
�14
01

R}}=B
�'h

}QW
l}

v=mt
|U

Ovyt
�|W

ywSB
�'3

6�2
9"

X
'2|

xQ=t
W'

38
�3

|xQ
wO

O
ri

gi
na

lA
rt

ic
le|=ypO@tR} Q |m} QDmr= w |m}v=mt Q=DiQ

xR=Ov= C=QF= uDiQo Q_v QO =@ |vR=N
�OWQ= T=vWQ� � |U=@ QO =t}U

x}twQ= x=oWv=O 'l}vwQDmr=wQm}t |xOmWywSB
�Q=}O=DU=� � |QP=@= |UwtQ}t=

�|U=vWQ� |wHWv=O� QwB Q@vk Ot=L
x}twQ= x=oWv=O '|vi |xOmWv=O 'l}v�t |UOvyt xwQo

�Q=}Wv=O� nvQi= O}aU
x}twQ= x=oWv=O 'l}vwQDmr=wQm}t xOmWywSB

�O=DU=� xO=R=[Q QO=k
x}twQ= x=oWv=O '|vi |xOmWv=O 'l}v�t |UOvyt xwQo

OvwU=QDrw= |=ypO@tR} Q 'l}vwU=QDrw= |Q=OQ@ Q} wYD QO |v}r=@ |xar=]t Qw_vt x@ xRwQt=
p}rLD j} Q] R= xr=kt u}= QO "OvQ}o|t Q=Qk xO=iDU= OQwt q=@ |=yTv=mQi xR=@ QO |vR=N
=yv; C}U=UL u=R}t w |Uv=mQi Ov=@ |=vyB '|vR=N OvwU=QDrw= pO@tR} Q |m}v=mt Q=DiQ

q=@ Kw[w =@ Q} w=YD O}rwD x@ QO=k xm OvwU=QDrw= pO@tR} Q |L=Q] |=Q@ "CU= xOW |@=} RQ=
|m}v=mtwQDmr= wQm}t |=ysDU}U |SwrwvmD R= xO=iDU= =@ |vR=N Q=DN=U l} x@ R=}v 'OW=@

Qw] x@ sDU}U u}= |m}v=mt Q=DiQ |v}@V}B Qw_vt x@ xr=kt u}= QO wQ u}= R= "OW=@|t
x@DQt |=yu=}O=Qo x} Q_v uDiQo Q_v QO =@ so =Qi=}O |Uv=mQi MU=B w u}rwB |Q=O}=B=v 'j}kO

Q=DN=U |m} QDmr= |=yQwDm =i '`t=H |xar=]t Qw_vt x@ 'u}vJty "OwW|t |UQQ@ q=@
C}U=UL w |HwQN Q=Wi '|m}v=mtwQDmr= G} wRD ?} Q[ xrtH R= |vR=N pO@tR} Q

l} `k=w QO xr=kt u}= QO xOW |UQQ@ Q=DN=U "OQ}o|t Q=Qk xar=]t OQwt |Di=} QO p=vo}U
"OQ}o|t Q=Qk xO=iDU= OQwt |mWRB |=yOQ@ Q=m |=Q@ xm CU= j}kO w xO=U '|rta VwQ

st s.darbasi@urmia.ac.ir
am.abazari@urmia.ac.ir
hamedqanbarpur@gmail.com
s.afrang@urmia.ac.ir
g.rezazadeh@urmia.ac.ir

pO@tR} Q '|m}v=mtwQDmr=wQm}t |=ysDU}U '|mWRB |Q=OQ@ Q} wYD %|O}rm u=oS=w
"q=@ |x@DQt |=yu=}O=Qo |Qw�D '|vR=N

xtOkt "1
RDQy=ot 500Tv=mQi GvQ QO G=wt=Ci=} QO w p=UQ= x@ QO=k 'CiQo Q=Qk xO=iDU= OQwt
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T=U= Q@ so =Qi=}O |=Q@ sm =L xrO=at 'lJwm |=y|}=H@=H uDiQo Q_v QO =@ 's}vm

%[27]OwW|t u=}@ Q} R CQwY x@ q=@ x@DQt u=}O=Qo pOt

D

"
1 + 12

�
`
h

�2#
r4 w �D `2r6 w+

�h@
2 w
@ t2

+ C @w
@t

= F (8)

R= xO=iDU= =@ xm CU= |r=ta= l}D=DU=wQDmr= |wQ}v �F� xrO=at CU=Q hQ]
|}=Hx@=H w '8 x]@=Q QO "CU= u=}@ p@=k "0 � (Vdc +V�c)2 =2 � (g0�w)2

|OwQw 'xOvQ}o Cr=L QO "OQm |Q}oxR=Ov= =Q AC p=vo}U Q=Okt u=wD|t |DWoQ@ jQ@
Q}}eD R= pY=L u=} QH |HwQN w �Pr� \}Lt R= xOW xOv=OQoR=@ l}DUwm = Q=Wi
u=R}t xm |OwQw u=} QH x@ |HwQN Q=Wi u}= C@Uv w OW=@|t �I� uR=N C}iQ_
%[17]OwW|t u=}@ Q} R CQwY x@ 'Ovm|t u}}aD =Q sDU}U �SRx� xOvQ}o C}U=UL

SRx =
���� IPr ���� (1)

%OwW|t x@U=Lt Q} R CQwY x@ xOvQ}o Ot QO u=} QH
I =

"0 AV dc
g02 w (2)

xrY=i g0 'T}=@ S=Drw Vdc 'so =Qi=}O CL=Ut A 'qN |yOQPo C@=F "0 u; QO xm
"CN=OQB s}y=wN u; |UQQ@ x@ xt=O= QO xm OW=@|t xLiY |}=Hx@=H w w |}=wy

l}DUwm = |HwQN Q=Wi "2"2
�Linear time-invariant system-LTI� u=tR =@ Q}eDt=v|]N sDU}Ul} QO
|tHL u=} QH MQv u=R}t w sDU}U x@ xOW p=ta= |m}DUwm ; Q=Wi u=R}t u}@ x]@=Q

%[18]=@ CU= Q@=Q@ Q=Wi CyH Q@ Owta K]U l} QO Q=Wi u}= R= |W=v
Pa = _8:Za (3)

sDU}U Ctw=kt u=R}t VHvU |=Q@ |Q=}at Za w |tHL u=} QH MQv _8 u; QO xm
p=}U |r=oJ � u; QO xm �:c =@ CU= Q@=Q@ xm CU= |m}DUwm ; G=wt= Q=WDv= Q@=Q@ QO
|m}DUwm = |tHL u=} QH MQv "OW=@|t Q=WDv= \}Lt QO CwY CaQU |=v@t c w

%OwW|t x@U=Lt Q} R CQwY x@ 3 x]@=Q QO

_8 =
RZ

0
2�r

�
@wd
@t

�
dr (4)

x@U=Lt w |UQQ@ x@ xt=O= QO xm CU= lQLDt |xLiY |}=Hx@=H wd u; QO xm
"OwW|t xDN=OQB =yv;

|m}v=mtwQDmr= G} wRD ?} Q[ "3"2
CMUT QO "Ovm|t p}O@D Qo}Om} x@ =Q =y|SQv= xm CU= |}xr}Uw QUw}OUvQD
Qo}O |m} wQ u}= R= "ODi=|t j=iD= TmaQ@ w |m}v=mt x@ |m} QDmr= |SQv= p}O@D
u}= "OW=@|t �K2

T � |m}v=mtwQDmr= G} wRD ?} Q[ 'CMUT syt |=yQDt=Q=B R=
,=U=U= "Ovm|t XNWt =Q TmaQ@ w |m}v=mt x@ |m} QDmr= |SQv= p}O@D ?} Q[

[19]"CU= CMUT QO xOW xQ}NP |SQv= pm x@ |m}v=mt |SQv= C@Uv K2
T

KT
2 = Emech

Emech +Eelec
(5)

CMUT |m}v=mt p}rLD "3
C=QF= uDiQo Q_v QO uwO@ |vR=N |=yQUw}OUvQD wQm}t |m}v=mt Q=DiQ |UQQ@
=@ xm =QJ &OW=@ =yv; Q=DiQ |v}@V}B QO |O=} R |=]N x@ QHvt Ov=wD|t xR=Ov= T=}kt
xR=Ov= x@ xDU@=w |vwQm}t |=yQ=DN=U Q=DiQ 'OwHwt C=W}=tR; w C=k}kLD x@ xHwD
xm |v=tR |vwQm}t |=yQ=DN=U QO 'xOW QWDvt Cq=kt G}=Dv j@] [22�20]"OW=@|t
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x@ Q} R CQwY x@ l}D=DU=wQDmr= l} QLD CLD so =Qi=}O pmW Q}}eD Q@ sm =L |]N

%O};|t CUO "
1 + 12

�
`
h

�2#
r4  �

�
`
R

�2
r6  

!
= 2�V idc �V

(1� wi)2 +
2� �V idc�2
(1� wi)3  (14)

%OR ?} QkD Q} R CQwY x@ '(r) |}x}=B `@=D R= xO=iDU= =@ u=wD|t =Q  

 (r) =
nX
i=1

�i 'i (r) (15)

CUO x@ =@ "OvwW|t x@U=Lt jwi |Q@H xrO=at N pL =@ �i pwyHt ?}=Q[
w O};|t CUO x@ Q_v OQwt |}xQ}=O so =Qi=}O |=Q@ R}v  '�i ?}=Q[ uOQw;
u}}aD |r=ta= DC S=Drw s=o Qy QO so =Qi=}O |m}D=DU= pmW Q}}eD xH}Dv QO

"OwW|t
CqtH pt=W so =Qi=}O |[Qa CmQL Q@ sm =L |m}t=v}O xrO=at xm |}=Hu; R=
u}O@ "CU= xO}J}B u}mQro xDi=} x@DQt Vy=m pOt O=H}= 'OW=@ |t |]NQ}e
R= w xDiQo Q_v QO wQ}v CqtH u=wva x@ =Q xrO=at |]NQ}e CqtH 'CyH
VwQ R= xO=iDU= =@ so =Qi=}O |a=aW xvt=O |wQ |v=tR s=o Qy QO CqtH u}=
|y=vDt O=OaD |]N ?}mQD [29]"OwW|t |OOa |Q}op=QoDv= 4 x@DQt =Dwm nv=Q
|m}t=v}O MU=B ?} QkD QO u=tR x@ xDU@=w ?}=Q[ w ?U=vt pmW `@=D R= xrtH
VwQ R= xO=iDU= =@ xDi=} x@DQt Vy=m pOt ?}DQD u}O@ "OwW|t xO=iDU= so =Qi=}O
CUO x@ xrO=at pL |=Q@ 'Oa@|@ |a=aW xvt=O |wQ |Q}op=QoDv= w u}mQro |vRw
xrO=at R= u=tR QO |Q}op=QoDv= =@ 'DC S=Drw Qy |=R= x@ so =Qi=}O MU=B "O};|t
|=Q@ ?U=vt pmW `@=D ?=NDv= w xDi=} x@DQt Vy=m pOt |rwtat p}Uv=Qi}O
|vRw `@=D ?=NDv= =@ w u}mQro VwQ p=ta= =@ "CU= x@U=Lt p@=k |}xQ}=O so =Qi=}O
CUO x@ Q} R pmW x@ so =Qi=}O |m}t=v}O x]@=Q 'u; R= |Q}op=QoDv= w '(r) ?U=vt

%O};|t
NX
i=1

Mij �qi (t) +
NX
i=1

Cij _qi (t) +

NX
i=1

�
Kc
ij +Knc1

ij +Knc2
ij

�
qi (t) = Fj

j = 1; ::::; N (16)

u; QO xm

Kc
ij =

1Z
0
r4 'i (r)'j (r) dr

Cij =
1Z

0
�'i (r)'j (r) dr

Knc1
ij = 12

�
`
h

�2 1Z
0
r4 'i (r)'j (r) dr

Knc2
ij = �

�
`
R

�2 1Z
0
r6 'i (r)'j (r) dr

'xR=Ov= T=}kt QDt=Q=B % ' (D = Eh3 =12 �1� v2�) |WtN |DiU D 'xLiY
� 'nv=} pwOt E 'sDU}U nv}BtO C 'u=tR t '|r=oJ � 'xLiY Ct=N[ h

Vac w T}=@ S=Drw Vdc 'qN |yOQPo C@=F "0 '|}=wy xrY=i g0 'uwU=wB ?} Q[
so =Qi=}O pmW Q}}eD xm u}= ZQi =@ '=vt[ "OvDUy sDU}U x@ |r=ta= ?w=vDt S=Drw
|=@ Qorta r4 '@w/@� = 0 CU= uQ=kDt |]}Lt xYDNt x@ C@Uv |}xQ}=O
Q} R CQwY x@ |QwLt uQ=kDt xLiY |=Q@ |@]k C=YDNt x=oDUO QO l}vwtQ=y

%OwW|t h} QaD
r4 = r2r2 = @4

@r4 + 2
r
@3

@r3 � 1
r2

@2

@r2 + 1
r3

@
@r

(9)

|R=UOa@|@ "4
h} QaD Oa@|@ Cr=L x@ Oa@ =@ Cr=L R= \@=wQ p}O@D |=Q@ Q} R Oa@|@ |=yQDt=Q=B

%OvwW|t
Ŵ = w

g0 R̂ = r
R � = C R2p

�hD

�1 = "0 R4
2D g03 t̂ = t

t� t� = R2
q

�h
D

(10)

|Q=Po}=H =@ "CU= xLiY RmQt R= xrY=i r w xLiY `=aW R \@=wQ u}= QO
l} QLD CLD |}xQ}=O so =Qi=}O |m}v=mt Q=DiQ Q@ sm =L Oa@|@ xrO=at 8 x]@=Q QO

%O};|t CUO x@ Q} R CQwY x@ |m}D=DU=wQDmr="
1 + 12

�
`
h

�2#
r4 w �

�
`
R

�2
r6 w+

@2 w
@ t2

+ � @w
@t

=
�1 (Vdc +Vac)2

(1� w)2 (11)

|OOa pL "5
CqO=at uOw@ |]NQ}e Cra x@ 'xr�Ut Q@ sm =L CqO=at |r}rLD pL |=yVwQ
'|m}D=DU= CqO=at pL QO Qw_vt u}O@ "Ow@ Oy=wN Q@ u=tR w xO}J}B Q=}U@
Step by Step Linearization Method:� [21]s=o x@ s=o |R=U|]N VwQ
xHwD =@ "OwW|t xO=iDU= 4 x@DQt =Dwm - nv=Q VwQ '|m}t=v}O Cr=L QO w �SSLM

%R= Ov= CQ=@a xrO=at QO xr�Ut Q@ sm =L |RQt \}=QW 'so =Qi=}O uOw@ Q=OQ}o qt=m x@
W (R; t) = 0
@
@r
W (R; t) = 0

@2

@ r2W (R; t) = 0 (12)

%Ovm |t =[Q= =Q Q=OQ}o qt=m |}xQ}=O so =Qi=}O |RQt \}=QW Q} R pmW `@=D
'n (r) = 1�

� 2n2 �2
n2 �2�8

�� r
R

�2
+�

n2 �2
n2 �2�8

�� r
R

�4
+� 8 (�1)n

n2 �2�8
�

cos
�n�r
R

�
;

n = 1; :::; N (13)
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5�m Ct=N[ h

8=85pF=m =wy ?} Q[ "0
169GPa nv=} pwOt E

0/3 uwU=wB ?} Q[ v

1�m |}=wy |xrY=i g0
2330Kg=m^3 |r=oJ R

"FEM w |OOa VwQ wO QO |v=m}r}U so =Qi=}O |m}D=DU= VtN u=R}t "2 pmW

"COMSOL Q=Ri= sQv QO so =Qi=}O VtN |Oa@ xU |=tv "3 pmW

QO hqDN= u}= p}rO "OwW|t x_Lqt VwQ wO G}=Dv u=}t OYQO 7 hqDN= ?}DQD
CU= |OOa pL VwQ QO �Fringing E�ect� |}x@r |=yu=O}t QF= uDiQov Q_v
"CU= xDiQo CQwY Qt= u}= =yv; p}rLD w CqO=at G=QNDU= |R=UxO=U Qw_vt x@ xm
u=Wv so =Qi=}O VtN u=R}t '|oOvWm |Q=O}=B=v x@ l}ORv S=Drw QO 3 pmW QO
so =Qi=}O RmQt xm OvQ=O =Q |}=H@=H u=R}t u} QDW}@ nvQ RtQk \=kv "CU= xOW xO=O
Ov=xDW=Ov |}=Hx@=H xvwoJ}y OvDUy pYDt x=ox}mD x@ xm so =Qi=}O |=yx@r w xOw@

"Ov=xOW xO=O u=Wv |@; nvQ =@ w
|oOvWm u=R}t R}r=v; =@ xR=U |m}D=DU= Q=DiQ Q@ xR=Ov= QF= Q}F-=D "2"1"6

|=v@t Q@ Q=DN=U Q@ sm =L CqO=at QO 'OwW|t xOy=Wt 11 xrO=at QO xm xvwou=ty
p@=k u; `=aW w Ct=N[ =@ xR=U pw] T=}kt xm |v=tR q=@ x@DQt u=}O=Qo |Qw�D
Ct=N[ QO xm} Qw] x@ 'Owtv |UQQ@ =Q %=R w %=h |=ysQD u=wD|t 'OW=@ xU}=kt

Mij =
1Z

0
'i (r)'j (r) dr

Fj = �1 V 2
1Z

0

'j (r)
(1�W )2 dr (17)

%CWwv Q} R CQwY x@ u=wD|t =Q q 'sDU}U |Uv=mQi MU=B G=QNDU= CyH
qi = Ai sin(wt� 'i)
qi = Ai e

^
i wt:e�

^
i 'i = Ai e�

^
i 'i(e�

^
i wt)

qi = �Ai e
^
i wt (18)

%Ot; Oy=wN CUO x@ Q} R x]@=Q 'sm =L xrO=at QO \@=wQ u}= |Q=Po}=H =@X�w2 mij �Ai +
X^

i w Cij �Ai +
X

kij(eq) �Ai

= Fj (19)

%O=O u=Wv Q} R CQwY x@ =Q q=@ xrO=at u=wD|t QDxO=U sQi QOX"�
kij(eq)�w2 mij

�
+
^
i w Cij

#
�Ai = Fj (20)

uDiQo Q_v QO =@ C}=yv QO w

�Z =

"�
kij(eq)�w2 mij

�
+
^
i w Cij

#
(21)

%CWwv sDU}U |Uv=mQi MU=B G=QNDU= |=Q@ =Q Q} R |x]@=Q u=wD|t
�A = �Z�1 F (22)

=yv; Q}UiD w G}=Dv "6
u}= QO |UQQ@ OQwt |v=m}r}U so =Qi=}O |UOvy O=a@= w |m} R}i C=YNWt 1 pwOH
Q=Ri=sQv QO xOt; CUO x@ |OOa G}=Dv w |R=UpOt CLY "OyO|t u=Wv =Q xar=]t
"CU= xOW xU}=kt COMSOL Q=Ri=sQv OwOLt u=tr= p}rLD G}=Dv =@ MATLAB
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Q=Okt x@ |r=ta= S=Drw xm |v=tR w O@=}|t Vy=m sDU}U |DNU '|v}}=B OwQDmr= w
|v}}=B OwQDmr= |wQ Q@ CaQU x@ so =Qi=}O w OwW|t Q=O}=B=v sDU}U 'OUQ@ |YNWt

"OwW|t xDio |oOvWm S=Drw XNWt S=Drw u}= x@ &Ovm|t \wkU
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