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|=Q@ 'u}W}B C=ar=]t QO "O@=}|t jkLD u; |=yRQt |wQ ,=iQY =} sUH |xQDUo
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p=Ft |=Q@ "CU= xOW |iQat |} RH CqO=at |R=UxDUUo T=U= Q@ Q}PBh=]av=
|xOvvms}_vD xwqa x@|WRer Owt 'O}ktCQwY x@ Qw=DWo `} RwD 'xv}y@ u=tR |=yVwQ
w|k}@]D 'hwv=B=}r pQDvm =@VvQm Q}}eD MQv Ov=QwNUB pQDvm?}mQD '2|]NswO|x@DQt
x@ [11�1]|Q=mD@= |=yVwQ|NQ@ w|kDWt w|@U=vD Ov=QwNUB 'pOt|v}@V}B 'sw=kt
C}i}m OQ=O u=mt= =yOQm} wQ u}= QO xOt=}v ?=UL x@ |=yOwt =t= "CU= xOW xDiQo Q=m

pw�Ut xOvU} wv �
"1400 10 5 VQ}PB '1400 8 8 x}LqY= '1400 6 13 Ci=} QO %M} Q=D

DOI:10.24200/J40.2021.58511.1604



"""|
WJ

}B�
|W

tN
C=W

=aDQ=
w|

Q}oC
yH

u=tR
ty

pQDv
m"CU= xOW xDN=OQB |O}WQwN C=LiY|WtN pmWQ}}eD x=Qty x@|rY= |xvO@

C=LiY VJ}B |} RH CqO=at 'QwmPt |O=R; C=HQO Q@ xwqa Q[=L Q=DWwv QO
pQDvm w x@U=Lt ?rY |xvO@ u=QwO l}t=v}O =@ \@DQt CQwY x@ |O}WQwN

"CU= xOW
O=OaD u} QDtm =D CU= u; Q@ VqD w OwW|tv |R=UxDUUo |} RH CqO=at �

"OW=@ R=}v OQwt Ov=QwNUB p=vo}U
ptDWt Ov=QwNUB |=yp=vo}U CU}v sRq |} RH CqO=at QoxOy=Wt |L=Q] =@ �
=@ \ki w OwW |Q}oxR=Ov= sDU}U RQt R= C}akwt w u=tR |} RH C=kDWt Q@
QoxOy=Wt xr}Uw x@ |RQt |=yxO=O 'xQ=wy=t|}x} w=RCaQU wC}a[w |Q}oxR=Ov=
|DL=Q x@ =Q |rQDvm VwQ |R=UxO=}B xH}Dv QO xm 'OwW|t xO=iDU= w x@U=Lt

"Ovm|t Q}PBu=mt=
QO OwW|t s=Hv= C=W=aDQ= uOv=WvwQi =@ u=tRty C}a[w pQDvm Q=DWwv u}= QO �
"OwW|t xO=iDU= |rY= |xvO@ pN=O pwtat Qw=DWo Qorta wO R= \ki xm|r=L
=QPo Q=DiQ C=}YwYN s}_vD u=mt= '|Q=O}=B u}t-=D Q@ xwqa Q_v OQwt QopQDvm �

"Ovm|t sy=Qi =Q xQ=wy=t C}a[w l}t=v}O QO
|rY= |xvO@ xm u=NQJ Q}D CQwY x@ xQ=wy=t Q=DN=U ,qwtat OwHwt Cq=kt QO �
x@ CU= xOW VqD VywSB u}= QO =t= "CU= xOW pOt OQ=O Q=Qk u; \Uw QO
|O}WQwN C=LiY uOw@ |DtUkOvJ =DU=Q u}= QO "s} wW QDl}ORv |ak=w \}=QW

"CU= xOW ^=Lr xOvwWR=@

"OwW|t x@U=Lt uwDr}t=y pY= ltm x@ |m}t=v}O CqO=at Qw_vt u}O@
xDU@ xkrL sDU}U |Q=O}=B C=@F= w |L=Q] |RQt |xOvvmpQDvm TBU w QoxOy=Wt
x@ R}v OwOLt |=RH= VwQ x@ |m}t=v}O pOt |R=Ux}@W Qw_vt x@ "OwW|t s=Hv=
"OwW|t |UQQ@ xOW x�=Q= QoxOy=Wt Q@ |v@t |xOvvmpQDvm OQmrta w O};|t CUO

C=}[Qi "2"1
X=wN w |UOvy ^=Lr x@ w pmW p}]DUt `]kt |=Q=O |O}WQwN C=LiY
"CU= ?rY ?amt l} |rY= |xvO@ "OwW|t xDiQo Q_v QO CN=wvm} |m} R}i
10`]kt pmW Q}}eD R=|va} OwW|t pOtl}Uqm Q}D |x} Q_v =@ |O}WQwN C=LiY
|v=tR C@=F 'xQ=wy=t |Q=Ot CmQL nQR@ Q=}U@ `=aW x@ Q_v "OwW|t Q_v hQY
&CU= C=W=aDQ= u}vJty xQ=wy=tC}a[wl}t=v}O R= QDoQR@ Q=}U@ x]w@ Qtl}t=v}O
"CU= uOQm Q_v hQY p@=k xQ=wy=t |Q=Ot w C}a[w Q}}eD C=mQL \=@DQ= =Pr
w C}a[w |} RH CqO=at pQDvm x@ \w@ Qt Cq=kt u=}t QO |oty C=}[Qi u}=

[19�15]"CU= G}=Q xQ=wy=t C=W=aDQ=
|=yqwr QwLt |=DU=Q QO |WtN |DNU '|UOvy pmW w O=a@= x@ xHwD =@
|xvt=O p}rO u}= x@ "CU= Qo}O |=DU=Q QO |WtN |DNU R= QDtm Q=}U@ pv=B C=a]k
Q}D \@=wQ 'VtN QO "CU= xHwD p@=k QDW}@ C=LiY Q@ Owta |W=aDQ= |}=Hx@=H
CqO=at '`]kt Qy QO uQ=kD QwLt wO OwHw x@ xHwD =@ w ^=Lr 11|rwvQ@ � Qrw=
^=Lr x@ `k=w QO [34]"O};|t CUO x@ 12\@DQt Q}e CQwY x@ VtN w VJ}B
w |O}WQwN C=LiY QO R}v sQH `} RwD w uQ=kD QwLt wO |=Q=O `]kt Qy |UOvy

"OwW|t ZQi CN=wvm} CQwY x@ ?=y

wO CQwY x@ xQ=wy=t pOt [19 w 18]"OW |L=Q] |}xLiY CmQL QO |xQ=wy=t |=Q@
p=ta= |=Q@ "CU= xOW ZQi Ov=xOW VwH ?rY |xvO@ CtU wO x@ xm xQ] Q}D
u=tR w u=mt x@ C@Uv hrDNt ?D=Qt R= C=kDWt =@ Ov=QwNUB p=vo}U |O=OaD pQDvm

"CU= R=}v OQwt
C=aq]= R= uOQ@ xQy@ p=L u}a QO w |RQt |=yQoUL x@ R=}v `iQ =}Vy=m |=Q@
CqO=at QoxOy=Wt R= xO=iDU= R= CU= CQ=@a Q=my=Q l} 'xOQDUo |=RH= |m}t=v}O
QwQt "CU= xOWv x�=Q= CUO u}= R= |O=} R |=yOQ@ Q=m uwvm =D OwHw u}= =@ "|} RH
O}=@ QoxOy=Wt |L=Q] Qw_vt x@ xO=O u=Wv [20]QoxOy=Wt |L=Q] ẁvDt |=yVwQ
xDUO wO u}=Q@=v@ "OwW|t xDio �|R=URmQtDt� u; x@ xm 'O@=} Vy=m sDU}U O=a@=
pOt |R=UxDUUo j} Q] R= xm �4u}W}B |R=URmQtDt� %CU= QmP p@=k OQm} wQ
G}=Dv |x@U=Lt u}L ,=iQY xm �5u}UB |R=URmQtDt� w OwW|t s=Hv= |m}t=v}O

"OwW|t |L=Q] |Oa@ C}=yv|@ QoxOy=Wt
`@=wD \U@ 'u}mQro u}tND '6OwOLt hqDN= 'OwOLt |=RH= |=yVwQ R=
C=ar=]t R= |NQ@ "OvQ}o|t xQy@ |R=URmQtDt Qw_vt x@ 8Ot=aDt |x} RHD w 7xS} w
|=y|UQQ@ QO xm|r=L QO OvDUy u}W}B |R=URmQtDt R= |}=yxvwtv [22 w 21]"OwHwt

"CU= xOW |L=Q] |Oa@ C}=yv |@ |=yQoxOy=Wt [25�23]Qo}O
CQwY x@ xQ=wy=t C}a[w |R=UQ=O}=B 'H1 QoxOy=Wt |xr}Uw x@ u=kkLt
|=Q@ C}a[w pQDvm x@ u}vJty u=v; [26]"Ov=xO=O s=Hv= =Q V=WDe= Q@=Q@ QO sw=kt
|R=UxDUUo pOt w =yuw}vQD=wm |=Q@ |QoxOy=Wt w [27]xDN=OQBh]avt |=yxQ=wy=t
l} x=Qty x@ sw=kt |xOvvmpQDvm l} '[28]|Qo}O C=ar=]t QO "Ov=xOQm |L=Q] xOW
QO C}a[w uOQm C}a@D =D CU= xOW |L=Q] QoxOy=Wt Q@ |vD@t |xOvvmu=Q@H
pYDt Qo}Om} x@ Q}PBh=]av= Q}D =@ xm ?rYwQm}t |xQ=wy=t wO xOW RmQtDt pOt
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C}a[w Ov=QwNUB x@ xm [30]CU= xOW|iQat|} RH CqO=at =@ |w[alDh]avt
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[32]|Qo}O |xar=]t QO "OwW p=ta= =yC=@ Q QO Q}PBh=]av= w[a |=Q@ xvwtv Qw] x@
CqO=at R= xDUO l} |=Q@ Qo xOy=Wt |L=Q] 'uOR s=oUB VwQ R= xO=iDU= =@ R}v
|iQat 9|}xQ}HvR |=ysDU}U x@ \w@ Qt |} RH w |rwtat |rwrPy p}Uv=Qi}O \@DQt
Qw] x@ u=oOvU} wv w OwW|t s=Hv= |}=yDv= RQt l} QO |Q}oxR=Ov= "CU= xOW
CqO=at "Ov=xOQ@ Q=m x@ Civ x=J |Q=iL Ov}=Qi QO =Q OwN VwQ |R}t;C}kiwt

"OvDUy u=mt w u=tR C=kDWt pw= x@DQt R= \ki '|UQQ@ OQwt p}Uv=Qi}O
VwH u=NQJ xQ] Q}D l} CQwY x@ h]avt |xQ=wy=t 'Qo}O |}xar=]t QO
wO R= C=W=aDQ= w C}a[w pQDvm Qw_vt x@ [33]"CU= xOW pOt ?rY |xvO@ x@ xOW
|QoxOy=Wt "CU= xOW xO=iDU= xOQDUo |rQDvm Qw=DWo l} w |RQt |rQDvm uwv=k
|=yQ}eDt |t=tD xD@r= "CU= xOW |L=Q] xOQDUo |W=WDe= |wQ}v u}tND |=Q@
|DU}=@ Ov=xOW Qy=_ |m}t=v}O pOt QO xm C=W=aDQ= w C}a[w l}t=v}O R= Cr=L

"CU}v |D=}rta xm OwW |Q}oxR=Ov=
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w00l12d�l1 +
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0
w00l22d�l2] + 1/2kb(w0r1

��0)2

+ 1/2ks(w0r2
��0 � w0r1

��
l)

2 + 1/2kb(w0l1
��0)2

+ 1/2ks(w0l2
��0 � w0l1

��
l)

2 + 1/2GIp[
lZ

0
'0r1

2d�r1

+
lZ

0
'0r2

2d�r2 +
lZ

0
'0l1

2d�l1 +
lZ

0
'0l2

2d�l2] (2�2)

�Ew = �z�� + �x��� cb _w0r1
��0(�w0r1��0)

�cs( _w0r2
��0 � _w0r1

��
l)(�w

0
r2
��0 � �w0r1��l)

�cs( _w0l2
��0 � _w0l1

��
l)(�w

0
l2
��0 � �w0l1��l)

�cb _w0l1
��0(�w0l1��0)� c _'r2jl� 'r2jl � c _'l2jl� 'l2jl (2�3)

'|r=oJ hQat ?}DQD x@ Ip w G 'I 'A 'E '� |=yQDt=Q=B q=@ CqO=at QO
u=tt w |WQ@ pwOt '`]kt |UQv}= swO u=tt w `]kt CL=Ut 'nv=} pwOt
C@Uv jDWt |=vat x@ (0)0 O=tv "CU=yQ}D |x}rm |=Q@ `]kt K]U |@]k
u}vJty "CU= jDWt |x@DQt Qov=Wv x]w@ Qt T} wvq=@ OOa w (�) u=mt x@
l w 0 |=yu=mt QO u; R= V}B C}tm |x@U=Lt |=vat x@ jl w j0 |=yOvwQ} R
xO=iDU= uwDr}t=y pY= R= 'sm =L l}t=v}O CqO=at |x@U=Lt Qw_vt x@ "CU=

"OwW|t
tZ

0
(�Ep � �Ek � �Ew) dt = 0 (3)

'|W@vH |SQv= \@=wQ |v} Ro}=H =@ "OwW|t xDiQo Q_v QO � CQwY x@ VOQw O=tv
|R=U?DQt w |�RH |Q}op=QoDv= R= TB w jwi xrO=at QO |R=Ht Q=m w p}Uv=DB

%s} Q=O
�wr1 : �A�yr1 + EIw0000r1 = 0 (4�1)

�wr2 : �A�yr2 + EIw0000r2 = 0 (4�2)

�wl1 : �A�yl1 + EIw0000l1 = 0 (4�3)

�wl2 : �A�yl2 + EIw0000l2 = 0 (4�4)

�� : Jz �� = �z + EI[�hw000r1��0 + w00r1
��0 � w00r1

��
l

+ w00r2
��0 � hw000l1��0 + w00l1

��0 � w00l1
��
l + w00l2

��0] (4�5)

�'r1 : �Ip ��r1 �GIp'00r1 = 0 (5�1)

�'r2 : �Ip ��r2 �GIp'00r2 = 0 (5�2)

�'l1 : �Ip ��l1 �GIp'00l1 = 0 (5�3)

�'l2 : �Ip ��l2 �GIp'00l2 = 0 (5�4)

�� : Jx �� = �x +GIp['0r1
��0 � '0r1

��
l

+ '0r2
��0 + '0l1

��0 � '0l1
��
l + '0l2

��0] (5�5)

%OwW|t x@U=Lt u}vJ |RQt \}=QW u}vJty
�w0r1

��0 : kbw0r1
��0 � EI w00r1��0 + cb _w0r1

��0 = 0 (6�1)

"xQ=wy=t pOt l}D=tW "1 pmW

|m}t=v}O |R=UpOt "2
|=yQ}eDt "CU= xOW xO=O u=Wv Q_v OQwt xQ=wy=t l}D=tW |=tv '1 pmW QO
x@ �z; �x; l; kb; cb; ks; cs; c |=yQDt=Q=B w �; �; wr1; :::; wl2; 'r1; :::; 'l2
|=yCtUk QO VJ}B w |WtN pmW Q}}eD 'xQ=wy=t I}B w pwQ |=}=wR hQat ?}DQD
Qy pw] 'Qorta Qw=DWo '|rY= |xvO@ AJ w CU=Q CtU |O}WQwN C=LiY
|xvO@ w C=LiY u}@=t Cq=YD= |}=Q}t w |DNU ?}=Q[ 'C=LiY R= CtUk
|Q=DN=U |}=Q}t wVtN QO |O}WQwN C=LiY |=yCtUk u}@=t u}vJty |rY=

"CU= VJ}B QO |v}tND
|xvO@ sQH RmQt x@ pYDt Rm =Qt =@ q=@ pmW j@=]t |vO@ C=YDNt |=yx=oDUO
|}x} w=R CaQU w |]N CaQU x@ \w@ Qt \@=wQ "CU= xOW xDiQo Q_v QO |rY=
%R= CU= CQ=@a 'lJwm |WJ}B pmW Q}}eD |x} w=R ZQi =@ '=yQ}D |wQ u=tr= Qy
_yr1ĵr = [(h+ �r1) _� + _wr1] ĵr

_yr2ĵr = [(h+ l + �r2) _� + _wr2] ĵr

_yl1ĵl = [(h+ �l1) _� + _wl1] ĵl

_yl2ĵl = [(h+ l + �l2) _� + _wl2] ĵl (1�1)

_�r1 îr = ( _�+ _'r1)̂ir , _�r2 îr = ( _�+ _'r2)̂ir
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+
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Jz �� = �z +Rbl +Rbr

54



1|
xQ=t

W'
38

�3
|xQ

wO'
�14

01
Q=y@

�l
}v=m

t|
UOv

yt

+
lZ

0
~w00l1(

@ ~w00l1
@t

)d�l1 +
lZ

0
~w00l2(

@ ~w00l2
@t

)d�l2] (17�2)

_Eto = �Ip[
lZ

0
_~�r1�~�r1d�r1 +

lZ
0

_~�r2�~�r2d�r2

+
lZ

0
_~�l1�~�l1d�l1 +

lZ
0

_~�l2�~�l2d�l2]+

GIp[
lZ

0
~'0r1(

@ ~'0r1
@t

)d�r1 +
lZ

0
~'0r2(

@ ~'0r2
@t

)d�r2

+
lZ

0
~'0l1(

@ ~'0l1
@t

)d�l1 +
lZ

0
~'0l2(

@ ~'0l2
@t

)d�l2] (17�3)

%s}yO|t \U@ =Q |W@vH |SQv= |=yp=QoDv=
lZ

0
�A_~yr2�~yr2d�r2 =

lZ
0
�EI_~yr2 ~w0000r2 d�r2 =
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QoxOy=Wt Q@ |vD@t |RQt xOvvmpQDvm |L=Q] "4
C}a[w |RQt pQDvm x@ s} QO=k 'p@k VN@ QO xOW |L=Q] QoxOy=Wt R= |Q}oxQy@ =@
?=y |}x} w=R CaQU w C}a[w |=yxO=O \ki Qo = "s} R=OQB@ xQ=wy=t C=W=aDQ= w
QoxOy=Wt \UwD u}tND =@ =Q Ov=QwNUB CyH |RQt C=aq]= Q}=U w OW=@ R=}v OQwt
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_Vc = �cs[( _w0r2

��0 � _w0r1
��
l)

2 + ( _w0l2
��0 � _w0l1

��
l)

2]

� cb[( _w0r1
��0)2 + ( _w0l1

��0)2]� c( _'2
r2
���
l
+ _'2

l2
���
l
)

� ktd _�2 � kbd _�2 +

8>><>>:
_�ft1 < 0 , _� < 0
_�ft2 < 0 , _� > 0

0 , _� = 0

+

8>><>>:
_�fb1 < 0 , _� < 0
_�fb2 < 0 , _� > 0

0 , _� = 0
) _Vc � 0 (29)

"O}UQ C=@F= x@ hwv=B=}r swyit x@ |Q=O}=B =Pr

QoxOy=Wt Qw[L =@ |@v=Ht |Q=O}=B C=@F= "5
p}rLD QoxOy=Wt Q@ |vD@t xDU@ Q=Ot sDU}U pm |=OQw=v |xawtHt 1 |x}[k QO
=D OwW|t xOR `tH Vo w Vc hwv=B=}r `@=D wO CyH u}O@ "CU= xOW x@U=Lt w
\@=wQ R= |rm `@=D u}= |v=tR jDWt "O}; CUO x@ sDU}U pm Q@ Q_=v hwv=B=}r `@=D

"O};|t CUO x@ 29 w 21

V = Vo + Vc (30�1)

_V = �cs[( _w0r2
��0 � _w0r1

��
l)

2 + ( _w0l2
��0 � _w0l1

��
l)

2

+ (_~w0r2
��0 � _~w0r1

��
l)

2 + (_~w0l2
��0 � _~w0l1

��
l)

2]

� cb[(_~w0r1��0)2 + (_~w0l1
��0)2 + ( _w0r1

��0)2 + ( _w0l1
��0)2]

� c(_~'2
r2
���
l
+ _~'2

l2
���
l
)� kbod_~�2 � ktod_~�2

� kbd _�2 � ktd _�2 +

(
_�ft1 < 0 , _� < 0
_�ft2 < 0 , _� � 0

+

(
_�fb1 < 0 , _� < 0
_�fb2 < 0 , _� � 0 ) _V � 0 (30�2)

x@U=Lt V 0 = 0 O=LD= R= xm Ovm|t p}t OwN |=OQw=v |xawtHt x@ sDU}U u}=Q@=v@
"OwW|t

_� = _� = 0 & _~� = R= CU= CQ=@a V 0 = 0 |=Q@ sRq \QW %1 |x}[k
OvQ=O C@=F |Q}O=kt u; u}tND |=]N w C}a[w '|]}=QW u}vJ QO |va} "_~� = 0

"OvwW|t |Q=Pos=v ~�0 , ~�0 w �0 ,�0 =@ xm
_� = 0) � = �0 = cte , �� = 0 (10)��!
�A �wr=l 1 + EIw0000r=l 1 = 0 (31�1)

_~� = 0) ~� = ~�0 = cte ,�~� = 0 (14)��!
�A�~wr=l 1 + EI ~w0000r=l 1 = 0 (31�2)

�̂ = � � ~� ) �̂ = �̂0 = cte , �̂� = 0 (12)��!
�A�̂wr=l 1 + EIŵ0000r=l 1 = 0 (31�3)

%OwW|t x@U=Lt u}vJ
_Vc = Jx _���+ �te� _�+ �t _�(e� + "t

�t
Sgn( _�))

+Jz _��� + �be� _� + �b _�[e� + "b
�b
Sgn( _�)]

+ks[(w0r2
��0 � w0r1

��
l)( _w0r2

��0 � _w0r1
��
l) + _Et

+(w0l2
��0 � w0l1

��
l)( _w0l2

��0 � _w0l1
��
l)] + _Eb

+kb[(w0r1
��0)( _w0r1

��0) + (w0l1
��0)( _w0l1

��0)] (25�1)

_Eb = �( _w0r2
��0 � _w0r1

��
l)[ks(w

0
r2
��0 � w0r1

��
l)

+ cs( _w0r2
��0 � _w0r1

��
l)] + hEI _�w000l1

��0
� ( _w0r1

��0 + _�)[kbw0r1
��0 + cb _w0r1

��0]
� ( _w0l1

��0 + _�)[kbw0l1
��0 + cb _w0l1

��0]
� ( _w0l2

��0 � _w0l1
��
l)[ks(w

0
l2
��0 � w0l1

��
l)

+ cs( _w0l2
��0 � _w0l1

��
l)] + hEI _�w000r1

��0 (25�2)

_Et = �c( _'2
r2
���
l
+ _'2

l2
���
l
)

� _�[GIp('0r1
��0 + '0l1

��0) + c( _'r2jl + _'l2jl)] (25�3)

_Vc = � kbd _�2 + _�[�ktc( '̂0r1��0 + '̂0l1
��0)

� ktpe� + �te� + �te� + "tSgn( _�)]� ktd _�2

� c( _'2
r2
���
l
+ _'2

l2
���
l
) + _�[�kbc( ŵ0r1��0 + ŵ0l1

��0)
� kbpe� + �be� + �be� + "bSgn( _�)]

� cs[( _w0r2
��0 � _w0r1

��
l)

2 + ( _w0l2
��0 � _w0l1

��
l)

2]

� cb[( _w0r1
��0)2 + ( _w0l1

��0)2] (26)

xOR u}tND |=yQ}eDt 'p@k VN@ QO QoxOy=Wt |=Q@ hwv=B=}r |Q=O}=B C=@F= j@]
�b=t '"b=t ?}=Q[ xQ=wty u}=Q@=v@ "Ovv=t|t OwOLt xW}ty QoxOy=Wt \UwD xOW

%OQm u}}aD Q} R \@=wQ ltm x@ u=wD|t =Q �b=t w

8kbp > 0 : 9�b; �b> 0j�b + �b = kbp

8t : 9"b < 0j
( j"bj > jRbj

Rb = kbc( ŵ0r1j0 + ŵ0l1j0)
(27�1)

8ktp > 0 : 9�t; �t> 0j�t + �t = ktp

8t : 9"t < 0j
( j"tj > jRtj

Rt = ktc( '̂0r1j0 + '̂0l1j0)
(27�2)

%u}=Q@=v@

Rb + "bSgn( _�) =

(
fb1 = �"b +Rb > 0 , _� < 0
fb2 = +"b +Rb < 0 , _� > 0

Rt + "tSgn( _�) =

(
ft1 = �"t +Rt > 0 , _� < 0
ft2 = +"t +Rt < 0 , _� > 0 (28)
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+
1X
j=1

[�EIh�000br1;j��0 + kb�0br1;j
��0]~�br1;j(t)

=
1X
i=1

[abl1;i exp(�bit) + âbl1;i exp(�̂bit)]

+
1X
j=1

[abr1;j exp(�bjt) + âbr1;j exp(�̂bjt)] (37�1)

~�x0 =
1X
i=1

GIp�0tl1;i
��0 ~�tl1;i(t) +

1X
j=1

GIp�0tr1;i
��0 ~�tr1;i(t)

=
1X
i=1

[atl1;i exp(�tit) + âtl1;i exp(�̂tit)]

+
1X
j=1

[atr1;j exp(�tjt) + âtr1;j exp(�̂tjt)] (37�2)

�z0 =
1X
i=1

[�EIh�000bl1;i��0 + kb�0bl1;i
��0]�bl1;i(t)

�kbc�0bl1;i��0�̂bl1;i(t)� kbc�0bl1;j��0�̂bl1;j(t)
+
1X
j=1

[�EIh�000br1;j��0 + kb�0br1;j
��0]�br1;j(t)

=
1X
i=1

[bbl1;i exp(�bit) + b̂bl1;i exp(�̂bit)]

+
1X
j=1

[bbr1;j exp(�bjt) + b̂br1;j exp(�̂bjt)] (38�1)

�x0 =
1X
i=1

GIp�0tl1;i
��0�tl1;i(t)� ktc�0tl1;i��0�̂tl1;i(t)

+
1X
j=1

GIp�0tr1;i
��0�tr1;i(t)� ktc�0tr1;j��0�̂tr1;j(t)

=
1X
i=1

[btl1;i exp(�tit) + b̂tl1;i exp(�̂tit)]

+
1X
j=1

[btr1;j exp(�tjt) + b̂tr1;j exp(�̂tjt)] (38�2)

bt=br1;j '̂bt=bl1;i 'bt=bl1;i 'ât=br1;j ' at=br1;j 'ât=bl1;i 'at=bl1;i C=Q=@a
'Cw=iDt |}=tv `@=wD `tH pY=L "OvDUy xOW ?}mQD QYDNt ?}=Q[ b̂t=br1;j w
Q=QkQ@ xW}ty |=Q@ |v=tR \ki w \ki xQ=Ro u}= "CU= xOW C@=F Q=Okt l} =@ Q@=Q@

%s}W=@ xDW=O xm Ow@ Oy=wN

(
~�z0 = �z0 = 0
~�x0 = �x0 = 0 )

(
~� = e� = 0
~� = e� = 0 (39)

C}a[w |=]N w C}a[w u}tND |=]N xm CU= u; R= |m =L 39 |x]@=Q
OwHw R= Qo = |DL 'CU=OQw=v |xawtHt w[a 'QiY Q}O=kt =@ ?wr]t x@ C@Uv
u}tND |=]N 'xOW C=@F= 1 sr QO xm u=vJ xwqa x@ "OwW Q_v hQY |}=Q}t
=OQw=v |xawtHt w[a QiY Q}O=kt =@ R}v =yv; |ak=w Q}O=kt w |W=aDQ= |=yQDt=Q=B

"OvDUy

_� = 0) � = �0 = cte , �� = 0 (11)��!
�A �'r=l 1 �GIp'00r=l 1 = 0 (32�1)

_~� = 0) ~� = ~�0 = cte ,�~� = 0 (15)��!
�A�~'r=l 1 �GIp ~'00r=l 1 = 0 (32�2)

�̂ = �� ~�) �̂ = �̂0 = cte , �̂� = 0 (13)��!
�A�̂'r=l 1 �GIp'̂00r=l 1 = 0 (32�3)

w 14 =]N l}t=v}O ~�0; ~�0 w �0; �0 Q}O=kt u}}aD Qw_vt x@ '|}=Q}t R= Q_v hQY
\@=wQ u}= R= C@=F Q=Okt Q=yJ "s}vm|t |U} wvR=@ =Q 23 |xDU@ Q=Ot sDU}U w 15

"OwW|t xO=O V}=tv �x0; �z0 w ~�x0; ~�z0 |=yQDt=Q=B =@ xm O};|t CUO x@
~�z0�kbop(�0 � �̂0) =

� EIh � ~w000l1
��0 + ~w000r1

��0�+ kb
�

~w0l1
��0 + ~w0r1

��0� (33�1)

~�x0�ktop(�0 � �̂0) = GIp( ~'0l1
��0 + ~'0r1

��0) (33�2)

�z0�kbp(�0 � �d) = �EIh(w000l1
��0 + w000r1

��0)
+ kb(w0l1

��0 + w0r1
��0)� kbc( ŵ0l1��0 + ŵ0r1

��0) (34�1)

�x0�ktp(�0 � �d) = GIp('0l1
��0 + '0r1

��0)
� ktc( '̂0r1��0 + '̂0l1

��0) (34�2)

%s} Q=O =yQ}eDt |R=U=OH ltm =@ jwi CqO=at pL Qw_vt x@
w =

1X
i=1

�bi(x)�bi(t)

�bi(t) = ab0;i exp(�bit) , �bi = �bi + j!bi (35�1)

ŵ =
1X
i=1

�bi(x)�̂bi(t)

�̂bi(t) = âb0;i exp(�̂bit) , �̂bi = �̂bi + j!̂bi (35�2)

~w =
1X
i=1

�bi(x)~�bi(t) ,~�bi(t) = �bi(t)� �̂bi(t) (35�3)

' =
1X
i=1

�ti(x)�ti(t)

�ti(t) = at0;i exp(�tit) , �ti = �ti + j!ti (36�1)

'̂ =
1X
i=1

�ti(x)�̂ti(t)

�̂ti(t) = ât0;i exp(�̂tit) , �̂ti = �̂ti + j!̂ti (36�2)

~' =
1X
i=1

�ti(x)~�ti(t) , ~�ti(t) = �ti(t)� �̂ti(t) (3�36)

Q_v QO uwO@ =D O=O \U@ =Q 34 w 33 \@=wQ u=wD|t 36 w 35 \@=wQ R= xO=iDU= =@
"OwW pY=L Q} R \@=wQ '|}=Q}t uDiQo

~�z0 =
1X
i=1

[�EIh�000bl1;i��0 + kb�0bl1;i
��0]~�bl1;i(t)
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[mb] = �Ale
420

2666664
156 22le 54 �13le

4le2 13le �3le2

156 �22le
Sym: 4le2

3777775
[kb] = EI

le3

2666664
12 6le �12 6le

4le2 �6le 2le2

12 �6le
Sym: 4le2

3777775
[mt] = �Iple

3
" 1 1/2

1/2 1

#
, [kt] = GIp

le

" 1 - 1

- 1 1

#
(42)

Q@ |v@t |rQDvm uwv=k "Ov=xOW xDiQo Q_v QO 1 pwOH j@] |R=Ux}@W |=yQDt=Q=B
xty pw= |R=Ux}@W QO "CU= xOW p=ta= OW |iQat pYi u}= QO xm QoxOy=Wt
xHQO 25 ?wr]t x} w=R =@ w QiY x}rw= \}=QW R= p}P OQ=wt RH x@ Cr=L |=yQ}eDt
xDiQo Q_v QO QoxOy=Wt |=Q@ |[Qi x}rw= \}=QW l} w ^=Lr ?=y I}B w pwQ |=Q@

"CU= xOW
x]w@ Qt |=yxQy@ =Pr OW=@ QD`} QU xOvvmpQDvm R= |DU}=@ QoxOy=Wt s}v=O|t
xOvvmpQDvm w QoxOy=Wt ?}=Q[ w x}rw= \}=QW "CU= xOW ?=NDv= QDnQR@ Q@=Q@ xO

%R= Ov=CQ=@a
kbp = 1 5 , kbd = 20 , kbc = 20 , ktp = 3 , ktd = 10 , ktc = 5
kbop = 15 , kbod = 200 , ktop = 30 , ktod = 100
t = 0 :8>>>>><>>>>>:

w0r2j0 = w0l2j0 = �10 , w0r1j0 = w0l1j0 = 15 , � = 0 deg

ŵ0r2j0 = ŵ0l2j0 = 5 , ŵ0r1j0 = ŵ0l1j0 = �5 , �̂ = �10 deg

'r2jl = 'l2jl = 5 , 'r1
��
l = 'l1jl = 10 , � = �5 deg

'̂r2jl = '̂l2jl = �5 , '̂r1
��
l = '̂l1jl = 5 , �̂ = 5 deg

|}=Q}t C@Uv xm CU= xOW ZQi �0'2� |}=Q}t ?}=Q[ |=Q@ |R}J=v Q=Okt
|UQQ@ QDpkDUt xOvvmpQDvm |R=UQ=O}=B C}i}m =D CU= � = 0=006 u; pO=at
|=y=]N ?QNt Q}F-=D R=|}=Q}t R}J=v u=R}t u}= 'C=@U=Lt |q=@ sHL x@ xHwD =@ "OwW

"Ovm|t |Q}owrH |D=@U=Lt
|R=UpOt |=Q@ =yu=tr=?U=vt O=OaD u}}aD |UQQ@ p@=k ẁ[wtl} %1 |xDmv
O=O u=Wv OOa 5 R= V}@ =D l} R= =yu=tr= O=OaD Q}}eD =@ |R=Ux}@W "CU= Q}D Qy
|=yTv=mQi =yvD u; R= QDW}@ O=OaD w OwW|t pY=L |@U=vt |}=Qoty u=tr= 5 =@
Tv=mQi wO `k=w QO "OyO|t Q}}eD =Q u=WQ}O=kt =} w xi=[= =Q RDQy 100 R= QDq=@
s}v=O|t "O@=}|t |�RH Q}}eD sHvB Tv=mQi =D w OvDUy Q}}eD uwO@ ,=@} QkD pw= |a}@]
u=tr= 5 R= V}@ O=OaD ,qta w OQ}o|t pmW QDu}}=B |=yTv=mQi \UwD ?r=e Q=DiQ

%s} Q=O 21 |xrO=at j@] 1 %sr
_Vo = 0 ) _~w0r2

��0 � _~w0r1
��
l = _~w0l2

��0 � _~w0l1
��
l =

_~w0r1
��0 = _~w0l1

��0 = _~'r2
��
l = _~'l2

��
l = 0

) ~w0r2
��0 � ~w0r1

��
l, ~w0l2

��0 � ~w0l1
��
l, ~w0r1

��0,
~w0l1
��0, ~'r2jl, ~'l2jl = cte (40)

|RQt \}=QW =@ '2�31 Q}D V=aDQ= xrO=at QO xm CU= |QDt=Q=B ~wr=l1 s}v=O|t =t=
C@=F QiY u=mt QO u; ?}W Qo = u}=Q@=v@ "Ovm|t jOY Q}D QU wO QO Qvi w qwr
XwYN QO " ~wr=l1(x; t) = 0 |va} "OQ=Ov V=aDQ= Q}D xm CU=vat u}O@ 'Ov=t@
uOv=t C@=F u}vJty "CiQo x@=Wt xH}Dv 41 |x]@=Q R= u=wD|t ~wr=l2(x; t) = 0
Q}oQO QU l} O=R; QU l} |RQt \}=QW =@ 2�32 Q}D VJ}B |xrO=at QO xm ~'r=l2
xHwD =@ " ~'r=l2(x; t) = 0 CU= Q}D |WJ}B V=aDQ= sOa |=vat x@ 'Ovm|t jOY
Qo}Om} =@ T=tD pLt QO VJ}B ^=Lr x@ =yQ}D uOw@ pik |va} |RQt \}=QW x@

" ~'r=ln(x; t) = 0 s} Q=O
~w0r2
��0 � ~w0r1

��
l = cte, ~w0r1

��
l = 0 ) ~w0r2

��0 = 0 (41)

CqO=at QO |W=aDQ= |=yQ}eDt XwYN QO '=]N l}t=v}O |wQ jwi EL@ x@=Wt
'|RQt \}=QW w 1�32 '1�31 '29 \@=wQ uDiQo Q_v QO =@ R}v xQ=wy=t l}t=v}O

"OwW|t G=DvDU=

G}=Dv |wQ EL@ w |R=Ux}@W "6
"CU= xOW P=ND= 1 pmW j@=]t xQ=wy=t |R=UpOt CyH OwOLt u=tr= VwQ
xOW pOt |rwvQ@ � Qrw= Q}D |=yu=tr= |xr}Uw x@ |O}WQwN C=LiY |=yVN@
x@ "CU= xOW xOwRi= u=tr= Qy x@ |WJ}B xDi=}s}taD C=YDNt wO xwqa x@ "CU=
pmW `@=wD |WtN pmW Q}}eD QO |UQv}= w |DNU |=yT} QD=t |x@U=Lt Qw_vt
xO=iDU= |]N Owt pmW `@=D |WJ}B pmW Q}}eD QO w 3 x@DQt |}xrtHOvJ Owt
�2� V=xDi=}s}taD C=YDNt x=Qty x@ =Q Q_v OQwt u=tr= 2 pmW [36]"CU= xOW

"OyO|t u=Wv �w1' w2' w3' w4' �1'
|SQv= \@=wQ R= u=tr= Qy |=Q@ x]w@ Qt |DNU w |UQv}= pO=at |=yT} QD=t

"VJ}B xi=[= x@ |rwvQ@ � Qrw= Q}D u=tr= l} "2 pmW
"|R=Ux}@W |=yQDt=Q=B "1 pwOH

=yu=tr= O=OaD l jx; jz ks; kb cs; cb c h � A E G I Ip QDt=Q=BQ}D Qy QO (m) (kgm2) (Nm) (Nms) (Ns) (m) (kg=m3) (m2) (Pa) (Pa) (m4) (m4)
5 0/8 4 200 0/2 02 0/3 2e3 0/01 5e�10 2e�10 6e�7 2e�5 Q=Okt
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"QoxOy=Wt Q@ |v@t xDU@ Q=Ot sDU}U |wQ |R=Ux}@W G}=Dv "3 pmW

VJ}B w u;CtU wO QO ?=y x@l}ORv |=yx@r QO |O}WQwN C=LiY |=yCtUk
|O}WQwN C=LiY |=yCtUk |WJ}B pmW Q}}eD w ?=y I}B |x} w=R pt=W I}B �
?wN OQmrta R= |m =L G}=Dv "Ov=xOW sUQ u; CtU wO QO ?=y R= QwO |=yx@r QO
sOa w ?U=vt CUWv u=tR =@ u=tRty R}J=v VyH=Qi "CU= xOW x�=Q= pQDvm VwQ
j@] u}vJty "OvDUy MU=B |=QPo Q=DiQ |=Q@ ?wN C=YNWt Q=oOv=t |=]N OwHw

x@ |UwULt CkO V}=Ri= 'C=@U=Lt u=tR w xv} Ry O=} R Q=}U@ V}=Ri= seQ|ra
"OyO|tv CUO

C}a[wCr=L |=yQ}eDt R= |O=OaD |=Q@ QoxOy=Wt |}=Qoty |=y=]N xwqa x@
"CU= xOW xO=O u=Wv 4 pmW QO |R=Ux}@W u}= |] C=W=aDQ= w

|=y?}W w ?=y pwQ x} w=R pt=W pwQ � VtN MU=B |=yQ=Owtv 3 pmW QO
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C=W=aDQ= w C}a[w l}t=v}O u=tRty pQDvm Qw_vt x@ |RQt xOvvmpQDvm x=Qty x@
R= xO=iDU= =@ =yvD 'h]avt |=yxQ=wy=t R= |rm sQi l} |=Q@ |O}WQwN C=LiY
Q@ xwqa |WJ}B pmW Q}}eD u}vJty "OW |L=Q] '?=y pN=O Qw=DWo |=yQorta

"OW xDiQo Q_v QO VtN
p}mWD |}=yCtUk R= ,=twta xOvwWR=@ |O}WQwN C=LiY xm C}ak=w u}=
uwO@ |RQt pQDvm xm CU= u; pY=L "OW Qw_vt l}t=v}O CqO=at QO Ov=xDi=}
"CU= xOW jkLt xQ=wy=t |}x} w=R CaQU w C}a[w R= QD=Qi |Q}oxR=Ov= x@ R=}v
QoxOy=Wt Q@ |v@t xDU@ Q=Ot sDU}U pm u}vJty w QoxOy=Wt |=Q@ |@v=Ht |Q=O}=B
xO=O u=Wv OwOLt |=RH= VwQ x@ =y|R=Ux}@W |] u; OQmrta w O}UQ C=@F= x@

"OW

|@ wr]t C}i}m =@ R}v |} RH CqO=at QoxOy=Wt \UwD =yQDt=Q=B u}tND 4 pmW
"CU= xDiQ}PB CQwY

|Q}oxH}Dv "7
=t= CU= xDN=U OwN hw]at |QDW}@ xHwD |} RH CqO=at pQDvm |=yOQ@ Q=m ,=Q}N=
=} w xOQDUo sUH K]U |wQ |i=[= |=yQoUL x@ Cq=kt QO xOW x�=Q= |=yVwQ
u}= QO Ov=wD|t QoxOy=Wt "CU}v|D=}rta =yv; R= |Q=}U@ xm OQ=O R=}v u; |=yRQt |wQ
|} RH CqO=at QoxOy=Wt l} Q=@ u}DUNv |=Q@ VywSB u}= QO =Pr "Ovm ltm xv}tR

=yCWwv=B
1. ODE-PDE
2. linear quadratic regulator (LQR)
3. spill-over instability
4. early lumping
5. late lumping
6. �nite di�erence
7. eigen function expansion
8. orthogonal decomposition
9. cascade systems
10. warping
11. Euler-Bernoulli
12. uncoupled
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