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s} Q=O R=}v uw}U=Q@}r=m |=Q@ |@ QHD C@=F 3 x@ \ki pOt u}= QO "CU= xOW G=QNDU=
|xQ=w}O CmQL Q=mwR=U pOt u}= QO u}vJty "OwW|t ?wULt pOt |=}=Rt R= xm
|m} QO [11w10]"CU= xOW pOt 'xOW xDiQo xO}O=v |r@k |=ypOt QO xm |U}]=vet
^=Lr 'OW xDio xOW xQ=W= |=ypOt Qo}O QO xm |D=LqY= s=tD [11]'=ypOt u}= R=
Ow@tm p}rO x@ "CU=ypOt Q}=U R= QDxO=U Q=}U@ |Ov@pwtQi |xwLv R}v w xOW
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xO=t QO xOW xQ}NP |SQv= gmech "OwW|t ZQi C@=F |Q=PoQ=@ u}L QO xvwtv
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[11]%OwW|t h} QaD u}vJ |SQv= u}= "Ovm|t h}YwD =Q VvQm u=UWmQ}e
gmech = �1

2� � : S : � � 1
�
� : "r (4)

swO CQ=@a w u=UWm pmW Q}}eD x@ \w@ Qt 4 |x]@=Q CU=Q CtU QO pw= CQ=@a
� 'x]@=Q u}= QO u}vJty "CU=yCv} Qw |v}JR=@ R= |W=v |WvQm |SQv= x@ \w@ Qt
S w =yCv} Qw |v}JR=@ R= |W=v VvQm QwUv=D "r 'xO=t |r=oJ � 'VvD QwUv=D
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"e = 1 + �

E
� � �

E
trace(�) = S : � (5)
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`tH `k=w QO xm xOW |iQat =yVvQm u}@ |x]@=Q '6 |x]@=Q QO "Ov=xO=t u=UWm

[7]"CU= pm VvQm Q@=Q@ u=UWm Q}e VvQm w u=UWm VvQm
" = "r + "e (6)

[9]%OwW|t XNWt 7 |x]@=Q R= xO=iDU= =@ |Oa@ xU |=ypOt QO "r QwUv=D

"r = �
2664�1 0 0

0 �2 0
0 0 �3

3775 �rmAx (7)
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�rmAx = a� c
a
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+
2X
i=1

�i(1� �i)KI(1� (bei:m̂�i)2) (9)
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u}= R= |Q=}U@ '|Oa@ wO =} |Oa@l} |=yCr=L QO pOt R= xO=iDU= |=Q@ xD@r= xm
|t=tD QO 'xr�Ut uOw@ |Oa@ wO x@ xHwD =@ VywSB u}= QO "OvwW|t hPL =yQ}eDt

"CU= xOW hPL swU Cv} Qw x@ \w@ Qt |=yCQ=@a \@=wQ
|U}]=vet |=yx}L=v |tHL QUm "1"1"2

|U}]=vet |xvt=O |tHL QUm Qou=}@ �i Q}eDt �i |D} RvDQ=t |=yCv} Qw |=Q@
|y}O@ "CU= +êi |=DU=Q QO 'xvt=O u; QO |U}]=vet u=O}t ?=}e QO xm CU=
'|U}]=vet u=O}t ?=}e QO xm CU= |U}]=vet |xvt=O |tHL QUm 1��i CU=
xQ=wty �i |rN=O Q}eDt "CU= �êi CyH QO 'u; QO |U}]=vet Q=OQ@ |=DU=Q
|rN=O Q}eDt u}= Q}O=kt QO Q}}eD "OyO|t X=YDN= OwN x@ =Q 1 w QiY u}@ |Q=Okt

"CU= |U}]=vet |xQ=w}O CmQL Q=mwR=U |xOvyOu=Wv
|oOvwWT}]=vet xm} |=yQ=OQ@ "2"1"2

xS} w |=yQ=OQ@ '|rN=O |oOvwWT}]=vet Q=OQ@ VNQJ Q=mwR=U uOQm pOt Qw_vt x@
|=yQ=OQ@ u}= 1 pmW QO "OwW|t h} QaD |oOvwW T}]=vet |=yQ=OQ@ |=DU=Q QO
"CU= Cv} Qw xQ=tW Qou=Wv i u; QO xm xOW h} QaD w m̂�i w m̂+i CQwYx@ xm}
w C@Ft C=yH QO Cv} Qw Qy |=Q@ |oOvwWT}]=vet |xm} Q=OQ@ wO |rm Qw] x@
R= pkDUt CQwYx@ w OvW=@ =DU=Q l} QO ,=tDL OQ=Ov |twRr xm xOW h} QaD |ivt
|=Q@ 1 |x]@=Q |xR=Ov= O}k CU= |y}O@ "OvQ}o|t OwN x@ =Q |Dw=iDt |=}=wR 'sy

"OwW ^=Lr O}=@ =yQ=OQ@ u}=
jjm+ijj = 1
jjm�ijj = 1 (1)

|D} RvDQ=t |=yCv} Qw |tHL QUm "3"1"2
Q=Ox_i=L |=yS=}r; QO |D} RvDQ=t |=yCv} Qw |v}JR=@ Q=mwR=U uOQm pOt Qw_vt x@
=yQ}eDt u}= "s}vm|t h} QaD =Q |D} RvDQ=t |=yCv} Qw |tHL |=yQUm '|U}]=vet
2 |x]@=Q "CU= Cv} Qw xQ=tW i u; QO xm 'xOW XNWt �i |=yO=tv =@ 1 pmW QO

"CU= |rN=O |=yQ}eDt u}= |=Q@ R=}v OQwt Ow}k pt=W8>>>><>>>>:
�1 + �2 = 1

i = 1; 2
�i � 0
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@

Q=OQ@ u=O}t u}= QO xm CU= |HQ=N u=O}t Q=Okt u} QDtm =@ Q@=Q@ Hsat 'u; QO xm
|O=t |=yQDt=Q=B R= C@=F u}= "OUQ |t `=@W= Cr=L x@ |rN=O |oOvwWT}]=vet
V}=tR; QO sRq \QW xD@r= "OwW|t x@U=Lt V}=tR; j} Q] R= xm OwW|t ?wULt
j=iD= xO=t QO |U}]=vet |=yxQ=w}O CmQL Q=mwR=U \ki xm CU= u}= xDiQo CQwY

"ODi}@
|oOvwWT}]=vet |xm} |=yQ=OQ@ u}}aD "2"3"2

w xOw@ Q}PBCWoQ@ ,qt=m |rN=O |U}]=vet Q=OQ@ VNQJ Q=mwR=U xm =Hu; R=
|=yQ=OQ@ VNQJ |=Q@ lQLt |wQ}v u}=Q@=v@ 'OQ=Ov OwHw |SQv= hqD= xvwoI}y
xO=O u=Wv 15 |x]@=Q QO \QW u}= [7]"OwW|t QiY Q@=Q@ |oOvwWV}]=vet |xm}

[15]%CU= xOW
~�m̂+i = �� @g

@m̂+i
= 0 (15)

|wQ}v 15 |x]@=Q Ovv=t u=wD|t sy |ivt C=yH QO xm} |=yQ=OQ@ |=Q@ u}vJty
R= xO=iDU= =@ g Q=Okt uOQm u} Ro}=H =@ "O=O Q=Qk QiY Q@=Q@ w OQw; CUO x@ =Q xmQLt
|U}]=vet |xm} |=yQ=OQ@ |=Q@ 16 |x]@=Q '|[=} Q C=}rta |QUl} w 3 |x]@=Q
x@ xm CU= pkDUt |xrO=at 4 R= pmWDt x]@=Q u}= [11]"OwW|t G=QNDU= |rN=O
"O};|t CUO x@ C@Ft C=yH QO |rN=O |U}]=vet |xm} |=yQ=OQ@ u; |xr}Uw
|xrO=at 4 VwQ u}ty R= xO=iDU= =@ sy |ivt C=yH QO xm} Q=OQ@ |=Q@ u}vJty

%OwW|t G=QNDU= pkDUt8>>>>>>><>>>>>>>:
(I � m̂+i 
 m̂+i)

8<: �0Msat ~H+

2�KI(êi 
 êi)m̂+i = ~0

9=;
(I � m̂�i 
 m̂�i)

8<: �0Msat ~H+

2�KI(êi 
 êi)m̂�i = ~0

9=;
i = 1; 2 (16)

|D} RvDQ=t |=yCv} Qw |tHL QUm u}}aD "3"3"2
|=yCv} Qw|tHL|=yQUm Q}O=kt|x@U=Lt|=Q@ sRq\@=wQ uOQw;CUO x@ Qw_vt x@
j@=]t =Q =yCv} Qw OOHt |v}JR=@ Q=mwR=U |=Q@ sRq |xmQLt |wQ}v O}=@ |D} RvDQ=t

%OQw; CUO x@ 17 |x]@=Q
��i = �� @g

@�i
(17)

Q=mwR=U xm xr�Ut u}= uDUv=O =@ w swywO � Tw} Rqm |w=Ut=v R= xO=iDU= =@ p=L
x@ 18 |x]@=Q 'CU= |SQv= hqD= =@ x=Qty Q=mwR=U =yvD =yCv} Qw OOHt |v}JR=@

[9]%O};|t CUO
��1 _�1 + ��2 _�2 � 0 (18)

R= w Q@=Q@ xR=Ov= ^=Lr R= wO w l} |=yCv} Qw |tHL QUm Q}}eD MQv xm =Hu; R=
%OwW|t xO=U 19 |x]@=Q CQwYx@ 18 |x]@=Q 'Ov=xv} Qk sy =@ Ctqa ^=Lr

(��1 � ��2) _�1 � 0 (19)

|w=UD x@ 20 |x]@=Q j@=]t '|OL `@=D l} R= xO=iDU= =@ 19 |x]@=Q |w=Ut=v
%OwW|t p}O@D

��1 � ��2 = Y (20)

xDU@=w |rN=O Q}eDt ẁv xU Qy x@ |rN=O |oOvwWT}]=vet Q=OQ@ CU= XNWt
[11]"OvQ=O Vkv u; QO xO=t |rN=O Q=mwR=U xU Qy `k=w QO w CU=

�!
M =

� 2X
i=1

�i�im+1 +
2X
i=1

�i(1� �i)m�i
�
Msat (10)

xm OwW|t xO}t=v u=t} R |SQv= 9 |xrO=at CU=Q CtU QO pw= CQ=@a u}vJty
|=yCQ=@a &OQ}o|t Q_v QO =Q pm |oOvwWT}]=vet =@ |U}]=vet u=O}t VvmsyQ@

[11]"Ov=|U}]=vet |OQov=Uty=v |SQv= x@ \w@ Qt R}v swU w swO
sRq xm OwW|t h} QaD |SQv= u=R}t CQwY x@ |U}]=vet |OQov=Uty=v |SQv=
u=O}t =@ CyHsy =D ONQJ@ Cv} Qw lJwm QwLt R= |rN=O |U}]=vet Q=OQ@ =D CU=
CyH QO |r=ta= |U}]=vet u=O}t xm |v=tR |SQv= Q=Okt u}= [13]"OwW |r=ta=
|U}]=vet Q=OQ@ xm |v=tR w OQ=O =Q OwN Q=Okt u} QDtm 'OW=@ Cv} Qw lJwm QwLt
|SQv= u}= [14]"OQ=O =Q OwN Q=Okt u} QDW}@ 'ONQJ@ xHQO 90 |xR=Ov= x@ |rN=O

[7]%OwW|t h} QaD 11 |x]@=Q j@=]t

gan =
NX
n=1

�insin
2n(�i) (11)

T}]=vet u=U; CyH x@ C@Uv |oOvwWT}]=vet Q=OQ@ h=QLv= |x} w=R � 'u; QO xm
xDiQo Q_v QO |QU pw= |xrtH \ki '|oO=U |=Q@ |[=} Q |R=UpOt QO xD@r= "CU=
\@=wQ QO �1sin2(�) CQwYx@ |OQov=Uty=v |SQv= x@ \w@ Qt CQ=@a w OwW|t
V}=tR; j} Q] R= w O};|t ?=UL x@ xvwtv |O=t C}YwYN R= �1 xm OwW|t OQ=w
CUO x@ 12 |x]@=Q R= xm CU= sDU}U VvmsyQ@ |SQv= gint "O};|t CUO x@

[7]%O};|t
gint = 1

�
f(�1; �2) (12)

`@=wD xOW x�=Q= |=ypOt QO "OwW|t xO}t=v |oOvwWCNU `@=D f(�1; �2) 'u; QO w
|Oa@ xU pOt [11]"CU= xOW xDiQo Q_v QO |oOvwWCNU `@=D u=wva x@ |irDNt

%CU= xOW xDiQo Q_v QO 13 |x]@=Q CQwY x@ `@=D u}=

f = 1
n
�1(�n1 + �n2 ) (13)

\w@ Qt gcon "O};|t CUO x@ |@ QHD G}=Dv R= xm CU= |O=t C@=F n 'u; QO xm
|rN=O |=yQ}eDt xm |Q}O=kt uwJty 'CU= xr�Ut |wQ |rN=O |k]vt |=yO}k x@

"CU= [11]TQDUO QO =yO}k u}= pYit h} QaD "Ovvm Q=}DN= Ovv=wD|t

pL VwQ w |rN=O |=yQ}eDt u}}aD "3"2
|U}]=vet |=yx}L=v |tHL QUm u}}aD "1"3"2

uOw@ nQR@ ZQi =@ '|U}]=vet Q=Ox_i=L S=}r; |=Q@ xOW x�=Q= |=ypOt QFm = QO
xOW xDiQo Q_v QO 1 =@ Q@=Q@ xQ=wty � Q}O=kt '|i=m |xR=Ov= x@ |HQ=N u=O}t Q=Okt
QUm Q=Okt |=Q@ 14 |x]@=Q 'pOt CkO uOQ@ QDq=@ Qw_vt x@ 'p=L u}= =@ "CU=

[9]%CU= xOW |iQat |U}]=vet |=yx}L=v |tHL

� =

8>>>><>>>>:
1
2 + Hi2Hsat Hi < Hsat

i = 1; 2
1
2 + 1

2sign(Hi) Hi � Hsat

(14)
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Ovyt

"sw}r=o � Rvovt � pm}v p=DU} QmlD |wQ |Q=PoQ=@ |xwLv "2 pmW

|vLvt VR=Q@ w [1]xQwLtlD Q=Wi V}=tR; l} QO VvQm � VvD |vLvt "3 pmW
"pOt uOQm xQ@}r=m Qw_vt x@

"|SQv= CW=OQ@ sDU}U |=Q@ xOW ?=NDv= |=yQDt=Q=B "1 pwOH
OL=w Q=kt QDt=Q=B
A=m 5� 105 Msat

� 5 8 "r;max

J=m3 1=65� 105 �KI

Tesla 0 24 �:Hea

MPa 5� 103 E

� 0 3 �

J=m3 4=89� 104 �1

� 13 n

J=m3 5=91� 104 Y0

MPa 0 3 �2

|Q=PoQ=@ 'qUD 0 4 |[Qa |U}]=vet u=O}t OwHw w |@v=H VvD ?=}e QO pw=
� |oOvwWT}]=vet w VvQm � VvD |=y|vLvt w OwW|t p=ta= |rw] CyH QO
?=}e QO swO Cr=L QO "OwW|t xU}=kt [1]OwHwt |y=oW}=tR; |=yxO=O =@ VvD
CyH QO |Q=PoQ=@ 'p=mU=B=ot 9 C@=F |@v=H VvD OwHw w |U}]=vet u=O}t
xU}=kt [10]|y=oW}=tR; |=yxO=O =@ VvQm � VvD |vLvt w OwW|t p=ta= |rw]
|oOvwW|U}]=vet 'OQ=Ov OwHw |U}]=vet u=O}t swOCr=L QO xm =Hu; R= "OwW|t
� VvD |=y|vLvt "OwW|tv sUQ u; |vLvt u}=Q@=v@ w CU= QiY xW}ty xO=t
Cr=L QO VvQm � VvD |vLvt w pw= Cr=L QO VvD � |oOvwWT}]=vet w VvQm

lQLt |wQ}v Q=Okt x@ QF-wt |m}t=v}OwtQD |wQ}v xm CU= u}= Cv} Qw |v}JR=@ \QW
|x]@=Q CQwYx@ |v=QL@ Q=Okt u}= "OUQ@ Cv} Qw |v}JR=@ ẁQW |=Q@ (Y ) |v=QL@

[11]%CU= xOW |iQat 21

Y = Y0 + �1
�
e
p
J2(�)
�2 � 1

�
(�n�1

1 � �n�1
2 ) (21)

w �1 &O};|t CUO x@ |@ QHD j} Q] x@ xm OvDUy |O=t C@=wF �2 'Y0 'u; QO xm
QwUv=D swO |=OQw=v Q=Okt J2(�) u}vJty "Ov=xOW |iQat 13 w 11 \@=wQ QO n

"CU= VvD
OwW s}UkD |v=tR |=ys=o x@ xR=@ CU= sRq |v=tR xR=@ l} QO xr�Ut pL |=Q@
"OwW x@U=Lt |v=tR s=o Qy |=Q@ |rN=O |=yQ}eDt 'x]w@ Qt \@=wQ R= xO=iDU= =@ w
Q=Okt |Oa@ |v=tR s=o QO u=wD|t '|v=tR s=o Qy QO |rN=O |=yQ}eDt uDUv=O =@
R= xO=iDU= =@ u=wD|t |rN=O |=yQ}eDt |x@U=Lt =@ "OQw; CUO x@ =Q =yQ}eDt u}=
u=wva x@ xm OQw; CUO x@ =Q pm |oOvwWT}]=vet Q=OQ@ w VvQm 9 w 7 '6 '5 \@=wQ

"OvwW|t xO}t=v pOt |HwQN

|R=Ux}@W "3
'VywSB OQwt |xr�Ut 'xOt; CUO x@ |[=} Q pOt R= xO=iDU= =@ CtUk u}= QO
OQwt |xvwtv "CU= xOW xO=O u=Wv xr�Ut l} R}i 2 pmW QO "OwW|t |UQQ@
S=}r; u} QDQwyWt xm CU= s}r=o � Rvovt � pm}v S=}r; p=DU} Qm lD l} |UQQ@
|rw] CyH QO |m}v=mt |Q=PoQ=@ xm CU= |y}O@ "CU= |U}]=vet Q=Ox_i=L
u}vJty "CU= �y QwLt� |@v=HCyH QO T=}=@ |U}]=vet u=O}t w xOw@ �x QwLt�
"OwW|t p=ta= 'xvwtv QO |Q}PBCWoQ@ C}Y=N O=H}= Qw_vt x@ �y |@v=H VvD
Q}eDt t w C@=F T w A u; |x]@=Q QO xm CU= |Uwv}U CQwYx@ �x |rw] VvD
|U}]=vet w |m}v=mt MU=B Q@ |@v=H VvD u}= Qw[L Q}F-=D 'xt=O= QO "CU= u=tR

"OQ}o|t Q=Qk EL@ OQwt xO=t

|O=t C@=wF u}}aD w pOt uw}U=Q@}r=m "1"3
"OwW XNWt |[=} Q pOt QO OwHwt |O=t C@=wF O}=@ =OD@= |R=U x}@W Qw_vt x@
p=DU} Qm lD xvwtv l} |=Q@ [1]xOt; CUO x@ |y=oW}=tR; |=yxO=O R= xO=iDU= =@
pw= C@=F 6 CQwY x@ xm OwW|t XNWt C@=wF u}= R= OOa 6 'Ni2MnGa

l} x@ R=}v |U}]=vet Q=Ox_i=L S=}r; |Q=DN=U pOt Qy QO "Ov=xOt; 1 pwOH QO
x@ 'pOt QO xOW h} QaD pwyHt C@=wF |x}k@ =D CU= pOt uw}U=Q@}r=m |=Q@ VwQ
|vLvt VR=Q@ w [1]OwHwt |xQwLt lD Q=Wi uwtR; l} R= xO=iDU= =@ "O}; CUO
xOW xO=O u=Wv 3 pmW QO xm OvwW|t XNWt n w Y0 '�1 |O=t QDt=Q=B xU

"CU=
uwtR; l} |=yxO=O R= xO=iDU= =@ xm CU= �2 C@=F xOv=t|k=@ C@=F u} QN;
x@ |=yC@=F |t=tD 1 pwOH QO [10]"OwW|t XNWt OwHwt |xQwLtwO Q=Wi

"CU= xOW x�=Q= xOt; CUO

pOt |HvUQ=@Da= "2"3
=D xm =Hu; R= "s}vm|t |UQQ@ =Q xO=iDU= OQwt |[=} Q pOt CLY 'CtUk u}= QO
Qw] x@ |@v=H |U}]=vet u=O}t w VvD '|Q_v =} |y=oW}=tR; Q=m I}y QO p=L x@
Cr=L QO %s} Q}o|t Q_v QO =QCr=L wO |HvUQ=@Da= Qw_vt x@ 'xDW=Ov OwHw u=tRsy
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"|@v=H |U}]=vet u=O}t w VvD ?ULQ@

|R=Ux}@W G}=Dv "3"3
sDU}U =} |SQv= CW=OQ@ sDU}U l} QO |U}]=vet Q=Ox_i=L S=}r; R= xm |v=tR
|xv}tm w xv}W}@ hqDN= R= CU= CQ=@a syt |xir-wt 'OwW|t xO=iDU= l} QLD
OQ=w T=}=@ u=O}t xm |DyH ,=twta� X=N CyH l} QO |rN=O |oOvwWT}]=vet
xJQy |SQv= CW=OQ@ sDU}U QO 'p=Ft u=wva x@ "|@ w=vD |xNQJ l} QO �OwW|t
QO "CU= ?wr]t xr�Ut u}= xm OwW|t QDW}@ |HwQN S=Drw OW=@ QDW}@ hqDN= u}=
|oOvwWT}]=vet Qw_vt 'CU= |oOvwWT}]=vet R= C@LY =HQy xr=kt |xt=O=
XNWt |O=t C@=wF =@ xvwtv |=Q@ xOt; CUO x@ O=Oa= u}vJty "CU= |@v=H
=Hu; R= |rw 'OQ=O OwHw lJwm |=yCw=iD =yxvwtv Qo}O |=Q@ w OvW=@|t xOW
,=@} QkD XNWt Q=DN=U =@ xOW QmP |xO=t hrDNt |=yxvwtv |=Q@ C@=wF u}= xm
"OQ=O C}twta xty |=Q@ xO=t Q=DiQ OQwt QO xOt; CUO x@ |rm G}=Dv 'CU= u=Um}
|DyH� |@v=H CyH QO |@Uv |oOvwWT}]=vet Q=Owtv 7 pmW QO Qw_vt u}O@
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0 24 T=}=@ u=O}t QO |@Uv |oOvwWT}]=vet hqDN= u} QDW}@ 'T=}=@ VvD
[15]'|HQ=N u=O}t ?ULQ@ |oOvwWT}]=vet Q=Owtv |UQQ@ =@ "ODi=|t j=iD= qUD
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V}=Ri= =@ w 7 pmW x@ xHwD =@ "Ovvm|t O=H}= |QDlJwm hqDN= w OvNQJ|tv
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|=yQ=OQ@ w =yCv} Qw =D CU= R=}v |QDlJwm |@v=H VvD x@ 'u=O}t Vy=m =@ xm
|@v=H |=yVvD |=Q@ "OvOQoQ@ x}rw= Cr=L x@ ,qt=m =yu; =@ x=Qty |oOvwWT}]=vet
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