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%CWwv Q} R x]@=Q CQwYx@ =Q
q00 = hg(Tg � Twg) =
Kst
t (Twg � Tw) = hw(Tw � Tb) (1)

xOvvmlvN p=}U CtU QO CiQty CQ=QL p=kDv= ?} Q[ hw 1 xrO=at QO xm
u=tOv=Q 'OW=@ QDV}@ xJQy xOvvmlvN sDU}U |=yp=v=m uwQO Q=Wi Ci= "CU=
Q=Wi Ci= |=Q@ R=Ht Q=Okt l} O}=@ 'u}=Q@=v@ "O@=}|t Vy=m |Q=mlvN sDU}U pm
x@U=Lt Q} R x]@=Q R= p=v=m pN=O Q=WiCi= "CiQo Q_v QO |Q=mlvN |=yp=v=m uwQO

%OwW|t

�P0 = f
2
L
Dh

�v2 (2)

p=}U |tQH |@O %R= Ov=CQ=@a xm OQ=O OwHw Q[=L |L=Q] QO syt QDt=Q=B xU
CqO=at R= "|Q=mlvN p=v=m pw] w (h) |Q=mlvN p=v=m `=iDQ= '( _m) xOvvmlvN

[15]"OQm G=QNDU= =Q Q} R \@=wQ u=wD|t xr�Ut Q@ sm =L

�P0 / _m2

h3 (3)

hw / _m�

h
(4)

xm OW=@|t xOW xO=iDU= hw |@ QHD x]@=Q QO ROrwv} Q OOa u=wD � '4 xrO=at QO
wO V}=Ri= 'C@=F _m QO jwi \@=wQ =@ j@=]t "CU= 0/8 OOa Q@=Q@ pwtat Qw]@
QO 'u}vJty "OwW|t �P0 uOW Q@=Q@ CWy w hw uOW hYv ?Hwt h |Q@=Q@

"CU= ?U=vDt _m =@ �P0 w _m s=� u=wD =@ hw 'C@=F h
O=} R |DQ=QL Q=W =@ nQR@ |=yxUOvy |=Q@ |@; xQ=OH |Q=mlvNVwQ QO
CQwY QO =D O=O s=Hv= QwmPt xUOvyhrDNt |L=wv |wQ Q@ |Ov@s}UkDl} u=wD|t
Qt= u}= "OwW xDiQo Q_v QO d=O K]U |Q=mlvN |=Q@ p=v=m l} R= V}@ 'swRr

a = Q]k C@Uv =@ |Q=mlvN p=v=m w QRw}i}O xQ=w}O l}D=tW KQ] "2 pmW
"D1
D0 = R1

R0

CNwU |=yQwDwt |=Q@ <qN OvDU= QRw}i}O |Q=mlvN sDU}UCN=U w|L=Q]
w CN=U CrwyU R= w xOw@ Q=OQwNQ@ |}q=@ u=v}t]= C}r@=k R= xm|wLv x@ 'Ot=H
QO xaUwD p=L QO |=yQwWm QO '|iQ] R= "CU= Q=wWO pta QO 'OW=@ Q=OQwNQ@ =QH=
C=}@ QHD '=y|Qw=:vi ẁv u}= ?=UDm = x@ q=@ R=}v Q@xwqa 'u=Q}= Ovv=t |}=[i CavY
XwYN QO 'u=oOvU} wv Vv=O =@ j@=]t 'u}vJty "OQ=Ov OwHw =yxv}tR u}= QO |i=m
CUD QO q=@ `=iDQ= R=Ux}@W QRw}i}O |@; xQ=OH |Q=mlvN sDU}U |L=Q] xwLv
CNwU |=yQwDwt CUD QO "CU= xOWv QWDvt |k}kLD uwvm =D 'Ot=H CNwU QwDwt
swDvtwt w q=@ |=tO =@ sw}v}twr; O}Um = ?=Pt |w=L |k=QDL= |=yR=o u=} QH 'Ot=H
w K]U |=tO uDiQ q=@ CQwYQO w Ovm|t OQwNQ@ QRw}i}O |rN=O K]U x@ q=@
MQ QRw}i}O |OwQw QO |O}OW |DQ=QL V}=U 'x}L=v u}= QO Rri s=mLDU= Vy=m
|OOaDt |=yxv} Ro 'nQR@ |Q=mlvN Kw]U w q=@ |DQ=QL Q=W x@ xHwD =@ [7]"OyO|t
=@ q=@ |DQ=QL Q=W `iO C}r@=k V}=Ri= p=Ft u=wvax@ &OQ=O Q=Qk K=Q] l} |wQ V}B
uOQm QDnvD 'OwW|t q=@ xv} Ry x@ QHvt xm xOvvmlvN p=}U |tQH |@O V}=Ri=
|DQ=QL Q=@ s}UkD w OwW|t q=@ pm Q=Wi Ci= x@ QHvt xm xOvvmlvN u=} QH |=QHt
|=QH= QO |oO}J}B x@ QHvt xm QRw}i}O pw] QO |Q=mlvN |=yp=v=m O=OaD V}=Ri= =@
|L=Q] QO xO=iDU= OQwt |@ QHDxt}v w |@ QHD \@=wQ 'u}= Q@xwqa "OwW|t CUD
q=@ |DQ=QL Q=W w nQR@ |=yxUOvy QO CiQty CQ=QL p=kDv= ?}=Q[ u}tND |=Q@
u=v}t]= |=Q@ 'u}=Q@=v@ "OvDUy xH=wt =]N =@ |wkrL u=} QH l} |=Q@ XwYNx@
|R=Ux}@W VwQ =@ |UQQ@ =} w |y=oW}=tR; |=yCUD x@ R=}v '=y|L=Q] xvwou}= x@
|UQQ@ OQwt xOW xQ=W= p�=Ut 'j}kLD u}= QO "CU= xOW |HvUCLY |OOa

"OQ}o|t Q=Qk
|@; xQ=OH VwQ x@ |Q=mlvN sDU}U l} p}rLD w |L=Q] x@ 'VywSB u}= QO
xOW xDN=OQB <qN R=Ux}@W QRw}i}O |q=@ |DQ=QL Q=W w nQR@ w Q}eDt Kw]U |=Q@
xQ=OH VwQ x@ O}OH |Q=mlvN sDU}U |L=Q] sD} Qwor= l} '=DU=Q u}= QO "CU=
CN=U CrwyU w OwOLt pm Q=Wi Ci= 'QDtm |tQH |@O "OwW|t xO=O xaUwD |@;
|=Q@ "CU= sD} Qwor= |rY= h=Oy= R= |Q=mlvN p=v=m O=OaD uOQm xv}tm =@ =QH= w
|=yxUOvy QO xOvvmlvN p=}U u=} QH QO l =m]Y=?} Q[ wCrU=v OOa x@U=Lt
j}kLD u}= QO xm Ov=xOW |iQat `H=Qt QO |irDNt |=y?} QkD 'QwLtsy |wkrL
|R=Ux}@W l}vmD =@ Q[=L xr�Ut QO xO=iDU= |=Q@ =yv; u} QDsyt R= |NQ@ CkO
|HvUQ=@Da= j}kLD u}= QO xm CU= QmPx@ sRq "OQ}o|t Q=Qk |UQQ@ OQwt |OOa
"OQ}o|t CQwY |@ QHD |=yxO=O ltm x@ |OOa |R=Ux}@W R= pY=L |=yxO=O
xr=v=mOvJ |L=Q] C}r@=k =@ |L=Q] sD} Qwor= x�=Q= 'xOW s=Hv= `H=Qt QwQt j@=]t
R= q=@ |DQ=QL Q=W w nQR@ |Q=mlvN Kw]U |=Q@ �sRq O=OaD u} QDtm � |@; xQ=OH
?} Q[ x@U=Lt |=Q@ ?U=vt |=y?} QkD 'u}vJty "CU= j}kLD u}= |Qw;wv xrtH
=@ Q}eDt `]=kt =@ p=v=m QO QwLtsy |wkrL u=} QH QO Q=Wi Ci= w CQ=QL p=kDv=

"OvwW|t |iQat w |}=U=vW |OOa |R=Ux}@W l}vmD
VN@ QO w xOW |iQat syt |=yQDt=Q=B w |UQQ@ OQwt xr�Ut =OD@= 'xt=O= QO
|L=Q]hrDNt|=ys=o 'TBU "OwW|t x�=Q= xOW xO=O xaUwD|L=Q] sD} Qwor= '|Oa@
|R=Ux}@W VwQ '|Oa@ VN@ QO "OQ}o|t Q=Qk K} QWD OQwt |Q=mlvN sDU}U
pL pqkDU= |UQQ@ w |HvUQ=@Da= G}=Dv =OD@= 'G}=Dv VN@ QO "OwW|t x�=Q= |OOa
u}tND |=Q@ ?U=vt ?} QkD '|OOa p}rLD ltm =@ TBU 'OwW|t x�=Q= xm@W R=
sDU}U |L=Q] G}=Dv 'xt=O= QO "OOQo|t |}=U=vW l =m]Y= ?} Q[ w CrU=v OOa
|DQ=QL Q=W w |a} RwD |DQ=QL Q=W p=ta= =@ xr�Ut hrDNt \}=QW =@ |Q=mlvN

"OwW|t x�=Q= |v=QL@
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OOa
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=Q]
sD}Q

wor=\}Lt |=tO QO |Q=mlvN p=}U C=YNWt w |=x}L=v '|rQDvm |=yQDt=Q=B "1 s=o
&OwW|t xO=O |D=@U=Lt Om x@ |OwQw u=wvax@ (Ti = 300 K)

OwW `iO |Q=mlvN sDU}U \UwD xQ=w}O R= CU}=@|t xm |DQ=QL Q=W "2 s=o
&OwW|t ^=Lr

`]kt l} w |OwQw `]kt l} 'OwW|t |L=Q] xm |Q=mlvN p=v=m Qy |=Q@ "3 s=o
|HwQN `]kt xQ=tW n w p=v=m |OwQw `]kt xQ=tW n1 xm O=O OwHw |HwQN
&OwW|t xO=O Om x@ |OwQw u=wvax@ QDt=Q=B wO u}= xrLQt u}= QO xm OW=@|t p=v=m
"OwW|t xO=O |D=@U=Lt Om x@ |OwQw u=wvax@ QRw}i}O |UOvy |=yQDt=Q=B "4 s=o
(lr) x}L=v Qy pw] ẁtHt R= Q=Okt u}= xm OW=@|t QRw}i}O pm pw] hQat L
Q}eDt hrDNt |L=wv QO xm OW=@|t QRw}i}O Q]k hQat R}v D w O};|t CUOx@

&CU=
xm CiQo Q_v QO |Q=mlvN p=v=m `=iDQ= |=Q@ x}rw= Q=Okt l} O}=@ =OD@= QO "5 s=o
'TBU (h = h1) OQm ^=Lr u=wD|t QDt|r}t l} Q@=Q@ =Q Q=Okt u}= qwtat

&OQm x@U=Lt 5 xrO=at ltm x@ =Q u=} QH Qw@a `]kt K]U u=wD|t

A(x) = �
4
h
(DO(x) + 2h)2 �D2

O(x)
i

(5)

CaQU u; ltm x@ u=wD|t "OwW|t xDiQo Q_v QO _m |=Q@ x}rw= Q=Okt l} "6 s=o
&OQw; CUOx@ |oDUw}B x]@=Q R= hrDNt `]=kt QO =Q (��(x)) \UwDt

_m = �A(x)v(x)) v(x) = _m
�A(x)

(6)

|r=QoDv= xrO=at R= u=wD|t xOvvmlvN p=}U lr=@ |=tO x@U=Lt |=Q@ "7 s=o
'u; R= |Q}o p=QoDv= =@ w xOQm xO=iDU= |wkrL Cm =O pw] QO |SQv= |oDU}=B

&O};|t CUO x@ Q} R CQwYx@ lr=@ |=tOR x
0 q
00(x) � � �Do(x)dx =

_m CP (T (x)� Ti)) T (x) =

Ti + 1
_m CP

R x
0 q
00(x)� � �Do(x)dx

(7)

p=}U |=Q@ CiQty CQ=QL p=kDv= ?} Q[ u=wD|t 8 xrO=at ltm x@ "8 s=o
&OQw; CUO x@ p=v=m hrDNt |L=wv QO =Q xOvvmlvN

q00(x) = hw(Tw(x)� Tb(x))

hw = k
Dh
NuDh

(8)

CrU=v OOa =@ xOvvmlvN p=}U CiQty CQ=QL p=kDv= ?} Q[ \=@DQ= 8 xrO=at
w |wkrL p=v=m xUOvy x@ xHwD =@ CrU=v OOa x@U=Lt |=Q@ "OyO|t u=Wv R}v =Q
"CU= xOW VQ=Ro 1 pwOH QO xm Ov=xOW |iQat |irDNt |=y?} QkD 'RmQtsy
|=yQDt=Q=B R= |m} 'CU= XNWt 1 pwOH QO OwHwt \@=wQ R= xm Qw]u=ty
u}= xm OW=@|t p=v=m |wkrL `]kt Q]k C@Uv 'CrU=v OOa x@U=Lt QO Q=PoQ}F-=D

"�2 pmW� CU= xOW xO=O u=Wv a hQL =@ QDt=Q=B
x@U=Lt 9 xrO=atltm x@ u=} QH ROrwv} Q OOa 'CQ=QL p=kDv=?} Q[ x@U=Lt QO

"OwW|t

Re(x) = �Dhv(x)
�

= 2h�
�
v(x) (9)

"QRw}i}O hrDNt |L=wv |Ov@s}UkD "3 pmW

p=}U OwQw =@ w OwQv q=@ OL R= V}@ x}rw= |Q=mlvN p=}U |=tO xm OwW|t Ea=@
x@ QRw}i}O |Ov@s}UkD xwLv 3 pmW "OwW xO}WN@ Ow@y@ |Q=mlvN pta 'O}OH
|DQ=QL Q=W Q}}eD =@ u=wD|t =Q |Ov@s}UkD u}= "OyO|t u=Wv =Q rmax x}L=v GvB
u}}aD QRw}i}O hrDNt |L=wv QO xUOvy Q}}eD =@ =} QRw}i}O |=yxQ=w}O x@ |r=ta=

"OQm
d=O R=o CtU K]U 'K]U u} QDd=O '|Q=mlvN CQwY QO xmu}= Q@ sra =@
QDy@ xm CiQo Q_v QO QDt=Q=B u}= |=Q@ (Twa) R=Ht Q=Okt l} u=wD|t '(Twg) CU=
OwW ?=NDv= nvRO[ Oqwi |Q=m T} wQU |=tO x@ xHwD =@ R=Ht Q=Okt u}= CU=
'?U=vt u=v}t]= x}W=L =@ CU= QDy@ 'u}=Q@=v@ "�CU= u} wrm 900 |q=@ Q=Okt xm �
10 xOwOLt QO O=O xR=H= w CiQo Q_v QO u} wrm 750 Q@=Q@ =Q (Twa) R=Ht |=tO

"OW=@ xDW=O Q}}eD u; OYQO

|@; xQ=OH VwQ x@ |Q=mlvN p=v=m |L=Q] sD} Qwor= "3
sDU}U |L=Q] |=Q@ xOW xO=O xaUwD sD} Qwor= x@ \w@ Qt CQ=Jwri 4 pmW QO
pta pmW u}= x@ Qw@ Rt sD} Qwor= "CU= xOW x�=Q= |@; xQ=OH VwQ x@ |Q=mlvN
l} =yvD QRw}i}O pm |=Q@ OwW|t VqD 'CN=U CrwyU p}rO x@ =OD@= xm Ovm|t
'|Q=mlvN p=v=m |=Q@ x}rw= `=iDQ= l} ZQi =@ '=OD@= "OwW |L=Q] |Q=mlvN p=v=m
\=kv '|UQQ@ u}= QO "OwW|t wHDUH =]N w |aU VwQ =@ ?U=vt |tQH |@O
|UQQ@ |L=Q] u}L QO pQDvm \=kv u}= "CU= x}L=v Qy |=yDv= |=tO 'pQDvm
Qo = p=L "OvwW xOQw;Q@ |}=tO \}=QW '|tQH |@O Vy=m =} V}=Ri= =@ =D OvwW|t
l} CQwY u}= QO 'OwW xv}W}@ |tQH |@O R= QDV}@ xOt; CUO x@ |tQH |@O
p=v=m l} p=@vO x@ x}L=v |QDtm O=OaD |=Q@ ,=OOHt |L=Q] w OwW|t sm x}L=v
Ci= 'OwW xOQw;Q@ _m < _mmax ZQi =@ |}=tO \QW xm|v=tR "OOQo|t ?U=vt
p=v=m 'OW=@ �P0 < �P0;max Qo = "OwW|t x@U=Lt (�P0) u=} QH pm Q=Wi
VqD 'OW=@ �P0 < �P0;max Qo = =t= "OwW|t |}=yv x}L=v O=OaD u; |=Q@
h > hmax 'xUwQB u}= QO Qo = "O@=} Vy=m �P0 'h QDt=Q=B V}=Ri= =@ xm OwW|t
O=OaD CU}=@|t R}v CQwY u}= QO 'OW=@ �P0 > �P0;max u=m =tm w OW=@
|L=Q] ?U=vt p=v=m l} QDtm |L=wv |=Q@ ,=OOHt sD} Qwor= w OwW QDtm |L=wv
'�jwi VwQ x@� |L=wv R= |OwOLt O=OaD |=Q@ ?U=vt p=v=m uOQm =O}B R= TB "Ovm
p=v=m |L=wv |t=tD |=Q@ =D OwW|t |L=Q] xOv=t|k=@ |L=wv |=Q@ |Qo}O p=v=m
xOW K} QWD xt=O= QO |L=Q] sD} Qwor= hrDNt |=ys=o "OwW |L=Q] |Q=mlvN

"CU=
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"|@; xQ=OH |Q=mlvN sDU}U |L=Q] CQ=Jwri "4 pmW

O}=@ Tw C}rw@kt 'xOvvmlvN p=}U CtU QO Rri |=tO x@U=Lt R= TB "9 s=o
MQ VWwH |Q=mlvN 'p=v=m uwQO xOvvmlvN p=}U QO xmv; |=Q@ "OwW |UQQ@
Tw;max xOvvmlvN p=}U CtU QO Rri |=tO |=Q@ xv}W}@ OL l} O}=@ 'OyOv
'p=v=m |L=Q] QO xm|v=tR "OQm ^=Lr xOvvmlvN p=}U |Q=m Q=Wi x@ xHwD =@
'OW=@ Tw;max Q=Okt R= V}@ xOvvmlvN p=}U CtU QO Rri |=tO |Q=mlvN
p=}U CtU QO Rri |=tO =D O=O V}=Ri= |QOkx@ =Q u=} QH |tQH |@O O}=@

&OUQ@ Tw;max R= QDtm x@ xOvvmlvN

xOt; CUO x@ 2h =@ Q@=Q@ u; Q=Okt w CU= p=v=m |m}rwQO}y Q]k Dh u; QO xm
QO Rri |=tO x@U=Lt |=Q@ =Q 10 xrO=at u=wD|t 9 =D 6 \@=wQ ?}mQD R= "CU=

"OQm O=H}= xOvvmlvN p=}U CtU
Tw(x) = Tb(x) + q00(x)

( k2h )�NuDh
) Tw(x) = Ti + q00(x)

( k2h )�NuDh
+

1
_m CP

R x
0 q
00(x)� � �Do(x)dx

(10)
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wor="RmQt sy w |wkrL `]=kt |=Q@ l =m]Y= ?} Q[ x@U=Lt |=y?} QkD "2 pwOH
l =m]Y= ?} Q[ ?} QkD x]@=Q `HQt

f =
�2log10(Re�pf)� 0 8��2

Re� = ReDhE

E = (1+a2)ln(a)+(1�a2)
(1�a)2ln(a)

[21]nvwr w Rv=H

f = (1 + 0 0925a)�B
B = (0 86859 ln(F ))�2

F =
�

ReDh
1 964 ln(ReDh)�3 8215

� [22]x=W w |D=y=@

f
8 =

 
1 61 + 1

0 436 ln
 
ReDhq 8

f

!
�G

!�2

G = 550
ReDh

q
f
8

[23]u=Q=mty w =Ovm

f = (1 8 log10(Re�)� 1 5)�2 [20]|mUv}r}vo

f = 0 3164ReD�0 25
h

[24]Tw} Rq@

hmax =D Q=mu}= "O@=} Vy=m pm Q=Wi Ci= =D xO=O V}=Ri= =Q h 'Cr=L u}= Q}e QO
Ci= \QW u=vJty xOW ZQi _m =@ w OUQ@ hmax x@ h Qo = "O@=} xt=O= Ov=wD|t
"OwW |L=Q] |QDtm |L=wv |=Q@ |Q=mlvN p=v=m O}=@ 'OwWv xOQw;Q@ pm Q=Wi
xUwQB u}= QO Qo = "OwW|t Q=QmD sDiy s=o R= C=@U=Lt 'h V}=Ri= Q=@ Qy QO
sHvB s=o R= C=@U=Lt w OwW|t QDtm p=v=m |L=wv O=OaD 'OW=@ h > hmax

&OOQo|t Q=QmD
O=OaD Q@=Q@ 'CU= xOW |L=Q] u; |=Q@ Cm =O xm (n) |L=wv O=OaD Qo = "15 s=o
QDsm n QDt=Q=B xJv=vJ =t= "CU= |L=Q] s=tD= |vat x@ 'OW=@ rmax xv}W}@ x}L=v
|L=wv =} x}L=v u=vJty xOW |L=Q] Cm =O xm CU= |vat u}= x@ 'OW=@ rmax R=
|R=UxQ}NP 'xOW |L=Q] Cm =O C=aq]= 'u}=Q@=v@ "OyO|tv VWwB =Q |QN;
"OwW|t|L=Q] |Qo}OCm =O 'O}OH |OwQw p=}U =@ xOv=t}k=@|L=wv |=Q@ w xOW
|L=Q] |Q=mlvN p=v=m |L=wv |t=tD |=Q@ xm O@=}|t xt=O= |v=tR =D Q=m u}=

"OwW

|OOa |R=Ux}@W VwQ "4
p=v=m u=wvax@ RmQtsy |wkrL |=yCm =O R= '|@; xQ=OH |Q=mlvN sDU}U QO
l =m]Y=?} Q[ wCrU=v OOa x@U=Lt |=Q@ 'u}vJty "OwW|t xO=iDU= |Q=mlvN
xOW x�=Q= |Dw=iDt |@ QHDxt}v w |@ QHD |=y?} QkD 'RmQtsy |wkrL |=yCm =O uwQO
|}=yu=} QH wXNWt Q]kC@Uv =@|}=yCm =O |=Q@ =y?} QkD u}= R=l} Qy xmCU=
x@ C@Uv QRw}i}O Q]k 'Q[=L xr�Ut QO "Ov=xOW |iQat XNWt ROrwv} Q OOa =@
`=iDQ= 'xOW x�=Q= |=y?} QkD QDV}@ QO xm |r=L QO "CU= nQR@ ,=D@Uv p=v=m `=iDQ=
umtt Qt= u}= "CU}v lJwm |r}N |RmQt sUH Q]k x@ C@Uv u=} QH Qw@a |=QHt
ltm x@ xm CU= sRq 'u}=Q@=v@ "OwW Q[=L C=@U=Lt QO =]N RwQ@ ?Hwt CU=
"OQm xO=iDU= |D=@U=Lt Om QO xO=iDU= CyH =Q =y?} QkD u} QDy@ '|OOa |R=Ux}@W
xaUwD [25]R2018a xNUv 4?rDt Q=Ri=sQv QDU@ QO |D=@U=Lt Om 'VywSB u}= QO

"RmQtsy w |wkrL `]=kt QO u=} QH |=Q@ CrU=v OOa x@U=Lt |=y?} QkD "1 pwOH
CrU=v OOa ?} QkD x]@=Q `HQt

NuDh = C0RePDhPr1=3� �
�w

�0 14

C0 = 0 003�a�1 86
0 063a�3�0 67a�2+A

A = 2 225
a � 1 157

P = 1 013e�0 067
a

[16]Q}t w QmQ}O

NuDh = 0 027
(1+ 1

a )0 2 �Re0 8Pr1=3B

B =
�
�
�w

�0 14
[17]u=Q=mty w |t=wU

NuDh = 0 023ReD0 8
h Prn

n = 0 4 heating
n = 0 3 cooling

[18]QDrw@ w TDw}O

NuDh = 0 023a�0 45ReD0 8
h PrnB [19]Ovo} w

NuDh =
f
8 ReDhPr

�+12 7
q
f
8 (Pr2=3�1)

C

C =
�
1 +

�
Dh
Lhx

�(2=3)
�
FannK

� = 1 07 + 900
ReDh

� 0 63
1+10 Pr

K =
�
Pr
Prw

�0 11
; Fann = 0 75� a�0 17

f = (1 8 log10(Re�)� 1 5)�2

Re� = ReDh
(1+a2)ln(a)+(1�a2)

(1�a)2ln(a)

[20]|mUv}r}vo

O}=@ |tQH |@OV}=Ri= Q=@ Qy =@ 'syv s=o QO |tQH |@OV}=Ri= CQwY QO "10 s=o
' _m < _mmax \QW uOW xOQw;Q@ CQwY QO "OQm |UQQ@ =Q _m C}rw@kt \QW
'(n = n � 1) x}L=v uO=O Vy=m R= Oa@ CQwY u}= Q}e QO w sDiy s=o R=

&O@=}|t xt=O= sWW s=o R= C=@U=Lt
|UQQ@ w xOvvmlvN p=}UCtU QO Rri |=tO Q=Okt uOWXNWt R= Oa@ "11 s=o
ltm x@ u=wD|t =Q (Twg) d=O R=o CtU QO Rri |=tO 'u; C}rw@kt \QW

&OQm x@U=Lt 11 xrO=at
q00(x) = kst

t (Twg(x)� Tw(x)))
Twg(x) = Tw(x) + q00(x)�t

kst

(11)

CQwY u}= x@ Twg C}rw@kt \QW "OwW|t |UQQ@ Twg C}rw@kt \QW "12 s=o
QO 'OW=@ Twa R= QDW}@ =} QDtm OYQO 10 xOwOLt QO O}=@ Twg |=tO xm CU=
|}=tO \QW =D O=O V}=Ri= =} Vy=m =Q u=} QH |tQH |@O O}=@ CQwY u}= Q}e

&�OwW|t pta 10 s=o Ovv=ty |tQH |@O V}=Ri= QO� OwW xOQw;Q@
x@U=Lt 2 xrO=at R= xO=iDU= =@ |Q=mlvN p=v=m uwQO pm Q=Wi Ci= "13 s=o
|@ QHD \@=wQ R= '2 xrO=at QO OwHwt l =m]Y= ?} Q[ x@U=Lt |=Q@ "OwW|t
xO=iDU= 2 pwOH j@=]t RmQtsy w |wkrL `]=kt |=Q@ xOW x�=Q= |@ QHDxt}v =}

&OwW|t
�|tQH |@O� w �P0 Qo = "OwW|t |UQQ@ pm Q=Wi Ci= C}rw@kt \QW "14 s=o
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'|}=OD@= x}L=v Q=yJ |=Q@ w xOW ẁQW =yQDt=Q=B x}rw= Q}O=kt =@ |L=Q] OvwQ 'Qo}O
CU= xOQw; CUO x@ =Q p=v=m `=iDQ= w |tQH |@O Q}O=kt '|L=Q] sD} Qwor= j@=]t
l} 'xt=O= QO "CU= xOw@ QDt|r}t 2/4 w x}v=F Q@ sQowr}m 4/9 Q@=Q@ Q=Okt u}= xm
`=iDQ= w |tQH |@O C=Q}}eD OvwQ "CU= xOW |L=Q] 5 x}L=v |=Q@ xv=o =OH p=v=m
|=yQDt=Q=B w CU= xOw@ pw= |Q=mlvN p=v=m |L=Q] QO =yv; C=Q}}eD =@ x@=Wt p=v=m
x@U=Lt x}v=F Q@ sQowr}m 8/2 Q@=Q@ u=} QH |tQH |@O w QDt|r}t wO Q@=Q@ p=v=m `=iDQ=

"CU= xOW
xOvvmlvN p=}UCtU Rri |=tO 'xOvvmlvN p=}Ulr=@ |=tO `} RwD 14pmW
sDU}U uOw@ xr=v=m wO p}rOx@ |L=Q] u}= QO "OyO|t u=Wv =Q d=O R=o CtU |=tO w
'u}=Q@=v@ "CU= xOW x}rw= |yO Q=Okt |}=tO \QW '4 x}L=v |OwQw QO |Q=mlvN
C=Q}}eD w lr=@ |=tO C=Q}}eD "CU= u} wrm 300 Q@=Q@ |OwQw u}= QO lr=@ |=tO

35



u=Q=
mty

w|
Oqw

ixr
=Ct

av/"
""|

OOa
|U

QQ@w
|L

=Q]
sD}Q

wor=&pDv=QB OOa %Pr
&QRw}i}O |L=wv %r

"m xQ=w}O Ct=N[ %t
|v=vw} s�qa �

� pm Q=Wi Ci= %�P0
&m K]U |Q@ R %"

&Pa:s |m}t=v}O CHRr %�
&m=s \UwDt CaQU %�v

&kg=m3 |r=oJ %�
&|wkrL Q]k C@Uv %a

&m Q]k %D
&|UQ=O l =m]Y= ?} Q[ %f

&W=m2:K d=O R=o p=}U CiQty CQ=QL p=kDv= ?} Q[ %hg
&W=m:K Vv=UQ CQ=QL p=kDv= ?} Q[ %K

&m p=v=m pw] %L
&kg=s u=} QH |tQH |@O % _m

&Pa Q=Wi %P
&W=m2 |DQ=QL Q=W %q

&ROrwv} Q OOa %Re
"K =tO %T

=yT}wvQ} R �
&l}D=@=}O; %ad

&lr=@ %b
&d=O R=o %g

&xOvvmlvN p=}U CtU %w
"d=O R=o CtU %wg

Q=QmD xkrL l} QO sD} Qwor= 'OQm |L=Q] |Q=mlvN p=v=m l} u=wDv |Q=mlvN
|t=tD |=Q@ xm |}=H =D Ovm|t |L=Q] |Q=mlvN p=v=m 'QDtm |L=wv O=OaD |=Q@
xvwtv wO 'j}kLD u}= G}=Dv VN@ QO "OW=@ xOW |L=Q] |Q=mlvN sDU}U '|L=wv
Q=W `} RwD 'pw= xr�Ut QO "OW x�=Q= Q[=L sD} Qwor= =@ |Q=mlvN sDU}U |L=Q]
sDU}U l} w Ow@ xOW xDiQo Q_vQO QRw}i}O hrDNt |L=wv |wQ Cw=iDt |DQ=QL
|Oa@ xr�Ut QO 'u}vJty "OW |L=Q] |D=@U=Lt Om \UwD xr=v=m lD |Q=mlvN
\UwD C}=yv QO 'Ow@ xOW p=ta= QRw}i}O Kw]U x}rm QO |v=QL@ |DQ=QL Q=W xm
QO 'Qo}O CQ=@a x@ "OW |L=Q] xr=v=m wO |Q=mlvN sDU}U l} |D=@U=Lt Om
u=mt= 'R=Ht Q=Wi Ci= xv}W}@ w |tQH |@O xv}W}@ |=yO}k x@ xHwD =@ swO xr�Ut
wO |Q=mlvN sDU}U w xDW=Ov OwHw xr=v=m lD |Q=mlvN sDU}U l} |L=Q]
sDU}U pm QO Q=Wi Ci= w |}=tO |=yp}rLD 'C}=yv QO "CU= xOW |L=Q] xr=v=m
Q=Qk O}}=D OQwt |OOa |R=Ux}@W =@ =y|L=Q] CLY w CiQo Q=Qk |UQQ@ OQwt

"CiQo

s�qa CUQyi
u}Dq s�qa �

&m2 '`]kt K]U %A
&J=kg:K xS} w |}=tQo C}iQ_ %Cp

&m |m}rwQO}y Q]k %Dh
&m p=v=m `=iDQ= %h

&W=m2:K CiQty CQ=QL p=kDv= ?} Q[ %hw
&W=m:K xQ=OH Vv=UQ CQ=QL p=kDv= ?} Q[ %Kst

&M=t OOa %M
&CrU=v OOa %Nu

=yCWwv=B
1. High Altitude Test Facility
2. Regenerative Cooling
3. Water-Jacket
4. Matlab
5. Ansys Workbench
6. Ansys Geometry
7. Ansys Meshing
8. Ansys Fluent
9. Coupled

�References� `@=vt
1. Kumaran, R.M., Sundararajan, T. and Manohar,

D.R., 2010. Performance evaluation of second-
throat di�user for high-altitude-test facility. Journal

of Propulsion and Power, 26(2), pp.248-258.
https://doi.org/10.2514/1.43298.

2. Park, B.H., Lim, J., Park, S., Lee, J.H. and Yoon,
W.S., 2012. Design and Analysis of a second-
throat exhaust di�user for altitude simulation. Jour-
nal of Propulsion and Power, 28(5), pp.1091-1104.
https://doi.org/10.2514/1.B34342.

3. Marchi, C.H., Laroca, F., Silva, A.F.C.D. and Hinckel,
J.N., 2004. Numerical solutions of 
ows in rocket
engines with regenerative cooling. Numerical Heat
Transfer; Part A: Applications, 45(7), pp.699-717.
https://doi.org/10.1080/10407780490424307.

4. Ulas, A. and Boysan, E., 2013. Numerical analysis of re-
generative cooling in liquid propellant rocket engines.
Aerospace Science and Technology, 24(1), pp.187-197.
https://doi.org/10.1016/j.ast.2011.11.006.

5. Brewster, M.Q., 1989. Radiation-stagnation 
ow model
aluminized solid rocket motor internal insulator heat

36



1|
xQ=t

W'
40

|xQ
wO'

�14
03

Q=y@
�h

}QW
l}

v=mt
|U

Ovyt transfer. Journal of Thermophysics and Heat Transfer,
3(2), pp.132-139. https://doi.org/10.2514/3.139.

6. Li, K.Z., Shen, X.T., Li, H.J., Zhang, S.Y., Feng,
T. and Zhang, L.L., 2011. Ablation of the car-
bon/carbon composite nozzle-throats in a small
solid rocket motor. Carbon, 49(4), pp.1208-1215.
https://doi.org/10.1016/j.carbon.2010.11.037.

7. Fouladi, N., Mirbabaei, S.A. and Khosroanjom, M.,
2019. Experimental Study of the supersonic exhaust
di�user spray cooling system. Amirkabir Journal of
Mechanical Engineering, 52(7), pp.61-70. [In Persian].
https://doi.org/10.22060/mej.2019.15138.6038.

8. Massier, P.F. and Roschke, E.J., 2013. Exper-
imental investigation of exhaust di�users for
rocket engines. Progress In Astronautics and Rock-
etry: Liquid Rockets and Propellants, 2, pp.3-75.
https://doi.org/10.2514/4.864759.

9. Yim, K., Kim, H. and Kim, S., 2014. A Nu-
merical study on 
ow and heat transfer character-
istics of supersonic second throat exhaust di�user
for high altitude simulation. Journal of the Ko-
rean Society of Propulsion Engineers, 18(5), pp.70-78.
https://doi.org/10.6108/KSPE.2014.18.5.070.

10. Group, P.R., 2016. Arash22 motor development serial
tests, space transportation research institute (STRI).
Upper Stage IranSat2 Project, Report Number: STRI-
SC9SDC11Y/01-R-I-03/49. [In Persian].

11. Farahani, M., Fouladi, N. and Mirbabaei, A., 2019.
Design and analysis of a cooling system for a
supersonic exhaust di�user. Proceedings of the In-
stitution of Mechanical Engineers, Part G: Jour-
nal of Aerospace Engineering, 233(14), pp.5253-5263.
https://doi.org/10.1177/0954410019840970.

12. Group, P.R., 2020. Thermal protection of di�user metal
body using a cooling system. Tehran, Space Transporta-
tion Research Institute, Report Number: Stri-Ssd9980-
01-R. [In Persian].

13. Jo, S., Han, S., Kim, H.J. and Yim, K.J., 2021. Numer-
ical study on the 
ow and heat transfer characteristics
of a second throat exhaust di�user according to varia-
tions in operating pressure and geometric shape. Ener-
gies, 14(3), https://doi.org/10.3390/en14030532.

14. Fouladi, N., Farahani, M. and Mahdian, M., 2022.
Numerical Investigation of coolant 
ow pressure ef-
fect on the water jacket design for large scale dif-
fuser at high heat 
uxes. Space Science, Technol-
ogy & Applications, 2(1), pp.34-50. [In Persian].
https://doi.org/10.22034/JSSTA.2022.328818.1077.

15. Mahdian, M., 2021. Design and analysis of an optimal
cooling system for a supersonic exhaust di�user using
a water jacket. Master's Thesis, Dept. Aerospace Eng.,
Sharif Univ. of Tech., Tehran, Iran. [In Persian].

16. Dirker, J. and Meyer, J.P., 2004. Convec-
tion heat transfer in concentric annuli. Ex-
perimental Heat Transfer, 17(1), pp. 19-29.
https://doi.org/10.1080/08916150490246528.

17. Swamee, P.K., Aggarwal, N. and Aggarwal,
V., 2008. Optimum design of double pipe

heat exchanger. International Journal of Heat
and Mass Transfer, 51(9-10), pp.2260-2266.
https://doi.org/10.1016/j.ijheatmasstransfer.2007.10.028.

18. Dittus, F.W. and Boelter, L.M.K., 1930. University of
california publications on engineering. University of Cal-
ifornia Publications in Engineering, 2, p.371.

19. Wiegand, J.H., 1945. Discussion on annular heat transfer
coe�cients for turbulent 
ow. AIChE, 41, pp.147-153.
https://cir.nii.ac.jp/crid/1573950399020515328.

20. Gnielinski, V., 2009. Heat transfer coe�cients
for turbulent 
ow in concentric annular ducts.
Heat Transfer Engineering, 30(6), pp.431-436.
https://doi.org/10.1080/01457630802528661.

21. Jones, O.C. and Leung, J.C.M., 1981. An improvement
in the calculation of turbulent friction in smooth con-
centric annuli. Journal of Fluids Engineering, 103(4),
pp.615-623. https://doi.org/10.1115/1.3241781.

22. Bhatti, M.S., 1987. Turbulent and Transition Flow
Convective Heat Transfer In Ducts. Handbook of
single-phase convective heat transfer [Preprint].
https://cir.nii.ac.jp/crid/1573387448915440896.

23. Kaneda, M., Yu, B., Ozoe, H. and Churchill, S.W., 2003.
The characteristics of turbulent 
ow and convection in
concentric circular annuli. Part I: Flow International
Journal of Heat and Mass Transfer, 46(26), pp. 5045-
5057. https://doi.org/10.1016/S0017-9310(03)00365-X.

24. Bergman, T.L., Incropera, F.P., DeWitt, D.P.
and Lavine, A.S., 2011. Fundamentals of Heat
and Mass Transfer. 6 Ed., John Wiley & Sons.
https://books.google.com/books?id=vvyIoXEywMoC.

25. MATLAB version 9.4.0.813654 (R2018a), In, The Math-
works, Inc., Natick, Massachusetts.

26. Ansys Workbench (2019 R1)- Fluid Flow (Fluent)-in
2019.

27. Vicente, P.G., Garc�a, A. and Viedma, A., 2004. Ex-
perimental investigation on heat transfer and frictional
characteristics of spirally corrugated tubes in turbulent

ow at di�erent Prandtl numbers. International
Journal of Heat and Mass Transfer, 47(4), pp. 671-681.
https://doi.org/10.1016/j.ijheatmasstransfer.2003.08.005.

28. C�orcoles- Tendero, J., Belmonte, J., Molina, A. and
Almendros-Ib�a~nez, J., 2018. Numerical simulation of the
heat transfer process in a corrugated tube. International
Journal of Thermal Sciences, 126(July 2017), pp. 125-
136. https://doi.org/10.1016/j.ijthermalsci.2017.12.028.

29. Guide, A.F.T., 2013. Ansys 
uent tutorial guide. Ansys
INC nd, 15.

30. Fouladi, N., Mohamadi, A. and Rezaei, H., 2016.
Numerical design and analysis of supersonic ex-
haust di�user in altitude test simulator. Modares Me-
chanical Engineering, 16(8), pp.159-168. [In Persian].
http://dorl.net/dor/20.1001.1.10275940.1395.16.8.31.8.

31. Mirbabaei, A., 2018. Design and analysis of hot gas dif-
fuser for high altitude simulation. Master of Science The-
sis, Department of Aerospace Engineering, Sharif Uni-
versity of Technology, Tehran, Sharif University of Tech-
nology. [In Persian].

37


