} QO =B wO l}t=v}O R= pt=m |rOt =D s}vm O=H}= |Ovw}B OQwNQ@
|xLiYQ@= =@ =B wO QiY l}t=v}O |xv}tN |wQ |Q}Ut |kqD s=ovy s} Q=O Q=_Dv=
u=vJty QPo CW=ov CLD xOt; O}OB l =QDW= |x]kv '|y=ox}mD K]U Qoh}YwD
x� 2 (S \ Z) |=R=x@ |va} &Ov=t@ |k=@ =B wO QiY l}t=v}O |xv}tN x@ jraDt
uDiQx=Q |Oa@ s=o QO xvwou}O@ "x+ = �(x�) 2 �(S\Z) � Z s}W=@ xDW=O
OQ}o|t Q=Qk QiY l}t=v}O |xv}tN |wQ ,=OOHt |ovw; l}t=v}O |x}rw= \}=QW R}v
l}t=v}O |xv}tN |wQ xQ=wty sDU}U pwLD wQ u}= R= "OwW|t p=@vO u; |wQ w

%OwW|t h} QaD sDU}U |k}irD QiY l}t=v}O \}=QW u}= QO w xOW p=@vO QiY

�zero :

8<: _z = fzero(z) z� =2 S \ Z
z+ = � (z�) z� 2 S \ Z

(32)

%x@ OW Oy=wN p}O@D O}OH Cr=L |=[i QO sDU}U CmQL CqO=at xH}DvQO
_�1 = �2; _�2 =

�
L2
f�
�

(q; _q) + [(LgLf�) (q; _q)]u

_�1 = �2; _�2 =
�
L2
f�
�

(q; _q) + [(LgLf�) (q; _q)]u

y = �1 (22)

x@U=Lt 21 |xrO=at =@ xOW u=}@ p}O@D Twmat CLD =Q (q; _q) Q}O=kt O}=@ u; QO xm
%OQm |Q=Po}=H w

q = ��1(�1; �1); _q =
�
@�
@q

��1 " �2
�2

#
(23)

�2 = |va} �� Ow}k |Q=QkQ@ x@ QHvt xm (y = 0) |HwQN uOW QiY
p=ta= |x]U=wx@ 'OW Oy=wN �� �1 = �(q) = 0 '(Lf�)(q; _q) = 0
CLD R}v �(q) pwLD x=ov; "CU= 19 |xrO=at QO xOW xO=O u� OQwNUB |OwQw

%OQ}o|t s=Hv= sDU}U QiY l}t=v}O
_�1 = �2;
_�2 =

�
L2
f�
�

(q; _q) + [(LgLf�) (q; _q)]u� (24)

QO xmv; p}rO x@ |rw CU= wO |x@DQt R= xJQo = 'QiY l}t=v}O |=Q@ xrO=at pmW u}=
Q=wWO u; pL 'CU= l}miD T} QD=t Twmat |x@U=Lt x@ R=}v u� |OwQw uDi=}
xm x]kv Qy |o}=Uty QO OQm C@=F u=wD|t xr�Ut u}= R= ?=vDH= |=Q@ "Ow@ Oy=wN

(q; _q) Ovv=t Q=wty w |OOa |a@=D 'OW=@ Q}PBTwmat u; pwL l}miD T} QD=t

%w 'Lg
(q; _q) = 0 xm |Qw]x@ OQ=O OwHw
�1 = �(q); �2 = (Lf�) (q; _q)

�1 = �(q); �2 = 
(q; _q) (25)

[19]"CU= QiY l}t=v}O h} QaD |=Q@ Q@Dat C=YDNt p}O@D
pwL xawtHt |}x} w=R |xv=mD hQat 
(q; _q) `@=D xm O=O u=Wv u=wD|t xwqax@
Q]U ?ULQ@ =Q u; CU=Hx@ u}=Q@=v@ w xOw@ �|y=ox}mD |=B |=yDv=� p=aiQ}e pYit

%CW=O Qw_vt �=Hv}= QO xOW ?=NDv= |=yxYDNt =@ j@=]t� sQH T} QD=t QN;
�2 = 
(q; _q) = [M(q)]N _q � 
0(q) _q (26)

CqO=at w xOw@ Q@Dat TQ QU=QU QO xOW u=}@ C=YDNt p}O@D 'C=_Lqt u}= =@
%Ow@ Ovy=wN O}OH |=[i QO sDU}U Cr=L

_�1 = �2; _�2 =
�
L2
f�
�

(q; _q) + [(LgLf�) (q; _q)]u

_�1 = (Lf�) (q; _q); _�2 = (Lf
) (q; _q) (27)

%OvwW|t x@U=Lt 28 |xOWxO=U |x]@=Q R= (q; _q) Q}O=kt

q = ��1(�1; �1); _q =

"
@�
@q


0

#�1 "
�2
�2

#
(28)

QiY l}t=v}O |xv}tN |wQ OwQ|t Q=_Dv= xm |ovw; |xryw QiY l}t=v}O x=ov;
%R= OW Oy=wN CQ=@a 'Ovm wtv Z

_�1 = (Lf�) (q; _q) � �1(�1)�2
_�2 = (Lf
) (q; _q) � �2(�1) (29)
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"""w
|Q@

vkO
tL=

'|v=
QwvO

}U=
[Q

OtL
tO}U %x=ov;

S \ Z = f(��1 ; ��2 )j��1 = ��; ��2 2 Rg
� : (��1 ; ��2 )! (�+

1 ; �
+
2 ) = (��; �zero��2 ) (34)

xm u}= x@ xHwD =@ R}v w 33 w 26 '13 \@=wQ ^=Lr =@ '�zero C@=F =Hv}= QO xm
%O};|t CUOx@ OQwNQ@ R= V}B |=yQ}eDt ?ULQ@ 'q+

0 = q�0

�zero = 
0(q�0 ) � _q (q�0 )
 _q (35)

QiY l}t=v}O |=v@tQ@ =B wO CmQL '|ovw; |xryw QO Cio O}=@ xYqN Qw]x@
OQwNQ@ \}=QW x@ =D OwW|t p=@vO Z |=OQw=v |xv}tN |wQ |Q}Ut Q@ 29 |x]@=Q
OwW RwQx@ |Oa@ s=o |x}rw= \}=QW � QPo CW=ov CLD w OUQ@ S \ Z `]kt =@

"OwQ wrH QiY l}t=v}O |xv}tN |wQ |Q}Ut QO ,=OOHt w
pwLD Q}U QO C@Ft xQ=wty |Q}eDt ! = _� = _�1 xm s}O=O K}[wD QDV}B
Q@Dat =Q � = 1

2 (�2)2 Q}eDt Q}}eD u=wD|t TB "CU= |ovw; |xryw QO C=@ Q
QO =Q sDU}U QiY l}t=v}O '29 Cr=L CqO=at R= u=tR hPL =@ R}v w 'CUv=O

%OQm |U} wvR=@ R=i |xLiY
�2 d�2
d�1

=
d
� 1

2 (�2)2�
d�1

= d�
d�1

= �2(�1)
�1(�1)

(36)

C=YDNt pt=W |vwDr}ty |=yQ}eDt \UwD sDU}U QiY l}t=v}O CU= QmP u=}=W
l}t=v}O QO =B wO|W@vH |SQv= u=wvax@ =Q � = 1

2 (�2)2 Qo = "CU= xOW u=}@ xv=mD w
sDU}U QiY l}t=v}O |=Q@ h} QaD j@] =Q |r}Uv=DB `@=D w 's}vm Q}@aD sDU}U QiY

%s}yO x�=Q=

�(�1) = �
Z �1

�+

�2(�)
�1(�)

d� ; �+ � �1 � �� (37)

xm u; \QWx@ pt=m s=o l} |wQ 36 |x]@=Q u}iQ] R= |Q}op=QoDv= =@ x=ov;
%CW=O s}y=wN '�+ � max

�+��1���
v(�1) > 0

�� = �+ � �(��) (38)

|ovw; |xryw |=OD@= QO xawtHt |W@vH |SQv= xm CU= u; ut[Dt QwmPt \QW
|wQ xOW s=Hv= |ivt Q=m Q@ x@re x@ QO=k '=B wO |wQW}B Q}U QO xm Ow@ Oy=wN u=vJ
%R= Ow@ Oy=wN CQ=@a OQwNQ@ O=ONQ QO QPo uwv=k "OwW uRw |wQ}v \UwD xawtHt

�+ = �2
zero �

� (39)

|Q}op=QoDv= =@ w CU= |SQv= w Q=m uwv=k x@=Wt xm �� 38 |m}t=v}O uwv=k ?}mQD R=
|DWoR=@|}x]@=Q 39 QPo uwv=k w �� OW G=DvDU= sDU}U QiYl}t=v}O R= Q}Ut |wQ
%R= CU= CQ=@a w s}t=v|t �xQ=mv;wB |DWoR=@ CW=ov� =Q u; xm OwW|t pY=L
�� = � (��) := �2

zero �
� � �(��) (40)

%CU= u}vJ u; h} QaD |xRwL u} QD`}Uw xm
D� = f�� > 0j�2

zero �
� � max

�+��1���
v(�1) > 0g (41)

w CU= 14 |xrO=at QO xOWu=}@ sDU}U |k}irD l}t=v}O R= |Y=N Cr=L xm
h} QaD |R=Ht |=yO}k ?@Ux@ xm �� Z |=OQw=v |xv}tN |wQ sDU}U pwLD |=R=x@

"CU= xOW pY=L �� OQ}o|t pmW |HwQN QO xOW

CW=ov w |Q=Ot |Q=O}=B p}rLD |=v@tQ@ uDiQx=Q |R=UQ=O}=B "2"3
xQ=mv;wB |DWoR=@

|Q=O}=B p}rLD x@ =Q sDU}U pt=m l}t=v}O |Q=O}=B p}rLD s}y=wN|t VN@ u}= QO
x@ |@=}CUO |=Q@ sRq \}=QW w xO=O Vy=m sDU}U QiY l}t=v}O |wQ |Q=Ot

"s}vm G=QNDU= =Q |Q=O}=B
CLD w u; p=ai pY=it Q}U \N |x]U=wx@ '=B wO CmQL |wor= xm s}v=O|t
|wor= xm =Hv; R= "OwW|t jkLt '|OQwNUB pQDvm uwv=k R= xOW?=UL |OwQw
pO=at ?wr]t |=yQ}U\N CN=U =Pr 'xOW xv} RtQ |HwQN `@=wD |wQ ?wr]t
QO =wvm} ,=O}m = C=Q}}eD |=Q=O Q}eDt ?ULQ@ ?U=vt |HwQN `@=wD h} QaD =@ CU=
u}@ l}x@l} |Q_=vD O}=@ Qo}O CQ=@ax@ "|ovw; |xryw u}L =B wO pwLD O=ODt=
"OW=@ Q=QkQ@ CmQL u}L =B wO |Ov@xQm}B R= C}a[w Qy w QwmPt Q}eDt R= Q=Okt Qy
'Q=O}=B uDiQx=Q u}L QO 'OwW QwYD |ovw; |xryw QO xO=DU}= |=B |x} w=R �(q) Qo =
QO xm s} Q=O Q=_Dv= u}=Q@=v@ w CU=wvm} ,=O}m = |ovw; |xryw QO Q}eDt u}= C=Q}}eD
'xwqax@ "OwWv QiY ! = _�(q; _q) Q}eDt |r=wDt OQwNQ@ wO xR=@ QO |}x]kv I}y
s}y=wN OQwNQ@ R= TB |x_Lr QO xO=DU}= |=B uDU=NQ@ Q@ |v@t ZQi j@]
O=ONQ QO xOt; OwQi |=B T=tD uOw@ |}x@ Q[ ZQi u}vJty " _�+ 6= 0 %CW=O
xm u}= |=Q@ CU= |@U=vt Q}eDt � u}=Q@=v@ " _�� 6= 0 %xm Ovm|t =[Dk= OQwNQ@
pmWx@ =Q =B wO pwLD Q}U R= C}a[w Qy QO ?wr]t |Ov@xQm}B 'u; ?ULQ@ u=wD@

"OQm |Q=PoRtQ l}x@l}
l}x@l} CW=ov '|HwQN `@=D ?=NDv= QO 5 ZQi |x_Lqt =@ 'u}= Q@xwqa
|wQ pwLD u}L sDU}U Cr=L u=wD|t xm |Qw]x@ OQ=O OwHw 
 : R! S \Z
R= V}B |Ov@xQm}B ?ULQ@ 'OQwNQ@ R= V}B |x_Lr QO =Q QiY l}t=v}O |xv}tN
'(! = _��) x_Lr u}= QO xO=DU}= |=B |Q=_Dv= |}x} w=R CaQU w (q�0 ) OQwNQ@

%OQm u}at


(!) =

"

q


 _q!

#
; 
q = q�0 ; 
 _q =

"
@�
@q (q�0 )


0(q�0 )

#�1 " 0
1
#
(33)

Qy QO OwN ?w=vD Q}U QO � Q=Okt xJv=vJ CW=O Q=_Dv= u=wD|t C=L}[wD u}= =@
QO �� OwW =Qosy OwN R=i |xLiY QO |Q=O}=B Q=Ot x@ |@v=Ht Qw]x@ 'uDW=OQ@s=o
CtU x@ |@v=Ht Qw]x@ Q}U u}ty QO R}v � ?ULQ@ xOW h} QaD |HwQN xm |r=L
|wor= x@ |@v=Ht Qw]x@ uDiQx=Q u}L =B wO |Ov@xQm}B x=ov; �� OwW xO=O p}t QiY
xm |}xNQJ |=yQ}Ut O}vm QwYD uwvm = "Ovm p}t |HwQN QO xOW xv} RtQ ?wr]t
|}xLiY 'u}at |rLt QO OwW|t p}mWD � R=i |xLiY QO s=o Qy QO ,=@ w=vDt
Qw]x@ =yxNQJ ?w=vD Qy QO Qo = &Ovvm `]k =Q �xQ=mv;wB `]kt� x@ swUwt |[Qi
`]kt |wQ `]=kD \=kv s} Q=O Q=_Dv= 'OvwW l}ORv O Ovv=t Q=O}=B |Q=Ot x@ |@v=Ht
"Tmar=@ w &Ovvm p}t z� Ovv=t C@=F |}x]kv CtU x@ |@v=Ht Qw]x@ R}v xQ=mv;wB
xQ=mv;wB CW=ov � : S \ Z ! S \ Z w 'xQ=mv;wB `]kt S \ Z Qo = u}=Q@=v@
QO xOW h} QaD |=yCr=L =Q |@ w=vD |=yQ}Ut R=i |xLiY C=YDNt R}v w OW=@
'(�1; �2) = (�; 
) |vwDr}ty |=yQ}eDt |va} 's} Q}o@ Q_v QO =B wO QiY l}t=v}O
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"""|
}xLi

Y
|]

@=QxU
|=B

wOC
=@Q

uDi
Qx=Q

|R=
UQ=

O}=BR= |a@=D xDUw}B Qw]x@ w OW=@ xv=o} w OwHwt R2N�2 |wQ jwi l}t=v}O MU=B O}=@
x@ Q=O}=B |@v=Ht Qw]x@ w OwOLt |v=tR QO 'u}= Q@ uwRi= w OW=@ xr�Ut |x}rw= \}=QW
"OW=@ x}rw= \}=QW R= |a@=D xDUw}B Qw]x@ R}v CUWv u=tR w OwW =Qosy -=O@t CtU

%CU= xOW x�=Q= Q} R pmWx@ v(y; _y) |=Q@ xDUw}B OQwNUB uwv=k l}

v(y; _y) = 	(y; _y) = 1
"2 �

26664
 1(y1; " _y1)

...

 N�1(yN�1; " _yN�1)

37775 (48)

`@=wD 0 < � < 1 |=R=x@ w Ovm|t s}_vD =Q |HwQN CUWv u=tR " > 0 =Hv}= QO
[8]%OwW|t h} QaD  i

 i(yi; " _yi) :=� sign(" _yi) j" _yij�
� sign(�i(yi; " _yi)) j�i(yi; " _yi)j �2�� (49)

%R}v w
�i(yi; " _yi) := yi + 1

2� � � sign(" _yi) j" _yij2�� (50)

=yQ}Ut |R=UQDt=Q=B w CN=U "4
?r=k QO CmQL |xLiY QO uDiQx=Q ?wr]t |wor= 'OW xQ=W= QDV}B xm u=vJ
Qw_vtx@ u}vJty "OwW|t xv} RtQ =B wO |Ov@xQm}B |=yQ}eDt |wQ |R=Ht |Ow}k
'OQm Q}@aD =B wO CmQL |xLiY |wQ |Q}Ut u=wD|t =Q l} Qy xm 'Ow}k u}= p=ta=
CtU x@ OQwNUB pQDvm uwv=k |x]U=wx@ w h} QaD 16 |x]@=Q j@] sDU}U |HwQN
=Q} R 'CU}v Q}Ut ?}kaD KQ] l} u}= xm CW=O xHwD O}=@ "OwW|t C}=Oy QiY

"u=tR Q@ xv CU= xOW Q=@ 'CU= |Ov@xQm}B R= |a@=D xm � Q@ �0(q) pwLD
(q) |Ov@xQm}B |=yQ}eDt ?ULQ@ |R=Ht |=yO}k |xrO=at =OD@= OvwQ u}= QO
QiY l}t=v}O |D=YDNt Q}eDt x@ 'C=YDNt Q}}eD CLD TBU w OwW|t s}_vD
|xLiY |wQ � Q}Ut |R=UQ=O}=B =@ Ow}k |Q}oOQ x=ov; "OwW|t xDU@=w (�) sDU}U
\UwD =Q O}k Qy |x]@=Q 'u}= Q@ uwRi= "OW Oy=wN pY=L sDU}U QiY l}t=v}O R=i
pmWx@ =Q ?wr]t |O}k \@=wQ |va} &s}vm|t |R=UQDt=Q=B Q}*} R*@ |=y|}xrtHOvJ
Q_v QO =yv; |rQDvm Q}O=kt |wQ Qw=vW w Q}*} R*@ |=y|}xrtHOvJ Q=DN=U =@ |a@=wD
u}L =B wO |Ov@xQm}B |wQ xOW Qw_vt |=yO}k |x]@=Q xm ZQi u}= =@ "s} Q}o|t
|Q=DN=U |=Q=O |Ov@xQm}B |=yQ}eDt x@ C@Uv sDU}U p=aiQ}e Q}eDt R}v w 'uDiQx=Q

%OvW=@ u}i;"
�0(q)
�(q)

#
=

"
X0
c

#
q � Xq (51)

|=Q@ =Q Q}PBTwmat |D=YDNt Q}}eD 51 |x]@=Q 'OW=@ pt=m X T} QD=t |x@DQt Qo =
s}y=wN C=YDNt Q}}eD u}= Twmat CLD "OyO|t O=yvW}B 14 |m}t=v}O sDU}U

%CW=O

q = X�1
"
�d(�)

�

#
; _q = X�1

"
@�d(�)
@�

1
#

_� (52)

w CU= � ?ULQ@ |O}k \@=wQ ?wr]t Q=Okt �d(�) = �d o �(q) u; QO xm
"OvwW|t xDiQo Q_v QO Q}*} R*@ |=y|}xrtHOvJ Q=DN=U =@ |a@=wD =yv; OW xDio xm u=vJ

xm u; \QWx@ '�� = �(��) |=R=x@ |DWoR=@ CW=ov u}= �C@=F |x]kv� x=ov;
%Ot; Oy=wN CUO x@ '�2

zero 6= 1 w �� 2 D�

�� = � �(��)
1� �2

zero
(42)

%|DWoR=@ l}t=v}O �Q=O}=B |}=tv Qw]x@ |rO=aD |x]kv� �� 'Qo}O |wU R=
�(n+ 1) = �(�(n)) (43)

|DWoR=@CW=ov x@ =v@CU= QmP u=}=W "0 < �2
zero < 1 Qo = =yvD w Qo = 'Ow@ Oy=wN

'O@r]|t |SQv= �2
zero�� � �max(�1) u=R}t =@ ?U=vDt s=o Qy QO sDU}U '40

RmQt uOQmOvr@ x@ \w@ Qt |tyU w x@ Q[ s=ovy QO |SQv= hqD= x@ \w@ Qt |tyU xm
u} QDsm u}= "CU= |ovw; |xryw QO xO=DU}= |=B |wQ uOQwN?=D u}L =B wO sQH
|Oa@ s=o =D Ov=t@ |k=@ sDU}U |=Q@ s=o Qy |=yDv= QO O}=@ xm CU= |SQv= Q=Okt
|=Q@ CU= |i=m w sRq \QW xDmv u}= `k=w QO "OW=@ xDW=O p}tmD w jkLD u=mt=
|i=m w sRq \QW xwqax@ "S \ Z |xQ=mv;wB `]kt Q@ `]=k |}xNQJ Q}Ut OwHw
xm CU= u; Ovvm p}t O uwJ |Q=O}=B Q=Ot x@ |@v=Ht Qw]x@ =yxNQJ xm u; |=Q@
Ci=}yQ u}= R= pY=L MU=B xm s}vm|t |Qw;O=} R}v =Q xDmv u}= "0 < �2

zero < 1
=[Q= R}v =Q |y=ox}mD K}LY \}=QW uDW=O |=Q@ xOW h} QaD |xiQ]l} Ow}k O}=@

"Ovm

Q}Ut |}=tv |R=UQ=O}=B |=Q@ OQwNUB pQDvm |L=Q] "3"3
QiYl}t=v}O pOt =@ s}OQm Q_=vDt =Q sDU}U pt=ml}t=v}O pOt =OD@= p@kVN@ QO
|Q=O}=B pO=at =Q QiY l}t=v}O R=i |xLiY |wQ |Q=Ot |Q=O}=B TBU w 'sDU}U
Qo = u}=Q@=v@ "s}DiQo Q_v QO OQwNQ@ `]kt |wQ xQ=mv;wB |DWoR=@ CW=ov C@=F |x]kv
OW=@ z0 |x}rw= \}=QW x@ xDU@=w sDU}U QiY l}t=v}O R= |NU=B z = '(t; z0)
xOW R=e; z0 |x}rw= \}=QW R= s=o xm |t=ovy �� |Oa@ OQwNQ@ x@ uO}UQ u=tR w
CW=ov C@=F |x]kv z� 2 S \ Z R}v w 'OwW xO=O T (z0) `@=D \UwD �� CU=
%CU= z� C@=F |x]kv =@ Q_=vDt O � Z |@ w=vD w xDU@ Q=Ot x=ov; 'OW=@ xQ=mv;wB
O := fz 2 Zjz = '(t;�(z�)); 0 � t < T (�(z�))g (44)

%|rQDvm |OwQw CLD
u(t) = u�o'(t;�(z�)) (45)

`k=w QO "OyO|t CUO x@ sDU}U pt=m l}t=v}O |=Q@ Q=O}=B w |@ w=vD |NU=B
OQwNUB pQDvm |x]U=wx@ 'xOWh} QaD |HwQN xm OwW|t jkLt |t=ovy Qt= u}=
u}L '|HwQN QO xOW xv} RtQ |R=Ht Ow}k x=Q u}= R= =D OwW xDW=O xov QiY xQ=wty
x�=Q= CmQL |}=tv |R=UQ=O}=B |=Q@ =Q 46 |rQDvm uwv=k wQ u}= R= "Ov=t@ Q=QkQ@ CmQL

%s}vm h} QaD =Q u(x) Cr=L OQwNUBV}B =OD@= "s}yO|t
u(x) = (LgLf�(x))�1 �v � L2

f�(x)
�

(46)

=Q sDU}U |HwQN 'xDU@xkrL |xQ}HvR |R=U|]N =@ v = v(y; _y) OQwNUB xm
%O=O Oy=wN p}t QiY x@ Q} R l}t=v}O CLD

d2y
dt2 = v(y; _y) (47)
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"""w
|Q@

vkO
tL=

'|v=
QwvO

}U=
[Q

OtL
tO}U CmQL |Ov@xQm}B QO xOW h} QaD |R=Ht Ow}k uOv=tQ=QkQ@ ut[Dt jwi |w=UD wO

w 59 \@=wQ =@ 13 \@=wQ ?}mQD R= "OvDUy O}OH s=o R=e; w 'OQwNQ@ R= TB '=B wO
%s}UQ|t xH}Dv u}= x@ 60

q+ = X�1
"

A0
�+

#
= �q q� = �q X�1

"
Am

��

#
(63)

_q+ = X�1
"

m(A1�A0)
����+

1
#

_�+ = � _q _q�

= � _qX�1
" m(Am�Am�1)

����+
1

#
_�� (64)

|rQDvm Q}O=kt x@ xDU@=w A1 w A0 |rQDvm Q}O=kt '64 w 63 |xrO=at wO pL R=
%R= Ow@ Ovy=wN CQ=@a w OvwW|t Am w Am�1"

A0
�+

#
= X �q X�1

"
Am

��

#
(65)

A1 = �� � �+

m
X0 � _q$ (c� _q$)�1 + A0 (66)

QmP u=}=W "CU= xrtH R= |�RH $ � X�1
"

Am �Am�1
1
m

�
�� � �+� # u; QO xm

|xHQO R= sm CUO O}=@ Q}*} R*@ |=y|}xrtHOvJ '\@=wQ u}= |Q=QkQ@ |=Q@ CU=
x=ov; 'OvwW ?=NDv= |QDq=@ C=HQO R= QwmPt `@=wD Qo = "OvW=@ xOW ?=NDv= m = 3

"OQm xO=iDU= =yQ}Ut |R=Uxv}y@ |=Q@ O=R; |rQDvm Q}O=kt R= u=wD|t
|=B u; QO xm =B wO l} uDiQx=Q |R=UQ=O}=B |=Q@ sRq |x} Q_v xrLQt u}= QO
xQm}B Qo = xm Cio u=wD|t xYqN Qw]x@ w OwW|t pt=m 'CU= p=aiQ}e |y=ox}mD
|y=ox}mD |=BlD |wQ |Q=O}=B u=Uwv 's=o l} u}L CmQL |xtD=N =D ẁQW R=
\}=QW xm OQ=Po u}tR Q@ =B u=vJ s=o |=yDv= QO xwqa x@ w 'OW=@ xDW=O OwN p=aiQ}e
|wQW}B x@ QHvt OvwQ u}= |r=wD x=ov; 'OwW =}yt R}v |Oa@ s=o QO Q=O}=B u=Uwv |=Q@
=B wO |wQW}B Q}Ut |wQ xQm}B |Q=O}=B 'u}= Q@ uwRi= "OW Oy=wN =B wO |=Q@ Q=O}=B
|x]U=wx@ �� Ov=xOW h} QaD |rQDvm sDU}U |HwQN ?r=k QO =yQ}Ut u}= xm ��

"OwW|t Q=QkQ@ OQwNUB pQDvm

G}=Dv |x�=Q= w |R=Ux}@W "5
's} R=OQB|t �1 pmW� |}xLiY |=B wO R= |}xO=U pOt |R=Ux}@W x@ VN@ u}= QO
K]U |wQ uDiQx=Q s=o |R=UQ=O}=B w CN=U |=Q@ xOWx�=Q= VwQ |R=UxO=}B =@ w

"OR s}y=wN lLt =Q QwmPt VwQ Q=@Da= pY=L G}=Dv x@ xHwD =@ 'Q=O?}W
'M(q) sQH T} QD=t u; QO xm CU= xOt; 1 |x]@=Q QO =B wO CmQL |xrO=at
QO 2 w 1 \@=wQ j@=]t ?}DQDx@ 1 pmW pOt |=Q@ 'G(q) Vv=Qo QF= Q=OQ@ w
'�T = lT

l '�2 = q1 � q2 � q3 u; QO xm OW Oy=wN G=QNDU= CUw}B VN@
%u}vJty "�H = mH

m w �T = mT
m

C(q; _q) = [ @
@q

p(q; _q)]� 1
2 [ @
@q

p(q; _q)]0 (67)

|=yC}tm "CU= xawtHt |xDi=}s}taD |xv=mD p(q; _q) = M(q) _q u; QO xm
"Ov=xOW ?=NDv= 1 pwOH j@=]t |R=Ux}@W |=QH= QO |rQDvm Q}O=kt w |m} R}i

%u}=Q@=v@ "OwW Q=Hvyx@ [0; 1] |xR=@ QO � Q}eDt C=Q}}eD CU= sRq wQ u}= R=

�̂ = �(q)� �+

�� � �+ (53)

|x]@=[ w Q}*} R*@ |}xrtHOvJ l} |x]@=[ 0 � s � 1 Q=Hvyx@ |xR=@ |wQ
%R= CU= CQ=@a u; jDWt

Bi(s) =
mX
k=0

�ik
m!

k!(m� k)!
sk(1� s)m�k (54)

@
@s
Bi(s) =

m�1X
k=0

(�ik+1 � �ik) m!
k!(m� k � 1)!

sk(1� s)m�k�1

(55)

|vLvt |xUOvy s}_vD |=Q@|rQDvm Q}O=kt =y�ik w|}xrtHOvJ |xHQOm u; QO xm
u=W|vLvt uOW xO}Hvo =y|}xrtHOvJ u}= |oS} w u} QDsyt "CU= |}xrtHOvJ u;
OwOLt `@=D C=Q}}eD OQ@ u}=Q@=v@ "CU=yv; |rQDvm Q}O=kt R= pmWDt |ar[OvJ pN=O
%s} Q=O 55 w 54 \@=w[ R= u}vJty "Ow@ Oy=wN |rQDvm Q}O=kt |xvW}@ w xv}tm x@
Bi(s = 0) = �i0;

@Bi
@s

����
s=0

= m
�
�i1 � �i0

�
Bi(s = 1) = �im;

@Bi
@s

����
s=1

= m
�
�im � �im�1

�
(56)

Q}*} R*@ |=y|}xrtHOvJ Q=DN=U =@ w �̂ |xOW Q=Hvyx@ Q}eDt ?ULQ@ =Q |O}k \@=wQ
%s} Q}o@ Q_v QO |vwDU Q=OQ@ l} ?r=k QO

�d(�) = [Bi o �̂(q)] ; i = 1:::N � 1 (57)

Q}O=kt jwi |x]@=Q QO x=ov; 'OwW ZQi m |xHQO R= |oty =y|}xrtHOvJ Qo =
(N � 1)� (m+ 1) |x@DQt R= A s=vx@ |U} QD=t ?r=k QO |oty �ik |rQDvm
|=yDv= w =OD@= QO "OwW|t xO=O u=Wv Aj =@ T} QD=t u}= R= uwDU Qy w xOW xOv=Wv
w �̂ = 0 =@ OvQ_=vDt ?}DQDx@ �� w �+ Q}O=kt |ovw; |xryw |wQ CmQL |xQwO
CQ=@a 56 \@=wQ x@ =v@ =yC}akwt u}= |wQ |O}k `@=wD Q=Okt ?}DQDu}O@ w '�̂ = 1

%R= CU=
�d(�+) = A0 ; �d(��) = Am (58)

%s} Q=O 53 Q}eDt Q}}eD w 52 Twmat p}O@D CLD R}v w

q+ = X�1
"

A0
�+

#
; _q+ = X�1

"
m(A1�A0)
����+

1
#

_�+ (59)

q� = X�1
"

Am

��

#
; _q� = X�1

" m(Am�Am�1)
����+

1
#

_�� (60)

R= xOW xDN=U Q}Ut u=wD|t A |rQDvm Q}O=kt s}_vD =@ xm s}yO|t u=Wv uwvm =
x=ov =OQw=v OQwNQ@ CW=ov CLD =Q QiY l}t=v}O |xv}tN |wQ 32 l}t=v}O
CU= pO=at 17 |x]@=Q x@ =v@ xr�Ut u}= xm s}vm xHwD "� (S \Z) � Z %CW=O

%=@
�d o � (S \ Z) = 0 (61)

Lf�d o � (S \ Z) = 0 (62)
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"""|
}xLi

Y
|]

@=QxU
|=B

wOC
=@Q

uDi
Qx=Q

|R=
UQ=

O}=B

"Q=O?}W K]U |wQ =B wO CmQL |R=Ux}@W "2 pmW

"xO=DU}= |=B |x}w=R C=Q}}eD w uor pY=it Q}U\N "3 pmW

"sOk xO |=QH= |] OQwNQ@ O=ONQ C=_Lr x@ \w@ Qt |=yxO=O "2 pwOH
\UwDt CaQU sOk pw] Ft=Fn �zero u=tR sOk

1 1188 0 7626 �0 59953 0 1007 0 686 1
1 3660 0 7531 �0 59958 0 1006 1 233 2
1 5495 0 7611 �0 59976 0 1003 1 7241 3
1 5663 0 7537 �0 59996 0 1001 2 2053 4
1 6474 0 7596 �0 60011 0 1000 2 6664 5
1 6430 0 7576 �0 60022 0 0999 3 1275 6
1 6665 0 7516 �0 60027 0 0998 3 5785 7
1 6792 0 7573 �0 60031 0 0998 4 0396 8
1 6894 0 7621 �0 60033 0 0998 4 4907 9
1 6994 0 7666 �0 60034 0 0997 4 9418 10

"|R=Ux}@W |=QH= QO |rQDvm Q}O=kt w |m} R}i |=yC}tm "1 pwOH
m mH mT l lT

� "
(kg) (kg) (kg) (m) (m)

5 15 10 1 0 5 0 9 0 1

|xOvvmu}}aD Ow}k u=wvax@ =y=B u}@ |x} w=R w xvD |=DU=Q '=y|HwQN ?=NDv= QO
?r=k QO w 'OvwW|t Ovtx]@=[ |Ov@xQm}B |=yQ}eDt ?ULQ@ uDiQx=Q |wor=

%OvwW|t u=}@ 69 w 68 |O}k CqO=at
�1 := (q3 � q1)� �1d o q3 (68)

�2 := (2q3 + q2 � q1)� (q23 � q23d)�2d o q3 (69)

R= |a@=D '|ovw; |xryw QO =B wO pwLD O=ODt= QO =yv; ?wr]t Q}O=kt �id u; QO xm
%R= Ow@ Oy=wN CQ=@a w CU= sDU}U p=aiQ}e |xYDNt

�ido � := �i3�3 + �i2�2 + �i1� + �i4; i = 1; 2 (70)

xOW s}_vD [18]OwHwt |xOWx�=Q= |xv}y@ Q}O=kt T=U=Q@ =y�ij |rQDvm Q}O=kt
xQ=W= xDmv u}= x@ O}=@ "CU= CND K]U |wQ uDiQx=Q x@ \w@ Qt xD@r= xm
ut[Dt =y=B u}@ |x} w=R x@ \w@ Qt O}k QO (q23 � q23d) |xrtH xm s}vm|t
u}tR |wQ O}=@ =B wO Qy 'q3 2 (q�3 ; q+

3 ) 'OQwNQ@ |xR=@ QO xm CU= u;
u}tR R= =B CU=NQ@ w CUWv |x} w=R ?wr]t Q=Okt q3d "OW=@ xDiQo Q=Qk

"CU=
Q}U\N R}v w =B wO uDiQx=Q R= |}xDUw}B V}=tv '|R=Ux}@W R= pY=L G}=Dv R=
3 pmW QO xm u=vJ "CU= xOW xO=O u=Wv 3 w 2 |=ypmW QO =yxYDNt
q+

3 = �q3d R= =wvm} |D=Q}}eD |=Q=O xO=DU}= |=B |x} w=R ,qw= 'OwW|t xOy=Wt
s=ovy QO ,=}v=F "CU= xOW ?=NDv= q3d = �

8 =Hv}= QO xm CU= q�3 = +q3d =D
q3d = �

8 pO=at �� uor pY=it |x} w=R hqDN= u=ty �� =B wO u}@ |x} w=R 'OQwNQ@
xm OwW|t xOy=Wt q2 w q1 |=yQ=Owtv QO Qo}O CQ=@ax@ "CU= xOt; CUO x@
s=v w =y=B Vkv Z} waD =@ OQwNQ@ R= TB xrY=iq@ w 'q�1 � q�2 = 2q3d = �

4
|oDUw}B=v CU= QmP u=}=W "q+

2 � q+
1 = 2q3d = �

4 s} Q=O ,=OOHt =yxYDNt
|oDUUo p}rOx@ xv 'u; R=TB Q}O=kt x@ OQwNQ@ R=V}B Q}O=kt R= QPo s=ovy =yQ=Owtv
QO "CU= OQwNQ@ QPo QO =y=B s=vZ} waD p}rOx@ xmr@ '|Ov@xQm}B |=yC}tm Q=Okt QO
R}v xDi=}s}taD |=yxYDNt R=l} Qy R=i |xLiY QO xOW p}mWD |=yQ}Ut 4 pmW
u=ty =} 'xDU@ Q=Ot l} CtU x@ =yQ}Ut R= l} Qy |}=Qosy "CU= xOW xO=O u=Wv
|=yQ=Owtv "CU=B wO s=o |R=UQ=O}=B QO |rQDvm VwQ C}kiwt O:} -wt '|OL |xNQJ
pY=it Q@ =yxmQLt \UwD O}=@ xm |rQDvm uwv=k R= xOWx@U=Lt Qw=DWo x@ \w@ Qt
|] w xOw@ Q=Ou=Qm =yQw=DWo Q}O=kt "CU= xOW sUQ 5 pmW QO OvwW p=ta= uor
K}LY \}=QW |R=Ux}@W Qy QO u}vJty &OvwW|t l}ORv =}=B Cr=L x@ s=o Qy
|=B uOQwN ?=D u}L xO=DU}= |=B VRer sOa \QW "OwW |UQQ@ O}=@ |y=ox}mD
\wQNt pN=O 'xO=DU}= |=B |=yDv= QO K]U Vvm =w |wQ}v 'Ovm|t =[Dk= |ovw;
u}= |UQQ@ =@ 6 pmW QO "OW=@ q=@ x@ wQ u; |wU R}v w xO=Di= |}=DU}= l =m]Y=

"OwW|t O}}-=D |y=ox}mD \}=QW CLY OQ=wt
xOW x�=Q= pw= sOk xO |=Q@ OQwNQ@ C=_Lr x@ \w@ Qt |=yxO=O '2 pwOH QO
pw= sOk xU =} wO p}tmD |=Q@ |v=tR |=ys=o O=OaD xm OwW|t xOy=Wt "CU=
|QDsm CaQU =@ uDiQx=Q ẁQW xm CU=vat u=O@ u}= w CU=}=B Cr=L R= QD|vqw]
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"OvwW|t =Qosy OwN |OL |xNQJ CtU x@ xm xDi=}s}taD |=yQ}eDt R= l} Qy R=i |xLiY QO xOW p}mWD |=yQ}Ut "4 pmW

=@ =B wO C=@ Q uDiQx=Q s=o |R=UQ=O}=B w CN=U |xwLv |}x@aH Q=Owtv "7 pmW
"OQwNUB pQDvm |x]U=wx@ QiY l}t=v}O |xv}tN |wQ sDU}U uDW=Oxov

|xOwOLt QO =ysOk |xty ẁQW QO �zero ?} Q[ Q=Okt 'xwqax@ "OwW|t R=e;
"OwW|t l}ORv |QDu�t]t Q=Okt x@ sOk Qy QO xDiQxDiQ w xOw@ |Q=O}=B pw@k p@=k
|=Q@ Q=Okt u} QDsm xm CU= u; R= |m =L xOt; OwQi |=B |y=ox}mD \}=QW u}vJty
Q=Owtv 'QN; QO "OW=@ QDW}@ 0 6 R= O}=@ u}tR w =y=B u}@ |}=DU}= l =m]Y= ?} Q[
'xOW x�=Q= |rQDvm Ov}=Qi uOW QDuWwQ w ?r=]t |Ov@`tH Qw_vtx@ 7 pmW |}x@aH

"CU= xOW s}UQD

|Q}oxH}Dv "6
uDiQx=Q |R=UQ=O}=B x@ |]@=QxU |}xLiY |=B wO C=@ Q l} |R=UpOt =@ QF= u}= QO
QO pwtat |Q=O}=B |=yp}rLD hqNQ@ "OW xDN=OQB Q=O?}W K]U l} |wQ u;
sDU}U pwLD w CU= hwv=B=}r x=oO}O R= |Q=O}=B swyit x@ |mDt xm =yC=@ Q pQDvm
swyit x@ |mDt xr=kt u}= QO xOW x�=Q= VwQ 'OwW|t p=@vO u=tR O=ODt= QO u; QO

"uor |=yxmQLt x@ |rQDvm |OwQw |=yQw=DWo "5 pmW

� xO=DU}= |=B |=yDv=Q@ OQ=w |y=ox}mD K]U |Wvm =w |wQ}v |=yxir-wt "6 pmW
"K]U |Owta |wQ}v x@ |ki= l =m]Y= |wQ}v C@Uv
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xHwt =Q sDU}U QiY l}t=v}O |xv}tN |wQ |Q=O}=B p}rLD 'sDU}U uOw@ p=ai Q} R
|=H x@ |vwDr}ty |=yxYDNt R= QwmPt |=[iQ} R h} QaD QO u}vJty "CN=U|t
CW=ov xm Ot; sy=Qi u=mt= u}= w �CaQU |=Hx@ xv=mD R=|va}� OW xO=iDU= |Sv=Qo q
uORs=o |}x@ Q[ Ca}@] xD@r= "OwW G=QNDU= K} QY |}x]@=[ =@ xQ=mv;wB |DWoR=@
|xLiY =@ |ovw; |=B OQwNQ@ s=ovy 'Q=O}=B uDiQx=Q l} QO xm OW|t ?Hwt
"OwW O=H}= VQB |Ov@xQm}B Q}e |=yQ}eDt QO '�xQ=mv;wB `]kt u=ty =}� |y=ox}mD
x@ w OW |U} wvR=@ sDU}U QiY l}t=v}O |=[iQ} R QO R}v Q=Po CW=ov wQ u}= R=
pt=m |Q=O}=B \QW QN; QO "OW pY=L sDU}U |k}irD QiY l}t=v}O ?}DQD u}=
CW=ov |Q=O}=B \QW R= w OW Q_=vDt |k}irD QiY l}t=v}O |Q=O}=B x@ xDU@=w =B wO
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1. bio-engineering
2. joint trajectories
3. attractive dynamics
4. zero moment point
5. passive
6. under-actuated
7. zero dynamics
8. instantaneous impact event
9. parameterization
10. Bezier polynomials
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