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'|aw[wtOvJ |R=Uxv}y@ xr�Ut =@ u=v}t]= C}r@=k ?} QkD xr�Ut s=eO= =@ "OvOW
MDO |};Q=m ẁ[wt u}= "OwW|t xi=[= |L=Q] xr�Ut x@ |vwQO xkrL l}
"OyO|t Q=Qk Q}F-=D CLD |O=} R OL =D nQR@ w \UwDt p�=Ut QO XwYNx@ =Q
Q=DN=U R= xO=iDU= =@ [20]Vv=Q=mty w R�wU w [19]uJ w wO [18]Vv=Q=mty w Mwm
u}rw= |=Q@ AAO Q=DN=U \UwD 13wrQ=m Cvwt |Q=OQ@xvwtv R= xO=iDU= =@ w |R=wt
R�wU [21]"OvOQm |Ov@pwtQi =Q 14u=v}t]= C}r@=k Q@ |vD@t MDO xr�Ut Q=@
|D=@U=Lt xv} Ry Vy=m Crax@ MU=B K]U pOt VwQ R= |Qo}O VywSB QO
p=w=o ; "OQm xO=iDU= u=v}t]= C}r@=k ?} QkD |=Q@ |Q=OQ@xvwtv |=yVwQ x@ C@Uv
p}rLD hPL =@ [24]Vv=Q=mty w uw w [23]Vv=Q=mty w uwH [22]'Vv=Q=mty w
w |=xkrL wO Q=DN=U l} 15'u=tRty |L=Q] w p}rLD OQm} wQ j} Q] R= |aw[wt
pw= x@DQt ?} QkD =@ |rN=O xkrL QO u=v}t]= C}r@=k |@=} RQ= u; QO xm |L]UlD

[7]"MPP xrY=i QO Ow}k |}=Hx@=H |UOvy swyit "1 pmW

"CU= (RIA) xO}J}B Ow}k CLD xO=U `@=D l} |=Hx@ xO=U Ow}k CLD xO}J}B `@=D
3 x]@=Q j@=]t s=i |r=tDL= O}k |=Q@ u=v}t]= C}r@=k u}tND xkrL Cr=L u}= QO
Ctw=kt w |}=Qoty CaQU O}k w hOy `@=D uOQm =Hx@=H =@ `k=w QO [6]"Ow@ Oy=wN

"O@=}|t V}=Ri= COWx@ |]NQ}e p�=Ut QO XwYNx@
minGi (u)

S:T kuk = �i
(3)

RBDO xr�Ut |=yQ=DN=U "2"2
u=v}t]= C}r@=k u}tND w |rY= |R=Uxv}y@ xkrL wO 'RBDO p�=Ut pL QO
?}DQD w uDiQo Q=Qk xwLv w OvDUy xDU@=w Qo}Om} x@ xkrL wO u}= "OvQ=O OwHw u=tRsy
|}=Qoty CaQU w |D=@U=Lt xv} Ry QO |QU =} w |R=wt pmW x@ xr�Ut wO u}= pL
R= TB OQm} wQ u}= QO "OW K} QWD p@k VN@ QO |R=wt OQm} wQ "Ow@ Oy=wN QF-wt
|rY= |R=Uxv}y@ xr�Ut QO |r=tDL= Ow}k 'u=v}t]= C}r@=k u}tND xkrL |}=Qoty
u}tND xr�Ut l} CNU O}k Qy |=R=x@ xmv}= x@ xHwD =@ "OvQ}o|t Q=Qk |@=} RQ= OQwt
q=@ |r=tDL= Ow}k O=OaD =@ p�=Ut |=Q@ |D=@U=Lt xv} Ry 'OQ=O OwHw u=v}t]= C}r@=k
OQm} wQ "OyO|t CUO R= =Q OwN |}=Q=m `k=w QO w xDi=} V}=Ri= COWx@ VwQ u}= QO

[7]"OW KQ]t uJ w wO \UwD Q=@ u}rw= |R=wtVwQ pmWt `iQ Qw_vtx@ |QU
|=Q@ u; R= TB w xOW pL u}at CQwYx@ |R=Uxv}y@ xr�Ut 'OQm} wQ u}= QO
|=yQ}eDt 'Oa@ Q=QmD QO 'TBU "OwW|t s=Hv= u=v}t]=C}r@=k|@=} RQ= xv}y@ |=yQ}eDt
xm |v=tR =D Ov}=Qi u}= w OvwW|t =Hx@=H p@k xkrL MPP xR=Ov=x@ Q=OC}a]ksOa
xR=Ov=x@ xmv}= |=Hx@ '`k=w QO "O@=}|t xt=O= 'OvQ}o Q=Qk pw@k p@=k xOwOLt QO Ow}k
pmW j@=]t MPP xR=Ov=x@ CNU Ow}k 'OwW xDiQo xrY=i CNU Ow}k R= MPP

u=v}t]= C}r@=k |@=} RQ= w |R=Uxv}y@ ,=Lq]Y= VwQ u}= x@ "OvwW|t =Hx@=H 1
"OwW|t xDio 6|QU

C}r@=k Q@ |vD@t |aw[wtOvJ |L=Q] |R=Uxv}y@ "3
u=v}t]=

|R=Uxv}y@ w |L=Q] |=yQ=DN=U 1994 p=U QO Vv=Q=mty w QtQm 'Q=@ u}rw= |=Q@
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=tl
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aw[
wtOv

J|
L=Q]

|R=
Uxv

}y@

C}r@=k p}rLD Q=DN=U CLD |aw[wtOvJ |L=Q] |R=Uxv}y@ "1"3
|@D=QtxrUrU u=v}t]=

|}=Qoty COWx@ Ov=wD|t UMDO p�=Ut QO C}a]ksOa p=ta= w |Q}oxQy@ xwLv
QO C}a]k sOa Q=WDv= p}rOx@ ẁ[wt u}= "OyO Q=Qk Q}F-=D CLD =Q xr�Ut pm
"CU= u=v}t]= C}r@=k p}rLD w |aw[wtOvJ p}rLD QO u; Q}F-=D w C=aw[wt
"OwW|t s}UkD |r=wDt w |R=wt xDUO wO x@ RBDO x@=Wt RBMDO Q=DN=U
xO=iDU= ,qta \UwDt p�=Ut QO |DL |};Q=m sOa p}rO x@ |R=wt |=yQ=DN=U
R=Uxv}y@ |@D=QtxrUrU |=yxkrL x@ SMRA |L=Q] xr�Ut Q=DN=U "OvwW|tv
'|aw[wt n sDU}U l} |=Q@ "OwW|t s}UkD u=v}t]= C}r@=k p}rLD w |rY=
QO "u}at CQwYx@ MDO xr�Ut pL "1 CU= Q} R pL=Qt pt=W xr�Ut u}= Ov}=Qi
C=aq]= T=U= Q@ swO xkrL R= w xOW pL u}at CQwYx@ MDO xr�Ut pw= xkrL

"OwW|t |Ov@pwtQi 4 x]@=Q j@=]t MDO xr�Ut p@k xkrL
min�

ds;di;�Mxs ;�
M
xi

� f �ds; di; �Mxs ; �Mxi ; pMi ; y:iM�
S:T :

G
i
(ds; di; �Mxs � s(i)

s ; �Mxi � s(i)
i ; yMPP (i)

:i ; pMPP (i)
k�1

i ) � 0
g
i �
ds; di; �Mxs ; �

M
xi ; y:i

M ; pMi
� � 0

y:iM = y:i
�
ds; di; �Mxs ; �

M
xi ; y

M
ji
�

s(i)
s = �M

(i)k�1
xs � xMPP (i)

k�1
s

s(i)
i = �M

(i)k�1
xi � xMPP (i)

k�1
i

(4)

Q=OQ@ ?}DQDx@ �Mxi w �Mxs 's=i ẁ[wt u}at O}k gi 's=i ẁ[wt CNU O}k %Gi
p@k xkrL xv}y@ Q=Okt =@ Q@=Q@ w xOw@ s=i ẁ[wt w lQDWt |r=tDL= |=yQ}eDt u}ov=}t
w s(i)
i "CU= u; u}ov=}t =@ Q@=Q@ w s=i ẁ[wt |r=tDL= |=yQDt=Q=B Q=OQ@ pMi "OvDUy

'XMPP (I)K�1
S "OvDUy lQDWt w |aw[wt |=yQ}eDt |}=Hx@=H |=yQ=OQ@ s(i)

s

p}rLD R= xOt; CUO x@ Q}O=kt yMPP (I)
:i w pMPP (I)K�1

i w XMPP (I)K�1
i

"OvDUy k � l xkrL u=v}t]= C}r@=k
'u(i)
p |r=tDL= |=yQDt=Q=B |=Q@ "xv}y@ C=YDNt QO u=v}t]= C}r@=k p}rLD "2

OQ=Ov=DU= |Uwo |=[i QO y(i)
:i Cr=L Q}eDt w u(i)

s w u(i)
i |r=tDL= |=yQ}eDt

|w=UD Ow}k =} Cr=L CqO=at "OwW|t s=Hv= 5 x]@=Q j@=]t s=i |r=tDL= O}k |=Q@
"OvwW|t s}_vD Q_v Ot MDO Q=DN=U j@=]t

max
(u(i)
s ;u(i)

i ;u(i)
p )

Gi
�
ds; di; u(i)

s ; u(i)
i ; u(i)

p ; y(i)
:i

�
S:T :


u(i)

s ; u(i)
i ; u(i)

p




 = �t

y(i)
:i = y:i(ds; di;

�
�Mxs + u(i)

s �s
�
;�

�Mxi + u(i)
i �i

�
; y(i)
ji )

(5)

C}r@=k |=yp}rLD w R=Uxv}y@ R= s=Om Qy |=R=x@ "|}=Qoty |=yQ=}at |@=} RQ= "3
Q}O=kt '|}=Qoty sOa CQwY QO "OQ=O OwHw |}=Qoty Q=}at '|r=tDL= Ow}k u=v}t]=
MPP =@ Q@=Q@ |r=tDL= |=yQDt=Q=B 'p@k xkrL xv}y@ Q=Okt =@ Q@=Q@ O}OH xkrL x}rw=
p}rLD xkrL |HwQN w xv}y@ Q=Okt R= |r=tDL= |=yQ}eDt |}=Hx@=H Q=OQ@ w p@k xkrL

"Ov};|t CUOx@ p@k xkrL u=v}t]= C}r@=k

[26]"MDO xr�Ut QO u=v}t]= C}r@=k |@=} RQ= xkrL "2 pmW

|=yQ}eDt V}=Ri= Crax@ "OvO=O xaUwD =Q CWo|t x@U=Lt 16Qm =D � u=m � VQm
OvOw@v Ot;Q=m C@Uvx@ KKT T=U= Q@ xDi=}xaUwD |=yVwQ 'xr�Ut Ow}k w |mtm
|@U=vt CkO ?} QkD |=]N V}=Ri= p}rO x@ q=@ Ow}k O=OaD =@ nQR@ p�=Ut QO w

[25]"OvDW=Ov
|L=Q] xr�Ut |=yxkrL l}miD 'RBMDO QFwt pL QO Qo}O |SD=QDU=
p}rLD w u}at MDO |r=wDt |=yxkrL |Q}oQ=Qk T=U=Q@ VwQ u}= xO}= "CU=
|aw[wtOvJ u=v}t]=C}r@=k|@=} RQ= u=wvaCLD 17|aw[wtOvJ u=v}t]=C}r@=k
Q=DN=U x@=Wt |aw[wt lD p�=Ut |=Q@ SORA Q=DN=U x@=Wt 18|@D=QtxrUrU

"CiQo pmW 2 pmW
CQ=@ax@ "Ovm|t =i}= |O}rm Q=}U@ Vkv RBMDO |}=Q=m QO MRA Q=DN=U
|aw[wtOvJp}rLD x@\w@ QtRBMDOp�=Ut QOC=@U=Lt R=|O=} R Q=Okt 'Qo}O
"OwW|t QQmt |=y|@=} RQ= j} Q] R= |aw[wtOvJ u=v}t]= C}r@=k p}rLD w
=Q RIA |@} QkD OQm} wQ 'RBMDO |}=Q=m V}=Ri= Qw_vtx@ T}�wr w hwQOv=Umr=
C}r@=k p}rLD VwQ u}= QO OvJQy [27]"OvOQm s=eO= IDF |aw[wtOvJ Q=DN=U =@
|aw[wt u=}t \@=wQ ^iL =t= 'CiQo|t Q=Qk xr�Ut QO |R=wt CQwYx@ u=v}t]=
QO |aw[wt p}rLD xkrL OwHw x@ C@Uv Q=DN=U u}= QO |mtm |=yQ}eDt \UwD
uy=v=tO=B "OQm ltm u=v}t]= C}r@=k p}rLD xkrL QDy@ OQmrta x@ 'MDF Q=DN=U
xm Qw]v=ty =t= [28]"OvOQm xO=iDU= CSSO Q=DN=U w RIA ?}mQD R= R}v pD@ w
VwQ R= uwwm w u; "CW=O x=Qty x@ =Q |}=Qoty CqmWt RIA |}=Qoty 'OW xQ=W=
XNWt w OvOQm xO=iDU= BLISS Q=DN=U QO pw= xHQO u=v}t]= C}r@=k ?} QkD
wO [4]"OQ=Ov |@U=vt OQmrta |]NQ}e |r=tDL= Ow}k =@ xyH=wt QO VwQ u}= OW
PMA OQmrta |Q}oxR=Ov= OQm} wQ =@ IDF w MDF s=eO= R= R}v Vv=Q=mty w
xm OW xO=O u=Wv xar=]t u}= QO [29]"OvOQm xO=iDU= u=v}t]= C}r@=k ?} QkD |=Q@
QO |mtm |=yQ}eDt V}=Ri= w MDF-PMA QO u=v}t]= C}r@=k p}rLD V}=Ri=
C}r@=k p}rLD |Q}oQ=Qk xr�Ut "OwW|t =yu; |Ot;Q=m =v ?Hwt 'IDF-PMA

w xDiQo Q=Qk |UQQ@ OQwt |O=} R |=yVywSB QO DMDO =@ s=eO= QO u=v}t]=
u=wva CLD DMDO Q=vm QO |@D=QtxrUrU uDiQoQ=Qk w MRA xkrL |R=U=OH
OQmrta |D=@U=Lt xv} Ry w u=tR Q_vt R= 'q=@ Ow}k =@ nQR@ p�=Ut |=Q@ SMRA

[32�30]"CW=O |QDxv}y@ Q=}U@
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|xQ
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Q=y@
�h

}QW
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v=mt
|U

Ovyt

"Q}Ut Ow}k ?UL Q@ `=iDQ= w CaQU |=Q@ pw@k p@=k xOwOLt "3 pmW

'13 x]@=Q|rQDvm |=yQ}eDt C=Q}}eD xOwOLt xDUO xUpt=W pw=ODt Qw]x@ Q}Ut Ow}k
w Q}Ut C=t=Rr= x@ \w@ Qt Ow}k Q}=U w 14 x]@=Q Cr=L |=yQ}eDt |}=yv \}=QW
|m}t=v}OwQ}; |DQ=QL Q=W 'Q=@ ?} Q[ '|m}t=v}O Q=Wi Ovv=t xR=U |=yC}OwOLt
=UB '|rQDvm Kw]U h=QLv= '|rQDvm/|[Qa ?=DW '|}=DU}= |=tO '3 pmW x@=Wt

"OvwW|t """ w
uimin � ui(t) � uimax i = 1; 2
j _ui(t)j � _uimax

(13)��xj(tf )� xf j
�� � �xj j = 1; 2;:::; n (14)

Qs = 9 95306� 10�5p�V 3 07

q1 = 0 5�V 2

nT = 1
2mg0 �V

2S
p
CL2 + CD2

(15)

R=}v OQwt `=iDQ= =} |r=oJ 'x_Lr Qy QO R=Ht xrtL x} w=R pk=OL x@U=Lt Qw_vtx@
Q=Wi QFm =OL w R=Ht |m}t=v}OwQ}; CQ=QL QFm =OL \}=QW QO sUH uDiQo Q=Qk |=Q@
C}OwOLt "OwW|t x@U=Lt 16 x]@=Q j@=]t Q_v Ot CaQU QO R=Ht |m}t=v}O
|=Q@ 17 xrO=at pL =@ TBU "OQm Oy=wN XNWt |r=oJ QFm =OL =Q |}=yv
=UB ?} Q[ w ;Q@ ?} Q[ 'p@k xrLQt R= xOt; CUOx@ |v=QL@ \}=QW QO Q=@ ?} Q[
[34]"OW Oy=wN G=QNDU= XNWt CaQU QO R=Ht xrtL x} w=R pk=OL =@ Q_=vDt
xQ=wty O}=@ Q=Okt u}= "OW Oy=wN x@U=Lt |v=QL@ xrtL x} w=R O}k '?}DQD u}= x@
QDW}@ �minlim C} Qwt=t C=t=Rr= \UwD xOW XNWt xrtL x} w=R pk=OL R=

"OW=@
�Qsmax = (Qsmax=9 95306� 10�5V 3 07)2

�q1max = q1max=(0 5� V 2)
(16)

q1
mg0

q
CL2(�cr;M) + CD2(�cr;M)� nTmax = 0 (17)

�min(V ) = max(�cr; �minlim) (18)

|=yQiY QO |=xrtHOvJ |@=}uwQO 'xrtL x} w=R |vLvt Ovv=t `@=D l} ?} QkD QO
x@ |@=}uQwO pY=wi QO =Q =]N QFm =OL u=R}t Ov=wD|t hW}@J Ot=aDt |=xrtHOvJ
Oy=wN `@=D xv}y@?} QkDl}hW}@J |=xrtHOvJ |@=}uwQO '`k=w QO "Ov=UQ pk=OL
19 x]@=Q j@=]t hW}@J |=xrtHOvJ \UwD |rQDvm xrtL x} w=R |vLvt [34]"Ow@

Q@xQ=wy=t C=aw[wt |R=UpOt "4
Q}Ut ẁ[wt "1"4

|O=R; xHQOl} w Q}Ut x=oDUO QOCmQL |O=R; xHQO xU CqO=at 'VywSB u}= QO
Q_v Ot 6 j@=]t |vO@ x=oDUO QO Z QwLt |=DU=Q QO �pw= |WtN Owt� l}DUq=
w 7 j@=]t |vO@ x=oDUO QO Vv=QW}B w |rQDvm '|m}t=v}OwQ}; u=tt w =ywQ}v "CU=
|]NQ}e |=ysQD R= "Ow@ Oy=wN 8 j@=]t sUH pw] QO xrtL x} w=R |]N \U@
RmQt |=Q@ CqO=at "CU= xOW Q_v hQY uOw@ lJwm Crax@ xDi=}s}taD C=YDNt

[33]"OvOW xO=O xaUwD xDi=}v pmW Q}}eD sQH
_V = 1

m

�
FBx cos�0 + FBz sin�0 �mg sin 


�
_
 = 1

Vm

��FBx sin�0 + FBz cos�0 �mg cos 

�

+ V cos 

r

_q = 1
Iy
My

_�0 = q � _

��1 = �2�1!n1 _�1 � 2p _�1 � �!2

n1 � p2 � q2� �1
+ 1

M1 sL FBz (x)'1 (x) dx

(6)

FxB = FT x + FAx + FCx
FzB = FT x�1'01 (xT ) + FAx�1'01 (xD) + FCz

�qs
0B@ sL cl� (�;M; x)� (x; t) dx

+
mP
k=1

cl� (�;M; xwk )� (xwk ; t)

1CA
My = �xTFT x�1'01 (xT ) + FT x�1'1 (xT )

+ FAx�1'1 (xD)

�qs(s
L
xcl� (�;M; x)� (x; t)'1 (x) dx

+
mP
k=1

xwkcl� (�;M; xwk )� (xwk ; t)

'1 (xwk )) +MCz

(7)

� (x; t) = �0 (t)� �z (x; t) + 1
u

_�z (x; t)� qx
u

= �0 (t)� '01 (x) �1 (t) + 1
u'1 (x) _�1 (t)� qx

u

(8)

xv}y@ Q}Ut |L=Q] "1"1"4
pk=OL x@ QO=k xmCU=|Q}Ut|L=Q] 'CWoR=@ Q}Ut|R=Uxv}y@ xr�Ut|rY=hOy
hrDNt |=yC}OwOLt w |]NQ}e Ow}k CLD OQmrta XN=W uOQm QFm =OL =}
|Ov@pwtQi 19=Rr@ xr�Ut OQ=Ov=DU= sQi x@ |=xr�Ut u}vJ xv}y@ pQDvm QO "OW=@
u 2 Rn w x 2 Rn Cr=L |=yQ}eDt Q}O=kt uDi=} p=@vOx@ =Rr@ xr�Ut "OOQo|t
"OOQo pk=OL 9 x]@=Q j@=]t =Rr@ hOy `@=D xm CU= |=xvwox@ Q}Ut pw] QO |rQDvm
pw] QO |r=QoDv= OQmrta XN=W g w |v=}=B x]kv OQmrta XN=W � x]@=Q u}= QO
Ow}k '10 sUH |m}t=v}O CqO=at x@ \w@ Qt Ow}k CLD OQmrta `@=D "CU= Q}Ut

[1]"OQ=O Q=Qk 12 Q}Ut Ow}k w 11 |RQt
J =�(x(t0); t0; x(tf ); tf ) +

Z tf

t0
g(x(t); u(t); t)dt (9)

_x(t) = f(x(t); u(t); t) (10)

�(x(t0); t0; x(tf ); tf ) = 0 (11)

C(x(t); u(t); t) � 0 (12)
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|R=
Uxv

}y@|=Q@ |WtN u=tt w |WQ@ |wQ}v '23 x]@=Q j@=]t pO=aD CqO=at uDWwv =@
"Ot; Oy=wN CUOx@ Q@xQ=wy=t R= `]kt QyP

fz = 0 : �fzshear (xi) + fzinertia (xi) + L (xi) = 0P
My = 0 : Mybending (xi) +Myinertia (xi) +

L (xi)xcp (xi) + fzinertia (xi)xcg (xi) = 0
(23)

|QwLt |wQ}v R= pY=LVvD '|WtNVvD Q@ xwqa 'pm |QwLtVvD x@U=Lt |=Q@
"OwW|t x@U=Lt p@k Q}Ut x@=Wt |QwLt ?=DW w =UB |wQ}v R= xO=iDU= =@ R}v

�total = �bending � �axial = Mbc
Iy
� P
A

(24)

|=ypmW Q}}eD Crax@ xR=U QO |}=v=wD=v l} u=wvax@ Vv=tm %Vv=tm |@=} RQ=
VvD "OwW|t h} QaD |Owta w |QwLt |=yQ=@ =@ xyH=wt QO CWoR=@ p@=kQ}e
x@U=Lt 26 w 25 \@=wQ R= lR=v Q=OH xv=wDU= l} QO |v=QL@ |Q=Wi w |WtN

[35]"OvwW|t
�crp = 0 65E t

r

�
1� 0 731

�
1� e 116

p r
t

��
[Mpa] (25)

�crb = 0 65E t
r

�
1� 0 901

�
1� e 116

p r
t

��
[Mpa] (26)

?} Q[ xOvvmC} wkD x@ R=}v uwO@ Vv=tm RwQ@ sOa w xR=U CtqU ^iL Qw_vtx@
"OW=@ OL=w R= QDoQR@ O}=@ pm Vv=tm

Cbuckle = 1
�axial
�crp

+ �bending
�crb

(27)

u}}aD QO sQH s}kDUt C=Q}}eD x@ xHwD =@ 20%|m}D=DU= |Q=O}=B x}W=L |@=} RQ=
|Qt= |L=Q] |] QO |m}D=DU= |Q=O}=B x}W=L ^iL R= u=v}t]= 'xDUwB Ct=N[

"OwW|t |krD |QwQ[
xJQy uOQm l}ORv w Q}Ut |=xR=U |=yC}OwOLt 21%CQ=QL j}=a sDU}U
xH}Dv QO w R=wQB u=tR V}=Ri= ?Hwt OQ@ V}=Ri= w Q=O}=B R=wQB x@ Q}Ut QDW}@
'Qo}O |wU R= "OOQo|t j}=a sDU}U \UwD xOW?PH |DQ=QL Q=@ V}=Ri=
|B QO|B |DwY |=yGwt RwQ@ ?Hwt Q}PBCWoR=@ sUH CwY jwi=t CaQU
'Cra u}ty x@ "OOQo|t sUH lwv QO xS} wx@ =tO |v=yo =v V}=Ri= xH}Dv QO w
w C=t=Rr= =@ xLr=Yt w |@=} RQ= j} Q] R= j}=a Ct=N[ w O=a@= xv}y@ |L=Q]
[36]"CU= Q}PBCWoR=@ s=UH= |L=Q] C=aw[wt R= |m} Q}Ut |=yC}OwOLt
j} Q] R= XNWt |v=tR xR=@ l} QO j}=a \UwD xOW?PH CQ=QL Q=Okt
=tO R= |a@=D Cconductivity j}=a C}=Oy ?} Q[ "O};|t CUOx@ 28 xrO=at

"CU=
QConductiveTPS = s tft0 _qabsSdt

= CConductivity�TPStTPSS (tf � t0) (28)

|R=Ux}@W "5
|HvUxLY "1"5

|aw[wtOvJu=v}t]=C}r@=ku}tND Q=DN=U wO =@|L]Ul}|rY=?wJQ=yJ xU
MDO xr�Ut |Ov@pwtQi |HvUxLY Qw_vtx@ [26]`HQt j@=]t |QU w |R=wt
xm Qw]v=ty "Ov=xOW ?=NDv= |D=@U=Lt xv} Ry CyH R= |};Q=m |UQQ@ w u}at=v

hW}@J |=xrtHOvJ x}=B `@=D u}t=k =@ Q@=Q@ x]@=Q IN�k u}= QO "OwW|t xOR ?} QkD
w |=xrtHOvJ |rY= Q}eDt � "Ow@ Oy=wN u; Q_=vDt ?} Q[ �Nak w N� x@DQt
Q=OQ@ "OOQo|t h} QaD 20 x]@=Q j@=]t CaQU R= |a@=D CQwYx@ [�1; 1] xR=@ QO
|=yQ}eDt Q=OQ@ Qov=}@ X = [ �N�1 �N�2 ::: �N�N� ] 2 [0; 1] ?}=Q[
|Q}op=QoDv= w XNWt |rQDvm x} w=R |vLvt 'Q=OQ@ u}= u}}aD =@ "OvDUy |L=Q]

[1]"OQ}o|t CQwY Cr=L CqO=at |OOa

�(�) =
N�P
k=1

�N�k IN�k (�)

�(V ) = (1� �(�))�min(V ) + �(�)�max

(19)

� = 2V (t)� V0
Vf � V0

� 1 (20)

xR=U ẁ[wt "2"4
|v=QL@\}=QW uOWXNWt w Q@xQ=wy=t Q@ OQ=w |=yQ=@ u}}aD R=TB %VvD|@=} RQ=
Ct=N[ u}}aD |=Q@ |rY= Q=}at wO xDUwB Vv=tm w VvD '|L=Q] x]kv u=wvax@
w xOW |Ov@s}UkD lJwm `]=kt x@ Q@xQ=wy=t xvO@ '|m}D=DU= p}rLD QO "Ow@ Ovy=wN
CtUk Qy =@ Q_=vDt sQH RmQt w Q=Wi RmQt '|m}t=v}OwQ}; ?}=Q[ `} RwD 'sQH `} RwD
xrtL x} w=R Q=Okt "OwW|t x@U=Lt |R=wQB \}=QW x@ xHwD =@ 'Q@xQ=wy=t pw] QO
"Ot; Oy=wN CUOx@ xrtL x} w=R \U@ R= xvO@ R= CtUk Qy |m}t=v}OwQ}; RmQt QO
"CU= sQH RmQt QO u; Q_=vDt Q=Okt =@ Q@=Q@ w C@=F sUH pw] QO |=x} w=R ?=DW
CtUk Qy C}akwt x@U=Lt x@ R=}v xvO@ pw] QO |]N ?=DW x@U=Lt |=Q@ =t=
w x@U=Lt 21 x]@=Q R= 4 pmW j@=]t Q=Okt u}= "OW=@|t sQH RmQt x@ C@Uv
'pta u}= =@ "Ov};|t CUOx@ 22 x]@=Q R= sUH pw] QO |UQv}= u=tt w wQ}v
p}O@D |m}t=v}OwQ}; w |UQv}= u=tt w wQ}v CLD O=R; QUwO Q}D l} x@ Q@xQ=wy=t

[35]"OwW|t
zxi = zCGtotal + � (xi � xCG) + �' (xi) (21)

fzinertia (xi) = �(j�zCGjm (xi) + �� (xi � xCG) + ��' (xi))

Minertia (xi) = �
�������� Iy (xi)

(22)

"Q}PBh=]av= Q@xQ=wy=t hrDNt |=yCtUk |}=Hx@=H "4 pmW
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min
d

R tf
t0 Qs(t)dt+ �1(G1 +G2 +G3 +G4 +G5 +G6 +G7) + �2(C1 + C2 + C3 + C4 + C5)

mdry + �1(G8 +G9 +G10 +G11) + �2(C6 + C7 + C8 + C9 + C10 + C11�111 + C112 + C113 + C114)

S:T :

G1 : 9 95306� 10�5p�V (�
V (1)

0
)3 07 � Qmax

G2 : 1
2�V (�

V (2)
0

)2 � q1max
G3 : 1

2mg0 �sV (�
V (3)

0
)2
r

(�czrigid � Sczrigid )2 + C2D(Mach(�
V (3)

0
); �(�

V (3)
0

)) � nmax
G4 :

����V (tf ; �V (4)
0

)� Vf
���� � �Vf

G5 :
����
(tf ; �V (5)

0
)� 
f

���� � �
f
G6 :

����z(tf ; �V (6)
0

)� zf
���� � �zf

G7 :
�����(tf ; �V (7)

0
)� �f

���� � ��f
G8 : �axialtotal (�czflex � Sczflex ; ��(!n(�E(1) ); �cs ; �czflex � Sczflex )) � Sy

nSF

G9 : Cbuckle(�E(2) ) � Cbucklemin

G10 :
xCP (�

V (8)
0

)�xCG
L � SSM

G11 : QconductiveTPS (�cTPS � ScTPS ) � Qallowable
Ck:ck�d[7�121]= 0dLi � di � dUi ; k =

h
1 2 ::: 114

i
; i =

h
1 2 ::: 121

i
(29)

"|R=wt w |QU u=v}t]= C}r@=k p}rLD |=Q@ MDO |L]U l} |=yQ=DN=U xU}=kt "1 pwOH

"u}at=v MDO |L]U l} |=yQ=DN=U |}=Qoty Q=Owtv "5 pmW

|=xrLQt l} ?wJQ=yJ 'CU= XNWt 5 pmW |}=Qoty Q=Owtv w 1 pwOH QO
=@ xU}=kt QO |aw[wtOvJ u=v}t]= C}r@=k u}tND |@D=Qt xrUrU Q=DN=U =@ IDF

Q}eDt O=OaD p}rOx@ MDF w AAO |va} Qo}O |L]U l} l}Uqm Q=DN=U wO
u=}t u}}=B |oDU@=w =@ p�=Ut QO QDxv}y@ OQmrta w AAO x@ C@Uv QDtm |L=Q]
|QD?U=vt ?wJQ=yJ '|aw[wt p}rLD|vwQO xkrL =@ MDF x@C@Uv C=aw[wt
|v=wN=Qi O=OaD x@ xHwD =@ |@D=Qt xrUrU Q=DN=U w xOw@ Q_v Ot |L=Q] xr�Ut |=Q@
|]NQ}e Ow}k O=OaD =@ |L=Q] xr�Ut |=Q@ u=v}t]=C}r@=k u}tND |=Q@ QDu}}=B Q=}U@

"CW=O Oy=wN |QDxv}y@ OQmrta

|L=Q] xr�Ut |Ov@pwtQi "2"5
j} Q] R= C=aw[wt u=}t =yxO=O w C=aq]= u=} QH 'C=aw[wt |R=UpOt R= TB
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[0=0005 0=015] m tstr xDUwB Ct=N[

[0=05 0=12] m tTPS j}=a Ct=N[
[0 1] � dichebyshev i = 1; 2; 3; 4; 5 hW}@J |=xrtH OvJ ?}=Q[

"|RmQt |L=Q] |=yQ}eDt "2 pwOH

"|aQi |L=Q] |=yQ}eDt "3 pwOH
C=Q}}eD xR=@ OL=w Ctqa |aQi |L=Q] |=yQ}eDt
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|aw
[w
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=yQ}

eDt
Q}U

tx@
xR=U[�5104 105] kg M 0i |v}tND xDi=}s}taD sQH

[106 � 7106] Kg:m^2 I0y y QwLt pwL |v}tND K]U swO u=tt
[16=8 16=9] Hz !0n |WtN pw= Owt |v}tND |a}@] Tv=mQi

[18 27] m x0CG |v}tND sQH RmQt

[8 11] � Mach0nmax st} Rm =t |m}t=v}OwQ}; Q=@ QO |v}tND M=t

|aw
[w

t|
=yQ}

eDt
xR=U

x@Q
}Ut

[450 30000] Pa q01nmax
st} Rm =t |m}t=v}OwQ}; Q=@ QO |v}tND |m}t=v}O Q=Wi

[�5 5] m=s^2 ��0nmax st} Rm =t |m}t=v}OwQ}; Q=@ QO |v}tND xDi=}s}taD C=YDNt ?=DW
[0 27] degree �0Delta�Wingnmax

st} Rm =t |m}t=v}OwQ}; Q=@ QO =DrO p=@ xrtL x} w=R
[0 27] degree �0V ertical�Finnmax

st} Rm =t |m}t=v}OwQ}; Q=@ QO u}i xrtL x} w=R
[0 27] degree �0Flexible�Bodynmax

st} Rm =t |m}t=v}OwQ}; Q=@ QO xvO@ xrtL x} w=R Q=OQ@
[32 35] m x0CPmax

|v}tND st}v}t Q=Wi RmQt
[1000 4600] �C �0staticTPSmax

j}=a \UwD xOW ?PH CQ=QL st} Rm =t x]kv QO |v}tND |m}D=DU= |=tO
[90 300] s t0TPSmax

j}=a \UwD xOW ?PH CQ=QL st} Rm =t x]kv QO |v}tND x}v=F

w =yQ}eDt "Ov=xOW p=ta= xr�Ut x@ C=aw[wt u}@ |}=Qoty Qw_vtx@ |w=UD Ow}k w
w =yQ}eDt w 2 pwOH j@=]t |L=Q] |=yQDt=Q=B w =yQ}eDt pt=W |L=Q] |=yQDt=Q=B
QO |v}tND |=yQDt=Q=B w =yQ}eDt "Ow@ Ovy=wN 3 pwOH j@=]t |v}tND |=yQDt=Q=B
"OvDUy Q_vOt ẁ[wt |OwQw w Qo}O C=aw[wt |HwQN Q_=vDt Q=Okt u}tND `k=w
|}=yQDt=Q=B w `=iDQ= w xrtL x} w=R Ovv=t |}=yQ}eDt 'QiUtD= x@ CWoR=@ R=i QO
|D=P |=yC}a]ksOa |rY= `@=vt R= 'wH x@ OwQw x}rw= `=iDQ= w x}rw= CaQU Ovv=t
Ovy=wN xr�Ut MU=B u=v}t]= C}r@=k w uOw@ sw=kt QO |O=} R Q=}U@ Q}F-=D w OvDUy
C}a]ksOa `@=vt u=wvax@ x}rw= CaQU QDt=Q=B w ;Q@ ?} Q[ Q}eDt '=Hv}= QO "CW=O
R= O=wt x@ \w@ Qt X=wN R}v xR=U ẁ[wt QO "OvOW ?=NDv= Q}Ut ẁ[wt QO
R= ?re= CN=U Ov}=Qi x@ \w@ Qt C=aw[wt w |DN=vW C}a]k sOa `@=vt u} QDsyt
w nv=} pwOt w xR=U |}=Q}t ?} Q[ |=yQDt=Q=B 'VywSB u}= QO "OvDUy |Uv=W ẁv
Q=OC}a]k sOa |=yQDt=Q=B u=wvax@ �=tO `@=D� j}=a C}=Oy ?} Q[ Q}eDt u}vJty

"Ov=xOW ?=NDv= p=tQv `} RwD =@ xR=U |DN=vW
|=ys=o pw]x@ |}=yQ=OQ@ Q=OC}a]k sOa |=yQ}eDt 'Q_v Ot |L=Q] xr�Ut QO
|HwQN� ;Q@?} Q[ Ovv=t|aw[wt Q}eDt 'CyH u}ty x@ "OvDUy |R=Ux}@W|v=tR
|=ys=o pmh}OQ O=OaD =@T} QD=tl} CQwYx@ �xR=U w Q}Ut |OwQw wl}t=v}OwQ};
u}= QO "Ow@ Oy=wN Q}PBh=]av= xvO@ |=y|Ov@CtUk O=OaD xR=Ov= x@ uwDUO=OaD w|v=tR
x]kv |YNWt O=OaD QO Q=OC}a]k sOa Q}eDt |=Q@ u=v}t]= C}r@=k |@=} RQ= 'Cr=L
C}=Oy?} Q[ w ;Q@?} Q[ '|}=Hx@=H Q=OQ@ O=H}= R=TB w xOW s=Hv= Q}Ut pw] QO
"O};|t CUOx@ |@=}u=}t j} Q] R= hrDNt |=yu=tR QO |R=Uxv}y@ pw] QO j}=a
xr�Ut 11 pt=W Q=OC}a]k sOa O}k 11 |=Q@ u=v}t]= C}r@=k p}rLD xkrL

"Q}PBh=]av= Q@xQ=wy=t |L=Q] T} QD=t "6 pmW
|L]U l} |L=Q] Q=DN=U QO "O};|t CUOx@ 6 pmW x@=Wt |L=Q] T} QD=t
pta C=aw[wt u=}t |v=} QH |=yxO=O u}tND CyH QO |mtm |=yQ}eDt 'IDF

QO "OW Ovy=wN Q@=Q@ OwN Q_=vDt Q=Okt =@ R=Uxv}y@ QO |w=UD Ow}k pmW x@ w Ovvm|t
|@D=Qt xrUrU Q=DN=U =@ u=v}t]= C}r@=k Q@ |vD@t IDF xr�Ut |Ov@pwtQi 'C}=yv
Ow}k u=v}t]=C}r@=k p�=Ut x@ \w@ Qt xkrL w 29 x]@=Q j@=]t DMDO xkrL pt=W
?}=Q[ ?}DQDx@ �2 w �1 '29 x]@=Q QO "Ow@ Oy=wN 39 =D 30 \@=wQ pt=W CNU
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S:T :u(8)
V0 = � (39)

min
(ucs ;u

(1)
E

;uCzflex
)

Sy
nSF
� �axialtotal

0BBBBB@
�Czflex + uCzflex�Czflex ;

��

0BB@ �cs + ucs�cs ; �Czflex+

uCzflex�Czflex ;

!n
�
�E + u(1)

E �E
�

1CCA
1CCCCCA

S:T :
q

u2Czflex
+ u2

cs + u(1)
E

2
= �

(40)

G}=Dv "6
s=Hv= 22?wretQ}e |R=U?DQt =@ l}DvS sD} Qwor= \UwD |L=Q] xr�Ut |R=Uxv}y@
xU}=kt Patternsearch x}=B u=}O=Qo sD} Qwor= w u}at xr�Ut =@ G}=Dv "CU= xOW
Vy=m l}DvS w x}=B � u=}O=Qo sD} Qwor= wO =@ u}at xr�Ut xU}=kt =@ "CU= xOW
75 =D l}DvS sD} Qwor= QO hOy `@=D |v=wN=Qi O=OaD QO |D=@U=Lt xv} Ry TwULt
xr�Ut =@ G}=Dv |@=} RQ= x@ xHwD =@ 'u}vJty "CU= OwyWt 4 pwOH j@=]t OYQO
xOWx�=Q= u}at=v KQ] xm OQm u=wva u=wD|tVywSB hOy w 8 w 7 |=ypmW QO u}at
?wr]t u=v}t]= C}r@=k x@ |@=}DUO C}r@=k xOWh} QaD |=yC}a]k sOa Qw[L QO
sOa x@ C@Uv xOW x�=Q= KQ] Qo}O u=}@ x@ "OQ=O =Q CUmW uwO@ C} Qwt=t s=Hv= w
x}=Bu=}O=Qo sD} Qwor=|}=v=wD sOa 'u}vJty "CU= xOW sw=kt xOWh} QaD |=yC}a]k
u}ty x@ "CU= OwyWt |QU=QU xv}y@ MU=B x@ uO}UQ QO 8 pmW QO xR=U ẁ[wt QO
|=ysD} Qwor= |rLt stQDUm = u}OvJ =@ xO}J}B |=ysDU}U |R=Uxv}y@ QO 'p}rO
x@ xHwD =@ 'u}vJty "OvDUy |QD?U=vt ?=NDv= |QU=QU |wHwDUH =@ |Q=mD@==Qi
CN=U \}=QW QO Q_v Ot u=v}t]= C}r@=k x@ uO}UQ |=Q@ u}at=v |L=Q] QO 8 pmW
KQ] '`k=w QO "CU= xDW=Ov OwHw ,=@} QkD |QDW}@ xv} Ry hQY x@ R=}v �xR=U ẁ[wt�
sOa |=yQ}eDt w =yQDt=Q=B |=Q@ xOW h} QaD |r=tDL= `} RwD QO xDUv=wD xOW x�=Q=
|QDW}@ xv} Ry hQY uwO@ =Q Q_v Ot u=v}t]= C}r@=k C=YDNt 'xR=U Q=OC}a]k
x}rw= CaQU 'Q}Ut |L=Q] xr�Ut |=yC}a]k sOa u} QDsyt R= |m} "OQw; CUOx@
x}rw= CaQU =@ CaQU Q=Owtv '�9 pmW� CaQU x@ xDU@=w O}k Qy |=R=x@ "CU=

%Ow@ Oy=wN IDF Q=DN=U =@ |R=Uxv}y@
min
(u(1)
V0 )
�Q��V0 + u(1)

V0 �V0
�

+Qmax

S:T :u(1)
V0 = �

(30)

min
(u(2)
V0 )
� q1

�
�V0 + u(2)

V0 �V0
�

+ q1max

S:T :u(2)
V0 = �

(31)

min
(u(4)
V0 )
�
���V (tf ; �V0 + u(4)

V0 �V0)� Vf
���+ �Vf

S:T :u(4)
V0 = �

(32)

min
(u(5)
V0 )
�
���
(tf ; �V0 + u(5)

V0 �V0)� 
f
���+ �
f

S:T :u(5)
V0 = �

(33)

min
(u(6)
V0 )
�
���z(tf ; �V0 + u(6)

V0 �V0)� zf
���+ �zf

S:T :u(6)
V0 = �

(34)

min
(u(7)
V0 )
�
����(tf ; �V0 + u(7)

V0 �V0)� �f
���+ ��f

S:T :u(7)
V0 = �

(35)

min
(uCTPS )

Qallowable �QTPS (�CTPS + uCTPS�CTPS )

S:T :uCTPS = �
(36)

min
(u(3)
V0 ;uCzrigid )

nload � nload
0@ �Czrigid + uCzrigid�Czrigid

; �V0 + u(3)
V0 �V0

1A
S:T :

r
u2

Czrigid
+ u(3)

V0
2

= �
(37)

min
(u(2)
E )
�Cbuckle +Rbuckle

 
�E + u(2)

E �E ; �bending
; �axial; tTPSopt

!
S:T :u(2)

E = �

(38)

min
(u(7)
V0 )

xCP (�
V (8)

0
)�xCG

L � SSM

69



Q=mt
yw

|@}
Ht

xQy]
t/"

""x
Q=wy

=tl
}|

aw[
wtOv

J|
L=Q]

|R=
Uxv

}y@
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"Q@xQ=wy=t sQH RmQt QO xrtL x}w=R Q=Owtv "11 pmW

XNWt 10 pmW `=iDQ= Q=Owtv QO xm Qw]v=ty "OOQo|t ?=DQB pm sQH V}=Ri=
CQ=QL w Q=@ ?} Q[ '|m}t=v}O Q=Wi Ow}k |=[Q= |=Q@ `=iDQ= Vy=m =@ 'CU= xOW
QO "CU= xOW xOy=Wt `=iDQ= l}B 'CaQU QO C}a]k sOa OwHw =@ |m}t=v}OwQ};
sOa OwHw sOa u}at=v w u}at xr�Ut |q=@ j@=]D R}v 11 pmW xrtL x} w=R Q=Owtv

"Ovm|t XNWt xrtL x} w=R |vLvt `@=D x@ \w@ Qt |=yQDt=Q=B QO =Q C}a]k
Q=Okt 'QDt=Q=B u}= x@ xDU@=w O}k Qy 'x}rw= CaQU QO C}a]k sOa x@ xHwD =@
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1. Automation

2. Multidisciplinary Design Optimization (MDO)
3. Most Probable Point (MPP)
4. Reliability Index Approach (RIA)
5. Performance Measure Approach (PMA)
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Ovyt 6. Sequential Optimization and Reliability Assessment (SORA)
7. Multi Discipline Feasible (MDF)
8. Individual Discipline Feasible (IDF)
9. All at Once (AAO)
10. Collaborative Optimization (CO)
11. Concurrent Subspace Optimization (CSSO)
12. Bi-level Integrated System Synthesis (BLISS)
13. Monte Carlo Sampling
14. Reliability-Based Multidisciplinary Design Optimization (RB-

MDO)
15. Simultaneous Analysis and Design (SAND)
16. Karush-Kuhn-Tucker (KKT)
17. Multidisciplinary Reliability Analysis (MRA)
18. Sequential Multidisciplinary Reliability Analysis (SMRA)
19. Bolza Problem
20. Static Stability Margin (SSM)
21. Thermal Protection System (TPS)
22. Non-Dominated Sorting Genetic Algorithm (NSGA II)
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