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u}@ R= p}iwQB n uOW QiY =@ =Q} R OwW QiY O}=@v 3 |xrO=at QO n QDt=Q=B "3

"OwW|t p}mWD |]N Qo =Q}t l} w OwQ|t
|xR=Ov= xv}W}@ R= QDW}@ O}=@ptLDp@=k|}=Hx@=H|xR=Ov= xv}W}@ 3|xrO=atj@] "4
MAX(u) = n�� d2 �s R= QDW}@ O}=@v 3|xrO=at x@ xHwD =@ R}v w 'OwWC=W=aDQ=
Qo =Q}t w Ovm|t OQwNQ@ xvRwQ h=Q]= =@ p}iwQB Q=Okt u}= R= V}@ xm =QJ 'OW=@

"OwW =Hx@=H Ov=wD|tv

xDU@=w |]NQ}e Qo =Q}t � Qvi � sQH sDU}U Q@ sm =L CqO=at "3"2
CaQU w u=mt x@

x@ xDU@=w |]NQ}e Qo =Q}t � Qvi � sQH sDU}U l} sm =L |xrO=at |rm pmW
|wQ}v p=ta= uwO@ �5 |xrO=at Fx QDt=Q=B QO CaQU Q}F-=D p}rOx@� CaQU w u=mt

%CU= u}vJ �O=R; C=W=aDQ=� ?w=vDt |HQ=N
�u+ c

m
� _u+ !2

nu+ sgn( _u) � Fx
m

= 0 (12)

%R= Ow@ Oy=wN CQ=@a �|Q=@H= C=W=aDQ=� ?w=vDt |HQ=N |wQ}v p=ta= =@ w
�u+ c

m
_u+ !2

nu+ sgn( _u) � Fx
m

= F � cos(
t)
m

(13)

|wQ}v F '|HQ=N |wQ}v ?w=vD 
 'sDU}U |a}@] Tv=mQi !n =
q

k
m u; QO xm

7 pmW QO xOW xO=O u=Wv CQ=Jwri "CU= Ctqa u}}aD `@=D sgn w l} QLD
'C}=yv QO "CU= sDU}U Q@ sm =L |]NQ}e |xrO=at uOt; CUO x@ |xwLv Qou=}@
xO=iDU= =@ Q=yJ x@DQt =Dwm � nv=Q |OOa VwQ R= xO=iDU= =@ 'u(t) 'sDU}U MU=B

"OwW|t x@U=Lt xOW xO=O |x}rw= \}=QW =@ ode45 QwDUO w ?rDt Q=Ri=sQv R=
%OwW|t x@U=Lt Q} R\@=wQ T=U=Q@ x}=B x@ xDi=} p=kDv= |wQ}v pm w |}=Q}t |wQ}v
FDamping = c � du(t)

dt
+ sgn( _u) � Fx (14)

FTransmitted = c _u+ k u+ Fx (15)

w u=mt x@ xDU@=w |]NQ}e Qo =Q}t � Qvi � sQH sDU}U O}OWD C=W=aDQ= Cr=L QO
%OwW|t xDiQo Q_v QO u}vJ l} QLD Tv=mQi 'CaQU


 = !n =
r
k
m

(16)

|R=Ux}@W "3
MU=B Q@ �� """w |wQv=Qo 'xvRwQ Q]k 'Qvi |DNU 'sQH Q}_v �� sDU}U C=YNWt
CQ=@a xOW xDiQo Q_v QO Q}O=kt 'Q_v OQwt |UQQ@ QO "OQ=Po|t Q}F-=D sDU}U |xvt=O

%R= CU=
l = 1 cm; k = 1000 N:m(�1); m = 20 Kg;

d = 4 cm; D = 20 cm; � = 0 0493 Pa:s;

u0 = 0 m; _u0 = 0 9 m:s(�1); � = 900 kg:m�3;

"p=}U |HwQN =} |OwQw K]U u} QDmJwm "6 pmW

"OwW|t x@U=Lt 3 |x]@=Q R= rpA2 w rpA1 C=YDNt u; QO xm
Xk=v \wQNt K]U l} u=wD|t 'p=}U GwQN w OwQw K]U |x@U=Lt |=Q@
%OwW|t x@U=Lt |DL=Qx@ u; CL=Ut 11 |x]@=Q R= xm �6 pmW� CiQo Q_v QO
SA1 = �((rp +A1:HA1 � sin(�A1)� rp(HA1 �A1: cos(�A1)))

(hr=11)

SA2 = �((rp +A2:HA2 � sin(�A2)� rp(HA2 �A2: cos(�A2)))
(?11)

%u; QO xm
HA1 = (2:A1: sin(�A1)

d
+ 1):A1: cos(�A1) nQR@ \wQNt `=iDQ=

�A1 = tan�1(
d
2 � rpA1
u� upA1

) ji= =@ A1 |x} w=R
HA2 = (2:A2: sin(�A2)

d
+ 1):A2: cos(�A2) nQR@ \wQNt `=iDQ=

�A2 = tan�1(
d
2 � rpA2
u� upA2

) ji= =@ A2 x} w=R
u=} QH w uwDU}B CmQL CyH x@ xHwD =@ 11 |x]@=Q QO SA2 w SA1 u}vJty
\}=QW w Ow}k 'xt=O= QO "OvDUy |HwQN =} |OwQw K]U 'xvRwQ R= |Qw@a p=}U

"OwW|t |UQQ@ CaQU w u=mt x@ xDU@=w |]NQ}e Qo =Q}t |RQt

CaQU w u=mt x@ xDU@=w |]NQ}e Qo =Q}t |Q=DN=U Ow}k "2"2
Q=OQwNQ@ |}q=@ C}ty= R= CaQU w u=mt x@ xDU@=w |]NQ}e Qo =Q}t Ow}k CN=vW
CaQU w u=mt x@ xDU@=w |]NQ}e Qo =Q}t x@ RyHt sDU}U V=aDQ= |xvt=O =Q} RCU=
xH=wt pmWt =@ w OW=@ R=Ht Q=Okt R= V}@ CU= umtt Ow}k uDiQo Q_v QO uwO@

"OwW
CQ=@ax@ &OW=@ QDW}@ uwDU}B |xvRwQ `=aW R= O}=@v |RmQt p}iwQB `=aW xv}W}@ "1

"r(u; n; s) < d
2 Qo}O

%=Q} R OW=@ GwR OOa Twmat O}=@ 3 |xrO=at QO s QDt=Q=B "2
C@=F |}=Hx@=H pw] QO Qo =Q}t p}iwQB ?}W x=ov; 'OW=@ s = 1 Qo = �hr=

&Ow@ Oy=wN
'|}=Hx@=H |xR=Ov= Q=OktV}=Ri= =@ 3 |xrO=at j@] x=ov; 'OW=@ s > 1 Qo = �?

&O@=}|t Vy=m Qo =Q}t p}iwQB Q]k

76



1|
xQ=t

W'
33

�3
|xQ

wO'
�13

96
Q=y@

�h
}QW

l}
v=mt

|U
Ovyt

uwO@ Cr=L wO QO |]NQ}e Qo =Q}t O=R; C=W=aDQ= MU=B |xU}=kt Q=Owtv "8 pmW
|]N Qo =Q}t w �|@; \N� Fx uDiQo Q_v QO =@ w �RtQk \N� Fx uDiQo Q_v QO

"�x=}U \N�

Cr=L wO QO |]NQ}e Qo =Q}t O=R; C=W=aDQ= |}=Q}t |wQ}v xU}=kt Q=Owtv "9 pmW
Qo =Q}t w �|@; \N� Fx uDiQo Q_v QO =@ w �RtQk \N� Fx uDiQo Q_v QO uwO@

"�x=}U \N� |]N

O=R; C=W=aDQ= "1"3
|=yMU=B w xOQm u=Uwv 0 9 m/s |x}rw= CaQU CLD Qo =Q}t 'C=W=aDQ= u}= QO
u} QDW}@ 'OwW|t xOy=Wt xm u=vJ "CU= xOW xO=O u=Wv 8 pmW QO sDU}U
QO =@ w 116 4 mm =@ Q@=Q@ Fx uDiQo Q_v QO uwO@ Qo =Q}t u}= QO u=Uwv |xvt=O
Qo =Q}t QO |v=Uwv |xvt=O u} QDW}@ w CU= 87 18 mm =@ Q@=Q@ Fx uDiQo Q_v
x@ C@Uv Fx uDiQo Q_v QO =@ Qo =Q}t |v=Uwv MU=B "CU= 122 mm =@ Q@=Q@ |]N
Qy |W=aDQ= MU=B xv}W}@ w OQ=O |O=} R Cw=iD OwW|tv xDiQo Q_v QO Fx xm |Dr=L
hqDN= Cra "CU= 141 4 mm |va} Qo =Q}t ptLD p@=k Q=Okt R= QDsm Cr=L wO

"CU= 5 |xrO=atQO Fx OwHw 'O=R; C=W=aDQ= QO R=i
xOy=Wt xm u=vJ "CU= xOW xO=O u=Wv u=tR pw] QO |}=Q}t |wQ}v 9 pmW QO
xm 'Fx |wQ}v OwHw Crax@ Fx uDiQo Q_v QO =@ xOW O}rwD |}=Q}t |wQ}v OwW|t
Q=}U@ 'CU= p=}U GwQN w OwQw CaQU Q}}eD R= |W=v |}=Q}t |wQ}v |xOvyOu=Wv
uwO@ Cr=L xU QO xOW pkDvt |wQ}v 10 pmW QO "CU= Qo}O u=Uwv wO R= QDW}@
xO=O u=Wv |]N Qo =Q}t w '|]NQ}e Qo =Q}t Fx uDiQo Q_v QO =@ 'Fx uDiQo Q_v QO
QO "O};|t CUO x@ Qvi |O}rwD |wQ}v Q=Okt =@ 9 pmW Q=Owtv `tH R= xm 'xOW
OwHw p}rOx@ u; j@=]t xm CU= xOW xO=O u=Wv u=tR � CaQU Q=Owtv 11 pmW
"CU= QDsm |DaQU |=Q=O Qo =Q}t 'Fx uDiQo Q_v QO =@ Cr=L QO QDW}@ l =m]Y=

� Qvi � sQH sDU}U Q@ sm =L |]N Q}e xrO=at uOt; CUO x@ xwLv CQ=Jwri "7 pmW
"CaQU w u=mt x@ xDU@=w |]NQ}e Qo =Q}t


 = 5 %R= Ow@ Oy=wN CQ=@a ?}DQDx@ !n w 
 |=yQDt=Q=B 'Q}O=kt u}= R= xO=iDU= =@
"!n =

p50 = 7 071 rad � s�1 w
C=W=aDQ= |=Q@ w 
 = 35 rad � s�1 w F = 100 N |Q=@H= C=W=aDQ= |=Q@
Q=Okt "
 = !n = 50 rad � s�1 w ~ = 0 0123 'F = 50 N O}OWD
xDiQo Q_v QO 0 5 w 1 =@ Q@=Q@ [4w3]u}W}B C=ar=]t QO s w n |rmW |=yQDt=Q=B
Q@=Q@ sDU}U |v=Uwv |xvt=O xv}W}@ '3 VN@ QO xOW u=}@ O}k j@] xm CU= xOW

"CU}v u=Uwv x@ QO=k Q=Okt u}= R= QDW}@ Qo =Q}t xm CU= 141 4 mm =@
|xar=]t QO xOt; CUO x@ pwtQi 'Cr=L xU QO |]NQ}e Qo =Q}t OQmrta
'�Fx uDiQo Q_v QO uwO@� Ow@ u=mt x@ xDU@=w =yvD u; |}=Q}t ?} Q[ xm [4w3]u}W}B
Q_v QO =@� CU= CaQU w u=mt R= |a@=D u; |}=Q}t ?} Q[ xm 13 w 12 |x]@=Q
Qo}Om} =@ O}OWD w |Q=@H= 'O=R; C=W=aDQ= ẁv xU QO |]N Qo =Q}t w '�Fx uDiQo

"CU= xOW xU}=kt
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|]N Qo =Q}t w Fx uDiQo Q_v QO uwO@ 'Fx uDiQo Q_v QO =@ Cr=L xU C=W=aDQ=
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|Q=}U@ Cw=iD ẁQW QO Fx uDiQo Q_v QO =@ sDU}U C=W=aDQ= "|Q=@H= |v=Uwv
,=@} QkD sDU}U C=W=aDQ= x}v=F 16 OwOL CWPo R= TB |rw OQ=O Qo}O Cq=L =@
p@=k C=v=Uwv xv}W}@ xm CW=O xHwD xDmv u}= x@ O}=@ "OwW|t Cq=L Qo}O x@=Wt
x@ Q}O=kt xm CU= 141 4 mm =@ Q@=Q@ |]NQ}e Qo =Q}t x@ RyHt sDU}U ptLD
u=tR � |}=Q}t |wQ}v 14 pmW QO "CU= Q=Okt u}= R= QDsm jwi |xOt; CUO
xDiQo Q_v QO Fx xm |t=ovy xOW O}rwD |}=Q}t |wQ}v "CU= xOW xO=O u=Wv
Qo =Q}t ẁv u}= |QDQ@ |xv=Wv u}= w CU= Qo}O Cr=L wO R= QDW}@ Q=}U@ xOW
Fx uDiQov Q_v QO w Fx uDiQo Q_vQO Cq=L QO Q=Okt wO Cw=iD Cra "CU=

|]NQ}e Qo =Q}t O=} R |wQ}v CLD |Q=@H= C=W=aDQ= MU=B xU}=kt Q=Owtv "13 pmW
�|@; \N� Fx uDiQo Q_v QO =@ w �RtQk \N� Fx uDiQo Q_v QO uwO@ Cr=L wO QO

"�x=}U \N� |]N Qo =Q}t w

Qo =Q}t O=} R |wQ}v CLD |Q=@H= C=W=aDQ= |}=Q}t |wQ}v xU}=kt Q=Owtv "14 pmW
Fx uDiQo Q_v QO =@ w �RtQk \N� Fx uDiQo Q_v QO uwO@ Cr=L wO QO |]NQ}e

"�x=}U \N� |]N Qo =Q}t w �|@; \N�

u=Wv x}v=F 20 u=tR COt QO |}=Hx@=H ?ULQ@ |}=Q}t |wQ}v 12 pmW QO
wO x@ C@Uv |QDsm xR=@ |=Q=O Fx uDiQo Q_v QO =@ u=Uwv u; QO xm CU= xOW xO=O
Cr=L wO R= QDW}@ Q=}U@ =yxWwo QO xOW O}rwD |wQ}v u}vJty &CU= Qo}O Cr=L
|]NQ}e Qo =Q}t u}= Cr=L u} QD|ak=w w |QDQ@ xOvyOu=Wv Q=Owtv u}= w CU= Qo}O

"CU=

wO QO |]NQ}e Qo =Q}t O=R; C=W=aDQ= xOW pkDvt |wQ}v xU}=kt Q=Owtv "10 pmW
w �|@; \N� Fx uDiQo Q_v QO =@ w �RtQk \N� Fx uDiQo Q_v QO uwO@ Cr=L

"�x=}U \N� |]N Qo =Q}t

uwO@ Cr=L wO QO |]NQ}e Qo =Q}t O=R; C=W=aDQ= CaQU xU}=kt Q=Owtv "11 pmW
|]N Qo =Q}t w �|@; \N� Fx uDiQo Q_v QO =@ w �RtQk \N� Fx uDiQo Q_v QO

"�x=}U \N�

Qo =Q}t O=R; C=W=aDQ= |}=Hx@=H ?ULQ@ |}=Q}t |wQ}v xU}=kt Q=Owtv "12 pmW
Fx uDiQo Q_v QO =@ w �RtQk \N� Fx uDiQo Q_v QO uwO@ Cr=L wO QO |]NQ}e

"�x=}U \N� |]N Qo =Q}t w �|@; \N�
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=@ w �RtQk \N� Fx uDiQo Q_v QO uwO@ Cr=L wO QO |]NQ}e Qo =Q}t O=} R |wQ}v

"�x=}U \N� |]N Qo =Q}t w �|@; \N� Fx uDiQo Q_v QO
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"�x=}U \N�

'|a}@] C=W=aDQ= =@ |Q=@H= C=W=aDQ= |Q@=Q@ p}rOx@ Cr=L u}= QO "OwW|t xDiQo
C}ty= R= Cr=L u}= QO sDU}U |=yMU=B |UQQ@ xm OwW|t O}OWD Q=JO sDU}U
Tv=mQi j}kO |Q@=Q@Cr=L QO O}OWD V=aDQ= 'Q=DWwv u}= QO "CU= Q=OQwNQ@ |Q=}U@
|=ysDU}U QO CU= |vDio "CU= xDiQo Q=Qk xar=]t OQwt |a}@] Tv=mQi =@ |Q=m
Tv=mQi =@ l} QLD Tv=mQi j}kO |Q@=Q@ QO ,=DQwQ[ MU=B |xvt=O xv}W}@ '|]NQ}e
u=wvax@ �d pFt |QDt=Q=B uDiQo Q_v QO =@ u=wD|t =Q ẁ[wt u}= "CU}v |a}@]

 = !n + �d CQwYx@ sDU}U |a}@] Tv=mQi R= l} QLD Tv=mQi h=QLv= u=R}t

[34]"OQm |UQQ@
QO =@ |]NQ}e Qo =Q}t Cr=L xU QO sDU}U C=v=Uwv |xOvyO u=Wv 18 pmW
xR=Ov= u} QDW}@ xm CU= |]N Qo =Q}t w 'Fx uDiQo Q_v QO uwO@ 'Fx uDiQo Q_v
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Fx uDiQo Q_v QO uwO@ Cr=L QO xm CU= 141 4 mm =@ Q@=Q@ |]NQ}e Qo =Q}t
Q_v QO Cr=L QO |rw OQ=Ov =Q |}=H=H u}= |}=v=wD |]NQ}e Qo =Q}t x@ RyHt sDU}U

"CU= V=aDQ= ẁv u}= pt=m u=Uwv x@ QO=k Qo =Q}t u}= Fx uDiQo
O}OWD V=aDQ= QO Cr=L xU Qy |}=Q}t |wQ}v u}@ |xU}=kt 19 pmW QO
Qo =Q}t x@ RyHt sDU}U QO |}=Q}t |wQ}v Q=Okt 'T=U= u}= Q@ "CU= xOW xO=O u=Wv

O=} R |wQ}v CLD |Q=@H= C=W=aDQ= xOW pkDvt |wQ}v xU}=kt Q=Owtv "15 pmW
uDiQo Q_v QO =@ w �RtQk \N� Fx uDiQo Q_v QO uwO@ Cr=L wO QO |]NQ}e Qo =Q}t

"�x=}U \N� |]N Qo =Q}t w �|@; \N� Fx

|]NQ}e Qo =Q}t O=} R |wQ}vCLD |Q=@H= C=W=aDQ=CaQU xU}=kt Q=Owtv "16 pmW
�|@; \N� Fx uDiQo Q_v QO =@ w �RtQk \N� Fx uDiQo Q_v QO uwO@ Cr=L wO QO

"�x=}U \N� |]N Qo =Q}t w

|}=Q}t |wQ}v O}rwD QO u; Q=}U@ Q}F-=D w p=}U GwQN w OwQw CaQU O=} R Cw=iD
"CU=

,=Da}@] xm OwW|t xOy=Wt Qo =Q}t |x}=B x@ xOW pkDvt |wQ}v 15 pmW QO
xOt; CUO x@ |QDW}@ Q=Okt Fx uDiQo Q_v QO =@ Cr=L QO x}=B x@ xOW pkDvt |wQ}v
"OwW|t Qo}Om} x@=Wt x}v=F 16 OwOL QO u=tR CWPo R= TB wQ}v Q=Okt "CU=

QO xm CU= xOW xO=O u=Wv u=tR ?ULQ@ Cr=L xU CaQU 16 pmW QO
CaQU Q=Okt =@ xOW OQ=w |v=Uwv |wQ}v |v=tRsy p}rOx@ Fx uDiQo Q_v QO Cr=L
2 R= QDsm QO |rw CU= |QDW}@ Q=Okt Fx uDiQo Q_v QO Cr=L CaQU =OD@= 'x}rw=
Cr=L xU Qy CaQU Q=Okt x}v=F 16 R= TB w OwW|t Qo}O Cr=L wO R= QDsm x}v=F

"OwW|t Q@=Q@
x}v=F 20 u=tR COt QO |}=Hx@=H ?ULQ@ |}=Q}t |wQ}v Q=Okt 17 pmW QO
Fx uDiQo Q_v QO =@ |]NQ}e Qo =Q}t |xOW O}rwD |wQ}v "CU= xOW xO=O u=Wv
O=} R Q=Okt u}ty w CU= |O=} R Q=}U@ Q=Okt =yxQ=vm QO Qo}O Cq=L =@ xU}=kt QO

"CU= xOW QDsm |v=Uwv |xvt=O ?Hwt |}=Q}t |wQ}v

O}OWD C=W=aDQ= "3"3
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k
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