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u}OvJ xm |OQ=wt |=Q@ w OW=@ C@=F |v=tR |wor= Q}_v xO=U |v=tR |wor= =@ xOv}q;
OwHw Ovvm|t C}r=ai xvt=O QO s_vt=v |Q=PoQ=@ |=ywor= =@ |}x]kv |xOv}q; `@vt
pL G=QNDU= =Pr "OwW|t xO=iDU= |OOa |=ypOt R= ,=twta|]}=QW u}vJ QO &OQ=Ov
C}r=ai |=R= x@ OwOLt |xvt=O QO |Oa@ wO Cr=L QO |oOwr; p=kDv= |xrO=at |r}rLD
G=QNDU= "CU= j}kLD u}= |Qw;wv x=wNrO |v=tR |wor= =@ xv=oOvJ |xOv}q; `@=vt
|HvUCLY |=v@t Ov=wD|t w xOw@ VRQ= =@ Q=}U@ |]}=QW u}vJ QO |r}rLD pL

"OQ}o Q=Qk |OOa |=ypOt

pL VwQ w |Q_v |v=@t "2
V}=tv x=Qty x@ |}x]kv |xOv}q; `@=vt OQwt QO |D=L}[wD =OD@= VN@ u}= QO
QO "CU= xOW x�=Q= w xDi=}s}taD |r=QoDv= p}O@D |xw}W |iQat R}v w =yv; |[=} Q
p=kDv= |xrO=at |r}rLD pL G=QNDU= Qw_vt x@ QwmPt |xw}W R= xO=iDU= pL=Qt xt=O=
'|}x]kv |xOv}q; `@=vt C}r=ai |=R= x@ OwOLt |xvt=O QO |Oa@ wO Cr=L QO sQH

"OwW|t K} QWD

|}x]kv |xOv}q; `@=vt |[=} Q h} QaD "1"2
xm |DL=Ut� u; CL=Ut xm CU= |a@vt �|}x]kv |xOv}q; `@vt� |rm Cr=L QO
x}rND u; QO `@vt xm |]}Lt CL=Ut =@ xU}=kt QO �OQ}o|t CQwY u; R= x}rND
Q_v QO x]kv l} CQwY x@ =Q u; u=wD@ xm |Qw] x@ OW=@ R}J=v Q=}U@ 'OwW|t
|xOv}q; `@vt ns pt=W |Oa@ wO |xvt=O QO Q_v OQwt |xOv}q; `@=vt Qo = [2]"�CiQo

[35]%O=O u=Wv 2 |[=} Q |x]@=Q CQwY x@ =Q =yv; u=wD|t 'OW=@ |}x]kv

�(x; y; t) =
nsX
l=1

Wl(t)
h

�(x� xsl)�(y � ysl) (2)

|Oa@xU w wO 'l} Cr=L QO =Q sQH p=kDv= |xrO=at pL [5]u=Q=mty w uDN=vovw
CUOq=@ RQt R= |OwQw C_re |=R= x@ xv=NOwQ QO OwOLtxt}v w OwOLt |xvt=O QO
xO=iDU= =@ C@=F Q=Okt =@ `@vt CQ=@a w |}=tv w |}xrB 'xDUw}B |v=tR |=ywor= =@
|Q=Ri=sQv pOt l} xrY=L |=ypL `}tHD =@ w OvOQm G=QNDU= TqBq p}O@D R=
p=kDv= |xrO=at pL [23]u=Q=mty w |O=w "OvO=O xaUwD =Q 3DADE s=v x@ xO=t;
|=R= x@ xv=NOwQ QO OwOLtxt}v w OwOLt |xvt=O QO =Q |Oa@l} Cr=L QO sQH
\QW w xDUw}B |v=tR |wor= =@ |OwQw C_re =@ CUOq=@ QO 1 ẁv |RQt \QW
|@DHt "OvOQw; CUO x@ TqBq p}O@D R= xO=iDU= =@ CUOu}}=B QO 2 ẁv |RQt
\QW |=R= x@ OwOLt |xvt=O QO =Q sQH p=kDv= |xrO=at |Oa@l} sQi [24]p} wO w
pL =yQ}eDt |R=U=OH VwQ R= xO=iDU= =@ '|Uwv}U |v=mt `@=D CQwY x@ x}rw=
"OvOQm xU}=kt OwOLt u=tr= x@ \w@ Qt G}=Dv =@ =Q |r}rLD pL R= pY=L G}=Dv w xOQm
O=OaD =@ pNrNDt \}Lt QO =Q sQH p=kDv= |xrO=at |r}rLD pL [25]u=Q=mty w uJ
VwQ ?}mQD R= xO=iDU= =@ OwOLt |xvt=O QO |Oa@ wO Cr=L QO x=wNrO |=yVN@
"OvOQw; CUO x@ x} Qwi |Uwv}Um p}O@D w TqBq |r=QoDv= |=yp}O@D w GITT

|xvt=O QO =Q sQH p=kDv= |xrO=at |Oa@l} sQi |r}rLD pL [26]l =U u=H}y
=@ CUOq=@ QO 3 ẁv |RQt \QW |=R= x@ w |WN@OvJ pNrNDt \}Lt QO OwOLt
"OQm u}}aD CUOu}}=B QO 2 ẁv |RQt \QW w |Wy=m |}=tv `@=D CQwY x@ |OwQw
"OW xDiQo Q_v QO |Wy=m |}=tv � |v=mt `@=D CQwY x@ j}kLD u}= QO x}rw= \QW
|xrO=at O}OH |r}rLD |=ypL |xaUwD |=Q@ |rm VwQ l} [27]u=Q=mty w uJ
=@ xOv}q; `@=vt `=wv= uDiQo Q_v QO =@ |Oa@xU w wO 'l} |=yCr=L QO sQH p=kDv=
w |Owta |L]U `@=vt 's_vt=v |]N |xOv}q; `@=vt Q}_v XNWt |=yxUOvy
|iQat xDUw}B w |v=yo =v |v=tR |=ywor= =@ |tHL |xOv}q; `@=vt w |}xQ}=O w |ki=
\}Lt QO OwOLtxt}v |xvt=O QO =Q sQH p=kDv= |xrO=at [28]u=Q=mty w uJ "OvOQm
CQ=@a "OvOQm pL GITT VwQ w TqBq p}O@D ?}mQD R= xO=iDU= =@ pNrNDt
w |Wy=m |}=tv `@=D 'O}=U} wy `@=D 'l =Q}O |=DrO `@=D CQwY x@ j}kLD u}= QO `@vt
Q=oOv=tQ}e sQi |r}rLD pL [29]u=Q=mty w xtQoOyWt "OW xDiQo Q_v QO C@=F `@=D
C}r=ai |=R= x@ =Q C@=F ?}=Q[ =@ |Oa@ wO w |Oa@l} Cr=L QO sQH p=kDv= |xrO=at
QO =yv; "OvOQw; CUO x@ u} Qo `@=D VwQ R= xO=iDU= =@ |}x]kv |xOv}q; `@vt u}OvJ
|xOv}q; `@vt u}OvJ uDiQo Q_v QO =@ =Q sQH p=kDv= |xrO=at |r}rLD pL j}kLD u}=
QO =Q sQH p=kDv= |xrO=at [30]Q=twm "OvOQm u}}aD s_vt=v |v=tR |=ywor= =@ |}x]kv
=@ CUOq=@ QO 1 ẁv |RQt \QW |=R= x@ pNrNDt \}Lt QO OwOLtxt}v |xvt=O
?} Q[ 'CaQU 'VNB ?} Q[ j}kLD u}= QO "OvOQm pL w xDUw}B |v=tR |wor=
xOW xDiQo Q_v QO l}rw@ QB}=y Twv}U |v=tR `@=D CQwY x@ `@vt CQ=@a w Vvm =w
[31]=QOv}yO=U w Q=twm "OW xU}=kt |OOa VwQ =@ ,=D}=yv xrY=L |r}rLD pL "CU=
TqBq p}O@D w pt=ywO |x} Q_v ?}mQD R= xO=iDU= =@ =Q sQH p=kDv= |xrO=at pL
QO u}@=Q w CrW} Q}O |RQt \QW ^=Lr =@ OwOLt |xvt=O QO GITT VwQ w
x@ pNrNDt \}Lt QO |Wy=m |}=tv |v=tR |wor= =@ RQt R= |OwQw `@=D =@ CUOq=@
QO =Q |Oa@l} Cr=L QO sQH p=kDv= |xrO=at [7]u=Q=mty w =Ov=Qwt "OvOQw; CUO
|v=tR `@=D CQwY x@ |OwQw =@ 3 w 1 ẁv |RQt \QW ^=Lr =@ OwOLtxt}v |xvt=O
R= xO=iDU= =@ pNrNDt \}Lt QO O}=U} wy `@=D w |}=tv `@=D ?}mQD w |Wy=m |}=tv
|Oa@ wO CQwY |r}rLD pL [32]u=Q=mty w u}=}D} QmUv=U "OvOQm pL TqBq p}O@D
uDiQo Q_v QO =@ =Q pNrNDt \}Lt QO OwOLt=v |xvt=O QO sQH p=kDv= |xrO=at
VwQ =@ =Q xDUw}B w |v=yo =v |v=tR |=ywor= =@ |}x]kv `@=vt CQwY x@ `@vt CQ=@a
=@ sQH p=kDv= |xrO=at |Oa@xU sQi |r}rLD pL u}kkLt "OvOQm u}}aD u} Qo `@=D
ẁv |RQt \QW =@ pNrNDt \}Lt QO =Q OwOLtxt}v |xvt=O QO |v=tR Q}eDt ?}=Q[
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"""xv
=NO

wQQ
Os

QH
p=kD

v=|
xrO=

at|
r}rL

DpLG=QNDU= sD} Qwor= x@ \w@ Qt CQ=Jwri '|r}rLD pL G=QNDU= OvwQ QDy@ u}}@D Qw_vt x@
|@=} RQ= w GITT VwQ R= xO=iDU= =@ xv=NOwQ QO sQH p=kDv= |xrO=at |r}rLD pL

%CU= xOW xO=O u=Wv 2 pmW QO u;
pL |=Q@ QDr}i `@=D h} QaD x@ |R=}v |RQt \}=QW uOw@ uoty x@ xHwD =@
C@=F ?}=Q[ =@ sQH p=kDv= |xrO=at pL |=Q@ s=o u}rw= =Pr [36]"CU}v 3 |xrO=at
w XNWt |xS} w Q=Okt |xr�Ut l} |iQat 'j}kLD u}= QO |Oa@ wO Cr=L QO
u} QDsyt xS} w Q=Okt |xr�Ut ?=NDv= "CU=yv; sQv w xS} w `@=wD 'xS} w Q}O=kt u}}aD
=@ xm CU= GITT VwQ R= xO=iDU= =@ |�RH p}Uv=Qi}O CqO=at pL QO xrLQt
|=yp}O@D u; T=U= Q@ w xOW G=QNDU= ?U=vt |xS} w `@=wD w xS} w Q}O=kt u; pL
|r}rLD pL `k=w QO "OwW|t h} QaD GITT VwQ x@ \w@ Qt Twmat w s}kDUt
xS} w Q=Okt xr�Ut R= xrY=L |xS} w `@=D \U@ CQwY x@ GITT VwQ QO |}=yv

"sQH p=kDv= |xrO=at |Oa@wO sQi pL |xvt=O "1 pmW

"GITT VwQ =@ |r}rLD pL G=QNDU= OvwQ CQ=Jwri "2 pmW

w xsl 'p=v=m jta h '(kg=s) u=tR OL=w QO xOv}q; sQH Q=Okt Wl(t) u; QO xm
"CU= xvt=O QO |}x]kv |xOv}q; `@=vt |v=mt C}akwt ysl

xDi=} s}taD |r=QoDv= p}O@D VwQ |iQat "2"2
uotyQ}e |�RH p}Uv=Qi}O CqO=at pL |=Q@ |wk Q=}U@ VwQ l} GITT VwQ
QO xO}J}B QO V=|}=v=wD '|r}rLD |=yVwQ Q}=U x@ C@Uv VwQ u}= C} Rt "CU=
p=ta= |}=v=wD w pL |xvt=O '|RQt \}=QW '|�RH p}Uv=Qi}O |xrO=at uDiQo Q_v
sy=Qi Q@ Q=m |=Q@ =Q =]N pQDvm u=mt= VwQ u}= [36]"CU= |oOwr; ẁvDt `@=vt
CqO=at R= |Q=}U@ pL QO |@ wN Q=}U@ |D=@U=Lt OQmrta p=L u}a QO w xOQw;
T=U= [37]"OyO|t u=Wv OwN R= sQH p=kDv= |xrO=at Q}_v uoty=v |�RH p}Uv=Qi}O
Q=wDU= ?U=vt |mtm |xS} w Q=Okt |xr�Ut R= pY=L |xS} w `@=wD Q@ GITT VwQ
sDU}Ul} x@|rY=|�RH p}Uv=Qi}O |xrO=at p}O@D 'VwQ u}=|rY= |xO}= "CU=
|xrO=at pL x@ C@Uv =yv; pL xm CU= 9|rwtat p}Uv=Qi}O CqO=at R= |y=vDt=v
p=ta= QO |rY= |=ys=o "CU= x=Qty |QDW}@ CrwyU =@ x}rw= uoty=v p}Uv=Qi}O

[37w36]%R= CU= CQ=@a GITT VwQ
&|RQt \}=QW uOQm uoty Qw_vt x@ ?U=vt QDr}i `@=D l} ?=NDv= "1

G=QNDU= Qw_vt x@ |mtm |xr�Ut u=wva x@ ?U=vt |xS} w Q=Okt |xr�Ut u}}aD "2
&?U=vt |xS} w `@=wD

&Twmat p}O@D w s}kDUt |r=QoDv= p}O@D |iQat "3
xOt; CUO x@ p}Uv=Qi}O |xrO=at Q@ 11Twmat w 10s}kDUt |=yp}O@D p=ta= "4

&`@=wD 13sQv w xS} w `@=wD 12Ot=aD C}Y=N R= |Q}oxQy@ w pw= |xrLQt R=
&u; pL w |}=yv |rwtat p}Uv=Qi}O CqO=at x=oDUO p}mWD "5

"Twmat p}O@D R= xO=iDU= =@ |rY= |xr�Ut MU=B u}}aD "6
sQH p=kDv= |xrO=at |r}rLD pL G=QNDU= Qw_vt x@ GITT VwQ pL=Qt 'xt=O= QO
|xOv}q; `@vt u}OvJ u=tRsy C}r=ai |=R= x@ R=@ wQ |Q=Ht QO |Oa@ wO Cr=L QO

"OW Oy=wN xO=O K}[wD p}YiD x@ 'x=wNrO |v=tR |=ywor= =@ |}x]kv

|xOv}q; `@=vt ^=Lr =@ sQH p=kDv= |xrO=at |r}rLD pL "3"2
x=wNrO |v=tR |=ywor= =@ xv=oOvJ |}x]kv

|}x]kv |xOv}q; `@=vt w ?}=Q[ uOw@ C@=F ZQi =@ sQH p=kDv= |xrO=at |rm sQi
=@ j@=]t |r}]DUt |xvt=O QO x=wNrO |v=tR |=ywor= =@ �ns O=OaD x@� OOaDt

%CU= 3 |x]@=Q CQwY x@ W ZQa w L pw] x@ 1 pmW
@c
@t

= �u @c
@x
� v @c

@y
+Dx

@2c
@x2 +Dy

@2c
@y2

�kc+ 1
h

nsX
l=1

Wl(t)�(x� xsl)�(y � ysl) (3)

Q_v QO |RQt \}=QW w x}rw= \QW "CU= l =Q}O |=DrO `@=D �(0) CQ=@a 'u; QO xm
%R= CU= CQ=@a 3 |xrO=at |=Q@ xOW xDiQo

IC : c(x; y; 0) = 0

BC :

( 0 � x � L
0 � y �W ) c(0; y; t) = 0; @c(x; y; t)

@x

����
x=L

= 0;
@c(x; y; t)

@y

����
y=0

= 0; @c(x; y; t)
@y

����
y=W

= 0 (4)
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1|
xQ=t

W3
6�3

|xQ
wO�

13
99

Q=y@
�'h

}QW
l}

v=mt
|U

Ovyt %CWwv u=wD|t '=to}U w p=QoDv= 'jDWt QN-=D
1X
m=1

1X
n=1

@
@t
cm;n(t)

WZ
0

LZ
0

~
m;n(x; y) ~
 i;j(x; y) dxdy =

�u
1X
m=1

1X
n=1

cm;n(t)
WZ
0

LZ
0

@
@x

(~
m;n(x; y))~
 i;j(x; y)dxdy

�v
1X
m=1

1X
n=1

cm;n(t)
WZ
0

LZ
0

@
@y

(~
m;n(x; y))~
 i;j(x; y)dxdy

+Dx
1X
m=1

1X
n=1

cm;n(t)
WZ
0

LZ
0

@2

@x2 (~
m;n(x; y))~
 i;j(x; y)dxdy

+Dy
1X
m=1

1X
n=1

cm;n(t)
WZ
0

LZ
0

@2

@y2 (~
m;n(x; y))~
 i;j(x; y)dxdy

�k
1X
m=1

1X
n=1

cm;n(t)
WZ
0

LZ
0

(~
m;n(x; y))~
 i;j(x; y)dxdy

+1
h

nsX
l=1

WZ
0

LZ
0
Wl(t)�(x� xsl)�(y � ysl)~
 i;j(x; y)dxdy (10)

w l =Q}O |=DrO `@=D p=kDv= C}Y=N R= xO=iDU= 'p=QoDv= CLD C=kDWt uOQm R=@ =@
%OW Oy=wN pY=L 11 |x]@=Q CQwY x@ |}=yv ODE x=oDUO 'Ot=aD C}Y=N
@ci;j(t)
@t

+
1X
m=1

1X
n=1

�i;j;m;ncm;n(t) = Gi;j(t) ;

�i;j;m;n = Ai;j;m;n +Bi;j;m;n + Ci;j;i;j +Di;j;i;j + Ei;j;i;j
(11)

%R= Ov=CQ=@a u; C@=F w x=oDUO ?}=Q[ u; QO xm

Ai;j;m;n = 4u
LW

1X
m=1

1X
n=1

cm;n(t)
�2m� 1

2L �
�

:
WZ
0

LZ
0

cos(2m� 1
2L �x) cos(n� 1

W
�y) sin(2i� 1

2L �x)

cos( j � 1
W

�y)dxdy

Bi;j;m;n = � 4v
LW

1X
m=1

1X
n=1

cm;n(t)
�
n� 1
W

�
�

:
WZ
0

LZ
0

sin(2m� 1
2L �x) sin(n� 1

W
�y):sin(2i� 1

2L �x)

cos( j � 1
W

�y)dxdy

Ci;j;i;j = Dx
�2i� 1

2L �
�2

Di;j;i;j = Dy
�

(j � 1)�
W

�2

Ei;j;i;j = k

\w@ Qt C=aq]= xv}W}@ O}=@ xS} w Q=Okt xr�Ut [37]"CU= |rY= |xr�Ut =@ ?U=vDt
pt=W w xDW=O Q@ QO =Q |rY= xr�Ut |v=mt |=yQwD=QB= w |v=mt |=yQ}eDt Q=DiQ x@
|=yQwD=QB= T=U= Q@ O}=@ u}vJty "OW=@ xar=]t OQwt \}Lt OQwt QO |D=aq]=
u; ẁ[wt u}= C}ty= Cra "OW=@ |r}rLD MU=B |=Q=O w xOW xDWwv 14|k=Lr=OwN
|=y|oS} w 'xS} w Q=Okt |xr�Ut uDWwv |=Q@ |k=Lr=OwN QwD=QB= R= xO=iDU= xm CU=

[38]%R= CU= CQ=@a xm OQ=O Q@ QO xrY=L |xS} w Q}O=kt w `@=wD |=Q@ =Q |tyt
|k=Lr=OwN |r}Uv=Qi}O |=yQwD=QB= =@ xS} w Q=Okt |xr�Ut R= pY=L |xS} w `@=wD �

"OvOt=aDt
"OvDUy |OwaY ,=O}m = w |y=vDt=v xS} w Q}O=kt �

xm =vat u}O@ &Ow@ Oy=wN pt=m |xawtHt l} xS} w `@=wD R= pY=L |xawtHt �
|@=NDv= |xS} w `@=wD ?ULQ@ u=wD|t 'x} Qwi \U@ T=U= Q@ =Q |y=wNrO `@=D Qy

[36]"CWwv pt=m |xawtHt u; R=
uoty |RQt \}=QW x=Qty x@ 3 |xrO=at =@ ?U=vDt |@=NDv= |xS} w Q=Okt |xr�Ut

%R= CU= CQ=@a
@2
m;n(x; y)

@x2 + @2
m;n(x; y)
@y2 + (�2

m;n � k)
m;n(x; y) = 0

BCs :

(

m;n(0; y) = 0; @
m;n(L;y)

@x = 0;
@
m;n(x;0)

@y = 0; @
m;n(x;W )
@y = 0 (5)

xS} w Q=Okt |xr�Ut pL "CU= xS} w Q=Okt � w xS} w `@=D 
(x; y) u; QO xm
xS} w `@=wD =Pr "CU= Q}PBu=mt= =yQ}eDt |R=U=OH VwQ R= xO=iDU= =@ 5 |x]@=Q

%R= Ow@ Ovy=wN CQ=@a

m;n(x; y) = sin

�2m� 1
2L �x

�
cos
�
n� 1
W

�y
�
;(

m = 1; :::;M
n = 1; :::; N (6)

sQv "OQm x@U=Lt =Q xS} w `@=D sQv O}=@ xOW p=tQv |xS} w `@=D |x@U=Lt Qw_vt x@
%R= Ov=CQ=@a ?}DQD x@ R}v xOW p=tQv |xS} w `@=D w xS} w `@=D

Nm;n =
WZ
0

LZ
0


2
m;n(x; y) dxdy = LW

4 ;

~
m;n(x; y) = 
m;n(x; y)p
Nm;n

;

~
m;n(x; y) 2p
LW

sin
�2m� 1

2L �x
�

cos
�
n� 1
W

�y
�

(7)

Ov=CQ=@a ?}DQD x@ xm CU= |r=QoDv= Twmat w s}kDUt p}O@D |iQat |Oa@ s=o
[38]%R=

cm;n(t) =
WZ
0

LZ
0
c(x; y; t) ~
m;n(x; y)dxdy (8)

c(x; y; t) =
1X
m=1

1X
n=1

cm;n(t) ~
m;n(x; y) (9)

|=R= x@ xrO=at u}iQ] ?Q[ w 3 |xrO=at QO 9 |x]@=Q R= c(x; y; t) |Q=Po}=H =@
w sOkD u}v=wk R= xO=iDU= w WR

0

LR
0

(:) ~
 i;j(x; y) dxdy QO XNWt j w i l}
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DpLQO p=ai |xOv}q; `@vt l} CQwY x@ `@vt CQ=@a %pw= p=Ft "1"3
Ovtx]@=[ |v=tR |wor= =@ |xvt=O

|W=v C_re Q=WDv= w `} RwD u}}aD Qw_vt x@ xOW G=QNDU= |r}rLD pL p=Ft u}= QO
xDiQo Q=Qk xO=iDU= OQwt xvt=O pN=O QO XNWt |x]kv l} QO xOv}q; `@vt l} R=
GFM VwQ =@ |r}rLD pL G}=Dv =@ x]w@ Qt G}=Dv |xU}=kt j} Q] R= u; OQmrta w
|}x]kv |xOv}q; `@vt|v=mtC}akwt xmCU= QmP x@ sRq "OQ}o|t Q=Qk|@=} RQ= OQwt
3 pmW j@=]t p=Ft u}= QO u; �W (t)� |x}rND |v=tR |wor= Q=Owtv w xvt=O QO

%CU=
"CU= xvt=O QO xOv}q; `@vt x}rND x@ \w@ Qt |v=mt C=YDNt ys2 w xs1

%CU= 15 |x]@=Q j@=]t x}rND |v=tR |wor= x@ \w@ Qt |x]@=[

W (t) = 5 exp
�
�2 (t� 14000)2

5� 106

�
+ 3 exp

�
�2 (t� 20000)2

5� 106

�
(15)

xOW u=}@ 1 pwOH QO 'pw= p=Ft QO xvt=O O=a@= w xOv}q; p=kDv= w u=} QH C=YNWt
%CU=

x@ GFM |r}rLD pL =@ GITT |r}rLD pL |xU}=kt R= pY=L G}=Dv
"CU= xOW x�=Q= 4 pmW QO xvt=O QO CaQU u=O}t QO C_re |=yQwDv=m CQwY
l} QO xvt=O pm QO C_re `} RwD Qou=}@ C_re |=yQwDv=m xm CU= QmP x@ sRq
pL R= pY=L G}=Dv x@ \w@ Qt |ovQ QwDv=m \w]N '4 pmW QO "Ov=XNWt u=tR
wGFM |r}rLD pL R= pY=L G}=Dv u}J\N QwDv=m \w]N 'GITT |r}rLD
'1 hr=� 4 pmW QO "OvDUy xvt=O QO Ov};Q@ CaQU u=O}t x@ \w@ Qt |Q=OQ@ \w]N
wO Qy R= xO=iDU= =@ |oOwr; Q@= Q=WDv= w CmQL |xwLv x@ \w@ Qt �1 O w 1 G '1 ?
hr=� 4 pmW QO "CU= Ca=U 10 w 9'8'7 |=yu=tR QO xvt=O pm QO |r}rLD pL
C_re Q}O=kt QDy@ V}=tv Qw_vt x@ =yv; =@ Q_=vDt ?}DQD x@ �2 O w 2 G '2 ? '2
=@ |O=yvW}B |r}rLD pL |xU}=kt w ?amt QDt Q@ sQowr}m ?UL Q@ QwDv=m \w]N

"CU= GFM |r}rLD pL

"pw= p=Ft QO xOv}q; `@vt C=YNWt "3 pmW

Gi;j(t) = 2
h
p
LW

nsX
l=1

Wl(t)sin(2i� 1
2L �xsl) cos( j � 1

W
�ysl)

i = 1; 2; :::;M ; j = 1; 2; :::; N (12)

CUO x@ Ot=aD C}Y=N p=ta= =@ E w D 'C ?}=Q[ '12 |x]@=Q x@ xHwD =@
Q@=Q@ ODE CqO=at pm O=OaD '11 |x]@=QODE x=oDUO sQi x@ xHwD =@ "Ov=xOt;
?}DQD u}= x@ "OvDUy =to}U |q=@ OwOL N w M xm Ow@ Oy=wN M � N =@
p}O@D |rwtat p}Uv=Qi}O CqO=at x=oDUO l} x@ |rY= |�RH p}Uv=Qi}O |xrO=at
QDxO=U ?D=Qt x@ u; pL w CU= �u=tR� t u; pkDUt Q}eDt =yvD xm OW Oy=wN
x@ xrY=L ODE x=oDUO pL Qw_vt x@ "CU= |�RH p}Uv=Qi}O |xrO=at pL R=
xHwD =@ =Q 6 |xrO=at |x}rw= \QW O}=@ =Pr "CU= R=}v xDi=} p}O@D |x}rw= \QW
\QW |xDi=} p}O@D sQi "OQw;QO xOW p}O@D sQi x@ GITT VwQ s}kDUt p}O@D x@

%R= CU= CQ=@a �ci;j(0)� x}rw=

ci;j(0) =
WZ
0

LZ
0
c(x; y; 0)~
 i;j(x; y)dxdy (13)

"Ow@ Oy=wN QiY Q@=Q@ ci;j(0) 'xr�Ut u}= QO x}rw= \QW uOw@ QiY x@ xHwD =@ xm
|OOa |=yVwQ R= xO=iDU= =@ 11 |x]@=Q |}=yv ODE x=oDUO j}kLD u}= QO
p=ta= =@ ,=D}=yv w Ow@ Oy=wN ��cm;n(t)� CqwyHt Q=OQ@ Ck}kL QO MU=B "OW pL

"OW Oy=wN u}}aD c(x; y; t) '9 |x]@=Q R= |r=QoDv= p}O@D Twmat
c(x; y; t) = 2p

LW

1X
m=1

1X
n=1

cm;n(t)

: sin
�2m� 1

2L �x
�

cos
�
n� 1
W

�y
�
;(

m = 1; 2; :::;M
n = 1; 2; :::; N (14)

pL =@ xrY=L G}=Dv w xDiQo Q=Qk |@=} RQ= OQwt xOW G=QNDU= |r}rLD pL xt=O= QO
w xOW xU}=kt |Oa@ wO |xvt=O QO �GFM� u} Qo `@=D VwQ R= pY=L |r}rLD

"OW Oy=wN x�=Q= C_re |=yQwDv=m ?r=k QO G}=Dv

G}=Dv w EL@ "3
G}=Dv 'GITT VwQ R= xO=iDU= =@ xOW G=QNDU= |r}rLD pL |@=} RQ= Qw_vt x@
|r}rLD pL w |O=yvW}B |r}rLD pL R= xO=iDU= =@ =RHt |[Qi p=Ft wO ?r=k QO
G=QNDU= [40w39]u} Qo `@=D VwQ R= xO=iDU= =@ |Oa@ wO Cr=L QO sQH p=kDv= |xrO=at
x}rND |v=tR |wor= =@ |}x]kv |xOv}q; `@vt l} C}r=ai pw= p=Ft QO "CU= xOW
xOW xDiQo Q_v QO |Oa@ wO |xvt=O l} QO XNWt |x]@=[ l} CQwY x@
QO "OW xU}=kt GFM VwQ x@ |r}rLD pL =@ GITT VwQ x@ pL G}=Dv w
QO Cw=iDt |x]kv wO QO x=wNrO |v=tR |=ywor= =@ xOv}q; `@vt wO swO p=Ft
GITT VwQ wO Qy R= xrY=L G}=Dv ,=OOHt w xOW xDiQo Q_v QO |Oa@ wO |xvt=O
C_re j}kLD u}= QO xm CU= QmP x@ sRq "OW xU}=kt Qo}Om} =@ GFM w
|oOwr; `} RwD |UQQ@ hOy w xOW ^=Lr QiY x}rw= \QW w |RQt \QW R= |OwQw
xt=O= QO "CU= |Oa@ wO |xvt=O pN=O QO p=ai |}x]kv |xOv}q; `@=vt R= |W=v
Oy=wN x�=Q= G}=Dv w u=}@ l}miD x@ p=Ft wO Qy |=Q@ u=} QH C=}YwYN w \}=QW

"OW
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"pw= p=Ft QO Ca=U 10 w 9 '8 '7 |=yu=tR QO GFM |r}rLD pL =@ GITT |r}rLD pL xU}=kt x@ \w@ Qt C_re |=yQwDv=m "4 pmW
"pw= p=Ft QO xOv}q; p=kDv= w u=} QH |=yQDt=Q=B x@ \w@ Qt Q}O=kt "1 pwOH
L W u v h Dx Dy

(km) (km) (m=s) (m=s) (m) (m2=s) (m2=s)
12 3 0 3 0 09 5 10 1

GFM =@ |r}rLD pL w |O=yvW}B |r}rLD pL G}=Dv pt=m j=@]v= Qou=}@ xm Ot;
Q=Ri=sQv C}OwOLt Cra x@ xOt; CUO x@ R}J=v |=]N xm s} wW|t Qw;O=} "CU=
C=@U=Lt Ov}=Qi QO �Q=Wa= skQ 16 =D� |Q=Wa= s=kQ= O=OaD P=ND= QO |D=@U=Lt
Ca=U 7 R= u=tR CWPo =@ |oOwr; Q@= 'O =D hr=� '4 pmW QO CkO =@ "CU=

u}= QO GITT =@ |r}rLD pL R= pY=L C_re |=yQwDv=m '4 pmW j@=]t
?wr]t OQmrta Qou=Wv Qt= u}= &Ov=j@]vt sy Q@ ,qt=m GFM |r}rLD pL =@ j}kLD
|oDU@ty ?} Q[ |Q=t; |=yXN=W u}vJty "CU= |O=yvW}B |r}rLD pL
CUO x@ OYQO 0 5 =@ Q@=Q@ �MRE� |@Uv |=]N u}ov=}t w 1 =@ Q@=Q@ (R2)
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"swO p=Ft QO xOv}q; `@=vt C=YNWt "5 pmW
"swO p=Ft QO xOv}q; p=kDv= w u=} QH |=yQDt=Q=B x@ \w@ Qt Q}O=kt "2 pwOH

L W u v h Dx Dy
(km) (km) (m=s) (m=s) (m) (m2=s) (m2=s)

10 5 0 3 0 1 5 10 1

|r}rLD pL OQmrta uOw@ VN@C}=[Q |xOvyOu=Wv Qt= u}= w Ov=j@]vt Qo}Om} Q@
|W=v C_re Q=WDv= w `} RwD |r}rLD |R=UpOt QO j}kLD u}= QO xOW G=QNDU=
w OwOLt |xvt=O QO x=wNrO |v=tR |=ywor= =@ OOaDt |}x]kv |xOv}q; `@=vt R=
u}ov=}t w 1 Q@=Q@ (R2) |oDU@ty ?} Q[ |Q=t; |=yXN=W "CU= |Oa@ wO
pL wO Qy pt=m j@=]D xm Ot; CUO x@ OYQO 0 7 Q@=Q@ �MRE� |@Uv |=]N
|Q=PoQ=@ x@ \w@ Qt|v=tR |wor= uOw@ s_vt=v OwW|t Qw;O=} "OyO|t u=Wv =Q|r}rLD
|wor= |=Q@ |YNWt |[=} Q |x]@=[ xm CU=vat u=O@ |}x]kv |xOv}q; `@=vt
|}q=@ C}r@=k w CU= Q}PBh=]av= |O=yvW}B |r}rLD pL =Pr "OQ=Ov OwHw |Q=PoQ=@
xrY=L C_re |=yQwDv=m QO CkO =@ "OQ=O x=wNrO |Q=PoQ=@ |=ywor= P=ND= QO
s=tD= R= Oa@ xrY=iq@ '1 hr= pmW 10 Ca=U QO xm Ci=} QO u=wD|t 6 pmW
"CUq=@ \}Lt QO C_re u=}O=Qo 'xvt=O QO xOv}q; `@vt wO Qy R= C_re |Q=PoQ=@
u=tR CWPo =@ G} QOD x@ '6 pmW QO xOW xO=O u=Wv C_re |=yQwDv=m =@ j@=]t
QF= QO C_re |=yQwDv=m '�O 6 =D hr= 6 |=ypmW� Ca=U 15 =D Ca=U 10 R=
C_re Q=Okt Ci= Q=JO \}Lt QO |[Qa w |rw] CyH QO |oO}WNB pt=a
CmQL Ov};Q@ CaQU |=yQ=OQ@ CyH QO w xOW VNB \}Lt QO |oOwr; Q@= w xOW
,=D}=yv xm u}= =D O@=}|t Vy=m QOkv; \}Lt QO C_re u=}O=Qo G} QOD x@ w Ovm|t
w 14 Ca=U QO C_re |=yQwDv=m '6 pmW j@=]t "OwW|t GQ=N \}Lt R=
xvt=O R= uOW GQ=N p=L QO G} QOD x@ �1 O w 1 G 6 |=ypmW� 15 Ca=U

"OvDUy

|Q}oxH}Dv "4
u} QDsyt R= |m} x@ ,=Q}N= xm |v}tRQ} R w |L]U |=y?; `@=vt QO |oOwr; Q=WDv=
OQwt sQH p=kDv= |xrO=at R= xO=iDU= =@ 'xOW pO@t |]}LtCU} R CqmWt
'xr�Ut |m} R}i C}y=t QDy@ lQO Qw_vt x@ |r}rLD |=ypL "OQ}o|t Q=Qk |UQQ@
R}v w K} QY w j}kO pL |x�=Q= 'sQH p=kDv= Ov}=Qi QO QF-wt |=yQDt=Q=B u}tND
xr�Ut l} R}i xJQy =t= "Ov=x=Qty C}@ w@Lt =@ |OOa |=ypL |HvUCLY
QO w CNU Q=}U@ |r}rLD |=ypL G=QNDU= OwW|t QDl}ORv |ak=w \}=QW x@

CaQU Q=OQ@ CyH QO 'CaQU R= |W=v |}=Hx@=H |xO}OB QF= QO Ca=U 10 =D
QDR=@ \}Lt QO |oOwr; Q@= |oOvm =QB xO}OB Q}F-=D CLD w xOQm CmQL xvt=O QO Ov};Q@
u=tR s=tD= R= Oa@ \}Lt QO C_re u=}O=Qo u; `@D x@ w QwDv=m \w]N Q}O=kt w xOW
x@ xHwD =@ |oOwr; Q@= |oOWR=@ u=R}t xm CU= QmP x@ sRq "O@=}|t Vy=m |Q=PoQ=@
|[Qa CyH QO u; |oOWR=@ R= QDW}@ |rw] CyH QO VNB ?} Q[ uOw@ QDW}@

"CU=

QO p=ai |xOv}q; `@vt wO CQwY x@ `@vt CQ=@a %swO p=Ft "2"3
s_vt=v |v=tR |=ywor= =@ |xvt=O

x]kv wO QO s_vt=v |Q=PoQ=@ |v=tR |=ywor= =@ |}x]kv |xOv}q; `@vt wO 'p=Ft u}= QO
|r}rLD pL OQmrta |@=} RQ= Qw_vt x@ xt=O= QO "s}=xDiQo Q_v QO |xvt=O QO =RHt
|=yQwDv=m w xOW xU}=kt GFM |r}rLD pL =@ u; R= pY=L G}=Dv '|O=yvW}B
x@ \w@ Qt |v=mt C}akwt "CU= xOW x�=Q= w G=QNDU= hrDNt |=yu=tR QO C_re
=yv; R= l} Qy x@ \w@ Qt |v=tR |=ywor= R}v w xvt=O QO |}x]kv |xOv}q; `@vt wO

"CU= xOW x�=Q= 5 pmW QO
j@=]t xOv}q; p=kDv= w u=} QH |=yQDt=Q=B 'xvt=O O=a@= x@ \w@ Qt Q}O=kt u}vJty

%CU= 2 pwOH =@
GFM |r}rLD pL =@ |O=yvW}B |r}rLD pL |xU}=kt R= pY=L G}=Dv
6 pmW QO Ca=U 15 w 14 '12'10 |=yu=tR QO C_re |=yQwDv=m CQwY x@
|ovQ QwDv=m \w]N x@=Wt Qw] x@ 'OW u=}@ QDW}B xm Qw] u=ty "CU= xOW x�=Q=
|r}rLD pL G}=Dv x@ \w@ Qt u}J\N QwDv=m \w]N 'GITT =@ |r}rLD pL G}=Dv
6 |=ypmW u}vJty "OvDUy Ov};Q@ CaQU u=O}t Qou=}@ |Q=OQ@ \w]N w GFM

xvt=O pm QO C_re |=yQwDv=m Q=WDv= w `} RwD Qou=}@ 1 O w 1 G '1 ? '1 hr=
'Q}_v x@ Q}_v CQwY x@ ?}DQD x@ 2 O w 2 G '2 ? '2 hr= 6 |=ypmW w CU=
j=@]v= u=R}t |xU}=kt R}v w QwDv=m \w]N C_re Q}O=kt QDK[=w V}=tv Qw_vt x@

"CU= xOW x�=Q= pLx=Q wO Qy
GFM |r}rLD pL w GITT =@ |r}rLD pL R= pY=L G}=Dv '6 pmW j@=]t
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"swO p=Ft QO Ca=U 15 w 14 '12'10 |=yu=tR QO swO p=Ft QO GFM |r}rLD pL =@ GITT |r}rLD pL |xU}=kt x@ \w@ Qt C_re |=yQwDv=m "6 pmW

|r}rLD pL G=QNDU= `k=w QO "OwW|t xO=iDU= |OOa |=ypL R= ,=twta |Dq=L
"CU= j}kLD u}= QO |Qw;wv |awv |}xO}J}B \}=QW u}vJ |=Q@ sQH p=kDv= |xrO=at
G}=Dv w OW h} QaD =RHt |[Qi p=Ft wO 'xrY=L |r}rLD pL |@=} RQ= Qw_vt x@
|xrO=at |r}rLD pL =@ GITT VwQ =@ xOW G=QNDU= |r}rLD pL R= pY=L
QO C_re |=yQwDv=m ?r=k QO G}=Dv w &OW xU}=kt GFM R= xO=iDU= =@ sQH p=kDv=
=@ xOv}q; `@vt l} =yvD pt=W `@vt CQ=@a pw= p=Ft QO "OW x�=Q= Cw=iDt |=yu=tR
"OW xDiQo Q_v QO �?mQt |}=tv |v=tR `@=D l} CQwY x@� Ovtx]@=[ |v=tR |wor=
QO Qo}Om} R= xrY=i =@ x]kv wO QO xOv}q; `@vt wO pt=W `@vt CQ=@a swO p=Ft QO
|=yXN=W p=Ft wO Qy QO "OW xDiQo Q_v QO s_vt=v |Q=PoQ=@ |=ywor= =@ w xvt=O

pL |=Q@ OvtDQOk Q=}U@ VwQ l} GITT VwQ "OwW|t umttQ}e |OQ=wt
|xr�Ut ?=NDv= |x}=B Q@ VwQ u}= "CU= uoty=v |�RH p}Uv=Qi}O CqO=at
|�RH p}Uv=Qi}O |xrO=at p}O@D u; hOy w CU= Q=wDU= ?U=vt |xS} w Q=Okt
QDxO=U ?D=Qt x@ u; pL xm CU= |rwtat p}Uv=Qi}O |xrO=at x=oDUO l} x@

"CU=
|=R= x@ |Oa@ wO Cr=L QO sQH p=kDv= |xrO=at |r}rLD pL 'j}kLD u}= QO
OwOLt |xvt=O QO x=wNrO |v=tR |=ywor= =@ OOaDt |}x]kv |xOv}q; `@=vt C}r=ai
CUO x@ �GITT� xDi=}s}taD |r=QoDv= p}O@D VwQ R= xO=iDU= =@ 'R=@ wQ |=yp=v=m QO
u}vJ |=Q@ w OQ=Ov OwHw |r}rLD pL |}xO}J}B Cq=L u}vJ |=Q@ CU= |vDio "Ot;
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DpLxOW G=QNDU= |r}rLD pL ?}DQD u}= x@ "CU=GFM R= pY=L |r}rLD pL
|v=tR |=ywor= =@ |}x]kv |xOv}q; `@vt O=OaD Qy P=ND= C}r@=k GITT VwQ =@
|Oa@ wO |xvt=O QO =v@t |r}rLD pL l} u=wva x@ u; R= u=wD|t w OQ=O =Q x=wNrO

"CUH xQy@ |OOa |=ypL |HvUCLY Qw_vt x@ 'OwOLt

x@U=Lt �MRE� |@Uv |=]N u}ov=}t OYQO w (R2) |oDU@ty ?} Q[ |Q=t;
OYQO 0 7 R= QDsm R}v |@Uv |=]N u}ov=}t w 1 =@ Q@=Q@ |oDU@ty ?} Q[ "OW
C_re |=yQwDv=m Ck@=]t w |Q=t; |=yXN=W R= pY=L Q}O=kt "Ot; CUO x@
w Q[=L j}kLD QO GITT R= pY=L |r}rLD pL pt=m j=@]v= |xOvyOu=Wv

=yCWwv=B
1. advection-dispersion-reaction equation (ADRE)
2. First Ficks Law
3. source
4. sink
5. Green's function method (GFM)
6. integral transform technique (ITT)
7. generalized integral transform technique (GITT)
8. planetary boundary layer (PBL)
9. ordinary di�erential equation (ODE)
10. forward transform
11. inverse transform
12. orthogonality
13. norm
14. self-adjoint
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