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G}=Dv xt=O= QO "O};|t CUO x@ sDU}U |a}@] |=yTv=mQi |Q=QmD OvwQ l} QO w 'OvwW
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x@ 'OvwW|t xDN=U Cw=iDt xO=t wO R= qwtat O=wt u}= "CU= 1 (FGM) |a@=D
x@ xR=UCtUl} R= X=wN xH}Dv QO w xOvyO p}mWD O=wt |tHL OYQO xm |Qw]
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[26]"OvOQm |UQQ@ =Q uQ=kDt |v}Jx}q =@ ?mQt O=wt R= xOW xDN=U lR=v |=yjQw
O=wt R= xOW xDN=U |r}]DUt C=LiY O=R; C=W=aDQ= xt=O= QO u=oOvU} wv u}ty
Q@ =Q CmQL CqO=at =yv; "OvOQm |UQQ@ l}DUq= QDU@ uDiQo Q_v QO =@ =Q FG

VwQ p=ta= =@ w OvOQw; CUO x@ pw= x@DQt |WQ@ pmW Q}}eD |x} Q_v T=U=
pL |v=wD |QU VwQ =@ =Q p}Uv=Qi}O CqO=at xDUO wO 'xDi=} xaUwD I} wQDv=m

[27]"OvOQm
|=yjQw C=W=aDQ= |UQQ@ uwvm =D xm OwW|t xOy=Wt ẁ[wt C=}@O= |UQQ@ =@
x=ox}mD C}OwOLt =@ w x} Qwi |QU R= xO=iDU= =@ FG O=wt R= xOW xDN=U |a=]k
[20 w 14'12'11'10'7'2]DQVwQ R= xO=iDU= =@ =} [19w 15'13'9'6'5]|a=aW |=yx@r QO xO=U
`k=w QO "CU= xOW s=Hv= |RQt \}=QW `=wv= |=Q@ [18 w 16'4'3]OwOLt <=RH= VwQ w
|=yVwQ R= xO=iDU= x@ OwOLt '|wkrL |a=]k |=yjQw |D=W=aDQ= Q=DiQ |xar=]t
h=Oy= R= |m} wQ u}= R= "CU= p}Uv=Qi}O C=a@ Qt =} w OwOLt <=RH= uwJty |OOa
`=]k jQw |D=W=aDQ= Q=DiQ p}rLD |=Q@ |OOaQ}e |WwQ |x�=Q= xr=kt u}= |rY=
p�=Ut pL QO xDi=} xaUwD I} QDv=m VwQ C}r@=k x@ xHwD =@ "CU= FG |wkrL
VwQ u}= 'VwQ |q=@ |}=Qosy CaQU w CkO u}vJty w |RQt \}=QW `=wv= =@
QO C=W=aDQ= pL |=Q@ uwvm =D VwQ u}= 'Qo}O hQ] R= "OW ?=NDv= |r}rLD xt}v
Q=Qk xO=iDU= OQwt �|a=]k jQw =} |wQ}=O jQw p=Ft u=wva x@� |@]k C=YDNt

"CU= xDiQov
|=yjQw O=R; C=W=aDQ= |=Q@ |r}rLD xt}v pL l} |x�=Q= j}kLD u}= hOy
Q=OQ}o w xO=U |y=ox}mD \}=QW `=wv= =@ FG O=wt R= xOW xDN=U |wkrL |a=]k
u}O@ "CU= xDi=} xaUwD I} wQDv=m VwQ R= xO=iDU= =@ |]}Lt w |a=aW |=yx@r QO
CqO=at 'uwDr}ty pY= w pw= x@DQt |WQ@ pmW Q}}eD |x} Q_v T=U= Q@ 'Qw_vt
=@ TBU "OwW|t G=QNDU= � pB wm w |�RH p}Uv=Qi}O |xrO=at GvB pt=W � CmQL
p}Uv=Qi}O CqO=at x=oDUO wO 'CqO=at u}= |wQ xDi=} xaUwD I} wQDv=m VwQ p=ta=
QO CqO=at x=oDUO "O};|t CUO x@ |]}Lt w |a=aW |=DU=Q wO QO |rwtat
|=DU=Q QO w xDi=} s}taD p}Uv=Qi}O C=a@ Qt VwQ R= xO=iDU= =@ |a=aW |=DU=Q
xO=U w Q=OQ}o |RQt \}=QW ?}mQD |=Q@ Cr=L |=[i VwQ R= xO=iDU= =@ |]}Lt
"O};|t CUO x@ sDU}U |a}@] |=yTv=mQi |Q=QmD OvwQ l} QO w OW Oy=wN pL
|UQQ@ =yv; CLY w xU}=kt u}W}B C=ar=]t G}=Dv =@ j}kLD u}= G}=Dv 'xt=O= QO

"OwW|t

uw}UqwtQi "2
'a |HQ=N `=aW 'b |rN=O `=aW =@ GQOt |a@=D O=wt R= xOW xDN=U |wkrL `=]k
x=oDUO w jQw |xUOvy "CU= xOW xDiQo Q_v QO h Ct=N[ w � |RmQt |x} w=R

"CU= xOW xO=O u=Wv 1 pmW QO C=YDNt
OQou=Uty |xO=tl} CQwY x@l}t=QU w Rri R=|@}mQD =@ FG |xO=t '=Hv}= QO
p}mWD <=RH= |tHL OYQO xm OwW|t pOt |]N l}DUq= Q=DiQ =@ uotyQ}e w
uwv=k R= xO=iDU= =@ "Ovm|t Q}}eD Ct=N[ |=DU=Q QO xDUw}B CQwY x@ u; |xOvyO
x@ 1 |x]@=Q R= u=wD|t =Q nv=} pwOt xrtH R= |m}v=mt X=wN '\wrNt |]N

[28]%OQw; CUO
E = Ecvc + Emvm (1)

|a=]k jQw O=R; V=aDQ= u=}H w nv=}m nv=} [8]"OvOQm xar=]t RD} Q � hW}@J
=Q |]}Lt |=yx@r QO x=wNrO x=ox}mD w |a=aW |=yx@r QO xO=U x=ox}mD =@ |wQ}=O
|a=]k C=LiY |Q=@H= w O=R; C=W=aDQ= nvwS w |v [9]"OvO=O Q=Qk |UQQ@ OQwt
x=wNrO x=ox}mD w |a=aW |=yx@r QO xO=U x=ox}mD =@ |a@=D GQOt O=wt R= xOW xDN=U
x@ w Ct=N[ |=DU=Q QO =Q X=wN C=Q}}eD =yv; "OvOQm xar=]t =Q |wQ}=O |=yx@r QO
xD}U}DUq= |Oa@xU |x} Q_v |=v@t Q@ =Q CqO=at 'xOQm ZQi |}=tv `} RwD CQwY
C=LiY O=R; C=W=aDQ= T=} w xvwy=D [10]"OvOQm pL DQ VwQ =@ w G=QNDU=
xDW=O Q=Qk l}DUq= QDU@ Q@ xm =Q FG O=wt R= xOW xDN=U s}N[ |wkrL |a=]k
|]}Lt |=yx@r QO |RQt \}=QW `=wv= w |a=aW |=yx@r QO xO=U x=ox}mD |=Q=O w
|UQQ@ DQ VwQ R= xO=iDU= =@ w xD}U}DUq= |Oa@xU |x} Q_v T=U= Q@ 'OvOw@
QO X=wN C=Q}}eD� |Oa@ wO FG O=wt x@ =Q j}kLD u}= xt=O= QO =yv; [11]"OvOQm
x} Qwi |QU pL Vv=Q=mty w |O}aU [12]"OvO=O \U@ �Ct=N[ w |a=aW |=DU=Q
xO=U x=ox}mD =@ FG O=wt R= xOWxDN=U |wkrL |a=]k C=LiY C=W=aDQ= |=Q@ =Q
Q}}eD |x} Q_v T=U= Q@ |]}Lt |=yx@r QO x=wNrO x=ox}mD w |a=aW |=yx@r QO
O=R; V=aDQ= w Vv=tm Vv=Q=mty w |tW=y [13]"OvOQm x�=Q= pw= x@DQt |WQ@ pmW
QO Q}eDt Ct=N[ =@ FG O=wt R= xOW xDN=U |wkrL w QB wD |a=]k C=LiY
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l}DUq= QDU@ Q@ =Q FG O=wt R= xOW xDN=U lR=v |wkrL |a=]k jQw O=R; C=W=aDQ=
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|a=]k w pt=m |wQ}=O |=yjQw O=R; C=W=aDQ= Vv=Q=mty w nv=w [16]"OvOQm xar=]t
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|a=aW |=DU=Q wO QO X=wN C=Q}}eD =@ =Q FG |a=]k s}N[ jQw |m}t=v}O
sm =L CqO=at Q=DWwv u}= QO "OvOQm |UQQ@ |RQt \}=QW `=wv= |=Q@ Ct=N[ w
<=RH= VwQ R= xO=iDU= =@ w Ot; CUO x@ xD}U}DUq= |Oa@xU |x} Q_v T=U= Q@
TvH R= |a=]k |=yjQw O=R; C=W=aDQ= Vv=Q=mty w wU [18]"OW pL OwOLt
R= xO=iDU= =@ CmQL CqO=at xar=]t u}= QO "OvOQm |UQQ@ =Q FG w C} RwBt=m
w x} Qwi |QU VwQ |Q}oQ=m x@ =@ w G=QNDU= pw= x@DQt |WQ@ pmW Q}}eD |x} Q_v
C=W=aDQ= Vv=Q=mty w nv=}r [19]"OW pL |RQt \}=QW `=wv= |=Q@ RD} Q � |r} Q
|=yx=ox}mD w |a=aW |=yx@r QO xO=U |=yx=ox}mD =@ =Q FG |a=]k |=yjQw |=QPo
|UQQ@ Twmat TqBq w DQ VwQ R= xO=iDU= =@ |]}Lt |=yx@r QO x=wNrO
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xDi=} xaUwD I} wQDv=m VwQ R= xO=iDU= =@ ur}t w RvwH "OwW|t x�=Q= xDi=} xaUwD
|UQQ@ =Q Q=OQ}o w xO=U |=yx@r =@ OQou=Uty |r}]DUt jQw O=R; C=W=aDQ=
l}B wQDwDQw= |=yjQw C=W=aDQ= VwQ u}= uDU@ Q=m x@ =@ Qm w |}q=O [21]"OvOQm
Q@ 'QoQ@vR}; w u} QiwW [22]"OvOQm |UQQ@ OvOw@ Q=OQ}o |x@r Q=yJ |=Q=O xm =Q
xaUwD I} wQDv=m VwQ R= xO=iDU= w pw= x@DQt |WQ@ pmW Q}}eD |x} Q_v T=U=
OQou=Uty |=yjQw O=R; C=W=aDQ= w |Q=O}=B |=Q@ =Q |r}rLD xt}v |rL 'xDi=}
x�=Q= hrDNt |RQt \}=QW =@ [24]Q}eDt Ct=N[ w [23]C@=F Ct=N[ =@ |r}]DUt
|UQQ@ x@ xDi=} xaUwD I} wQDv=m VwQ R= xO=iDU= =@ |v=y] w l}v u=} QY=v "OvOQm
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"0
r = u;r; "0

� = 1
r

(u+ v;�); 
0
r� =  � + 1

r
w;�

kr =  r;r; k� = 1
r

( r +  �;�); kr� = 1
r

( r;� �  �) +  �;r

krz =  r + w;r; k�z =  � + 1
r

(w;�) (7)

j@=]t CmQL CqO=at '[28]uwDr}ty pY= |Q}oQ=m x@ =@ R}v w 7 w 6 \@=wQ T=U= Q@
%OwW|t pY=L 8 CqO=at

�u : Nr;r + 1
r

(Nr �N�) + 1
r
Nr�;� = I0�u+ I1 � r

�v : Nr�;r + 1
r
N�;� + 2

r
Nr� = I0�v + I1 � �

� r : Mr;r + 1
r

(Mr �M�) + 1
r
Mr�;� �Qr = I1�u+ I2 � r

� � : Mr�;r + 1
r
M�;� + 2

r
Mr� �Q� = I1�v + I2 � �

�w : rQr;r +Q�;� +Qr = I0 �w (8)

%OwW|t h} QaD u}vJ |UQv}= |=yu=tt R}v w u=tt w VvD |=yxHDvt u; QO xm

(Nr; N�; Nr�; Qr; Q�) =
Z h2

h2
(�r; ��; �r�; �rz; ��z)dz

(Mr;M�;Mr�) =
Z h2

h2
(�r; ��; �r�)zdz

(I0; I1; I2) =

h2Z
�h2

�(z)(1; z; z2)dz (9)

|]}Lt w|a=aW |=yx@r QO (S) xO=U w (C) Q=OQ}o |=yx=ox}mD |=Q@ |RQt\}=QW
%(� = 0; � = �) |a=aW |=yx@r QO %R= CU= CQ=@a

C : u = 0; v = 0;  r = 0;  � = 0; w = 0
S : u = 0; v = 0;  r = 0;M� = 0; w = 0 (10)

%(r = b; a) |]}Lt |=yx@r QO
C : u = 0; v = 0;  r = 0;  � = 0; w = 0
S : u = 0; v = 0;Mr = 0;  � = 0; w = 0 (11)

CU= CQ=@a |}xLiY VvD Cr=L QO VvQm � VvD |]N \@=wQ 'lwy uwv=k j@]
[28]%R=8>><>>:
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1� v2
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v 1 0
0 0 1�v

2

3775
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�rz

)
= Ks

E(z)
2(1 + v)

"1 0
0 1

#(

�z

rz

)
(12)

K}LYD ?} Q[ w nv=} pwOt 'uwU=wB ?} Q[ ?}DQD x@ Ks w E(z) '� u; QO xm
|xH}Dv |Q=Po}=H w 12 |x]@=Q QO �6 |x]@=Q� =yVvQm |Q=Po}=H =@ "OvDUy VQ@

"FG |wkrL `=]k |xUOvy "1 pmW

x@ vc w vm R}v w l}t=QU w Rri x@ \w@ Qt ?}DQD x@ c w m |=yT} wvQ} R u; QO xm
%OwW|t u=}@ u}vJ =yv; u}@ |x]@=Q xm CU= l}t=QU w Rri |tHL QUm ?}DQD

vm + vc = 1 (2)

[30w29]%Ovm|t Q}}eD 3 |v=wD |x]@=Q j@] Rri |tHL QUm xm OwW|t ZQi =Hu}= QO

vm =
�
h� 2z

2h
�n

(3)

R= xO=iDU= =@ "CU= QiY |w=Ut =} QDnQR@ |OOa 'xO=t |v=wD ?} Q[ n u; QO xm
%OwW|t u=}@ u}vJ FG |xO=t QF-wt nv=} pwOt 3 =D 1 |x]@=Q

E(z) = Em + (Ec � Em)
�
h� 2z

2h
�n

(4)

w |J "CU= C@=F Ct=N[ |=DU=Q QO uwU=wB C@Uv xm OwW|t ZQi u}vJty
Q=DiQ |wQ Ct=N[ |=DU=Q QO uwU=wB C@Uv C=Q}}eD Q}F-=D xm OvO=O u=Wv nv=J
[32w31]"CiQo Q_v QOC@=F =Q u; u=wD|t =Pr wCU= sm Q=}U@ FG |=yjQw |m}v=mt

sm =L CqO=at G=QNDU= "1"2
xDiQo Q_v QO pw= x@DQt |WQ@ pmW Q}}eD |x} Q_v ?r=k QO |}=Hx@=H |=yxir-wt

[28]%OwW|t
u1(r; �; z; t) = u(r; �; t) + z r(r; �; t)

u2(r; �; z; t) = v(r; �; t) + z �(r; �; t)

u3(r; �; z; t) = w(r; �; t) (5)

w v 'u w x=wNrO |x]kv l} |=y|}=Hx@=H ?}DQD x@ u3 w u2 'u1 u; QO xm
'|a=aW |=y=DU=Q QO ?}DQD x@ |v=}t |xLiY QO x]kv l} |=y|}=Hx@=H w

x@ |@v=H Owta l} |=yu=QwO  � w  r u}vJty "CU= Ct=N[ w |]}Lt
VvQm |]N \@=wQ QO 5 \@=wQ |Q=Po}=H =@ "OvDUy r w � |=yQwLt pwL ?}DQD

%O};|t CUO x@ VvQm |=yxir-wt '[30]|}=Hx@=H �

"r = "0
r + zkr; "� = "0

� + zk�; "z = 0

r� = 
0

r� + zkr�; 
rz = krz; 
�z = k�z (6)
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wkrL

|a
=]k

C=L
iY

O=R;
C=W

=aDQ=
|U

QQ@

pL OvwQ "3
p}Uv=Qi}O CqO=at x=oDUO xDi=} xaUwD I} wQDv=m VwQ p=ta= =@ =OD@= =Hu}= QO
|rwtat p}Uv=Qi}O CqO=at x=oDUO wO x@ 15 CqO=at QO xr�Ut Q@ sm =L |�RH
Q=Okt ẁv R= xOt; CUO x@ CqO=at C=W=aDQ= w Vv=tm p�=Ut QO "OwW|t p}O@D
C=a@ Qt VwQ x@ r |=DU=Q QO xOt; CUO x@ CqO=at x=oDUO TBU "OvDUy xS} w
"OW Oy=wN pL Cr=L |=[i VwQ x@ � |=DU=Q QO CqO=at x=oDUO w |r}Uv=Qi}O

xDi=} xaUwD I} wQDv=m VwQ p=ta= "1"3
x@ 15 CqO=at |vRw p=QoDv= sQi =OD@= 'xDi=} xaUwD I} wQDv=m VwQ T=U= Q@
�w w � � '� r '�v '�u QO ?}DQD x@ 15 CqO=at Qw_vt u}O@ "O};|t CUO
(0 � � � �; b � r � a) |wkrL `=]k CL=Ut |wQ TBU w ?Q[
u=Wv pw= |xrO=at |=Q@ \ki Q=m OvwQ '|U} wvxYqN |=Q@ "OwW|t |Q}op=QoDv=

"OwW|t xO=O

aZ
b

�Z
0

0BBBBB@
A1(u;rr + u;r

r � u
r2 � v;�

r2 + v;r�
r )

+A2(u;��r22 � v;r�
r � v;�

r2 )

+B1( r;rr +  r;r
r �  r

r2 �  �;�
r2 +  �;r�

r )

+B2( r;��r2 �  �;r�
r �  �;�

r2 )� (I0�uI1 � r)

1CCCCCA �urdrd� = 0

(16)

QO =RHt `@=D wO ?Q[ pY=L CQwY x@ =yu=QwO w =y|}=Hx@=H 'xt=O= QO
xDiQo Q_v QO l}vwtQ=y CQwY x@ u=tR sQD w '|]}Lt w |a=aW |=DU=Q wO

%OwW|t
u = û(r)�u(�)ei!t

v = v̂(r)�v(�)ei!t

 r =  ̂r(r) � r(�)ei!t

 � =  ̂�(r) � �(�)ei!t

w = ŵ(r) �w(�)ei!t (17)

' � '�v '�u `@=wD 'r ?ULQ@ pwyHt |a@=wD ŵ w  ̂ ' ̂ 'v̂ 'û `@=wD u; QO xm
OvwQ QO xm CU= jQw V=aDQ= Tv=mQi ! w � ?ULQ@ pwyHt |a@=wD �w w �'�

( �w w � ' � '�v '�u) � |=DU=Q QO `@=wD xm OwW ZQi Qo = "O};|t CUO x@ pL
�u = |va}� =yv; |D=Q}}eD sQi x=Qty x@ 17 \@=wQ |Q=Po}=H =@ 'OvDUy swrat
'� r = � ̂r(r) � r(�)ei!t '�v = �v̂(r)�v(�)ei!t '�û(r)�u(�)ei!t

|vRw p=QoDv= sQi QO ��w = �ŵ(r) �w(�)ei!t '� � = � ̂�(r) � �(�)ei!t

� |=DU=Q QO `@=wD uOw@ swrat ZQi x@ xHwD =@ w '�16 |x]@=Q x@=Wt� 15 \@=wQ
pwyHt `@=wD ?ULQ@ |rwtat p}Uv=Qi}O |xrO=at GvB '=DU=Q u}= QO |Q}op=QoDv= w

%OwW|t pY=L |a=aW |=DU=Q QO
�û : c1û00 +

c1
r
û0 + c2

r2 û+ c3
r
v̂0 + c4

r2 v̂ + c5 ̂00r + c5
r
 ̂0r

+ c6
r2  ̂r + c7

r
 ̂0� + c8

r2  ̂� = �I0S1!2û� I1S2!2 ̂r

�v̂ : � c3
r
û0 + c4

r2 ûc9v̂00 +
c9
r
v̂0 + c10

r2 v̂ + c11
r
 ̂0r + c12

r2  ̂r

+c13 ̂00� + c13
r
 ̂0� + c14

r2  ̂
00
� = �I0S7!2v̂ � I1S8!2 ̂�

CUO x@ VvQm |=yxir-wt ?ULQ@ u=tt w VvD |=yxHDvt '9 |x]@=Q QO xrY=L
%O};|t

Nr = A1"or + (A1 � 2A2)"o� +B1kr + (B1 � 2B2)k�

N� = (A1 � 2A2)"or +A1"o� + (B1 � 2B2)kr +B1k�

Nr� = A2
0
r� +B2kr�

Mr = B1"or + (B1 � 2B2)"o� +D1kr + (D1 � 2D2)k�

M� = (B1 � 2B2)"or +B1"0
� + (D1 � 2D2)kr +D1k�

Mr� = B2
or� +D2kr�; Q� = ksA2k�z; Qr = ksA2krz (13)

%OwW|t h} QaD u}vJ xO=t |DiU ?}=Q[ '13 |x]@=Q QO

(A1; B1; D1) =

h2Z
h2

E(z)
1� �2 (1; z; z2)

(A2; B2; D2) =

h2Z
h2

E(z)
2(1 + �)

(1; z; z2) (14)

QO xrY=L |xH}Dv |Q=Po}=H w '13 \@=wQ QO 7 \@=wQ |Q=Po}=H =@ C}=yv QO
%O};|t CUO x@ |}=Hx@=H |=yxir-wt ?ULQ@ CmQL CqO=at '8 \@=wQ

�u : A1(u;rr + u;r
r
� u
r2
v;�
r2 + v;r�

r
) +A2(

u;��
r2 � v;r�

r
� v;�
r2 )

+B1( r;rr +  r;r
r
�  r
r2 �  �;�

r2 +  �;r�
r

)

+B2(
 r;��
r2 �  �;r�

r
�  �;�

r2 ) = I0�u+ I1 � r

�v : A1(
u;�
r2 + u;r�

r
+ v;��

r

2
)+

A2(�u;r�r2 � v;rr + u;�
r2 + v;r

r
� v
r

)

+B1(
 r;�
r2 +  �;��

r2 +  r;r�
r

)

+B2(� r;r�r +  �;rr
 r;�
r2 +  �;r

r
�  �
r2 ) = I0�v + I1 � �

� r : B1(u;rr + u;r
r
� u
r2 � v;�

r2 + v;r�
r

)+

B2(
u;��
r2 � v;r�

r
� v;�
r2 )

+D1( r;rr +  r;r
r
�  r
r2 �  �;�

r2 +  �;r�
r

)

+D2(
 r;��
r2 �  �;r�

r
�  �;�

r2 )� ksA2( r + w;r) = I1�u+ I2 � r

� � : B1(
u;�
r2 + u;r�

r
+ v;��

r2 )

+B2(�u;r�r2 � v;rr + u;�
r2 + v;r

r
� v
r

)

+D1(
 r;�
r2 +  �;��

r2 +  r;r�
r

)

+D2(� r;r�r +  �;rr
 r;�
r2 +  �;r

r
�  �
r2 )

�ksA2( � + w;�) = I1�v + I2 � �

�w : ksA2(w;rr + w;r
r

+ w;��
r2 +  r;r +  �;�

r
+  r

r
) = I0 �w

�ksA2( � + w;�) = I1�v + I2 � � (15)
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xQ=t

W3
5�3

|xQ
wO�

13
98

R}}=B
�'h

}QW
l}

v=mt
|U

Ovyt QO ŵ w  ̂ '  ̂ 'v̂ 'û `@=wD |=Q@ xOt; CUO x@ |=yMU=B 'Oa@ |xrLQt QO
CqO=at QO xm d1 C@=F ?}=Q[ =D OwW|t |Q=Po}=H �CUw}B� QO 2 A \@=wQ
=@ |rwtat p}Uv=Qi}O |xrO=at GvB xm 19 CqO=at "O}; CUO x@ 'OwW|t Qy=_ 19
MU=B w xOW pL Cr=L |=[i VwQ R= xO=iDU= =@ OwW|t pt=W =Q C@=F ?}=Q[
xO=U x=wNrO |RQt \}=QW p=ta= =@ "O};|t CUO x@ �w w � ' � '�v '�u |=Q@ |twta
Q=Okt |xr�Ut l} pL w �� = 0; � = �� jQw s}kDUt |=yx@r QO Q=OQ}o w
O@=}|t xt=O= OvwQ u}= "OwW|t pY=L jQw |a}@] Tv=mQi |=Q@ swO ?} QkD 'xS} w

"OvwW =Qoty jQw |a}@] Tv=mQi |=Q@ xOt; CUO x@ |=yMU=B =D

|OOa G}=Dv "4
|HvUCLY "1"4

|=yTv=mQi |=Q@ Q[=L VywSB QO xOt; CUO x@ |OOa G}=Dv 'CtUk u}= QO
G}=Dv =@ xU}=kt =@ FG |wkrL `=]k w OQou=Uty w uoty |wkrL `=]k |a}@]
\}=QW =OD@= '|RQt \}=QW V}=tv |=Q@ OwW|t Qw;O=} "OwW|t |HvUCLY OwHwt
|]}Lt |=yx@r QO TBU w � = � w � = 0QO ?}DQD x@ s}kDUt |=yx@r QO |RQt
CU=vat u}= x@ 'SCSC p=Ft |=Q@ "OwW|t u=}@ r = a w r = b QO ?}DQD x@
r = a QO w xO=U r = b QO 'Q=OQ}o � = � QO 'xO=U � = 0QO |RQt \}=QW xm

"CU= Q=OQ}o
=@ OQou=Uty w uoty |wkrL jQw l} pw= |a}@] Tv=mQi wO %pw= p=Ft
1 pwOH QO b

a hrDNt |=yC@Uv w |RQt \}=QW |=Q@ 'ha = 0=1 w � = 60
j@=]D OwW|t xOy=Wt xm Qw]u=ty "CU= xOW xU}=kt [2]`HQt G}=Dv =@ w x�=Q=
%CU= xOW h} QaD u}vJ Oa@|@ Tv=mQi p=Ft u}= QO "OQ=O OwHw G}=Dv u}@ |@ wN

�! = !a2
r
�mh
D

;D = Emh3

12(1� �2) (21)

w |RQt \}=QW =@ FG |wkrL jQw l} pw= |a}@] Tv=mQi wO %swO p=Ft
Qw]u=ty "CU= xOW xU}=kt [10]`HQtG}=Dv =@ w x�=Q= 2 pwOH QOhrDNt |=yxUOvy

"OQou=Uty w uoty |wkrL `=]k Oa@|@ |=yTv=mQi "1 pwOH
[2]`HQt Q_=L |xar=]t Owt pmW b

a |RQt \}=QW
62 412 62 6575 1 0 1

CCCC
108 355 109 4812 2
82 164 82 4197 1 0 5116 624 117 0527 2

37 366 37 4348 1 0 1
SSSS

81 937 83 0821 2
50 982 51 0583 1 0 588 486 89 1748 2

45 480 45 7652 1 0 1
SSCC

91 764 92 2203 2
76 902 76 952 1 0 5103 682 104 5179 2

� ̂r : c5û00 +
c5
r
û0 c20

r
û� c11

r
v̂0 + c12

r2 v̂ + c21ŵ

+c22 ̂00r + c22
r
 ̂0r(

c23
r2 + c24) ̂r + c25

r
 ̂0�

c26
r2  ̂� = �I1S2!2û� I2S5!2 ̂r

� ̂� : � c7
r
û0 c8
r2 û+ c13v̂00 +

c13
r
v̂0 c27
r2 v̂ + c28

r
ŵ

+ c25
r
 ̂0r + c26

r2  ̂r + c29 ̂00� + c29
r
 ̂�

+( c30
r2 + c31) ̂� = �I1S8!2v̂ � I2S11!2 ̂�

�ŵ : c15ŵ0 +
c15
r
ŵ0 + c16

r2 ŵ + c17 ̂0r + c17
r
 ̂r + c18

r
 ̂� =

�I0S13!2ŵ (18)

|a=aW|=DU=Q QO `@=wD xJu=vJ 'Qo}OhQ]R= "CU=xOWxOQw;CUw}B QO ci?}=Q[ xm
sQi x=Qty x@ 17 \@=wQ |Q=Po}=H =@ 'OvwW ZQi swrat �w w � ' � '�v '�u
� r = '�v = v̂(r)��v(�)ei!t '�u = û(r)��u(�)ei!t |va}� =yv; |D=Q}}eD
��w = ŵ(r)� �w(�)ei!t '� � =  ̂�(r)� � �(�)ei!t ' ̂r(r)� � r(�)ei!t

`@=wD uOw@ swrat x@ xHwD =@ w '�16 |x]@=Q x@=Wt� 15 \@=wQ |vRw p=QoDv= sQi QO
?ULQ@ |rwtat p}Uv=Qi}O |xrO=at GvB '=DU=Q u}= QO |Q}op=QoDv= w r |=DU=Q QO

%OwW|t pY=L |]}Lt |=DU=Q QO pwyHt `@=wD
��u : d1�u00 + d2�u+ d3�v0 + d4 � 00r + d5 � r

+d6 � 0� = �I0S3!2�u� I1S4!2 � r

��v : �d3�u0 + d7�v00 + d8�v + d9 � 0r + d10 � 00�
+d11 � � = �I0S9!2�v � I1S10!2 � �

� ̂r : d4�u00 + d17�u� d9�v0 + d18 �w + d19 � 00r
+d20 � r + d21 � 0� = �I1S4!2�u� I2S6!2 � r

� ̂� : �d6�u0 + d10�v00 + d22�v + d23 �w0 � d21 � 0r
+d24 � 00� + d25 � � = �I1S10!2�v � I2S12!2 � �

�ŵ : d12 �w00 + d13 �w + d14 � r + d15 � 0� = �I0S13!2 �w (19)

"CU= xOW xOQw; CUw}B QO di ?}=Q[ xm

|=[i VwQ w xDi=} s}taD p}Uv=Qi}O C=a@ Qt VwQ p=ta= "2"3
Cr=L

pw= ?} QkD u=wva x@ � =} r |=DU=Q QO =yMU=B '19 w 18 CqO=at pL Qw_vt x@
CQwY x@ � |=DU=Q QO `@=wD |=Q@ x=wNrO w x}rw= TOL l} '=Hv}= QO "OwW|t ZQi

%CU= xOW ZQi Q} R
�u = �v = � r = � � = �w = 1� �3 (20)

QO xm ci C@=F ?}=Q[ '�CUw}B� QO 1 A \@=wQ QO 20 \@=wQ |Q=Po}=H =@
|xrO=at GvB xm 18 CqO=at TBU "O};|t CUO x@ 'OwW|t Qy=_ 18 CqO=at
w xOW pL DQ VwQ R= xO=iDU= =@ 'OvDUy Q}eDt ?}=Q[ =@ |rwtat p}Uv=Qi}O
w xO=U |RQt \}=QW p=ta= =@ C}=yv QO "O};|t CUO x@ ŵ w  ̂ ' ̂ 'v̂ 'û `@=wD
?} QkD 'xS} w Q=Okt |xr�Ut l} pL w jQw |HQ=N w |rN=O |=y`=aW QO Q=OQ}o

"OW Oy=wN pY=L jQw |a}@] Tv=mQi |=Q@ pw=
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"""|
wkrL

|a
=]k

C=L
iY

O=R;
C=W

=aDQ=
|U

QQ@"FG |a=]k jQw |a}@] Tv=mQi |}=Qosy |=Q@ sRq Q=QmD O=OaD |UQQ@ "4 pwOH
[10]`HQt xDi=} xaUwD I} wQDv=m VwQ QO Q=QmD C=aiO

n5 4 3 2 1
0 0659 0 0651 0 0651 0 0651 0 0638 0 0918 1
0 0619 0 0614 0 0614 0 0614 0 0655 0 0891 2
0 0563 0 0562 0 0562 0 562 0 0615 0 0853 3
0 0502 0 0501 0 0501 0 0501 0 0573 0 0811 4

"FG |wkrL `=]k Oa@ |@ pw= Tv=mQi "5 pwOH
x}rw= TOL `@=D n b

a = 0=1 b
a = 0=3

F = 1� �3

1

0 0651 0 1026
F = 1� ( �� ) 0 0651 0 1026
F = cos( �� ) 0 0651 0 1026

F = exp(� �
� )sin( �� ) 0 0651 0 1026

[10]`HQt 0 0659 0 1039
F = 1� �3

2

0 0614 0 0972
F = 1� ( �� ) 0 0614 0 0972
F = cos( �� ) 0 0614 0 0972

F = exp(� �
� )sin( �� ) 0 0614 0 0972

[10]`HQt 0 0619 0 0978

Ct=N[ C@Uv w |RQt \}=QW =@ FG |wkrL `=]k Oa@|@ |=yTv=mQi "6 pwOH
"Cw=iDt |HQ=N `=aW x@

|RQt \}=QW h
a

Owt pmW xQ=tW
1 2

CCCC
0 05 71 1237 134 6600
0 1 61 4743 109 3774

SSSS
0 05 39 0564 92 9722
0 1 36 6104 81 5486

SSCC
0 05 48 4876 104 5406
0 1 44 8213 89 6780

CCSS
0 05 58 6634 119 6153
0 1 52 1385 100 2187

xOW x�=Q= ha = 0=1 w � = 210|UOvy C=YNWt =@ SSCC |wkrL `=]k
"CU=

|=yCt=N[ =@ FG |wkrL |a=]k jQw pw= |a}@] Tv=mQi wO '6 pwOH QO
� = 60=@ |wkrL `=]k |=Q@ G}=Dv "CU= xOW x�=Q= uwo =vwo |RQt \}=QW w hrDNt
xm OwW|t xOy=Wt "CU= xOW u=}@ ba = 0=1 w n = 1 xO=t u=wD ?} Q[ '
Tv=mQi '�ha |HQ=N `=aW x@ Ct=N[ C@Uv V}=Ri=� jQw Ct=N[ V}=Ri= =@
s=Hv= |R=UOa@|@ QO Ct=N[ QDt=Q=B OwHw 'u; Cra xm O@=}|t Vy=m jQw Oa@|@

"FG |wkrL `=]k Oa@|@ |=yTv=mQi "2 pwOH
[10]`HQt Q[=L |xar=]t Owt pmW b

a |RQt \}=QW
0 0619 0 0614 1 0 1

SSCC
0 0766 0 0716 2
0 0978 0 0972 1 0 30 1027 0 1033 2

0 0409 0 0404 1 0 1
SSCS

0 0529 0 0526 2
0 0678 0 0678 1 0 30 0736 0 0730 2

"FG xO=t |R=UpOt |=Q@ l}t=QU w Rri xO=t X=wN "3 pwOH
�(Kg=m3) v E(GPa) xO=t

3800 0 3 380 Al2O3
2707 0 3 70 Aluminum

Oa@|@ Tv=mQi p=Ft u}= QO "OQ=O OwHw G}=Dv u}@ |@ wN j@=]D OwW|t xOy=Wt xm
%CU= xOW h} QaD u}vJ

�! = !h

s
(1 + �)(1� 2�)�c

Ec(1� �)
(22)

�c = |m}v=mt X=wN =@ l}t=QU TvH x@ \w@ Qt c T} wvQ} R u; QO xm
�m = R}v Rri TvH C=YNWt "CU= Ec = 380GPa w 3800Kg=m3

x�=Q= G}=Dv QO xm CU= QmP x@ sRq "CU= Em = 70GPa w 2707Kg=m3

"CU= xOW xDiQo Q_v QO n = 2 w h
a = 0=1 ' � = 210'2 pwOH QO xOW

|QDt=Q=B C=ar=]t "2"4
=@ FG |wkrL `=]k |a}@] |=yTv=mQi Q@ hrDNt |=yQDt=Q=B QF= 'CtUk u}= QO
x@ FG xO=t '|OOa G}=Dv |x�=Q= Qw_vt x@ "OwW|t |UQQ@ hrDNt |RQt \}=QW
xDiQo Q_v QO 3 pwOH QO xOW x�=Q= X=wN =@ sw}v}twr; w =v}twr; R= |@}mQD CQwY

"CU= xOW
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1. functionally graded material (FGM)
2. di�erential quadrature method (DQM)

95

Vy=m jQw Oa@|@ Tv=mQi 'Rri R=i V}=Ri= xH}DvQO w xO=t |v=wD ?} Q[ V}=Ri=
"O@=}|t

\}=QWw xO=t hrDNt C@=wF |=Q@ FG |wkrL `=]k Oa@|@ |=yTv=mQi "8 pwOH
"uwo =vwo |RQt

|RQt \}=QW n
Owt pmW xQ=tW
1 2

CCCC

0 62 6575 111 4812
0 5 62 2711 110 8229
1 61 4743 109 3774
2 59 5521 104 8899

SSSS

0 37 4348 83 0821
0 5 37 2066 82 6175
1 36 6104 81 5486
2 34 4101 77 5005

SSCC

0 45 7652 92 2203
0 5 45 5128 78 4556
1 44 8213 89 6780
2 42 3343 85 6916

CCSS

0 53 1199 101 8024
0 5 52 8716 101 4026
1 52 1385 100 2187
2 49 3993 95 7287



"""|
wkrL

|a
=]k

C=L
iY

O=R;
C=W

=aDQ=
|U

QQ@

�References� `@=vt
1. Jha, D.K., Kant, T. and Singh R.K. \A critical review

of recent research on functionally graded plates", Com-
posite Structures, 96, pp. 833-849 (2013).

2. Liew, K.M. and Liu, F.L. \Di�erential quadrature
method for vibration analysis of shear deformable an-
nular sector plates", Journal of Sound and vibration,
230(2), pp. 335-356 (2000).

3. Belalia, S. and Houmat, A. \Non-linear free vibration of
elliptic sector plates by a curved triangular p-element",
Thin-Walled Structures, 48(4-5), pp. 316-326 (2010).

4. Houmat, A. \Large amplitude free vibration of shear de-
formable laminated composite annular sector plates by a
sector p-element", International Journal of Non-Linear
Mechanics, 43(9), pp. 834-843 (2008).

5. Es'haghi, M. \Accurate approach implementation in vi-
bration analysis of thick sector plates", International
Journal of Mechanical Sciences, 79, pp. 1-14 (2014).

6. McGee, O. G., Hung, C. S. and Leissa, A.W. \Compre-
hensive exact solutions for free vibrations of thick annu-
lar sectorial plates with simply supported radial edges",
International Journal of Mechanical Sciences, 37(5), pp.
537-566 (1995).

7. Wang, X. and Wang, Y. \Free vibration analyses of thin
sector plates by the new version of di�erential quadra-
ture method", Computer Methods in Applied Mechanics
and Engineering, 193(36-38), pp. 3957-3971 (2004).

8. Zhou, D., Lo, S.H. and Cheung, Y.K. \3-D vibration
analysis of annular sector plates using the Chebyshev{
Ritz method", Journal of Sound and vibration, 320(1-2),
pp. 421-437 (2009).

9. Yongqiang, L. and Jian, L. \Free vibration analysis of
circular and annular sectorial thin plates using curve
strip Fourier p-element", Journal of Sound and Vibra-
tion, 350(3), pp. 457-466 (2007).

10. Nie, G.J. and Zhong, Z. \Vibration analysis of function-
ally graded annular sectorial plates with simply sup-
ported radial edges", Composite Structures, 84(2), pp.
167-176 2008).

11. Tahouneh, V. and Yas, M.H. \3-D free vibration analy-
sis of thick functionally graded annular sector plates on
Pasternak elastic foundation via 2-D di�erential quadra-
ture method", Acta Mechanica, 223(9), pp. 1879-1897
(2012).

12. Tahouneh, V. and Yas, M.H. \Semianalytical solution
for three-dimensional vibration analysis of thick multi-
directional functionally graded annular sector plates un-
der various boundary conditions", Journal of Engineer-
ing Mechanics, 140(1), pp. 31-46 (2013).

13. Saidi, A.R., Hasani Baferani, A. and Jomehzadeh, E.
\Benchmark solution for free vibration of functionally

graded moderately thick annular sector plates", Acta
Mechanica, 219(3-4), pp. 309-335 (2011).

14. Hosseini-Hashemi, Sh., Akhavan, H., Rokni Damavandi
Taher, H., and et al. \Di�erential quadrature analysis
of functionally graded circular and annular sector plates
on elastic foundation", Materials and Design, 31(4), pp.
1871-1880 (2010).

15. Hasani Baferani, A., Saidi, A.R., and Jomehzadeh, E.
\Exact analytical solution for free vibration of function-
ally graded thin annular sector plates resting on elastic
foundation", Journal of Vibration and Control, 18 (2),
pp.246-267 (2012).

16. Belalia, S.A. and Houmat, A. \Nonlinear free vibration
of functionally graded shear deformable sector plates by
a curved triangular p-element", European Journal of Me-
chanics A/Solids, 35, pp. 1-9 (2012).

17. Wang, Q., Shi, D. and Liang, Q. \A uni�ed solution for
vibration analysis of functionally graded circular, annu-
lar and sector plates with general boundary conditions",
Composites Part B: Engineering, 88, pp. 264-296 (2016).

18. Zafarmand H. and Kadkhodayan M. \Three dimensional
elasticity solution for static and dynamic analysis of
multi-directional functionally graded thick sector plates
with general boundary conditions", Composites Part B:
Engineering, 69, pp. 592-602 (2015).

19. Su, Z., Jin, G. and Wang, X. \Free vibration analy-
sis of laminated composite and functionally graded sec-
tor plates with general boundary condition", Composite
structures, 132, pp. 720-736 (2015).

20. Liang, X., Kou, H.L., Wang, L. and et al. \Three-
dimensional transient analysis of functionally graded
material annular sector plate under various boundary
conditions", Composite structures, 132, pp. 584-596
(2015).

21. Jones, R. and Milne, B., \Application of the extended
Kantorovich method to the vibration of clamped rect-
angular plates", Journal of Sound and Vibration, 45(3),
pp. 309-316 (1976).

22. Dalaei, D. and Kerr, A. \Natural vibration analysis
of clamped rectangular orthotropic plates", Journal of
sound and vibration, 189(3), pp. 399-406 (1996).

23. Shufrin, I. and Eisenberger, M. \Stability and vibration
of shear deformable plates - �rst order and higher order
analyses", International journal of solids and structures,
42(3-4), pp. 1225-1251 (2005).

24. Shufrin, I. and Eisenberger, M. \vibration of shear de-
formable plates with variable thickness - �rst order and
higher order analyses", Journal of sound and vibration,
290(1-2), pp. 465-489 (2006).

25. Naserian-Nik, A.M. and Tahani, M. \Free vibration anal-
ysis of moderately thick rectangular laminated compos-

96



2|
xQ=t

W3
5�3

|xQ
wO�

13
98

R}}=B
�'h

}QW
l}

v=mt
|U

Ovyt ite plates with arbitrary boundary", Structural Engi-
neering and Mechanics, 35 (2), pp. 217-240 (2010).

26. Fallah, A., Kargarnovin, M.H. and Aghdam, M.M.
\Free vibration analysis of symmetrically laminated
fully clamped skew plates using extended Kantorovich
method", Key Engineering Materials, 471, pp. 739-744
(2011).

27. Fallah, A., Aghdam, M.M. and Kargarnovin, M.H.
\Free vibration analysis of moderately thick function-
ally graded plates on elastic foundation using the ex-
tended Kantorovich method", Archive of Applied Me-
chanics, 83(2), pp. 177-191 (2013).

28. Reddy, J.N. and Chin, C.N. \Thermo-mechanical analy-
sis of functionally graded cylinders and plates", Journal
of thermal Stresses, 21 (6), pp. 593-626 (1998).

29. Reddy, J.N., Wang, C.M. and Kitipornchai, S. \Axisym-
metric bending of functionally graded circular and an-
nular plates", European Journal of Mechanics-A/Solids,
18(2), pp. 185-199 (1999).

30. Fung, Y.C. and Tong, P. \Classical and Computational
Solid Mechanics", World Scienti�c, New Jersey (2001).

31. Chi, C.H. and Chung, Y.L. \Mechanical behavior of
functionally graded material plates under transverse load
- part I: Analysis", International Journal of solids and
structures, 43(13), pp. 3657-3674 (2006).

32. Chi, C.H. and Chung, Y.L. \Mechanical behavior of
functionally graded material plates under transverse load
- part II: Numerical results", International Journal of
solids and structures, 43(13), pp. 3675-3691 (2006).

33. Nosier, A. and Fallah F., \Reformulation of Mindlin-
Reissner governing equations of functionally graded cir-
cular plates", Acta Mechanica, 198(3-4), pp. 209-233,
(2008).

c23 = �D2
Z �

0
 ̂00r  ̂rd� �D1

Z �

0
 ̂r ̂rd�;

c24 = �ksA2
Z �

0
 ̂2
rd�; c25 = (D1 �D2)

Z �

0
 ̂0� ̂rd�;

c26 = �(D1 +D2)
Z �

0
 ̂0� ̂rd�;c27 = �B2

Z �

0
v̂ ̂�d�

�B1
Z �

0
v̂0 ̂0�d�;

c28 = �ksA2
Z �

0
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