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%O};|t CUO x@ Q} R |x]@=Q R= R}v  ̂m w

 ̂m = B̂0 + arcsin

 
(T̂0v̂t � D̂1) cos(B̂0)

T̂0v̂m

!
|ak=w CaQU w TQwm Q=Okt Q}oyQ |=yQoUL |=]N x@ xHwD =@ C}ak=w QO =t=
|=v@t Q@ s}=xDW=O OYk xm xJv; R= s}yO|t V}=tv vm w  m =@ ?}DQD x@ xm Q}oyQ
OwW|t ZQi 'Cw=iD u}= uDiQo Q_v QO |=Q@ "OQ=O Cw=iD OQ}o CQwY C}=Oy u;
w CU= xHQO [�2; 2] |xR=@ |wQ CN=wvm} `} RwD =@ |R} wv  m w  ̂m hqDN=
"OW=@ 1 Q=}at h=QLv= w QiY u}ov=}t 'p=tQv `} RwD =@ |R} wv vm w v̂m hqDN=
x=Qty =]N =@ R}v v̂t w D̂0 'B̂0 |=yOQw;Q@ OW u=}@ VN@ u}= |=OD@= QO xmu=vJ
"s}yO|t V}=tv vt w D0 'B0 =@ ?}DQD x@ =Q =yQDt=Q=B u}= |ak=w Q=Okt "CU=
`} RwD "s} Q}o|t Q_v QO 1 Q=}at R= h=QLv= w QiY u}ov=}t =@ p=tQv =Q vt R} wv `} RwD
Q}eDt wO ẁtHt =@ `} RwDsy 'CUy R}v  t R} wv pt=W xm =Q B0 x@ \w@ Qt R} wv
u}vJty "s} Q}o|t Q_v QO xHQO [�2; 2] |xR=@ |wQ CN=wvm} `} RwD =@ pkDUt
Q=Okt OYQO 5 =@ Q@=Q@ |Q=}at h=QLv= w QiY u}ov=}t =@ p=tQv =Q D0 R} wv `} RwD
Q_v QOpkDUt Qo}Om} R= =Q =yR} wv u}= "s}vm|t ^=Lr QDt=Q=B u}= |xOW xOR u}tND
|Q}F-=D =yQDt=Q=B R= s=Om Qy R} wv Q=Okt uOw@ XNWt s}=xOQm ZQi u}=Q@=v@ "s} Q}o|t
uOQw; CUO x@ w =yR} wv p=ta= R= Oa@ "OQ=Ov Qo}O |=yQDt=Q=B R} wv s-=wD `} RwD QO
x@U=Lt Q} R |x]@=Q R= s}_vDV}B R=i QO xOW |QBU |ak=w u=tR '|ak=w Q}O=kt

%OwW|t
T0 = D0 cos(B0)

vm cos( m)

Q@=Q@ s}_vDV}B R=i |=yDv= QO hOy QU CWB R= Q}oyQ |ak=w |xrY=i u}vJty
%=@ CU=

T0vt � L
2 � sgn( m �B0)�

T 20 v2
m +D20 � 2T0vmD0 cos( m �B0)

� 12

'OW=@ 200vt R= QDsm w '0 1L R= QDnQR@ |Q=Okt xrY=i u}= xJv=vJ 'xt=O= QO
Oy=wN jiwt=v |Q}oyQ CQwYu}= Q}e QO &OwW|t |@=}xv=}W; R=i OQ=w Q}oyQ

"Ow@
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"""h
rDNt

pt=w
aC

LDC
@=Y

=p=
tDL

=|v
}@V

}B|iO=YD |=yQDt=Q=B '|ivt |oDU@ty u}= "s}vm|t ?=NDv= |ivt |oDU@ty l}
CaQU V}=Ri= 'QDy@ s_v u}= |xH}Dv "OyO|t Q=Qk =[i QO |QDs_vt pmW x@ =Q
|R=Ux}@W u}= '=QH= u=tR Vy=m |=Q@ xwqa x@ [9]"CU= wrQ=mCvwt VwQ |}=Qoty

"CU= xOW s=Hv= QoVR=OQB u}OvJ |=yxDUy |t=tD |wQ |R=wt CQwY x@

C@=Y= p=tDL= u}@V}B pOt "3
|WwQ x@ G=}DL= s}_vDV}B Q}Ut |xv}y@ |L=Q] |=Q@ OW u=}@ R}v QDV}B xmu=vJ
\}=QW l} QO "OQw; CUO x@ =Q C@=Y= p=tDL= ?U=vt CaQU w CkO =@ xm s} Q=O
|}=yQ}eDt R= xOW |Qw;`tH C=aq]= x@ xHwD =@ Q}oyQ xm CU= sRq XNWt
|=Q@ =D Ovm x@U=Lt =Q C@=Y= p=tDL= |y=Dwm u=tR QO L w D̂0 'B̂0 'v̂t Ovv=t

"OQ}o Q=Qk xO=iDU= OQwt |Q}oyQ s=Hv= OQwt QO |Q}os}tYD
'=yQDt=Q=B R= Cw=iDt Q}O=kt |=Q@ wrQ=mCvwt VwQ ltm x@ Qw_vt u}= |=Q@
'OW x}yD |@U=vt |xO=O xawtHt xmu}= R= Oa@ w xOQm x@U=Lt =Q C@=Y= p=tDL=
R= w s}kDUt xmu}= |=H x@ `k=w QO "s}vm VR=Q@ xO=O |wQ |v}@V}B |=Q@ |rOt
s}W=@ xDW=O C@=Y= p=tDL= u}tND QO |aU =yR} wv `} RwD w C}=Oy sD} Qwor= |wQ
O}rwD |xO=O |wQ TBU &O};|t CUO x@ C@=Y= p=tDL= w} Q=vU |O=OaD |=Q@ =OD@=
xO=O u=Wv w OwW|t VR=Q@ u}W=t |Q}oO=} |=yVwQ ltm x@ |@U=vt pOt xOW
CkO =@ w x=Dwm Q=}U@ u=tR QO =Q C@=Y= p=tDL= Ov=wD|t xOW O}rwD pOt xm OwW|t

"Ovm x@U=Lt |@U=vt

u}W=t |Q}oO=} pOt |=Q@ xO=O O}rwD "1"3
3200 xm s}vm|t O=H}= |iO=YD CQwY x@ w} Q=vU 3500 O=OaD xO=O O}rwD |=Q@
"CU= xDi=} X}YND uwtR; |xO=O x@ OQwmQ 300 w VRwt; |xO=O x@ u; R= OQwmQ
R}v L Q=Okt w x}v=F Q@ QDt 10 =D 5 u}@ |iO=YD OOa l} v̂t Q=Okt Qw_vt u}= |=Q@
R= u=tOQw;Q@� D̂0 Q=Okt "CU= xOW ^=Lr QDt 100 =D 30 u}@ |iO=YD OOa l}
Q=Okt w xOW xDiQo Q_v QO QDtwr}m 6 =D 1 u}@ |iO=YD OOa l} �hOy =D xrY=i
u}= |ak=w Q=Okt =D CU= xOW ^=Lr xHQO 86 =D 4 u}@ |iO=YD OOa l} R}v B̂0
|iO=YD OOa l} R}v Q}oyQ Qta Q=Okt "Ov=t@ |k=@ xHQO 90 =D QiY u}@ QDt=Q=B

"CU= x}v=F 500 =D 300 u}@
C}a[w =yQDt=Q=B Q}_v |}=yR} wv p=ta= =@ Q=@ 5000 w} Q=vU Qy |=Q@ u}vJty
xm |D=aiO C@Uv T=U= Q@ C@=Y= p=tDL= C}=yv QO w OwW|t u}}aD C@=Y=
w |oO=U x@ u=wD|t "OwW|t xOR u}tND CU= xOw@ jiwt w} Q=vU u}= QO |Q}oyQ
u}tND =Q C@=Y= p=tDL= wrQ=mCvwt |R=Ux}@W ltm x@ R}v QDxO}J}B |=yCr=L QO

[10]"OR

pOt VR=Q@ "2"3
|v}@V}B |=Q@ ?U=vt |rOt |x�=Q= u=tiOy 's}DUy xH=wt u; =@ xm |}xr�Ut QO
l} 'QD|rm Cr=L QO "CU= s}_vDV}B R=i QO C}kiwt p=tDL= w C@=Y= p=tDL=
Y MU=B Q}eDt wX = (X1; : : : ; Xp) |OwQw Q}eDt p =@ Q_=v =@ |Q}oO=} |xr�Ut
|tm Q}eDt l} Y s} Q=O xm |}xr�Ut x@=Wt O}vm ZQi u}vJty "O} Q}o@ Q_v QO =Q
Q}eDt C}ak=w QO O}vm ZQi "s}W=@ xH=wt uw}UQoQ |xr�Ut l} =@ u}=Q@=v@ w OW=@
=@ |iO=YD |=]N "� OW=@ xOW pOt Y = f(X) + " CQwY x@ Y MU=B
X w C@=Y= p=tDL= u=ty Y xr�Ut u}= QO "�OW=@ X R= pkDUt w QiY u}ov=}t

"lQLDt C=YDNt x=oDUO QO |}xvwtv Q}Ut l} "3 pmW
Q} R lQLDt C=YDNt x=oDUO |@=}xv=}W; R=i QO CmQL Q}Ut |R=UxO=}B |=Q@
x |=DU=Q w 2 pmW QO O |x]kv u=ty u; C=YDNt -=O@t xm s} Q}o|t Q_v QO =Q
R=i R= Oa@ Q}oyQ C=YDNt O}vm ZQi "CU= hOy CmQL Q}Ut =@ CyHsy

%s}vm|t h} QaD "OW=@  0 u; TQwm w (x0; y0) |x]kv 's}_vDV}B
B(x) = x

200vt �
W
2 + 200vt � x

200vt � 3W
2

XNWt =Q |}xkvRwP |x}L=v u}}=B w q=@ |=yRQt y = �B(x) xm O}vm xHwD
hOy QwO x@ Q}oyQ |r=tDL= VOQo R= p@k =D Q}oyQ Q}Ut CQwY u}= QO "Ovm|t

%|rwtat p}Uv=Qi}O |xrO=at =@8>><>>:
_x = vm sin( )� vt
_y = vm cos( )
_ = g(x; y)

(1)

%u; QO xm OwW|t pOt (x0; y0;  0) R= ẁQW =@

g(x; y) =

8>><>>:
_ max ; y � B(x)

0 ; �B(x) < y < B(x)

� _ max ; y � �B(x)

|R=UpOt OwW OQ hOy |x}L=v R= |}xQ}=O CmQL s=Hv= QO Q}oyQ xm |Dr=L QO
_ � _ max x@ _ = g(x; y) Q}}eD =@ w p@k p}Uv=Qi}O xrO=at x@=Wt u; CmQL
Qta =} xm O@=}|t xt=O= |v=tR =D O}OH x=oDUO j@] Q}oyQ CmQL "OQ}o|t CQwY
OwW |}xkvRwP |x}L=v OQ=w OOHt =} w OwW hOy |x}L=v OQ=w =} 'OwW s=tD Q}oyQ
j@] OOHt Q}oyQ CmQL '|}xkvRwP |x}L=v R= GwQN u}L QO Cr=L u}= QO xm

"Ow@ Oy=wN 1 |xrO=at
CqO=at |OOa pL swUQt |=yVwQ R= u=wD|t '1 |xrO=at |OOa pL |=Q@
CmQL ẁv wO x@ xHwD =@ u}vJty "OQm xO=iDU= =Dwm � nv=Q Ovv=t |rwtat p}Uv=Qi}O
Q}}eD u; |}x} w=R CaQU xm CtUk Qy |=Q@ =Q Q}oyQ CmQL Q}Ut u=wD|t Q}oyQ
CU=C@=F|}x} w=RCaQU xmCmQL R=CtUk Qy QO w OQw;CUO x@|r}rLD Ovm|t
=@ |R=Ux}@W 'u=Um} CkO =@ CQwYu}= QO "OQm |UQQ@ =Q hOy |x}L=v x@ uO}UQ
xOW xO=iDU= xw}W u}= R= xO=O O}rwD |=Q@ "OW Oy=wN QD`} QU Q@=Q@ 30 =D 15 VwQ u}=
|=yVwQ Ovv=t |}=yOw@y@ ltm x@ u=wD|t wrQ=mCvwt |R=Ux}@W |=Q@ R}v w CU=
wrQ=mCvwt x@W |R=Ux}@W QO "O=OV}=Ri= =QCkOC@=F Q=QmD O=OaD =@ wrQ=mCvwt x@W
=@ =Q =yv; pkDUt w |iO=YD CQwY x@ '=yQDt=Q=B Q}_v |=yR} wv ?=NDv= |=H x@
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1|
xQ=t

W'
39

�3
|xQ

wO'
�14

02
Q=y@

�h
}QW

l}
v=mt

|U
Ovyt |}=yv VwQ u=wva x@ =Q nv}DUw@ u=}O=Qo VwQ 'p@=kDt |HvUQ=@Da= ltm x@

R= w OvQ=O |tm O=OaD |OwQw |=yQ}eDt xr�Ut u}= QO u}vJty "s}OQm ?=NDv=
|rw=ODt |=yVR=OQBV}B p}rO u}= x@ "s} Q=Ov R}v CQB |xO=O w Ov=pkDUt Qo}Om}
|DQwQ[ VwQ u}= |=Q@ CQB |=yxO=O hPL w xO=O |R=Up=tQv 'Oa@ Vy=m Ovv=t

"OQ=Ov
|v}W=t |Q}oO=} |xRwL QO xOW KQ]t |=yxO}= u} QDOvtDQOk R= |m} nv}DUw@
uw}UQoQ p�=Ut |=Q@ ,=Oa@ w OW KQ]t |Ov@xOQ p�=Ut |=Q@ =OD@= QO nv}DUw@ "CU=
|=y|HwQN?}mQD |=Q@ |rtar=QwDUO `k=w QOnv}DUw@ "CiQo Q=Qk xO=iDU= OQwt R}v
O=H}= |=Q@ �|]N uw}UQoQ =} s}tYD CNQO Ovv=t� h}a[ |Q}oO=} pOt R= pY=L
nv}DUw@ |xO}= R= |@}mQD nv}DUw@ u=}O=Qo VwQ "CU= |wk |Q}oO=} pOt l}
xO=O KQW VwQ u}= R= |QDW}@ C=}�RH xt=O= QO "CU= u=}O=Qo Vy=m VwQ w

[12]"OwW|t
CU= u; |=v@tQ@ nv}DUw@ sD} Qwor= xm |i}a[ |Q}oO=} pOt O}vm ZQi
ZQi nv}DUw@ u=}O=Qo sD} Qwor= CQwY u}= QO "OW=@ H Tqm l} =@ ?U=vDt
f̂ |va} "CU= H Tqm QO `@=wD R= |Q=OuRw |]N ?}mQD f̂(x) xm Ovm|t
'j w hj 2 H u; QO xm f̂(x) =

MP
j=1

jhj(x) + C pmW x@ CU= |a@=D
x@ |]N ?}mQD u}= "CU= C@=F OOa l} C w OvQ=O =Q =yuRw Vkv 1 � j �M
"Ovm xv}tm =Q L(f̂) =

nP
i=1

L(yi; f̂(xi)) u=} R `@=D xm OwW|t ?=NDv= |}xw}W
=OD@= xmpmWu}O@ "CU= xv=Y} QL|xO}=l}T=U= Q@nv}DUw@ u=}O=QosD} Qwor=
f0(x) = arg min0

nP
i=1

L(yi; )|x]@=Q R= xmf0(x)C@=F`@=DT=U= Q@|rOt =@
%|DWoR=@ |x]@=Q R= w s}vm|t ẁQW

fm(x) = fm�1(x) + arg min
hm2H

 
nX
i=1

L(yi; fm�1(xi) + hm(xi))

!
|xrLQt pOt QO =]N |xOv=t}k=@ |wQ `k=w QO xm OwW|t Qw;O=} "OwW|t|v=UQRwQx@
s=Hv= VR=Q@ s} Q=O xm |}x}=B |Q}oO=} pOt =@ OOHt yi � fm�1(x) |va} p@k
R= pmWt u}= pL |=Q@ &CU= Q@xv} Ry p@k |R=Uxv}y@ |xr�Ut pL =t= "OwW|t
%CQwY x@ =Q p@k |x]@=Q 'Qw_vt u}= |=Q@ "OwW|t xO=iDU= u=}O=Qo Q=OQ@Vy=m VwQ

fm(x) = fm�1(x)� m
nX
i=1
rfm�1L(yi; fm�1(xi))

|R=Uxv}y@ |xr�Ut R= m "s}yO|t Q}}eD u=}O=Qo Q=OQ@ Vy=m |xO}= |=v@t Q@ w
%QDxO=U

m = arg min


nX
i=1

L(yi; fm�1(xi)� rfm�1L(yi; Fm�1(xi)))

|xR=Ov= =@ s}tYD CNQO R= nv}DUw@ u=}O=Qo VwQ xm CU= swUQt "O};|t CUO x@
xm hm(x) `@=D Cr=L u}= QO "Ovm|t xO=iDU= h}a[ |Q}oO=} pOt u=wva x@ C@=F

%pmW x@ CU= |a@=D OwW|t XNWt s=m |xrLQt QO

hm(x) =
JmX
j=1

bjmI(x 2 Rjm)

R= |R=Qi= 1 � j � m 'Rjm w CU= Qou=Wv `@=D I R= Qw_vt u; QO xm
|x}L=v |wQ hm(x) `@=D |xrO=at u}=Q@=v@ "CU= s}tYD CNQO =@ Q_=vDt =[i

Q=}DN= QO xm CU= xO}J}B |a@=D f w Q}oyQ Qta w v̂t w B̂0 'D̂0 'L pt=W |Q=OQ@
|xty u}vJty w s}vm ^=Lr X QO =Q Q=PoQ}F-=D Q}eDt GvB Qy xm |Dr=L QO "s} Q=Ov
|=]N pt=W =yvD " Q}eDt x=ov; OvW=@ xOW ^=Lr C@=Y= p=tDL= QO R}v =yR} wv

"CU= wrQ=mCvwt VwQ R= pY=L
CQwY x@ xm VRwt; |xO=O ltm x@ xm CU= u}= u=tiOy
l}CLD� f `@=D R=|@U=vt u}tND 's} Q}o|t Q_v QO f(x1; y1); : : : ; (xn; yn)g
Q}_v |=y|oS} w Q=OQ@xi = (xi1; : : : ; xip)t =Hu}= QO "s}vm x�=Q= �L Ovv=tu=} R `@=D
|a@=DO}=@s} Q}o@ Q_v QO =Q|a@ Qtu=} R`@=D xm|DQwYQOp=Ft|=Q@ "CU=s=i|xOy=Wt
MSEtraining = 1

n

nP
i=1

(yi�f̂(xi))2 'C=a@ Qtu}ov=}t|=]N xms}@=}@ =Q f̂ Ovv=t
|=]N CUD |xO=O |wQ xOW x�=Q= pOt xm s}Ovtxkqa xQ=wty =t= "Ovm xv}tm =Q '
OwW xv}tm MSEtest = 1

m

mP
i=1

(y0i � f̂(x0i))2 '|DQ=@a x@ "OW=@ xDW=O |tm
|Wr=J u} QDsyt "CU= uwtR; |xO=O xawtHt f(x01; y01); : : : ; (x0m; y0m)g xm
sm Q=Okt ,=twRr xm CU= u}= s}DUy wQx@ wQ u; =@ |v}W=t |Q}oO=} p�=Ut QO xm
s}v=wD|t,qwtat `k=w QO "OyO|tv xH}Dv =Q MSEtest ?U=vt Q=Okt MSEtraining

u}= |rw s}vm sm =Q MSEtraining u; |Q}PBh=]av= V}=Ri= w pOt uOQm QDxO}J}B =@
OwHw VR=Q@V}@ Q]N Kq]Y= x@ w OwW|tv MSEtest Q=OktVy=m x@ QHvt ,=twRr
x@ |twU |xawtHt R= u=wD|t |Q}PBh=]av= R= |@U=vt K]U ?=NDv= |=Q@ "OQ=O
O}OH |xO=O O}rwD |xv} Ry Vy=m |=Q@ =} 's}vm xO=iDU= �|HvUQ=@Da= |xO=O� s=v

"s} Q}o@ xQy@ 3p@=kDt |HvUQ=@Da= VwQ R=
VN@ K x@ VRwt; |xO=O =OD@= |}x}q K *p@=kDt |HvUQ=@Da= VwQ QO
=D l} R= j Qy |=Q@ TBU "OwW|t R=Qi= Q@=Q@ ,=@} QkD |xR=Ov= =@ |iO=YD �x}q�
|wQ pOt w OwW|t xDW=Po Q=vm s=j VN@ =OD@= "OwW|t pta CQwY u}O@ K
pOt |=]N 'xt=O= QO "OwW|t xO=O VRwt; Qo}O VN@ K � 1 pt=W xO=O
u}= R= xOt; CUO x@ |=]N |wQ C}=yv QO "OwW|t x@U=Lt s=j VN@ |wQ
x�=Q= |v}@V}B |=]N R= |v}tND pY=L Q=Okt "OwW|t xDiQo u}ov=}t VN@ K

"Ovm|t
R= =yVN@ u}= Q}_v |R=Qi= C1; : : : ; Ck O}vm ZQi Qo = QDj}kO u=}@ x@
|=Q@ xm |Qw] x@ OW=@ �VRwt; |xO=O |=yT}Ov=� f1; 2; : : : ; ng |xawtHt
|HvUQ=@Da= VwQ ltm x@ |v}@V}B |=]N R= =t OQw;Q@ x=ov; 'jCij � n

K 'i Qy
OwW|t x@U=Lt CV(f̂) = 1

n

KP
j=1

P
fi:i2Cjg

L(yi; f̂j(xi)) |x]@=Q R= p@=kDt
=} pOt C}=yv QO "CU= xO=O R= s=j VN@ hPL =@ xOW VR=Q@ pOt f̂j u; QO xm
ltm x@ |QDsm |v}@V}B |=]N OQw;Q@ xm OwW|t ?=NDv= |}xvwo x@ pOt |=yQDt=Q=B
5 Q@=Q@ K Q=Okt xm CU= pw=ODt u}vJty "OvW=@ xDW=O p@=kDt |HvUQ=@Da= VwQ

"OwW ?=NDv= 10 =}
|Q}PB Q}UiD w sm |oO}J}B =@ |v}W=t |Q}oO=} |xRwL QO swUQt |=ypOt R=
w uw}UQoQ |xr�Ut |=Q@ |]N uw}UQoQ Ovv=t |}=yVwQ x@ u=wD|t 'QDu=U;
|Ov@xOQ |xr�Ut |=Q@ (LDA) |]N |Y}NWD p}rLD =} l}DUSr uw}UQoQ
x@ xm Ov=xOW x�=Q= QDq=@ |Q}PBh=]av= =@ |}=yVwQ p@=kt hQ] QO "OQm xQ=W=
|=yVwQ '(SVM) |iO=YD povH Ovv=t |}=yVwQ "OvQ=O OQ@ Q=m |v}@V}B Qw_vt
Q@ |vD@t |=yl}vmD Ovv=t =yv; R= QDO}OH |=ys}taD w |@Ya |=yxm@W Q@ |vD@t
=yVwQ CUO u}= R= 4nv}DUw@ u=}O=Qo |xO}= |=v@t Q@ |}=yVwQ =} j}ta |Q}oO=}

[12w11]"OvDUy
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xOW ^=Lr 650 sD} Qwor= QO Q=QmD O=OaD w CU= xOW xO=iDU= CNQO VQDUo w

"CU=

pOt G}=Dv u=}@ "3"3
s}DW=O Q=}DN= QO xm |W}=tR; |xO=O 300 u=tRsy |wQ pOt |v}@V}B |x@U=Lt
C@=Y= p=tDL= OQwt QO s}v=wD|t x_Lr QO =Pr "OQ@|t u=tR x}v=F|r}t 5 OwOL QO

"s}W=@ xDW=O |Q}os}tYD w} Q=vU |O=} R O=OaD
"CU= m = 300 =@ Q@=Q@ uwtR; |xO=O C=Oy=Wt O=OaD OW u=}@ xmu=vJ
VwQ ltm x@ C@=Y= p=tDL= u}tND yi '1 � i � m |=Q@ O}vm ZQi u}vJty
|xO=O u}t=i |=Q@ xOt; CUO x@ pOt ltm x@ p=tDL= u}= |v}@V}B y0i w wrQ=mCvwt
x@U=Lt Q} R |x]@=Q R= xm h=QLv= jr]tQOk u}ov=}t |=]N Q=Okt "OW=@ uwtR;
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MAE = 1
m

mX
i=1
jyi � y0ij

"CU= pOt ?U=vt OQmrta |xOvyOu=Wv xm CU= 0 012 =@ Q@=Q@ pOt u}= |=Q@
O=H}= wrQ=mCvwt VwQ xm CU= |}=]N x@ l}ORv Q=}U@ Q=Okt u}= xm OwW xHwD
w wrQ=mCvwt VwQ QO Q=QmD O=OaD V}=Ri= =@ CW=O Q=_Dv= u=wD|t u}=Q@=v@ "Ovm|t

"O=O Vy=m R}v =Q =]N u}= u; CkO Ow@y@
C@=Y= p=tDL= hqDN= (ECDF) |@ QHD |atHD `} RwD `@=D Q=Owtv xt=O= QO
OwOL QO p=Ft |=Q@ "�4 pmW� CU= xOW s}UQD pOt \UwD xOW |v}@V}B Q=Okt w

"CU= OYQO 2 R= QDsm hqDN= u}= uwtR; |xO=O C=Oy=Wt R= OYQO 80
Q@=Q@ v̂t Q=Okt 'QDt 50 =@ Q@=Q@ L Q=Okt xm |Dr=L QO xOt; CUO x@ pOt ltm x@
C}a[w xU w B̂0 2 [5�; 85�] |=Q@ OW=@ x}v=F 500 Q}oyQ Qta w x}v=F Q@ QDt7
s}UQD 5 pmW QO w xOt; CUO x@ s}_vDV}B R=i QO C}kiwt p=tDL= D̂0 Cw=iDt
OwOL QO |}xv=DU; R= B̂0 xm |Dr=L QO C@=Y= p=tDL= O}OW Vy=m x@ "CU= xOW
VN@ sD} Qwor= QDxv}y@ |L=Q] QO ẁ[wt u}= R= "OwW xHwD CU= QDW}@ xHQO 50
C@=Y= p=tDL= |v}@V}B |Oa@xU Q=Owtv R}v 6 pmW QO "OQm s}y=wN xO=iDU= Oa@
p=tDL= Vy=m x@ QHvt QDt=Q=B wO Qy V}=Ri= "CU= xOW s}UQD B̂0 w D̂0 ?ULQ@
|v=yo =v VR} Q Ea=@ Oa@ x@ |}=H R= B̂0 V}=Ri= XwYN x@ "OwW|t C@=Y=
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jA0Bj = v̂tt1 � jQ01Aj = v̂tt1 � v̂mt1 + D̂0 sin B̂0

0 � t1 � D̂0 sin B̂0
v̂m�v̂t ZQi =@ wAA0B |x} w=Rr=s�=kErFt x@ xHwD =@ u}=Q@=v@

%s} Qw;|t CUO x@

B̂new0 = arctan

 
v̂tt1 � v̂mt1 + D̂0 sin B̂0

D̂0 cos B̂0

!
w

D̂new0 = D̂0 cos B̂0
cos B̂new0

=@ Q=@ Qy w ẁQW t1 = 0 R= xm s}yO|t s=Hv= wLv u}= x@ =Q t1 ?=NDv= p=L
"s}yO|t xt=O= min(200;

�
D̂0 sin B̂0
v̂m�v̂t

�
) x@ uO}UQ =D t1 |}x}v=F l} V}=Ri=

pOt R= xO=iDU= =@ w xOQm x@U=Lt =Q D̂new0 w B̂new0 |=yC}tm t1 Qy |=Q@
|=yQDt=Q=B =@ |} w} Q=vU |=Q@ =Q C@=Y= p=tDL= p@k VN@ QO xOt; CUO x@
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s} Q=O u=tR u}= QO "O};|t CUO x@ x}v=F 191 =@ Q@=Q@ t1 Q=Okt s}OQm KQ]t
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"OQw;|t CUO x@ =Q CU= hOy QU CWB R= 100vt |xrY=i x@ uO}UQ |=Q@ R} wv
"CU= 1"2 VN@ QO OQwNQ@ ErFt |UOvy pL x@=Wt  newm x@ \w@ Qt C=@U=Lt
=OD@= xm Ovm|t Q}}eD pmW u}= x@ C}=Oy sD} Qwor=  newm |x@U=Lt R= Oa@
"Ovm|t CmQL s}kDUt Q}Ut QO t1 u=tR COt x@  ̂m = 90� TQwm =@ Q}oyQ
Vy=m 90� �  newm u=R}t x@ =Q OwN TQwm |}xQ}=O CmQL l} =@ Q}oyQ TBU
TBU "�OwW p}O@D  newm x@ Q}oyQ TQwm 'R} wv OwHw sOa CQwY QO =D� OyO|t
"OUQ@ hOy QU CWB x@ =D OyO|t xt=O= OwN CmQL x@ s}kDUt Q}Ut QO Q}oyQ

"CU= 2"2 VN@ x@=Wt |@=}xv=}W; R=i T=U= Q@ Q}oyQ CmQL |xt=O=
=@ =OD@= QO Q}oyQ xm |UQwm |ak=w Q=Okt s}vm|t ZQi R} wv uDiQo Q_v QO =@
|ak=w Q=Okt u}vJty "OW=@  m �xHQO 90 |=Hx@� Ovm|t CmQL x@ ẁQW u;
'vt 'vm =@ =Q hOy |x}rw= |=Qo w hOy =D xrY=i 'hOy CaQU 'Q}oyQ CaQU
u}= R= Q}oyQ u}tND =@ =yQDt=Q=B u}= Q=Okt hqDN= "s}yO|t V}=tv B0 w D0
|ak=w Q}O=kt x@ xHwD =@ p=L "OQ=O OW u=}@ 2 VN@ QO xJv; x@=Wt |a} RwD 'Q}O=kt

"xDi=} Q}}eD C}=Oy sD} Qwor= "7 pmW
sD} Qwor= |wQ |}xO=U Q}}eD s} Q=O OYkVN@ u}= QO ẁ[wt u}= x@ xHwD =@ "OwW|t

"s}vm |UQQ@ C@=Y= p=tDL= |wQ =Q u; Q}F-=D w s}vm O=H}= C}=Oy
|=Q@ "OW=@ u}}=B C@=Y= p=tDL= w nQR@ B0 xm O} Q}o@ Q_v QO =Q |} w} Q=vU
L = 50m 'D̂0 = 5000m 'v̂t = 7m=s 'B̂0 = 80� O}vm ZQi p=Ft
OQw;Q@ Cr=L u}= QO "OW=@ x}v=F 500 ZQiV}B Q=Okt R}v Q}oyQ Qta pw] "OW=@

"CU= OYQO 49 2 Q=Okt wrQ=mCvwt VwQ ltm x@ C@=Y= p=tDL=
x}v=F t1 COt x@ Q}oyQ =OD@= xm s}yO|t Q}}eD xw}W u}= x@ =Q C}=Oy sD} Qwor=
CmQL hOy Q}Ut =@ |R=wt  m = 90� =@ �OwW|t u}}aD ,=Oa@ t1 ?U=vt Q=Okt�
CtU x@ C}=Oy sD} Qwor= x@=Wt w |}xQ}=O CmQL l} s=Hv= =@ xt=O= QO TBU Ovm
QO xm Ovm ?=NDv= |wLv x@ =Q VOQo |x} w=R w Ovm CmQL |}xkvQwP |x}L=v RmQt
Q}Ut "OQ}o Q=Qk hOy QU CWB R= 100vt |xrY=i QO =yOQw;Q@ uOw@ j}kO CQwY
CmQL x@ ẁQW P1 |x]kv R= Q}oyQ "O}vm|t xOy=Wt 7 pmW QO =Q Q}oyQ CmQL
u=tR COt u}= QO R}v hOy "OUQ|t P2 |x]kv x@ A |x]kv R= uDWPo =@ w Ovm|t
RH x@� Oa@ x@ A |x]kv R= Q}oyQ CmQL "OUQ|t Q2 |x]kv x@ Q1 |x]kv R=

"CU= x}rw= C}=Oy sD} Qwor= x@=Wt �x}rw= VOQo
x@ w hOy |=yQDt=Q=B R= Q}oyQ |=yOQw;Q@ R= xO=iDU= =@ =Q t1 |xv}y@ ?=NDv=
CUO x@ Q}oyQ C=aq]= x@ xHwD =@ w s} Q=O C@=Y= p=tDL= |=Q@ xm |rOt ltm
"s}yO|t s=Hv= |R=UxO=U |=Q@ ZQi wO t1 |xv}y@ ?=NDv= CyH QO "s} Qw;|t
"OW=@ R} wv uwO@ A |x]kv x@ P1 R= Q}oyQ CmQL Q}Ut xm s}vm|t ZQi =OD@=
s}_vDV}B R=i x@=Wt ,=k}kO P2 |x]kv x@A|x]kv R= Q}oyQ s}vm|t ZQi u}vJty
|]N P2 x@ A R= Q}Ut s}vm|t ZQi `k=w QO� Ovm pta x}rw= C}=Oy sD} Qwor=
=@ x=ov; OW=@A |x]kv x@ P1 |x]kv R= uO}UQ Q}oyQ OYk Qo = xm OwW xHwD "�OW=@
`} RwDl} =@A pwL|}x}L=v x@ Q}oyQ vm w  m |=yQDt=Q=B |=Q@ R} wv OwHw x@ xHwD
|=yp=tDL= x}L=v u}= \=kv |=Q@ xm CW=O Q=_Dv= u=wD|t =t= "OUQ|t XNWt
|=Q@ C@=Y= p=tDL= x@ u; \UwDt Q=Okt w OvW=@ xDW=Ov |O=} R Cw=iD C@=Y=
Q}oyQ CmQL |}=Hx@=H w u=tR COt R= R}v swO ZQi QO "OW=@ l}ORv A |x]kv

"CU= xOW Q_v hQY u; uOw@ x=Dwm Cra x@ TQwm Q}}eD |=Q@
xHQO 90 TQwm =@ x}v=F t1 COt x@ Q}oyQ Qo = xm s}vm|t x@U=Lt pw= s=o QO
x@ xHwD =@ "Ovvm|t Q}}eD u=R}t xJ hOy |=Qo w hOy R= xrY=i OQw;Q@ Ovm CmQL
Oa@ Q}oyQ xm u}= ZQi =@ w �CU= xOW s}UQD |R=UxO=U ZQi wO =@ xm � 8 pmW
OUQ@ B |x]kv x@ Q1 |x]kv R= hOy w A |x]kv x@ P1 |x]kv R= x}v=F t1 R=

%s} Q=O
jP1Aj = v̂mt1 ; jQ1Bj = v̂tt1 ;

jAA0j = D̂0 cos B̂0 ; jP1Q01j = D̂0 sin B̂0
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}B"xDi=} Q}}eD C}=Oy sD} Qwor= w x}rw= C}=Oy sD} Qwor= QO C@=Y= p=tDL= |xU}=kt "1 pwOH
B̂0 v̂t D̂0 t1

C}=Oy sD} Qwor= C@=Y= p=tDL=
x}rw= xDi=} Q}}eD

80 7 5000 191 49 2 77 8
75 8 5500 190 50 6 65 5
85 6 3500 175 35 3 92 1
70 8 5200 190 71 1 77 6
78 9 4000 114 81 1 93 2
74 6 4700 184 66 7 84 9

"OQm x@U=Lt =Q R2 w R1 Q=Okt u=wD|t QN; x=oDUO ltm x@
u}vJty " m�90�+ newm =@CU= Q@=Q@ s}_vDV}B R=i R= Oa@ Q}oyQ TQwm
P1 R= uO}UQ u=tR ẁtHt� =@ CU= Q@=Q@ s}_vDV}B R=i QO Q}oyQ |xOW |QBU Qta
%�P2 |x]kv =D uO}UQ u=tR u; R= Oa@ w TQwm Q}}eD |=Q@ |}xQ}=O CmQL s=Hv= 'A x@
T1 = t1 + 180� � 2 new

m
_ max

+ R2
vm

%=@ Ow@ Oy=wN Q@=Q@ s}_vDV}B R=i R= Oa@ hOy QU CWB R= Q}oyQ |xrY=i w
distance = T1vt � L

2 �R1

O}OH C}=Oy sD} Qwor= |=Q@ =Q C@=Y= p=tDL= wrQ=mCvwt VwQ R= xO=iDU= =@ p=L
"s} Qw;|t CUO x@

v̂t = 'B̂0 = 80� |va} s}DiQo Q_v QO xm |r=Ft |=Q@ |R=Ux}@W s=Hv= =@
C@=Y= p=tDL= 'x}v=F 500 Qta pw] w L = 50m 'D̂0 = 5000m '7m=s
OYQO 29 OwOL QO C@=Y= p=tDL= Q}}eD u}= =@ u}=Q@=v@ "OwW|t OYQO 77 8
"O}v}@|t =Q p=tDL= Q}}eD Qo}O |w} Q=vU |O=OaD |=Q@ 1 pwOH QO "O@=}|t V}=Ri=
QDt 50 =@ Q@=Q@ L w x}v=F 500 ZQiV}B Q=Okt =@ Q@=Q@ Q}oyQ Qta =yw} Q=vU u}= QO
xOW |R=Ux}@W wrQ=mCvwt |=QH= Q=@ Q=Ry CU}@ =@ Cr=L wO Qy QO p=tDL= "CU=

"CU=
|Dq=L |=Q@ xDi=} Q}}eD C}=Oy sD} Qwor= OwW|t xOy=Wt 1 pwOH R= xmu=vJ
u=wD|t xDi=} Q}}eD C}=Oy sD} Qwor= Ow@y@ |=Q@ "OQ=O |QDW}@ Q}F-=D OW=@ O=} R B̂0 xm
w OwW ^=Lr R}v TQwm Q}}eD |=Q@ |}xQ}=O CmQL CtUk ' newm C=@U=Lt QO

"OwW hPL R}v pw= |R=UxO=U ZQi |iO=YD |R=Uxv}y@ ltm x@ u}vJty

C=W=WDe= uDiQo Q_v QO =@ Q}oyQ CmQL |R=UpOt "5
Q}Ut pw] QO

|]}Lt C=W=WDe= uOQm ^=Lr =@ =Q Q}oyQ CmQL Q}Ut s} Q=O OYk VN@ u}= QO
xm s} Q}o|t Q_v QO =Q |Dr=L p=Ft |=Q@ "s}vm pOt |iO=YD Ov}=Qi l} CQwY x@

"OvDUy |iO=YD Ov}=Qi l} vm w vt
|O=} R |iO=YD |=yxO}OB |R=UpOt QO xm hwQat |iO=YD |=yOv}=Qi R= |m}
� u=tR |iO=YD Ov}=Qi l} |vw=Q@ CmQL "OQ=O s=v |vw=Q@ CmQL OwW|t xO=iDU=
O=tv R= xt=O= QO "OQm ^=Lr 5|iO=YD uOR sOk OL =Q u; u=wD|t xm CU= xDUw}B
|Uw=o Ov}=Qi l} |vw=Q@ CmQL "s}vm|t xO=iDU= |vw=Q@ CmQL |=Q@ fB(t)gt�0

"OvDUy xDUw}B 1 p=tDL= x@ u; |=yQ}Ut xm |Qw] x@ 'CU= pkDUt |=ywtv =@

s}_vDV}B R=i R= Oa@ Q}oyQ |xOv=t}k=@ Qta w hOy R= xrY=i |x@U=Lt "9 pmW
"xDi=} Q}}eD C}=Oy sD} Qwor= QO

O}OH C}=Oy sD} Qwor= =@ s}_vDV}B R=i s=tD= R= Oa@ xm OwW x@U=Lt O}=@ =yQDt=Q=B
R=i =D CU= Q=Okt xJ Q}oyQ |xOv=t}k=@ Qta w hOy =D xrY=i 'Q}oyQ TQwm Q}O=kt

"OwW R=e; Q}O=kt u}= =@ |@=}xv=}W;
P1 |x]kv u; =O@t xm |D=YDNt x=oDUO uDiQo Q_v QO =@ w 9 pmW x@ xHwD =@

%O}O u=wD|t OW=@ p=tW |=DU=Q QO u; y QwLt w(
x1 = vmt1 sin m
y1 = vmt1 cos m

90�� newm u=R}t x@ TQwmVy=m |=Q@|}xQ}=OCmQL VOQo |x} w=R xm O}vm xHwD
%=Pr "CU= 180� � 2 newm =@ Q@=Q@ (x2; y2) x@ (x1; y1) |x]kv R= uO}UQ w(
x2 = x1 � 2r cos( new

m ) cos( m +  new
m )

y2 = y1 + 2r cos( new
m ) sin( m +  new

m )

%u; QO xm
r = 180vm

� _ max

u}vJty(
x3 = D0 sin(B0)
y3 = D0 cos(B0)

C}=yv QO w(
x4 = x2 +R2 sin � = x3 +R1
y4 = y2 +R2 cos � = y3
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%|x]@=Q |wQ R= |DWoR=@ CQwY x@ =t=} wQ=t � Qr} w= VwQ 'OW=@

Xj+1 = Xj + b(tj ; Xj)�t+ �(tj ; Xj)�Bj ; 0 � j < n

�Bj R= Qw_vt OW QmP R}v QDV}B xmu=vJ "OQw;|t CUO x@ =Q |Oa@ |=y?} QkD
`} RwD |=Q=O |vw=Q@ CmQL |=y|oS} w x@ xHwD =@ w CU= Btj+1 � Btj u=ty
?U=vt \}=QW CLD "Ov=pkDUt Qo}Om} R= Cw=iDt |=yj |=Q@ w CU= N(0;�t)
p}Uv=Qi}O xrO=at ?=wH x@ n uOQm nQR@ =@ |DWoR=@ VwQ u}= xm CU= xOW C=@F=
QO QDW}@ |xar=]t |=Q@ "OwW|t l}ORv Q}Ut x@ Q}Ut w x=wNrO u=R}t x@ |iO=YD

"O}v}@@ =Q [17]`HQt VwQ u}= OQwt
w � = 7 '� = 2 '� = 1 'T = 5 |=Q@ Ov}=Qi u}= R= |}xvwtv Q}Ut wO
11 pmW QO 'xOW ?=NDv= N(�; �

2
2� ) `} RwD R= X0 xm |Dr=L QO n = 10000

"Ov=xOW s}UQD

Q}oyQ CmQL |iO=YD |R=UpOt "2"5
CmQL Q}Ut pw] QO  m w vt 'vm Ovv=t |}=yQDt=Q=B s}Ovtxkqa OW u=}@ xmu=vJ

"OvW=@ |iO=YD w Q}eDt R}v Q}oyQ
Ovv=t |QDt=Q=B|ak=w Q=Okt|]}Lt C=W=WDe= Qo}O w =} QO G=wt= uOQm ^=Lr =@
Q}oyQ |xOvvmpQDvm pt=wa x@ xHwD =@ "CU= |iO=YD Q}Ut pw] QO Q}oyQ CaQU
|x_Lr QO xOW OQw;Q@ Q=Okt x@ C@Uv QDt=Q=B u}= Q=}at R= h=QLv= xm s} Q=O Q=_Dv=
Qw] x@ =yQDt=Q=B u}= xm s} Q=O Q=_Dv= u}vJty "OW=@ C@=F =@} QkD Q}Ut pw] QO |}=OD@=
|R=UpOt |=Q@ |@U=vt ?=NDv= l@vrw= � u}=DWvQw= Ov}=Qi u}=Q@=v@ "Ovvm Q}}eD xDUw}B

[18]"CU=
=OD@= "O} Q}o@ Q_v QO OW |iQat pw= pYi QO xm =Q |mQLDt C=YDNt x=oDUO
C=YDNt O}vm ZQi "s}vm|t |R=UpOt s}_vDV}B R=i QO =Q Q}oyQ CmQL Q}Ut
CQwYu}= QO "OW=@ (x0; y0) u} R=e; |x_Lr QO x=oDUO u}= QO Q}oyQ |ak=w

%OwW|t pOt Q} R CQwY x@ s}_vDV}B R=i |=yDv= =D Q}oyQ CmQL Q}Ut8>>>>>>>>>><>>>>>>>>>>:

dx = ((vm sin( )� vt)dt

dy = (vm cos( ))dt

d = !dt

d! = ��1!dt+ �1dB1
t

dvm = �2(v̂m � vm)dt+ �2dB2
t

dvt = �3(v̂t � vt)dt+ �3dB3
t

x@ �i w �i Q}O=kt u}vJty "OvDUy pkDUt |vw=Q@ CmQL xU B3
t w B2

t 'B1
t xm

|OL Q=Okt �2
i2�i xm O}vm xHwD "OvwW|t ?=NDv= R} wv u=R}t x@ xHwD =@ |@U=vt wLv

"|vw=Q@ CmQL R= |}xvwtv Q}Ut |O=OaD "10 pmW

"O}vm xOy=Wt 10 pmW QO O}v=wD|t =Q |vw=Q@ CmQL R= |}xvwtv Q}Ut Q=yJ
[16w15]u}W}B xOW s=Hv= C=ar=]t '|vw=Q@ CmQL |=y|oS} w =@ QDW}@ |}=vW; |=Q@

"CU= TQDUO QO
xm OwW|t xH}Dv |oO=U x@ u; |=ywtv `} RwD |wQ R= xm |vw=Q@ CmQL l}

"var(B(t)) = t

CaQU Ovv=t |}=yQDt=Q=B s} Q=O OYk OW u=}@ R}v VN@ u}= |=OD@= QO xmu=vJ
OQw;Q@ xm u}= Q@ xwqa xm p}rO u}= x@ s}vm pOt |iO=YD Ov}=Qil} =@ =Q hOy =} Q}oyQ
xm |}=yC}a]k sOa p}rO x@ R}v CmQL Q}Ut pw] QO CU= x=Qty =]N =@ =t |x}rw=
xDUw}B |rw '|iO=YD Qw] x@ R}v |ak=w Q=Okt Ovvm|t O=H}= =} QO G=wt= p=Ft |=Q@

"Ovm|t Q}}eD
|=Q@ pOt l} u=wva x@ u; R= |r=kDv= =} |vw=Q@ CmQL ?=NDv= Qo}O hQ] R=
CWPo =@ |vw=Q@ CmQL Tv=} Q=w xm p}rO u}= x@ CU}v ?U=vt |}=yQDt=Q=B u}vJ
C=Q}}eD w Tv=} Q=w 'hOy w Q}oyQ QO OwHwt |rQDvm pt=wa =t= 'OwW|t O=} R u=tR

"OQm Ovy=wN pQDvm xR=@ l} QO =Q |}=yQDt=Q=B u}vJ

p}Uv=Qi}O CqO=at |OOa pL w l@vrw= � u}=DWvQw= Ov}=Qi "1"5
|iO=YD

Q}O=kt wOW=@ OwOLtu;Tv=} Q=w xms}DUy|iO=YDOv}=Qil} p=@vO x@OW QmP xmu=vJ
u}=DWvQw= Ov}=Qi "Ovm u=Uwv xOWpQDvmCQwY x@ 'u}ov=}t|va} 'Q=Oktl} pwL Ov}=Qi
CWoR=@Ov}=Qi =Q|oS} wu}= =@Ov}=Qil} "CU=|oS} wu}= =@|iO=YDOv}=Qil}l@vrw= �
s}} wo|t l@vrw= � u}=DWvQw= Ov}=Qi l} |v=tR =Q Xt Ov}=Qi "Ovt=v|t 6u}ov=}t x@
"Ovm jOY dXt = �(��Xt)dt+�dBt |iO=YD p}Uv=Qi}O |xrO=at QO xm
N(�; �

2
2� ) `} RwD R= w |vw=Q@ CmQL R= pkDUt X0 Qo = xm O=O u=Wv u=wD|t

"Ow@ Oy=wN Var(Xt) = �2
2� Q=Okt E(Xt) = � 't Qy |=Q@ x=ov; OwW ?=NDv=

xHwD "OvQ=O |D@=F Q=Okt w Ow@ Ovy=wNv u=tR R= |a@=D Tv=} Q=w w |[=} Q O}t= =Pr
|OL Q=DiQ Xt Tv=} Q=w w |[=} Q O}t= R}v OwW ?=NDv= C@=F X0 Qo = xm O}vm

"OvQ=O |y@=Wt
pL |=Q@ |awvDt |OOa |=yVwQ xm |rwtat p}Uv=Qi}O |=yxrO=at Ovv=ty
|=yVwQ R}v |iO=YD p}Uv=Qi}O CqO=at |OOa pL |=Q@ 'xOW xO=O xaUwD =yv;
� Qr} w= VwQ xOW KQ]t |=yVwQ u} QDxO=U R= |m} "CU= xOW KQ]t |awvDt
|iO=YD p}Uv=Qi}O |xrO=at s}y=wN|t O}vm ZQi |rm Cr=L QO "CU= 7=t=} wQ=t
CQwY x@ [0; T ] |v=tR |xR=@ |wQ =Q dXt = b(t;Xt)dt + �(t;Xt)dBt
x@ s=Om Qy CtUk n x@ Q@=Q@ |=yxrY=i =@ =Q [0; T ] |xR=@ =OD@= "s}vm pL |OOa
Xtj |=Q@ |OOa ?} QkD l} Xj xm u}= ZQi =@ "s}vm|t s}UkD �t = T

n pw]
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"""h
rDNt

pt=w
aC

LDC
@=Y

=p=
tDL

=|v
}@V

}B=OD@= xm OQm pta xw}W u}= x@ w =t=} wQ=t � Qr} w= VwQ ltm x@ u=wD|t �CU= x@=Wt
�nQR@ |i=m |xR=Ov= x@ n|=Q@� |w=Ut xrY=i =@CtUk n x@ =Q [0; T ] |v=tR |xR=@
0 = t0 < t1 < t2 < : : : ; < tn = T w �t = T

n O}vmZQi "s}vm|t s}UkD
x |@} QkD Q=Okt x[j] R= Qw_vt� |DWoR=@ |x]@=Q x=ov; "OW=@ Q_v OQwt |Ov@s}UkD

"�CU= Q=QkQ@ Q}@aD u}ty R}v =yQDt=Q=B Qo}O |=Q@ "CU= tj u=tR QO8>>>>>>>>>><>>>>>>>>>>:

x[j + 1] = x[j] + ((vm[j] sin( [j])� vt[j])�t

y[j + 1] = (vm[j] cos( [j]))�t

 [j + 1] = (g(x[j]; y[j]) + ![j])�t

![j + 1] = ��1![j]�t+ �1 �N(0;�t)
vm[j + 1] = �2(v�m � vm[j])�t+ �2 �N(0;�t)
vt[j + 1] = �3(v�t � vt[j])�t+ �3 �N(0;�t)

w� |iO=YD OOa l} Q=@ Qy xm CU= u}= N(0;�t) R= Qw_vt q=@ CQ=@a QO
O}rwD p�t Q=}at h=QLv= w QiY u}ov=}t =@ p=tQv `} RwD =@ �Qo}O |=yQ=@ R= pkDUt
R= |}xvwtv Q}Ut l} |DWoR=@ |x]@=Q u}= CQwY u}= QO "OwW xO=O Q=Qk x]@=Q QO w
|=Q@ |}xvwtv |=yQ}Ut O}rwD =@ w p@k x@=Wt u}=Q@=v@ "Ovm|t O}rwD |iO=YD Ov}=Qi
C@=Y= p=tDL= R= |v}tND wrQ=mCvwt VwQ ltm x@ u=wD|t hrDNt |=yw} Q=vU

"O=O VR=Q@ xO=O x@ QD|ak=w \}=QW u}= =@ |v}W=t |Q}oO=} pOt w OQw; CUO x@

|Q}oxH}Dv "6
|=Q@ ?U=vt CkO =@ |rOt u}W=t |Q}oO=} |=yl}vmD ltm x@ =OD@= xr=kt u}= QO
"OW x�=Q= =yv; R} wv `} RwD w OwHwt |=y|v}at=v x@ xHwD =@ C@=Y= p=tDL= |v}@V}B
xO=O Q}}eD |}xvwo x@ s}_vDV}B R=i QO C}=Oy sD} Qwor= pOt u}= ltm x@ TBU
C}=Oy |=ysD} Qwor= xt=O= QO u=wD|t u}vJty "O@=} V}=Ri= C@=Y= Tv=W =D OW
C@=Y= p=tDL= |=Q@ ?U=vt pOt l} s=Om Qy |=Q@ xw}W u}O@ w |L=Q] |awvDt
u; C@=Y= p=tDL= xm OwW ?=NDv= |rOt C}=yv QO w} Q=vU Qy |=Q@ w OwW VR=Q@
|]}Lt C=W=WDe= u=wD|t OW u=}@ 5 VN@ QO xJv; x@=Wt u}vJty "CU= xv}W}@
p}Uv=Qi}O CqO=at ltm x@ w OQm ^=Lr hOy =} Q}oyQ CmQL Q}Ut pw] QO =Q

"O=O s=Hv= |QD|ak=w \}=QW QO =Q |R=UpOt |iO=YD

VN@ x@=Wt p=Ft |=Q@ "Ovm|t u}}aD =Q Q=Okt u}= x@ |}=Qoty CaQU �i w Tv=} Q=w
=@ w CU= N(v̂m; 1) `} RwD =@ |iO=YD Q}eDt QiY |x_Lr QO vm Q=Okt swO
C@=F Q=Okt ?}DQD x@ u=tR Qy |=Q@ vm Tv=} Q=w w u}ov=}t �2 = �2 = 2 ?=NDv=

"CW=O Ovy=wN =Q l} w v̂m
pt=m �|r=tDL=� VOQo R= p@k w |@=}xv=}W; R=i |=Q@ Q}oyQ CmQL |R=UpOt

%CU= Q} R CQwY x@8>>>>>>>>>><>>>>>>>>>>:

dx = ((vm sin( )� vt)dt

dy = (vm cos( ))dt

d = (g(x; y) + !)dt

d! = ��1!dt+ �1dB1
t

dvm = �2(v�m � vm)dt+ �2dB2
t

dvt = �3(v�t � vt)dt+ �3dB3
t

u; QO xm

g(x; y) =

8>><>>:
_ max ; y � B(x)

0 ; �B(x) < y < B(x)

� _ max ; y � �B(x)

w
B(x) = x

200vt �
W
2 + 200vt � x

200vt � 3W
2

v�t 'v�m u}vJty �"CU= pmW |}xkvRwP |x}L=v u}}=B w q=@ RQt y = �B(x)�
"OvDUy s}_vDV}B R=i |=OD@= QO Q}oyQ Q}_v |=yQDt=Q=B |}=OD@= Q}O=kt  �m w

w CU= x@=Wt qt=m R}v pt=m VOQo CmQL Q}_v |iO=YD p}Uv=Qi}O xrO=at
Ctqa "Ovm|t Q}}eD d = (� _ max + !)dt pmW x@ |v=}t |xrO=at \ki
=k}kO w x=oDUO xU u}= x@ xHwD =@ "OwW|t XNWt VOQo CyH x@ xHwD =@ _ max

u; OOHt QmP R= u}=Q@=v@ "OQ}o|t CQwY C}=Oy OW u=}@ swO VN@ QO xJv; x@=Wt
"s}vm|t |Q=OOwN

|@=}xv=}W; R=i QO Q}oyQ CmQL Q}_v |iO=YD p}Uv=Qi}O CqO=at x=oDUO p=L
qt=m R}v Qo}O x=oDUO wO |OOa pL� x=oDUO u}= |OOa pL |=Q@ "O} Q}o@ Q_v QO =Q

=yCWwv=B
1. Autonomous Underwater Vehicle
2. Wake Homing
3. Cross Validation
4. Gradient Boosting
5. Random Walk
6. Mean-Reverting Process
7. Euler-Maruyama Method
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