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w |DQ=QL Q=W |@ wN CkO =@ Twmat VwQ OyO|t u=Wv G}=Dv "CU= xr�Ut CqwyHt
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OQ=Ov=DU= |=yVwQ |Q=O}=B w CkO V}=Ri= |=Q@ u}kkLt [16]"OW x�=Q= |WwQ R}v
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x�=Q= [19]wvwN}D s}_vD VwQ R= xO=iDU= =@ p=D}H}O QDr}i CQwYx@ |Uwmat VwQ

"OW
C}=Oy XwYNQO xDiQo CQwY C=k}kLD QDW}@ QO 'OwW|t xOy=Wt xm u=vJ
R= xO=iDU= =@ sD} Qwor= R=}v OQwt |xOW |Q}oxR=Ov= |=yxO=O 'Twmat |DQ=QL
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=tO |Q}oxR=Ov= R= xO=iDU= =@ |r=ta= |DQ=QL Q=W OQw;Q@ hOy 'pw= V}=tR; QO
umtt |@ QHD p�=Ut QO 'OW xO=O K}[wD R}v QDV}B xm u=vJ "CU= j}=a K]U QO
|Q}oxR=Ov= Qo}O Kw]U QO =tO w OW=@v Q}PBu=mt= p=ai K]U QO =tO |Q}oxR=Ov=CU=
pLt u; QO =tO C=Q}}eD 'OwW|t QwO p=ai K]U R= pB wmwtQD xm |t=ovy "OwW
w �uSw}i}O� Vvm =QB |xO}OB Q]=Nx@ p=ai K]U QO |DQ=QL Q=W C=Q}}eD x@ C@Uv
|va}� umtt Cr=L u} QDO@ R= xO=iDU= =@ V}=tR; u}= QO "OwW|t QDsm |v=tR Q}N-=D
|UQQ@ Cr=L u}= QO Twmat VwQ C}r@=k '�p=ai Q}e K]U QO =tO |Q}oxR=Ov=

"CU= xOW
pw= V}=tR; |=Q@ Twmat VwQ \UwD xOW x@U=Lt |DQ=QL Q=W 3 pmW QO
swrat Q=Okt =@ xOt; CUO x@ Q}O=kt OwW|t xOy=Wt xm u=vJ "CU= xOW s}UQD
OQwt umtQo xm OwW|t Qw;O=} "OQ=O |@ wN Ck@=]t �`@ Qt QDt Q@ C=w 1200� Q=W

"V}=tR; s=Hv= u=tR QO pw= |xr�Ut QO xOW xOR u}tND |DQ=QL Q=W "3 pmW

hOy w xOW xO=O Q=Qk x=oW}=tR; \}Lt QO xawtHt u}= "Ci=} CUO |QDy@ G}=Dv
�h� O=R; |=wy |}=Hx@=H CQ=QL p=kDv= ?} Q[ |x@U=Lt 'V}=tR; s=Hv= R= |}=yv
xLiY uwQO |=tO hrDNt |=ypB wmwtQD "CU= |Rri |xLiY hQ] l} QO
'?wJ uwQO |=tO '�O=R; |=wy ZQat QO K]U R= |QDt|r}t 0 5 xrY=i� |Rri
|Q}oxR=Ov= =Q QtwDUq= j}=a |}=yv K]U |=tO u}vJty w x=oW}=tR; \}Lt |=tO
u�t]t |y=oW}=tR; |xv=t=U ?U=vt |Q=mj}=a R= |DL u=wD|t Q=m u}= =@ "Ovvm|t

"OW
|[=} Q pOt "1"2"3

12 CqO=at� |r@k VN@ CqO=at Ovv=t ?wJ w j}=a |=yx}q x@ x]w@ Qt CqO=at
u=ty x@ \w@ Qt |m} R}i X=wN O}=@ pL CtUk Qy QO xm Cw=iD u}= =@ CU= �13 w
K]U R= =OD@= xm CU= CQwY u}= x@ xr�Ut pL VwQ "OwW ^=Lr CqO=at QO x}q
sWB x}q x@ |OwQw Q=W 'Twmat sD} Qwor= R= xO=iDU= =@ w xOQm ẁQW QtwDUq= j}=a
x@ \w@ Qt Twmat |xrO=at xOt; CUO x@ Q=W =@ TBU "s}vm|t x@U=Lt =Q xW}W
|va} |RQt \}=QW u=wD|t ?wJ |=Q@ pta u}= Q=QmD =@ "s}vm|t pL =Q xW}W sWB
Q@ sm =L |xrO=at |UQQ@ x@ p=L "OR u}tND =Q |Rri xLiY hQ] l} |}=yv Q=W

%s} R=OQB|t |Oqwi xLiY

@2T
@x2 + @2T

@y2 = 1
�
@T
@t

T (x; y; 0) = T0
@T
@x

����
x=0

= @T
@x

����
x=L1

= 0
@T
@y

����
y=0

= � q
k

= h (Ts � T1)
�k +

"�
�
T 4
s � T 41

�
�k

@T
@y

����
y=L2

= q
k

(15)

p=kDv= Q@ xwqa 'xDiQo s=Hv= C=@U=Lt QO xm OwW|t \=@vDU= u}vJ 15 |xrO=at R=
xOW ^=Lr |RQt \}=QW QO '|Rri K]U |aWaWD CQ=QL p=kDv= '|}=Hx@=H CQ=QL

"CU=
CQ=QL p=kDv= |xrO=at R= O}=@ C}U=UL ?} Q[ |xrO=at uOQw; CUO x@ |=Q@
s}kDUt VwQ =Q pL x=Q u}= &s} Q}o@ jDWt h |va} pwyHt QDt=Q=B x@ C@Uv q=@
|xrO=at xm OwW|t xOy=Wt "Ovt=v|t |}=Hx@=H CQ=QL p=kDv= ?} Q[ u}tND
C=@U=Lt w |Q=QmD sD} Qwor= x@ R=}v w CU= |]NQ}e |Q}ojDWt u}= R= pY=L
u}= x@ "OwW|t xO=iDU= h s}kDUtQ}e u}tND R= pmWt u}= `iQ |=Q@ "OQ=O Q@u=tR
R= TB w s}yO|t Q=Qk |Rri xLiY O=R; K]U QO q |[Qi Q=W l} xm CQwY
?} Q[ Q=Okt uDw}vV}=tQU uwv=k R= xO=iDU= =@ 'Twmat sD} Qwor= =@ u; uOR u}tND

"s} Qw;|t CUO x@ =Q |}=Hx@=H CQ=QL p=kDv=

h(t) =
q(t)� "� �T 4

s � T 41
�

Ts � T1 (16)

Q=m u}= =@ "CU= utRDrw@ u=iDU= ?} Q[ w |L]U QwOY ?} Q[ ?}DQDx@ � w "
|Q}ojDWt =@ p=L "OwQ|t u}@ R=C}U=UL?} Q[ |xrO=at uOw@|]NQ}e pmWt
CUO x@ C}U=UL ?} Q[ |xrO=at 'q0 pwyHt QDt=Q=B x@ C@Uv 15 |xrO=at R=
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"|Oqwi K]U hQ] wO |DQ=QL Q=W "6 pmW

"swO V}=tR; QO xOW xOR u}tND |}=Hx@=H CQ=QL p=kDv= ?} Q[ "7 pmW

xOR u}tND |=y=tO w =ypBwmwtQD \UwD xOW |Q}oxR=Ov= |=y=tO |xU}=kt "8 pmW
"swO V}=tR; QO Twmat VwQ =@ xOW

xO=O u=Wv 6 pmW QO |Rri K]U hQ] wO x@ xOQ=w xOW xOR u}tND |=yQ=W
RtQk uwO=t |aWaWD QDtwtQD x=oDUO =@ R}v |Rri K]U QwOY ?} Q[ "CU= xOW

"CU= xOW x@U=Lt 0 85 =@ Q@=Q@ u; Q=Okt w xOW |Q}oxR=Ov=
V}=tR; QO xOW xOR u}tND O=R; K]U|}=Hx@=H CQ=QL p=kDv=?} Q[ 7 pmW
C@Uv xOW xOR u}tND |}=Hx@=H CQ=QL p=kDv= ?} Q[ Q=Okt "OyO|t u=Wv =Q swO
q=@ x@ wQ |ki= Kw]U |}=Hx@=H x@ \w@ Qt pwtQi j} Q] R= xOW x@U=Lt Q=Okt x@
'O};|t CUO x@ 5 8 Q@=Q@ h u=R}t u; R= xO=iDU= =@ xm [20]�CQ=QL p=kDv=� ?=Dm QO
Q@=Q@ Twmat sD} Qwor= R= xO=iDU= =@ xOW OQw;Q@ Q=Okt |=]N w OQ=O |@ wN Ck@=]t
QO K]U |=y=tO T=U=Q@ h \UwDt Q=Okt xm CU= QmP x@ sRq "CU= �5 17 =@

OQwt u=wD x@ uOW uWwQ R= Oa@ x}v=F OvJ QO w CU= lR=v Q=}U@ w |vwm}r}U Q_v
"CU= xOW s=Hv= umtQo uOW uWwQ R= TB xk}kO 15 |Q=OQ@xO=O &OUQ|t Q_v
VwQ CkO |x@U=Lt |=Q@ "OQm ZQi C@=F =Q umtQo |O}rwD Q=W u=wD|t u}=Q@=v@

"OwW|t x@U=Lt 18 |x]@=Q R= `@ Qt u}ov=}t swO xW} Q 'QwmPt

erms =

vuut 1
N

NX
i=1

(q̂i;estimated � qi;actual)2 (18)

|=yVwQ QO "O};|t CUO x@ �16 4 =@ Q@=Q@ erms u=R}t xDiQo s=Hv= C=@U=Lt =@
xOR u}tND QDt=Q=B Q}O=kt 'V}=tR; s=Hv= =@ pL sD} Qwor= |v=tRsy p}rOx@ |}xr=@vO
Qo}O |m} "OwW|t C} -wQ R}v Q=Owtv u}= QO xm CU= Q}eDt w |Hwt CQwYx@ xOW
xm CU= sUH p=aiQ}e K]U QO =y=tO |Q}oxR=Ov= 'V}=tR; u}= QO CqmWt R=
|va} p=ai K]U QO =y=tO Qo = xm |DQwY QO "CU= xOW =]N ẁv u}= RwQ@ ?@U
QDj}kO ?D=Qtx@ |H}=Dv x@ Twmat sD} Qwor= 'OW|t |Q}oxR=Ov= umtQo =@ T=tD QO
R= |m} \UwD xOW |Q}oxR=Ov= |=tO 4 pmW QO "OW|t QHvt QDsm u=Uwv =@ w
"Ov=xOW j@]vt sy Q@ Twmat sD} Qwor= \UwD xOW xOR u}tND |=tO =@ =ypB wmwtQD
|x}q R= |DQ=QL CiQQOy xm OW XNWt x}q x}q pL =@ swO V}=tR; QO
QO u=wD|t xm u=vJ '�5 pmW� xOw@ R}J=v Q=}U@ h=Q]= \}Lt x@ j}=a |}=yDv=
|=tQo |Q=Okt OwW|t xO}O u}vJty "OQm Q_v hQY u; R= |DL |Oa@ C=@U=Lt
u}= QO R}v Q=W |Q=Okt w OwW|t GQ=N u; h=Q]= |=yRQt R= x}q u}= x@ |OwQw
Q}O=kt "Ovm|t xQ}NP OwN QO ?wJ =Q |O=} R |=tQo Q=Okt =t= "OwW|t xQ}NP x}q

xOR u}tND |=y=tO w =ypBwmwtQD \UwD xOW |Q}oxR=Ov= |=y=tO |xU}=kt "4 pmW
"pw= V}=tR; QO Twmat VwQ =@ xOW

QO swO |xr�Ut QO j}=a |=yx}q R= xOW xOR u}tND |DQ=QL Q=W hqD= "5 pmW
"V}=tR; s=Hv= u=tR
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|@ QHD |Q}oxR=Ov= w CQ=QL p=kDv= l}Uqm V}=tR; wO |L=Q] =@ Q=DWwv u}= QO
|UQQ@ OQwt Twmat|DQ=QLC}=Oy pL sD} Qwor=CLY wCkO 'R=}v OQwt |=y=tO
QO w '|Rri K]U l} x@ xOW p=ta= |DQ=QL Q=W Q=Okt pw= V}=tR; QO "CiQo Q=Qk
|xLiY l} =@ T=tD QO O=R; |}=Hx@=H CQ=QL p=kDv= ?} Q[ Q=Okt swO V}=tR;
u}tND |=y?=wH Q@ |Q}oxR=Ov= |=yC}OwOLt xm OW xOy=Wt "OW OQw;Q@ |Rri
pwyHt |=yQDt=Q=B xOW xDiQo Q=m x@ VwQ QO =t= 'CU= Q=PoQ}F-=D COWx@ xOW xOR

"CU= xOW x@U=Lt |rw@k p@=k CkO =@
|}=Hx@=H CQ=QL p=kDv= ?} Q[ |x@U=Lt |=Q@ Q=DWwv u}= QO swO V}=tR;
R= u=wD|t xrLQt u}= QO ?U=vt G}=Dv uOQw; CUO x@ =@ w Ow@ xOW |L=Q] O=R;
|=yu=} QH Ovv=t |Q=@H= |}=Hx@=H CQ=QL p=kDv= ?} Q[ |x@U=Lt |=Q@ VwQ u}=

"OW OvtxQy@ |OQwNQ@ |=yCH =} Kw]U |wQ R= |Qw@a |=wy
^=Lrx@ xOW QmP Twmat|DQ=QLC}=Oy |=yVwQ xm OwW|t Qw;O=} 'C}=yv QO
Qo}O x@=Wt |=yVwQ R= QDxiQY x@ uwQkt w QDxv} Rysm Q=}U@ |y=oW}=tR; w =QH=

"CU=

"=]N `@vt "1 pwOH
��� T=}=@ =]N `@vt
0 10C QDtwtQD
0 01 |m} R}i X=wN w xUOvy

xOR u}tND w xOW |Q}oxR=Ov= |=tO Ck@=]t R}v 8 pmW QO "CU= xOW xDiQo Q_v
"OwW|t xOy=Wt Kw[wx@ |Rri |xLiY QO xOW

|iO=YD w C@=F ẁv wO x@ u=wD|t =Q OwHwt |=y=]N V}=tR; Qy s=Hv= QO
|iO=YD |=y=]N |rw xOw@ XNWt Q=Okt l} C@=F |=y=]N xm OQm |Ov@s}UkD
u=wD|t?U=vt |Ov@xHQO |=yVwQ R= xO=iDU= =@ "OQ=O Q}eDt |Q=OktV}=tR; Qy QO
p=mW=V}=tR; G}=Dv QO u=vJty |iO=YD |=y=]N |rw OQm hPL =QC@=F |=y=]N
�pB wmwtQD� |Q}oxR=Ov= p}=Uw hQ] R= C}a]k sOa w =y=]N u}= "OvQw;|t OwHw x@
QO xm CU= |Q=OQ@xO=O |=y=]N u}vJty w C=a]k CN=U w xUOvy |=]N w
xm OyO|t u=Wv V}=tR; wO R= xOt; CUO x@ G}=Dv "CU= xOW CUQyi 1 pwOH
OQ=O |@ QHD |=yV}=tR; =@ |@U=vt Ck@=]t Twmat |DQ=QL C}=Oy |OOa VwQ

"CU= Q=OQwNQ@ |}q=@ CkO R= w

CWwv=B
1. Sequential function sequential method
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