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R=i |@=} R=@ sD} Qwor= w |}x]kvwO |oDU@ty

�|QDmO |wHWv=O� �|O=@;uUL |ra
�Q=}O=DU=� |OU=|v@ O}Ht

�O=DU=� =}v|Q@= uQ�
u=QyD x=oWv=O 'l}v�t |UOvyt xOmWv=O

R= |Oa@ wO `]=kt C=aq]= T=U= Q@ 'X=wN G=QNDU= w Q=DN=UR} Q |R=U|Oa@xU
OvtDQOk w O}OH |WwQ VywSB u}= QO "CU= Q=DN=UR} Q |L=Q] QO xHwD OQwt C=aw[wt
"OwW|t x�=Q= '|Oa@ wO `]ktlD l} R= xO=iDU= =@ =yvD 'Q=DN=UR} Q |Oa@xU |R=UR=@ |=Q@
=v@t `]kt |=Q@ |oDU@ty `@=wD =OD@= QO "CU= |oDU@ty `@=wD T=U= Q@ VwQ |Q=Pox}=B
sD} Qwor= ltmx@ TBU "OwW|t xOR u}tND 'Oa@ xU |=Q@ `@=wD u}= xt=O= QO w x@U=Lt
|R=UR=@ |Oa@xU Q=DN=UR} Q 'xOW xOR u}tND |oDU@ty `@=wD T=U= Q@ 'R=i |@=} R=@

`]=kt x@=Wt� OQov=Uty |[Qa Qw]x@ OQov=UtyQ}e |=yQ=DN=U |=Q@ VwQ u}= "OwW|t
|DQ=QL C}=Oy ?} Q[ '|Oa@xU |R=UR=@ R= TB "OQ=O xO=iDU= C}r@=k R}v �xOW OwQDUm =
Q}O=kt =@ w x@U=Lt xOvyOp}mWD |=yR=i |DQ=QL C}=Oy ?}=Q[ T=U= Q@ 'Q=DN=UR} Q QF-wt

"OwW|t xU}=kt Oy=W |xvwtv x@ \w@ Qt
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|@=} R=@ sD} Qwor= '|}x]kv wO |oDU@ty `@=wD '|Oa@ xU |R=UR=@ %|O}rm u=oS=w
"|R=i wO uoty=v O=wt 'R=i

xtOkt "1
CU=CQ=@a xm CU= |}x]kv l} `@=D '|oDU@ty `@=wD |x@DQt u} QDu}}=B
u=ty p=tDL= u}= "XNWt R=i l} x@ |iO=YD |x]kv l} jraD p=tDL= R=
|UOvy u=tO}J x@ \w@ Qt C=aq]= u; QO w CU= ZwQit R=i |tHL OYQO
|}x]kv wO CQwYx@ xm |oDU@ty `@=wD QDq=@ |x@DQt "OQ=Ov OwHw Q=DN=UR} Q
"ZwQit |=yR=i x@ '|iO=YD Q=OQ@ l} QU wO jraD p=tDL= R= CU=CQ=@a 'OW=@|t
QDq=@ Q=DN=UR} Q h}YwD CkO 'xOWxDiQo Q_v QO \=kv w ?D=Qt O=OaD uDiQq=@ =@
R= |OQi x@ QYLvt h}YwD 'C}=yv|@ x@ \=kv O=OaD p}t =@ C}=yv QO w OwQ|t
xOQm =aO= [15]Owwrwi '4xS} w |=yQ=DN=UR} Q |=Q@ [14w13'9]"OwW|t x�=Q= Q=DN=UR} Q
x�=Q= Q=DN=UR} Q R= |OQix@ QYLvt h}YwD '|}x]kv wO `@=wD R= xO=iDU= xm CU=
?amt =}� x]kv Qy xm Ov=|}=yQ=DN=UR} Q 'xS} w |=yQ=DN=UR} Q R= Qw_vt "Ovm|t

"OW=@ R=i l} x@ jraDt \ki �xDUUo Cr=L QO ZwQit
|UOvyt |awv x@ '|Oa@ wO `]=kt T=U= Q@ Q=DN=UR} Q |Oa@ xU |R=UR=@
VwQ R= xO=iDU= =@ [16]Q}}r@}}m "CU= OwOLt C=aq]= T=U= Q@ Q=DN=UR} Q Twmat
|Oa@ xU Q=DN=U X=wN '|Oa@ wO `]=kt T=U= Q@ CUv=wD |Uw=o |iO=YD u=O}t
R= xO=iDU= =@ R}v [18]|v} Rvr w [17]QrO; Q}_v |O=Qi= TBU "Ovm |UQQ@ =Q pNrNDt
|R=UR=@ x@ |]NQ}e w |]N |=yQDr}i R= xO=iDU= w |Uw=o |iO=YD u=O}t VwQ

"OvDN=OQB OwOLt C=aq]= T=U= Q@ Q=DN=UR} Q

`=wv= OQ=O OwHw |awvDt |=yl}vmD Q=DN=UR} Q R= |Oa@ wO |Q=OQ@ Tma |=Q@
s}kDUt Qw]x@ |Oa@xU Q=DN=UR} Q |x}yD =t= OQ=O OwHw |Q=OQ@Tma |=yl}vmD
ltmx@ |Oa@xU umU= =} Tm}= |xaW= ltmx@ |i=QowtwD Q}_v |}=yVwQ ltmx@
Q=DN=UR} Q OwHw xm =Hv; R= [2w1]"CU}v xiQYx@ w CU= Q}oCkw w xv} RyQB 'QR}r
xm |WwQ x@ R=}vCU= uoty=v Q=DN=UR} Q X=wN `=wv= p}rLD QO s=o u}rw= '|Oa@xU
"CU= Q}PB=v?=vDH= 'OQm|R=UR=@ =Q|Oa@xUQ=DN=UR} Q '|Oa@ wO `]=ktT=U= Q@ u=wD@
u;h}YwD w u=}@ |=Q@?U=vt |WwQ ?=NDv= 'Q=DN=UR} Q |R=UR=@ QO s=o u}rw=
Ov=CQ=@a Ov=|Q=t; CQwYx@ ,=DOta xm Q=DN=UR} Q h}YwD pw=ODt |=yVwQ "CU=
w 3|]N Q}Ut VwQ '2|}xWwN h}YwD `@=wD '|}x]kvOvJ 1|oDU@ty `@=wD %R=
C}r@=k p}rOx@ "CU= xOQm |UQQ@ =yv; pYit Qw]x@ [3]wD=mQD xm Qo}O |=yVwQ
VwQ =@ u; |Q=oR=U u}vJty w x} Qwi |QU ltmx@ |oDU@ty `@=wD |x@U=Lt
|}x]kvOvJ |oDU@ty `@=wD 'VywSB u}= QO xO=iDU= OQwt VwQ [4]'R=i |@=} R=@
Qw_vtx@ =Q |}x]kvOvJ `@=wD u=QoWywSB "CU= |}x]kv wO X=N Qw]x@ w |rm Qw]x@

[12�5]"Ov=xDiQo Q=mx@ Q=DN=U X=wN `=wv= |UQQ@

pw�Ut xOvU} wv �
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|R=

UR=@Cij:::nN

�
xi1; xj2; :::; x

n
N

�
=
D
�i (x1) ; �j (x2) ; :::; �n (xN )

E
;

i; j; :::; n 2 Set of Phases (2)

CQwYx@ |}x]kv wO `@=D 'h} QaD u}= =@ "CU= |Q}ou}ov=}t |vatx@ h:::i Ctqa
%OwW|t h} QaD Q} R

CijN
�
xi1; xj2

�
=
D
�i (x1) ; �j (x2)

E
;

i; j; :::; n 2 Set of Phases (3)

|O=} R O=OaD O}=@ 'p=tDL= Q=Okt |x@U=Lt |=Q@ xm CU= |vat u}= x@ h} QaD u}=
|=yR=i |=Q@ Ov=xOW XNWt xj2 w xi1 =@ =yv; |=yDv= w =OD@= \=kv xm |iO=YD Q=OQ@

"OwW swrat Cij2 �xi1; xj2� Q=Okt =D OvwW x@U=Lt 3 |xrO=at j@] j w i
syt \=kv jr]t C}akwt 'OvDUy uoty |Q=t; Qw]x@ xm |}=yQ=DN=UR} Q QO

"OQ=O C}ty= 'OwW|t u=}@ r Q=OQ@ CQwYx@ xm =yv; |@Uv |xrY=i w CU}v
|R=i xJ QO ZwQit Q=OQ@ QU wO xmv}= x@ xDU@ '|R=i wO Q=DN=UR} Q l} |=Q@
QwYD p@=k C222 w C212 'C122 'C112 CQwYx@ '|oDU@ty `@=D ẁv Q=yJ 'OvQ}o@ Q=Qk

[26]%CU= sm =L =yv; u}@ Q} R \@=wQ w OvDU}v pkDUt sy R= `@=wD u}= "CU=
nX
i=1

nX
j=1

Cij2 (r) = 1; r = xj2 � xi1; (4)

nX
j=1

Cij2 (r) = vi; (5)

Cij2 (~r) = Cji2 (�~r) : (6)

=yvD |R=iwO Q=DN=UR} Q l} u=}@ |=Q@ 'u}=Q@=v@ "CU= i R=i |tHL OYQO 'vi xm
Ovy=wN swrat u; |wQ R= '`@=wD |x}k@ w CU= |i=m |oDU@ty `@=D l} uOw@swrat

"OW
%CU= Q} R CQwYx@ `@=wD u}= |=Q@ OwHwt |RQt \}=QW u}vJty

lim
xj2!xi1

Cij2
�
xi1; xj2

�
=

8<:vi if i = j

0 if i 6= j
; (7)

lim
(xj2�xi1)!1

Cij2
�
xi1; xj2

�
=

8<:v2
i if i = j

vivj if i 6= j
: (8)

|=yDv= w =OD@= |x]kv wO uOW|m} =@ xm CU= CQwY u}= x@ 7 |xrO=at Q}@aD
xm|DQwY QO R}v p=tDL= Q=Okt w OwW|t p}O@D |}x]kvlD x@ |}x]kv wO `@=D 'Q=OQ@
QiY CQwY u}= Q}e QO w |tHL OYQO =@ Q@=Q@ OvW=@ R=i l} R= x]kv wO
nQR@ Q=}U@ Q=OQ@ xm|Dr=L QO xm CU= |vat u}= x@ R}v 8 |xrO=at "Ow@ Oy=wN
w OQm Ovy=wN pta sy R= pkDUt CQwYx@ u; |=yDv= w =OD@= |x]kv wO 'OwW
Oy=wN |}x]kv lD Q_=vDt Q}O=kt ?Q[ pY=L =@ Q@=Q@ |}x]kv wO p=tDL= Q=Okt

"Ow@

x} Qwi p}O@D ltmx@ |}x]kv wO `@=wD |x@U=Lt "2"2
O=OaD CU= |i=m 'ZwQit Q=OQ@ l} |=Q@ '|}x]kv wO `@=wD |x@U=Lt Qw_vtx@
CN=Ov= Q_v OQwt Q=DN=UR} Q `]kt K]U |wQ |iO=YD Qw] x@ =Q Q=OQ@ u; R= |O=} R
QO =yv; |=yDv= w =OD@= xm |}=yQ=OQ@ O=OaD s}UkD R= =Q p=tDL= `@=D Q=Okt TBU w

|R=Uxv}y@ |=yVwQ R= xO=iDU= =@ [20]wD=mQD w +p*m R}v w [19]wD=mQD w nvw}
|oDU@ty `@=wD R= XNWt |}=yxawtHt T=U= Q@ =Q |Oa@xU Q=DN=UR} Q OvDUv=wD
|Oa@ wO `]kt T=U= Q@ |oDU@ty `@=wD G=QNDU= =@ =yv; "Ovvm |R=UR=@ |Oa@ wO
CNB R=@ |R=Uxv}y@ VwQ R= xO=iDU= w |Oa@xU Cr=L |=Q@ u; uDiQou=Um} w
V*wQ R= R}v [21]RQ}B w lvJw@ "OvyO s=Hv= =Q |R=UR=@ u}= OvDUv=wD 5xOW|R=Ux}@W
lQDWt |=yRQt x@ \w@ Qt |i=[= O}k |O=OaD x=Qty x@ xOW|R=Ux}@W nv}r}v;
|=v@t Q@ =Q |Qo}O VwQ [22]T=Q=@=R w u=w=k=Q=Ov=U OvOQm xO=iDU= QDy@ |R=UR=@ |=Q@
VwQ u}= QO "OvOQm x�=Q= |}x]kvxU w |}x]kvwO `@=wD R= xO=iDU= w Q} wYD VR=OQB
TBU w sy=Qi 'xv=N@=Dm l} CQwYx@ |Oa@xU |=yQ=DN=UR} Q R= |O=} R O=OaD =OD@=
G=QNDU= s=Om Qy |rY= |=RH= 6 SVM x@ swUwt xOvvm|Ov@xk@] l} \UwD
w |}x]kvwO `@=wD xm OwW|t |UQQ@ 'O}OH `]kt K]U l} OwQw =@ TBU "OwW|t
|R=UR=@ |Oa@xU Q=DN=UR} Q =v@t u}= Q@ w CU= l}ORv =RH= s=Om x@ u; |}x]kvxU

"OwW|t
|R=UR=@ |=Q@ =Q |WwQ wrQ=mCvwt VwQ T=U= Q@ [23]u=Q=mty w |OU=|v@ ,=Q}N=
AwmUwQm}t R= xOt; CUOx@ `]=kt T=U= Q@ |R=iOvJ uoty=v O=wt |Oa@xU
|=ysD} Qwor= ltmx@ =OD@= VwQ u}= QO "Ov=xOQm x�=Q= |DNwU p}B Ov; |=Q@ |vwQDmr=
Q=DN=UR} Q w =v@t |oDU@ty `@=wD |xU}=kt =@ TBU w O=H}= Q=DN=UR} Q '=yxv=O OWQ
|Q}os}tYD u; hkwD =} sD} Qwor= |xt=O= |xQ=@ QO w x@U=Lt =]N u=R}t 'xOWxDN=U

"OwW|t
ltmx@ =yvD Q=DN=UR} Q |Oa@xU |R=UR=@ [24]'Q=m |xt=O= QO 'VywSB u}= QO
|R=UR=@ u=mt= 'VwQ C}r@=k x@ xHwD =@ "OwW|t |UQQ@ w EL@ '`]kt l}
`]kt l} ltmx@ |DL '7OQov=Uty |[Qa Qw]x@ OQov=Uty=v |=yQ=DN=UR} Q
`@=wD =OD@= QO "CU= |rY= |xrLQt wO pt=W Q=DN=UR} Q |R=UR=@ "OQ=O OwHw R}v
|=Q@ |WwQ TBU w x@U=Lt '=v@t `]kt K]U T=U= Q@ |Oa@ wO |oDU@ty
|xrLQt "OwW|t xO=O xaUwD |Oa@xU |=[i pm |=Q@ |oDU@ty `@=wD ?} QkD
QO xm VwQ u}= "CU= R=i |@=} R=@ VwQ ltmx@ Q=DN=U R} Q |R=UR=@ 'swO
|R=UR=@ Qw_vtx@ [15]'Owwrwi xm [25]CU= xOW x�=Q= p=vo}U VR=OQB |=Q@ pY=
xO=iDU= '|R=UR=@ Q=R@= u=wvax@ R}v VywSB u}= QO w CU= xOQ@ Q=mx@ Q=DN=UR} Q
OwHw R}v QF-wt X=wN |x@U=Lt C}r@=k |R=UR=@ R= TB 'u}= Q@xwqa "OwW|t
Oy=wN CQwY G}=Dv |xU}=kt w x@U=Lt QF-wt |DQ=QL C}=Oy ?} Q[ |=Q@ xm OQ=O

"CiQo

Q=DN=UR} Q |[=} Q h}YwD "2
|}x]kvOvJ `@=wD "1"2

s=tD C}a[w u}}aD TBU w u; |R=UxDUUo 'Q=DN=UR} Q h}YwD |=Q@ s=o u}rw=
%CU= Q} R |xYNWt |xrO=at ltmx@ \=kv

�i(x) =

8<:1 x in phase i

0 otherwise
(1)

uDW=OjraD p=tDL= R= CU=CQ=@a xm |}x]kv N |oDU@ty `@=D T=U= u}= Q@
%OwW|t h} QaD Q} R CQwYx@ 'xOWu}}aDV}B R= |=yR=i x@ x]kv N u=tRsy
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l}
v=mt

|U
Ovyt

swrat =yv; QO `@=wD Q}O=kt xm |}=DU=Q w xLiY Q@ ZwQit Q=OQ@ |x} RHD "2 pmW
"CU=

%OwW|t p}O@D Q} R |O}rm |xrO=at x@ 12 |xrO=at 'OvW=@ u=Um} j w i xm|DQwYQO

F iik = 1
S

~F ik�F ik = 1
S

���F ik���2 ) ���F ik��� =
q
SF iik (13)

j}kO w `} QU CQwYx@ |oDU@ty `@=D Q}O=kt |x@U=Lt |=Q@ u=wD|t xrO=at u}= R=
p}O@D w |}x]kvlD `@=D |xvt=O Q}O=kt u}@ \=@DQ= xrO=at u}= 'u}vJty "OQm xO=iDU=
CU= R=i |@=} R=@ sD} Qwor= VwQ |=v@t xm Ovm|t Q=QkQ@ =Q |}x]kvwO `@=D |x} Qwi

"OW Oy=wN xO=O K}[wD 3 VN@ QO xm

xOv}=tv |tHL u=tr= |oDU@ty `@=wD pm |x@U=Lt "3"2
xLiY l} |=Q@ |oDU@ty `@=wD xm|DQwY QO OvOQm C@=F [24]u=Qo}O w |O=@;uUL
|=Q@ |oDU@ty `@=wD pm R= |@} QkD u=wD|t 'OvW=@ swrat xLiY Q@ Owta |=DU=Q w
|i=m 'r ZwQit Q=OQ@ l} |=Q@ "OQw; CUOx@ xOv}=tv |tHL u=tr= |=yQ=OQ@ |xty
"OQw; CUO x@ =Q xLiY Q@ Owta w xLiY Q@ Q=OQ@ u}= Q} wYD 2 pmW j@=]t CU=

[24]%Ow@ Oy=wN Q} R CQwYx@ ZwQit Q=OQ@ |oDU@ty `@=D ?} QkD CQwYu}= QO

C112 (~r) � C112 (~rxy)C112 (~rz)
v1

+ C122 (~rxy)C212 (~rz)
1� v1

(14)

R=i |@=} R=@ sD} Qwor= ltmx@ |R=UR=@ "3
'OwOLt |D=aq]= uDW=O CUO QO =@ xm CU= |vat u}= x@ Q=DN=UR} Q |R=UR=@
|=yVwQ |xty QO "OQm |R=UR=@ ,=OOHt =Q u; u=wD@ 'Q=DN=UR} Q |}x]kvwO `@=D ,qFt
|QU l} uDiQo Q_v QO =@ w OwW|t p}mWD hOy `@=D l} =OD@= 'xO=iDU= OQwt
=OD@= QO xmCQwYu}= x@ 'OwW|t p}O@D |R=Uxv}y@ |xr�Ut l} x@ xr�Ut 'Ow}k
x}rw= Q=Okt =@ w OwW|t x@U=Lt |oDU@ty `@=D Q}O=kt w ZQi Q=DN=UR} Q l}
=O}B xt=O= Q=m w Q}}eD Q=DN=U ,=OOHt 'sD} Qwor= ẁv T=U= Q@ w OOQo|t xU}=kt
hkwDt =Hv; QO w Ovm =O}B CUO =]N R= |rw@k p@=k K]Ux@ sD} Qwor= =D Ovm|t
x@ u=wD|t xrtH u; R= xm OwW|t xO=iDU= xv}tR u}= QO |awvDt |=yVwQ "OwW
u=O}t VwQ [27]'u=}O=Qo Q@ |vD@t |=yVwQ [20w19]'xOW|R=Ux}@W CNB R=@ VwQ
u}= QO xm R=i |@=} R=@ VwQ "OQm xQ=W= [15]R=i |@=} R=@ VwQ w [28]|Uw=o |iO=YD
xS} wx@ 'C=@U=Lt CaQU w 'CkO '|}=Q=m Q_v R= CU= xOW xDiQo Q=mx@ R}v VywSB
[15]"Ovm|t pta xOWu=}@ |=yVwQ R= QDy@ Q=}U@ |R=iOvJ OQov=Uty=v OQ=wt QO

uOQtW w Q=OQ@ |O=} R O=OaD uDN=Ov= =@ |oDU@ty Q}O=kt |x@U=Lt |xwLv "1 pmW
"=yQ=OQ@ pm O=OaD x@ u; s}UkD w ?wr]t |=yQ=OQ@ O=OaD

,qFt "OQw; CUOx@ xOWxDiQo Q_vQO |=yQ=OQ@ pm O=OaD x@ OvDUy Q_v OQwt |=yR=i
O=OaD s}UkD R= C112 (~r) OwW xDiQo Q_vQO 1 R=i |QDUm =N R=i Qo = 1 pmW j@=]t
|=Q@ CQwYu}tyx@ "Ot; Oy=wN CUOx@ =yQ=OQ@ pm O=OaD x@ nvQRtQk |=yQ=OQ@
=Q x]w@ Qt |=yQ=OQ@ R@U w '|@; '|mWt |=ynvQ C212 (~r) w C122 (~r) 'C222 (~r)

C@Uv xOWxDiQo Q_v QO |xvwtv O=a@= xm |D}a[w |=Q@ VwQ u}= "OvyO|t V}=tv
|=yQ=OQ@ O=OaD x@ R}v p=tDL= Q}O=kt CkO "CU= ?U=vt 'OW=@ nQR@ 'Q=OQ@ pw] x@

"CW=O Oy=wN |oDU@ xOWxDN=Ov=
xO=iDU= |oDU@ty `@=wD Q}O=kt |x@U=Lt |=Q@ [4]'u=Qo}O w RtO= xm |WwQ
uOw@?w=vDt ZQi w x} Qwi p}O@D R= xO=iDU= w =[i |R=UxDUUo Q@ |vD@t Ov=xOQm
|tHL u=tr= "CU= �8xOv}=tv |tHL u=tr=� ?w=vD |xQwO =@ Q=DN=UR} Q |=[i pm
|xOv}=tv u=wvax@ xm CU= Q=DN=UR} Q |=[i pm R= =[iQ} R l} `k=w QO 'xOv}=tv

"OwW|t |UQQ@ =[i pm
|=Q@ xYNWt `@=D w OwW|t xDUUo ?amt S x@ =[i pm =OD@= Qw_vtu}=x@
"OwW|t XNWt 'CU= xOW swrat x |xQ=tW =@ ?amt Qy xm '=y?amt s=tD

%OwW|t x@U=Lt Q} R CQwYx@ Ci1 |}x]kv lD `@=D 2 |xrO=at j@]

Ci1 = 1
S

S�1X
x=0

�i (x) (9)

%CU= Q} R CQwYx@ 9 |xrO=at |xDUUo |x} Qwi p}O@D

F ik = F ��i(x)
�

= 1
S

S�1X
x=0

�i(x)e2�mxk=S = 1
S

���F ik��� em�ik ;
m =

p�1 (10)
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S

S�1X
x=0

�i (x)�j (x+ r) ; (11)
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[15]%O};|t CUO x@ Q} R CQwYx@ Q=DN=UR} Q |=[i
F ijk = F �Cij2 (r)

�
= 1
S

���F ik��� e�m�ik ���F jk ��� em�jk (12)
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1. N-point correlation function
2. cluster function
3. lineal path method
4. eigen
5. simulated annealing
6. support vector machine (SVM)
7. transversely isotropic
8. representative volume element (RVE)
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