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QO =Pr "CU= xOW x�=Q= u}kkLt \UwD ,=Q}N= xm CU=yQDU@ u}= Qta V}=Ri= Qw_vt x@ QF-wt
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|m}v=mt X=wN |@=} R=@ |}=v=wD xm OvDUy OvtWwy O=wt R= |}xDUO s}tQDOwN O=wt
l} QLD l} =@ =y?}U; u}= "OvQ=O =Q ?}U; uOW OQ=w R= |W=v xOW h}a[D
?r=e QO xm wQm}t T=}kt QO w Ov};|t OwHw x@ C@ w]Q =} =tO 'wQ}v Ovv=t |HQ=N
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|NQ@ QO [3�1]"Oy=m|t u; u=R}t R= w xOQ=Po Q}F-=D u; |DNU w s=mLDU= xrtH R=
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y0(t) = f(t; y(t)); y(t0) = y0 (1)

%CW=O s}y=wN K} QY pL j@=]t
yn�1 = yn + f(tn; yn)�t (2)

Q}O=kt uDUv=O w ?U=vt |v=tR s=o uDW=OQ@ =@ =t |v=tR CqwyHt OyO|t u=Wv xm
"Ov@=}|t RwQ@ p@k |v=tR s=o QO =yv;

|UQQ@ x@ |Q=wUyW |m}t=v}OwtQD Q=oR=U pOt R= xO=iDU= =@ VywSB u}= QO
OwOLt <=RH= |UQQ@ |=Q@ "CU= xOW xDN=OQB Cr=iU; OvtWwy QDU@ |m}v=mt Q=DiQ
CUO x@ K} QY VwQ x@ =Q |Q=DN=U CqO=at |xDUUo u=tR sQi 'Q_v OQwt QDU@
|wQ Q}=D CmQL ABAQUS Q=Ri=sQv QO 7 VUMAT p=wQQ} R |x}yD =@ w xOQw;
xm ?}U; OWQ CaQU Vy=m 's}tQD QF= |UQQ@ =@ C}=yv QO "OwW|t pOt QDU@

"OwW|t |UQQ@ 'OwW|t QDU@ Qta V}=Ri= x@ QHvt

|Q_v |v=@t "2
xOy=Wt |UOvyt O=wt R= |Q=}U@ QO l}DUq= Q=DiQ '|Q=PoQ=@ p=ta= |x_Lr QO
u=tR QwQt x@ "Ovm|t OWQ x@ ẁQW ?}U; 'Q=@ V}=Ri= =@ O=wt u}= QFm = QO "OwW|t
l}v=mt ?wJQ=J QO 'u}=Q@=v@ "O@=}|tVy=m s}tQDOwN O=wt QO xOt; OwHw x@?}U;
wQ@ wQ |R=UpOt C}a[w Q=yJ =@ (CDMH) s}tQD � ?}U; xDUw}B |=y\}Lt
?}U; "2 &CU= xO=Di}v j=iD= |t}tQD w ?}U; I}y |Q=PoQ=@ |=OD@= "1 [7]%s}DUy
s=Hv= xOW OQ=w ?}U; |wQ s}tQD C=}rta "3 &CU= xDiQov s=Hv= s}tQD =t= xOW OQ=w
"OwW|t =OH `]kt K]U pm R= xOWv s}tQD ?}U; 8QF-wt C}a[w QO "4 &OQ}o|t
xO}O ?}U; '�damaged� xO}O ?}U; '�initial� x}rw= C}akwt =@ =yC}akwt u}=
or �ctitious� |twywt =} QF-wt C}a[w w �damaged-healed� xOW s}tQD �
CU= xO}Ov ?}U; |twywt C}a[w l} QF-wt C}a[w "OwW|t u=}@ �e�ective

`]kt K]U =Pr w OwW|t hPL pt=m Qw] x@ ?}U; |xOWv s}tQD Kw]U u; QO xm
|=y\}Lt l}v=mt ?wJQ=J QO "CU=yC}akwt Q}=U R= QDlJwm QF-wt C}a[w QO
'OwW ZQi 9u=Uty u; C=Q}}eD xm |DQwY QO 's}tQD w ?}U; |=yQ}eDt 'xDUw}B
CL=Ut C@Uv CQwY x@ (h) s}tQD w (D) ?}U; |OOa C}tm l} ?}DQD x@
Ah ?}U; |xDi=} s}tQD CL=Ut C@Uv w (A) pm CL=Ut x@ (Ad) xO}O ?}U;

%s} Q=O T=U= u}ty Q@ "OwW|t h} QaD (Ad) xO}O ?}U; CL=Ut x@
D = Ad

A
; 0 < D < 1 (3)

h = Ah

Ad
; 0 < h < 1 (4)

K]U w ?}U; uwO@ `]kt K]U pO=at ?}DQD x@ h = 0 w D = 0 Cr=L
xO}O ?}U; K]U �100x@ \w@ Qt h = 1 w D = 1 w CU= s}tQD uwO@ `]kt
VvD C}a[w u=}@ |=Q@ ?wJQ=J u}= j@=]t "CU= xO}O ?}U; K]U pm s}tQD w
xO=iDU= Q@=Q@ |WvQm |SQv= w Q@=Q@ wQ}v |x}[Qi R= QF-wt C}a[w QO xO=t VvQm w

%=Pr "Ovvm|t p=ta= ( ~D) QF-wt ?}U; Q}eDt QO =Q s}tQD QF= w OwW|t
~� = �

1�D; (5)

~" = "(1�D); (6)

~D = D(1� h) (7)

?}U; Q}eDt wO 'OwHwt ?}U; |=ypOt CN=vW w |UQQ@ =@ =OD@= =yv; "OvO=O s=Hv=
O}OH Q}eDt wO u}= |}=Q=m =yv; "OvOQm |iQat |v=UWm |DiU x}=B Q@ =Q O}OH s}tQD w
|UQQ@ CiHQ}e w CiH s}tQDOwN |=ysDU}U Ovv=t hrDNt |=yOv}=Qi |=Q@ =Q
u=Wv =Q xDUw}B \}Lt ?}U; l}v=mt w OwN |x} Q_v u}@ |Q=oR=U OwHw w OvOQm
s}tQD � ?}U; |xDUw}B \}Lt l}v=mt R= xO=iDU= =@ u=Q=mty w T}H=} ww "OvO=O
|=Q@ O=wt l}t=v}OwtQD =@ Q=oR=U |Ov@pwtQi 's�wO � Tw} Rqm |w=Ut=v |=[Q= w
C=QF= w lJwm =Q =ypmW Q}}eD =yv; "OvOQm x�=Q= s}tQD � ?}U; CiH |=yOv}=Qi
"OvDiQo Q_v QO s}tQD |=yOv}=Qi |=Q@ =Q l}D=tv}U w l}B wQDwR}= |oOvwWCNU
TvH R= s}tQDOwN |xO=t l} |wQ |Oa@l} |Q=Wi V}=tR; s=Hv= =@ u}vJty
=@ s}tQD w ?}U; |=yQ}eDt uOQw; CUO x@ w CUqB wtQD C=QP w Q=Ox_i=L Qt}rB
|HvUCLY |@ QHD G}=Dv =@ =Q OwN |x} Q_v 'xD}U}DUq= pwOt C=Q}}eD R= xO=iDU=

"OvOQm
Ov=xOQm x�=Q= =tO x@ xDU@=w ?}U;wmU} w |DN=vWxO}OB pOt l} u}kkLt ,=Q}N=
Q=DiQ =D xOW ?}mQD =v} RQB xD}U}DUqB wmU} w w |QBW l}DUq=wmU} w pOt =@ xm
uDiQo Q_v QO =@ u}vJty =yv; [14]"Ovm |v}@V}B =Q Cr=iU; \wrNt |ak=w |m}v=mt
s}tQDOwN O=wt |=Q@l}DUqB wmU} w �l}DUq=wmU} w |Q=DN=U pOtl} 's}tQD QF=
\}=QW QO |@ QHD CQwY x@ ?}U; Q=Okt |Q}oxR=Ov= =@ w OvOQm |iQat =tO x@ xDU@=w
=Q OwN s}tQDwmU} w w ?}U;wmU} w |=ypOt 'Cr=iU; xvwtv |wQ hrDNt |Q=PoQ=@

[15]"OvOQm xQ@}r=m
� l}DUq= Q=DiQ '|m}t=v}OwtQD Q=oR=U pOt l} |x�=Q= ut[ 2016 p=U QO
?}U;xDUw}B|=y\}Ltl}v=mt?wJQ=JQOO=wtl}DUqB wmU} w �l}DUq=wmU} w
x@ OWQ |xrO=at '?}U; h}YwD |=Q@ pOt u}= QO [2]"OW |v}@V}B 4 (CDM)

|=yQDt=Q=B|HvU=w w pOt|HvUQ=@Da= |=Q@ w OW x�=Q= 5xOWh}YwDV}B R= CQwY
|}xNQJ |@=} R=@ � VRN w |@=} R=@ � VRN w VRN V}=tR; G}=Dv R= u; |O=t
|x}=B Q@ u}kkLt 's}tQD swyit |UQQ@ =@ "OW xO=iDU= Cr=iU; \wrNt |=Q@ OwHwt
|=yQt}rB l}DUqB wmU} w � l}DUq=wmU} w MU=B xDUw}B |=y\}Lt l}t=v}OwtQD
=Q pm VvQm OwN |xar=]t QO =yv; "OvOR u}tND lJwm |=yVvQm |=Q@ =Q s}tQDOwN
x} RHD l}DUqB wmU} w w l}DUq=wmU} w 'l}DUq= VN@ xU x@ |atH CQwY x@
l}DUq=wmU} w |=yVvQm OWQ \@=wQ 's�wO � Tw} Rqm |w=Ut=v p=ta= =@ w OvOQm
R= s}tQD w ?}U; u=}@ |=Q@ u}vJty =yv; "OvOQw; CUO x@ =Q l}DUqB wmU} w w
xvwtv |y=oW}=tR; G}=Dv =@ =Q OwN pOt w OvOQm xO=iDU= xOW h}YwD V}B R= \@=wQ

[7]"OvOQm |HvUQ=@Da= Cr=iU;
|=Q@ pOt u}= R= CU= sRq 'xOW x�=Q= |Q=DN=U pOt |}=Q=m |UQQ@ Qw_vt x@
QO |rY= |xi}_w "OwW xO=iDU= u=tR x@ xDU@=w |Oa@xU |Q=PoQ=@ =@ |r�=Ut p}rLD
|=yQ}eDt OWQ CqO=at |=Q@ ?U=vt |Q}o p=QoDv= VwQ l} R= xO=iDU= 'CtUk u}=
|Q=DN=U pOt u}= |v=tR |xOW |R=UxDUUo sQi O}=@ 'wQ u}= R= "CU= |rN=O
R= |m} '|v=tR |xOW |R=UxDUUo sQi uOQw; CUO x@ |=Q@ "OQw; CUO x@ =Q
C}a[w 'u; |] xmCU= 6K} QY VwQ 'u=QoWywSB |xO=iDU= OQwt G}=Q |=yVwQ
u; R= xO=iDU= w |rai C}a[w uOw@ swrat ZQi =@ |Oa@ |v=tR |=ys=o QO sDU}U
u}vJty w u}}=B C=@U=Lt sHL VwQ u}= R= xO=iDU= |=}=Rt R= "OwW|t x@U=Lt
uO}UQ |=Q@ lJwm |v=tR |=ys=o uDW=OQ@ swRr u}a QO C=@U=Lt CaQU V}=Ri=
|Q=DN=U pOt R= xO=iDU= CyH x@ '|m}t=v}O |=yp}rLD QO "CU= |Q=O}=B x@
ABAQUS/Explicit QopL R= O}=@VUMAT p=wQQ} R ?r=k QO Q_v OQwt
Q_v QO =Q 1 p}Uv=Qi}O |xrO=at 'K} QY VwQ =@ QDW}@ |}=vW; |=Q@ "OQm xO=iDU=
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Ovyt [7]%OvwW |t x@U=Lt u}vJ w OvDUy |@Uv
~s1 = 2�e~ee;
~s2 = 2�e~ee + 2�eve(~ee + ~eev)� 2�vp~evp;

~p1 = Ke~�e;

~p2 = Ke~�e +Keve(~�e + ~�ve)�Kvp~�vp (12)

=@ _� Sv=Qo q ?} Q[ MQv "OvDUy |tHL w |WQ@ |=ypwOt ?}DQD x@ =yK w =y�
[7]%OwW|t x@U=Lt 17VvD=Qi `@=D l} R= xO=iDU=

_� = �vph�( ~F )iN (13)

s}rUD K]U 14 |x]@=Q j@=]t ~F w l}DUqB xD} RwmU} w QDt=Q=B �vp u; QO xm
%CU= Qo =QB � Qm =QO

~F = ~s2 � �~p2 � ~R (14)

[7]%R= CU= CQ=@a w CU= |r=m =t Cm =Q@h�i

h�( ~F )i =

8<:o ~F < 0
~F
�y

~F > 0
(15)

[7]%R= Ov=CQ=@a w CU= s}rUD x} wQ `=aW ~R w x}rw= s}rUD K]U ~F

~R = R0 +R1[1� exp(�R2~"vpeq )] (16)q
~"pvij ~"vpij |x@U=Lt R= ~"vpeq Q=Okt w OvDUy |O=t |=yQDt=Q=B R2 w R1 'R0

x@U=Lt u}vJ VvD QwUv=D |i=QLv= w |tHL VN@ C}=yv QO "O};|t CUO x@
[7]%OwW|t

~s = 2�e~ee + 2�eve(~ee + ~eve)

~p = Ke~�e + keve(~�e + ~�ve) (17)

xOW xO=iDU= 18xOW h}YwD V}B R= |x]@=Q l} R= ?}U; OWQ |x@U=Lt |=Q@
u=wva x@ (�vd) pw= CtUk [7]"CU= CtUk Q=yJ pt=W 18 |x]@=Q j@=]t xm
?}U; |wQ}v uDiQo Q_v QO =@ "OQ=O |Q=PoQF= OWQ xvt=O u=R}t QO |O=t QDt=Q=B l}
QF-wt VvD x@ ?}U; |oDU@=w swO CtUk 'pOt C@=F l} u=wva x@ (Y0) `HQt
`=@W= pw�Ut (1�D)xz CQ=@a swU CtUk "OyO|t u=Wv =Q ( ~Yeq) 19pO=at

%CU= OWQ uwv=k u}= QO ?}U; Q}}eDt
_D = �vd

� ~Yeq
Y0

�X1
(1�D)X2exp(KD~"eq) (18)

"CU= ~"eq pO=at QF-wt VvQm R= |}=tv |a@=D ?}U; OWQ 'pOt u}= QO sQ=yJ CtUk
pO=at QF-wt VvQm w VvD "OvDUy |O=t C}U=UL |=yQDt=Q=B XD w X2 'X1

[7]%O}; |t CUO x@ 19 |x]@=Q j@=]t
~Yeq =

p3=2p~sij~sij

~"eq =
p3=2p~"ij ~"ij (19)

|=Q@ xOW h}YwD V}B R= |x]@=Q l} R= '?}U; OWQ |x]@=Q x@=Wt u}vJty
uwv=k u}= '20 |x]@=Q j@=]t "CU= xOW xO=iDU= s}tQD OWQ |x]@=Q |iQat

QO Q}eDt swyit Qou=}@ ( ~�) Ctqa w CU= VvQm w VvD QwUv=D " w � u; QO xm
"CU= QF-wt C}a[w

|=yQ}eDt 'OwW|t pmW Q}}eD Ov}=Qi OQ=w xDUw}B \}Lt pOt l} xm |t=ovy
u}vJty w u=mt Q}}eD =@ |D=Q}}eD VwNDUO �� =tO w VvQm xrtH R= �� u; Cr=L
\}Lt pOt |m}t=v}OwtQD C}a[w |rm Cr=L QO 'Qo}O u=}@ x@ "OvwW|t u=tR Q}}eD
Ov}=Qi Cr=L u}= QO xm OQ=O Q=Qk |rO=aDQ}e C}a[w QO w CN=wvm} Q}e xDUw}B
|=Q@ |m}t=v}OwtQD u}v=wk 'T=U= u}ty Q@ "CU= 10CWoR=@ p@=k Q}e |m}t=v}OwtQD
s�wO � Tw} Rqm |w=Ut=v uDiQo Q_v QO =@ "OwW =[Q= O}=@CWoR=@ p@=kQ}e |=yOv}=Qi
x@U=Lt VvQm � VvD u}@ \@=wQ w O};|t CUO x@ R=}v OQwt |=yC}OwOLt u}=

[16]%OwW|t

� : _"� �( _	 + _Ts)� q: gradT
T

� 0 (8)

T w s "CU= RDrwytry O=R; |SQv= 	 w OvDUy VvQm w VvD QwUv=D " w � u; QO xm
jDWt Qou=}@ x]kv Ctqa "OvDUy |DQ=QL Q=W q Q=OQ@ w =tO w |B wQDv; ?}DQD x@
|U=U= CqO=at |=Q@ =Q |QwQ[ |=yC}OwOLt |Q@=Q@=v u}= "CU= u=tR x@ C@Uv
xm 'xO=t l} |Q=DN=U CqO=at uOQm u}}aD |=Q@ X=N Qw] x@ w Ovm|t O=H}=
CqO=at 'jwi |w=Ut=v |=[Q= R= TB "OwQ|t Q=m x@ 'OW=@ 11|m}t=v}OwtQD Q=oR=U

"O};|t CUO x@ Q_v OQwt |Q=DN=U
|r}Uv=Qi}O CqO=at x@ 'xOW G=QNDU= |Q=DN=U CqO=at |OOa |Ov@pwtQi QO
CqO=at u}= pL =Pr "OvDUy |]NQ}e CqO=at u}=?r=e xm s}vm|t OQwNQ@ |v=tR
"OwW|tv QU}t j}kO ?=wH uOQw; CUO x@ w p}Uv=Qi}O CqO=at G}=Q |=yVwQ x@
uOQw; CUO x@ |=H x@ |OOa pL |=yVwQ R= OQ=wt u}= QFm = QO 'p}rO u}ty x@
R= xO=iDU= =yVwQ u}= R= |m} "OwW|t xO=iDU= |v=tR |R=UxDUUo w j}kO MU=B
"CU= hrDNt |v=tR |=ys=o QO G}=Dv |x@U=Lt w 12K} QY |R=UxDUUo VwQ
CqO=at w 's}UkD QDlJwm |=yxR=@ x@ [0; T ] xr�Ut |v=tR xR=@ VwQ u}= |]

"OW Oy=wN pL �t xR=@ pw] =@ [t��t; t] x=wNrO xR=@ |wQ

|Q=DN=U CqO=at |iQat "3
w l}D=tv}U h}YwD |=Q@ xOW x�=Q= |Q=DN=U CqO=at u=}@ R= TB VN@ u}= QO
s}y=wN s}tQD w ?}U; 13OWQ CqO=at |iQat x@ '|R=UpOt |m}t=v}OwtQD Ow}k
VN@ xU x@ |atH CQwY x@ pm VvQm 'xOW x�=Q= l}D=tv}U T=U= Q@ "CN=OQB
R= "OwW|t x} RHD (vp) l}DUqB wmU} w w (ve) l}DUq=wmU} w '(e) l}DUq=
xOW s}UkD 15 (�) |tHL w 14 �e� |i=QLv= |=yVN@ x@ xir-wt Qy |iQ]
CU= CQ=@a jwi VvQm |=yxir-wt |=Q@ Q_v OQwt |Q=DN=U CqO=at "CU=

[7]%R=
_~evp = _� ~s2

jj~s2jj ;
_~�vp = � _��; (9)

_~eve = 1
�e

~s1; _~�ve = 1
��

~p1; (10)

_~ee = _~e� _~eve � _~evp; _~�e = _~� � _~�ve � _~�vp (11)

w |i=QLv= |O=t |=yQDt=Q=B �� w �e 'C@=F Q=Okt � 'Sv=Qo q ?} Q[ _� u; QO xm
swO x@DQt QwUv=D |=Q@ xm CU= 16sQv QwD=QB= jj�jj "OvDUy l}DUq=wmU} w |tHL
|=yVvD ~s2 w ~s1 '~p2 '~p1 "OwW|t h} QaD jjAjj =

p
A : A CQwY x@ A
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"""Q@
Q}=D

CmQ
LO

wOL
t<

=RH=
|R=

Up
Ot|=yVvD |i=QLv= w |tHL |=yCtUk '17 w 12 CqO=at uDiQo Q_v QO =@

%OwW|t XNWt pm QF-wt VvD w |@Uv QF-wt
~s1;t = 2�e~eet ;
~s2;t = 2�e~eet + 2�eve(~eet + ~evet )� 2�vp~evpt ;

~p1;t = Ke~�et ;

~p2;t = Ke~�et +Keve(~�et + ~�vet )�Kvp~�vpt ;

~s1 = 2�e~eet + 2�eve( ~eet + ~evet );

~pt = Ke~�et +Keve(~�et + ~�vet ): (25)

%=@ Ow@ Oy=wN Q@=Q@ t u=tR QO pO=at QF-wt VvQm w VvD
~Yeq;t =

p3=2p~sij;t~sij;t

~"eq =
p3=2

q
~"vpij;t~"

vp
ij;t (26)

%OwW|t x@U=Lt 26 w 18 CqO=at R= ?}U; Q}eDt |xOW RwQx@ Q=Okt
Dt = Dt��t + �vd(

~Yeq
Y0

)X1(1�Dt��t)X2

�exp(KD~"eq;t)�t (27)

%OwW|t XNWt s}tQD Q}eDt '20 |x]@=Q QO jwi |xrO=at |Q=Po}=H =@
ht = u( ~D �D0)�h[1� ~Dt(1� ht��t)]Y1

�(1� ht��t)Y2�t+ ht��t (28)

%O};|t CUO x@ 28 w 27 CqO=at R= xO=iDU= =@ QF-wt ?}U; Q}eDt
~Dt = Dt(1� ht) (29)

xO=iDU= w uQDQwi |U} wvxt=vQ@ u=@ R x@ VUMAT p=wQQ} R |x}yD =@ u=wD|t p=L
x@ =Q Cr=iU; OvtWwy QDU@ OwOLt <=RH= pOt ABAQUS |xt=vQ@ QO u; R=
QO xm CW=O xHwD O}=@ u}vJty "O=O s=Hv= =Q Q_v OQwt VvD p}rLD w xOQw; CUO
|v=tR s=o Qy QO Q=mOwN Qw] x@ CqwyHt K} QY VwQ x@ CqO=at |R=UxDUUo
VwQ u}= QO lJwm |v=tR |=ys=o R= xO=iDU= QmP p@=k |xDmv "OvwW|t RwQx@
=yVvQm w pmW C=Q}}eD |t=tD uDiQo Q_v QO l}DUq= u}vJty w '|R=UxDUUo

"CU= pw= |v=tR s=o QO

xOW |R=UxDUUo |v=tR sQi |HvUQ=@Da= "5
G}=Dv =@ OW x�=Q= p@kVN@ QO xm |Q=DN=U pOt xOW |R=UxDUUo sQiVN@ u}= QO
1 pmW QO "OwW|t |HvUQ=@Da= [17]u}W}B C=k}kLD QO xOW x�=Q= *|y=oW}=tR;
xOW x�=Q= hrDNt |=yV}=tR; ?r=k QO |@ QHD G}=Dv =@ OwOLt <=RH= p}rLD G}=Dv

"CU= xU}=kt p@=k w

OwOLt <=RH= |R=UpOt "6
Q}}eD Vy=m QO s}tQD QF= |UQQ@ x@ VywSB u}= QO OW xQ=W= QDV}B xm Qw] u=ty
QDU@ |wQ x}rkv p}=Uw CmQL R= |W=v xOt; OwHw x@ |=y|@=QN w |t�=O |=ypmW

[7]"VywSB u}= QO xDiQ Q=m@ |O=t |=yQDt=Q=B "1 pwOH
Ee(MPa) Eeve(MPa) Evp(MPa) �y0 (MPa)

228 52 26 40 35 61 26 82
Y0(kPa) R0(kPa) R1(kPa) R2
726 22 54 57 10 42 3 67
N �vp( 1

s ) �vd( 1
s ) �h( 1

s )

0 92 4=12� 10�1 6=84� 10�1 5=32� 10�1

X1 X2 �e(GPa) ��(GPa)

2 23 3 79 3 00 1 00
Y1 Y2 KD D0
0 4 15 48 78 14 0 16

|xv=DU; u=wva x@ D0 w xrB `@=D u(�) "1 %CU= CtUk Q=yJ pt=W R}v OWQ
OWQ |xvt=O '|O=t QDt=Q=B l} u=wva x@ (�h) "2 &CU= s}tQD OWQ |=Q@ ?}U;
u=Wv =Q ?}U; Q=Okt x@ s}tQD |oDU@=w (1 � ~D)Y1 "3 &Ovm|t XNWt =Q
xO}O ?}U; xO=t QO lQDwQm}t C=LiY u}@ xrY=i '?}U; V}=Ri= =@ "OyO|t
x@ QHvt (1� h)Y2 xrtH "4 "O@=}|t Vy=m s}tQD OWQ xH}Dv QO w xDi=} V}=Ri=
Oy=wNv l} x@ x=oI}y s}tQD Q=Okt Qo}O u=}@ x@ w OW Oy=wN s}tQD Q}eDt `=@W=

[7]"O}UQ
_h = u( ~D �D0)�h(1� ~D)Y1(1� h)Y2 (20)

|y=oW}=tR; G}=Dv =@ VywSB u}= QO xDiQ Q=m x@ |Q=DN=U CqO=at |O=t |=yQDt=Q=B
QO [7]"CU= xOW |HvU=w Cr=iU; xvwtv |wQ hrDNt |=y|Q=PoQ=@ R= pY=L

"CU= xOW xOQw; =yQDt=Q=B u}= Q}O=kt 1 pwOH

K} QY |xDUUou=tR sQi uOQw; CUO x@ "4
|t=tD �"t w "t��t |va}� pL xR=@ |=yDv= w =OD@= QO VvQm Q=Okt uDUv=O =@
|v=tR |xDUUo sQi '13 |x]@=Q uDiQo Q_v QO =@ "OvwW|t RwQx@ |rN=O |=yQ}eDt

%O};|t CUO x@ CQwY u}O@ Sv=Qo q ?} Q[
�� = �t � �t��t = �vph�( ~F )iN �t (21)

%=@ CU= Q@=Q@ t u=tR QO s}rUD `@=D Q=Okt u; QO xm
~Ft = kj~s2;tjj � �~p2;t � ~Rt (22)

%s} Q=O Rt |=Q@ '16 |x]@=Q j@=]t
~Rt = R0 +R1[1� exp(�R2~"vpeq;t)] (23)

l}DUqB wmU} w wl}DUq=wmU} w 'l}DUq=|=yVvQm|i=QLv= w|tHL|=yCtUk
%Ov};|t CUO x@ u}vJ t u=tR QO

_~evpt + _~evt���

�
~s2;t
jj~s2;tjj

�
~�vpt = ~�vpt��t � ���

~evpt = ~evet��t + �t
�e

~s1;t; ~�vet = ~�vet��t + �t
��

~p1;t

~eet = ~et � ~evet � ~evpt ; ~�et = ~�t � ~�vet � ~�vpt (24)
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"|y=oW}=tR; G}=Dv =@ xOW xDUUo |v=tR sQi |HvUQ=@Da= QDU@ "1 pmW

"u; |wQ Q}=D CmQL R= |W=v QDU@ x@ |r=ta= VvD |vLvt "2 pmW

"|Q=PoQ=@ R= TB Q}=D |Owta pmW Q}}eD R= |}=tv "3 pmW

R= Q}=D x@=Wt xm KQW u}O@ 'CU= xOW xO=iDU= C=@U=Lt |xv} Ry Vy=m |=Q@ Vt
=@ hrDNt Kw]U w CU= xOW xO=iDU= �C3D8� xQo 8 |Oa@xU ?amt |=yu=tr=
xDW=Po sy Q=vm QO tie O}k =@ QDt 0 03 w 0 02 '0 015 Cw=iDt Vt K]U xU
"CU= � = 0=4 l =m]Y= ?} Q[ =@ |m =m]Y= ẁv R= QDU@ w Q}=D T=tD "Ov=xOW

"CU= xOy=Wt p@=k 4 pmW QO QDU@ OwOLt <=RH= pOt

Cr=iU; |Q=DiQ |UQQ@ |=Q@ R=}v OQwt p=wQQ} R p@k VN@ QO "s} R=OQB|t Cr=iU;
"OwW s=Hv= Q_v OQwt Q}=D w Cr=iU; QDU@ |R=UpOt O}=@ p=L "Ot; CUO x@ OvtWwy

Q}=D |R=UpOt "1"6
=@ u}W=t Q}=D |R=UpOt '|m}DUq O=wt nQR@ pmW Q}}eD C}Y=N x@ xHwD =@
20|}xrtHOvJ |WvQm |SQv= `@=D =@ u=Uty l}DUq=QB}=y C}Y=N uDiQo Q_v QO
QO =@ l}DUq=wmU} w C}Y=N u}vJty w (D1 = 1e�6 w C10 = 100000)

R= [18]"CU= xDiQo s=Hv= (�1 = 0=1 w G1 = 0=3) |vwQB |QU `@=D uDiQo Q_v
|@} QkD uRw "O@=}|t V}=Ri= QDU@ w Q}=D T=tD K]U |Q=PoQ=@ p=ta= R= TB wQ u}=
p}=Uw OQ=Ov=DU= T=U=Q@ Q}=D |@} QkD O=a@= w CU= sQowr}m 350 MQJ |wQ |r=ta=
|wQ Q}=D CmQL CaQU "CU= xOW xDiQo Q_v QO 185/65R14 pOt QwWm |x}rkv
0 018 pO=at CaQU u}= xm CU= xOW xDiQo Q_v QO Ca=U Q@ QDtwr}m 50 QDU@
R= |W=v QDU@ x@ |r=ta= |Q=PoQ=@ R= QDy@ lQO |=Q@ "CU= |Q=PoQ=@ u=tR x}v=F
xO=O V}=tv 2 pmW QO Cr=iU; K]U x@ |r=ta= |WvD |vLvt 'u; Q@ Q}=D CmQL
"CU= QDt|r}t 350 OwOL QDU@ =@ Q}=D T=tD K]U pmW u}= j@=]t "CU= xOW
Cr=iU; QDU@ Q@ xm xOW xO=O u=Wv |Q=PoQ=@ CLD MQJ R= |}=tW 3 pmW QO
Kw]U 'C=@U=Lt sHL w u=tR Vy=m CyH QO |R=UpOt u}= QO "CU= xDiQo Q=Qk
?amt |=yu=tr= R= Q}=D |Ov@Vt |=Q@ "CU= xOW xDiQo Q_v QO Cw=iDtVt O=a@= =@
u}O@ &xOW xO=iDU= mesh seed edge Q=R@= u}vJty w �C3D8� xQo 8 |Oa@xU
0 02 O=a@= =@ u; |HQ=N |=yx@r w QDt 0 01 O=a@= =@ Q}=D |rN=O |=yx@r xm j} Q]

"CU=xOW |Ov@Vt QDt

QDU@ |R=UpOt "2"6
Q_v QO QDt|Dv=U 60 u; jta w QDt|Dv=U 15 QDU@ `=iDQ= 'QDU@ |R=UpOt |=Q@
C=HQO s=tD w xOW xDiQo Q_v QO QDU@ \Uw Q}=D CmQL C}akwt "CU= xOW xDiQo
Q=}U@ VvQm w VvD |Q=PoQF= p}rO x@ Q=vm Kw]U w xOW xDU@ u}}=B K]U |O=R;
hrDNt |=yxR=Ov= R= 'Q}=D pOt x@=Wt "CU= xOW xDiQo Q_v QO Z=te= p@=k w |�RH
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"Q@=Q@ 2000 |}=tvoQR@ =@ QDU@ QO xOt;OwHw x@ |t�=O pmW Q}}eD "6 pmW

"Cr=iU; QDU@ |wQ MQJ CmQL |R=Ux}@W G}=Dv "7 pmW

|=Q@ xOt; CUO x@ G}=Dv 7 pmW QO "s}vm|t x@U=Lt |Q=PoQ=@ |=vyB |xv=}t QO
"CU= xOW xO=O u=Wv Cr=iU; QDU@ Q@ Q}=D CiQ |xNQJ uw}r}t 3 OwOL

Q=Okt w sm |oOWQ=}W u=R}t 7 pmW |=yQ=Owtv QO xOt; CUO x@ G}=Dv j@=]t
Q=Okt u}= xm CU= �8 pO=at CiQ |xNQJ uw}r}t 3 OwOL R= TB |}=yv ?}U;
QO 'OW xQ=W= 3 VN@ QO xm u=vJ "CU}v ?U=vt s}tQD |Q=PoQF= |UQQ@ |=Q@
?wr]t u=R}t x@ uO}UQ |=Q@ u}=Q@=v@ w CU= �16 ?}U; Q=Okt s}tQD ẁQW |xv=DU;
hYv x@ =Q Q}=D CmQL CaQU '?}U; OWQ QO `} QUD w C=@U=Lt |xv} Ry Vy=m w
p@=k xt=O= QO xOt; CUO x@ G}=Dv "OwW|t s=Hv= OOHt |R=Ux}@W w xO=O Vy=m

"CU= xOy=Wt
|Q=PoQ=@ xNQJ uw}r}t 8 OwOL R= TB 'OwW|t xOy=Wt 8 pmW QO xm u=vJ
Q=JO xvwtv C}ak=w QO 'u; QDW}@ Q}O=kt |=Q@ xm CU= xO}UQ �30 x@ ?}U; Q=Okt
CaQU Vy=m Q@ =Q s}tQD |Q=PoQF= u=wD|t \}=QW u}= =@ p=L "OW Oy=wN |oDN}Uo
QO xOW x�=Q= G}=Dv T=U= Q@ "OQm |UQQ@ QDU@ Qta V}=Ri= xH}Dv QO w ?}U; OWQ
'?}U; |vLvt ?}W s}tQD ẁQW |xv=DU; x@ ?}U; Q=Okt uO}UQ R= TB '9 pmW

"Q=Ri=sQv QO VvD p}rLD |=Q@ xOW pOt Cr=iU; QDU@ "4 pmW

"Cr=iU; QDU@ QO xOt; OwHw x@ |t�=O pmW Q}}eD R= |}=tv "5 pmW

|UQQ@ OQwt pmW Q}}eD "3"6
uDN=Ov= Q}N-=D x@ QO s}tQD QF= w ?}U; |UQQ@ x@ VywSB u}= QO 'OW xQ=W= xm u=vJ
|t�=O |=ypmW Q}}eD xrtHR= "s}=xDN=OQB Cr=iU; QDU@ QO |t�=O |=ypmW Q}}eD
|oDiQwQi '|oOWQ=}W "OQm xQ=W= 21|oOWQ=}W |xO}OB x@ u=wD|t xOt; OwHw x@
Oy=wN |Owta |}=Hx@=H =@ x=Qty xm CU= MQJ CmQL Q}Ut |=DU=Q QO |L]U

"CU= xOW xO=O V}=tv 5 pmW QO xO}OB u}= R= |}xvwtv "Ow@
QwQt x@ QDU@ |xr=UOvJ Qta x@ xHwD =@ w O=} R C=aiO Q=QmD =@ jwi |xO}OB
O=OaD =@ QDU@ Q@ MQJ CmQL VywSB u}= QO 'Cra u}ty x@ "ODi=|t j=iD= u=tR

"CU= xDiQo s=Hv= q=@ C=aiO

xOt; CUO x@ G}=Dv "7
u=}@ p@k VN@ QO xOW |iQat |R=UpOt R= xOt; CUO x@ G}=Dv VN@ u}= QO
10000 R=TBCr=iU; QDU@ QO xOt; OwHw x@|t�=O pmW Q}}eD 6 pmW QO "OwW|t

"22CU= xOW xO=O u=Wv Q@=Q@ 2000 |}=tvoQR@ =@ Q}=D CiQ |xNQJ
xO=iDU= 30 |x]@=Q R= |oOWQ=}W |x@U=Lt |=Q@ 'j}kLD C=}@O= T=U= Q@

[19]%OwW|t

unutting =
kX
i=1

"vp(i)h(i) (30)

l}DUqB wmU} wVvQm"vp(k) '�|oOWQ=}W�|t�=O|}=H x@=Hunutting u; QO xm
|}x]kv |=Q@ =Q |oOWQ=}W "CU= x}q u; Ct=N[ h w s= K |x}q QO |Owta
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"CaQU Vy=m =@ MQJ CmQL |R=Ux}@W G}=Dv "8 pmW

"u=R}t QO s}tQD QF= xU}=kt "9 pmW

Q}=DCmQL |R=UpOt =@ xt=O= QO "CU= OwOLt <=RH= p}rLDCLD O=wt u}= |m}v=mt
x@ "CiQo Q=Qk xar=]t OQwt|oOWQ=}W x@ swUwt|t�=O pmW Q}}eD 'Cr=iU; QDU@ |wQ
"OQ}o s=Hv= q=@ Q=QmD O=OaD QO O}=@ |R=Ux}@W u}= 'Cr=iU; QDU@ |xr=UOvJ Qta p}rO
s}tQD |xO}OB QF= u=wD@ =DCiQo s=Hv= q=@ O=OaD w |}xNQJ CQwY x@ |Q=PoQ=@ u}= =Pr
s}tQD QF= =@ OyO|t u=Wv xOW s=Hv= |xar=]t "OQm xOy=Wt?}U;CaQUVy=m QO =Q
=D Cr=iU; QDU@ Qta xm |wLv x@ 'O=O Vy=m |OL =D =Q ?}U; OWQ CaQU u=wD|t
|m}v=mt Q=DiQ QO s}tQD QF= |xar=]t xmCi=} QO u=wD|t =Pr "O@=}V}=Ri= �70 R=V}@
"CU=C}ty= R�=L u; Qta u}tND QOCU= OvtWwy O=wt R=|}xDUO xmCr=iU; QDU@
x@ \w@ Qt |=yxv} Ry u=wD|t s}tQD QF= V}=Ri= |=Q@ xS} w |Qt}rB Q=DN=U u}}aD =@
"O=O Vy=m |yHwD p@=k u=R}t =D =Q Q_v OQwt |=y|@=QN w Cr=iU; |=yQDU@ |R=Uwv

|v=OQOk w QmWD
INSF QwWm u=Qw=vi w u=QoWywSB R= C}=tL jwOvY |r=t C}=tL =@ VywSB u}=

"CU= xOW s=Hv=

QDU@ x@ u=wD|t =Q |QDW}@ |=yxNQJ O=OaD w xOQm =O}B Vy=m 'u; MQv |DQ=@a x@ =}
x@ |oOWQ=}W u=R}t |xOy=Wt =@ R}v QDU@ Qta V}=Ri= QO s}tQD |Q=PoQF= "OQm p=ta=
|Q=PoQ=@ pm}U uw}r}t 14 R= V}@ =D G}=Dv u}= j@=]t "CU= xOy=Wt p@=k |@ wN

"CU= xOQw; s=wO Q_v OQwt |xvwtv

|Q}oxH}Dv "8
|m}t=v}OwtQD pOt '?}U; OWQ MQvVy=m QO s}tQD QF= |xar=]t |=Q@ 'j}kLD u}= QO
p}rLD Q=Ri=sQv QO VUMAT p=wQQ} R?r=k QO OvtWwyCr=iU; QDU@ |=Q@ xOW x�=Q=
x@ QO xrLQt x@ xrLQt w j}kO C=L}[wD w xOW xDiQo Q=m x@ ABAQUS VvD
|xvwtv u}vJty "CU= xOW x�=Q= |Q=DN=U CqO=at |xDUUou=tR sQi uOQw;CUO
VRN '|@=} R=@ � VRN 'VRN hrDNt |WvD |=y|Q=PoQ=@ CLD Q_v OQwt Cr=iU;
xOW xDWwv xt=vQ@ w xDiQo Q=Qk |y=oW}=tR; |=y|Q=PoQ=@ j@=]t |}xNQJ |@=} R=@ �
Q=DiQ |v}@V}B w |UQQ@ |=DU=Q QO syt |t=o OwN OQwt u}= xm OW |HvUQ=@Da=

=yCWwv=B
1. recursive iterative
2. radial return

3. e�ective natural con�guration
4. continuum damage mechanics
5. prescribed evolution equation
6. explicit method
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7. subroutine
8. e�ective con�guration
9. isotropic
10. irreversible
11. thermodynamically consistent
12. implicit
13. evolution equation
14. deviatoric part
15. volumetric part
16. norm operator
17. over stress function
18. prescribed evolution equation
19. equivalent e�ective stress
20. polynomial energy function
21. rutting
22. simulated using simorgh supercomputer center (SSC) high-

performance computing, School of Mechanical Engineering,
Tehran University.
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