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p@=m x@ QBtO w Qvi ltmx@ xm lQLDt sQH pt=L p@=m |]N Q}e C=W=aDQ= Q=DWwv u}= QO
=@ 'u; Qo}O |=yDv= w 'C@=F p@=m |=yDv= l} "CU= xDiQo Q=Qk |UQQ@ OQwt 'xOW pYDt

QO ,=t�=O p@=m pw] =t= 'xOW ZQi QiY p@=m |U=tt VvQm "CU= C@=FQ}e '`=iDQ= hqDN=
|}xvwox@ C=Q}}eD u}= "OyO|t V=aDQ= |xR=H= u; x@ 'p@=m pw] Q}}eD u}= w CU= Q}}eD p=L

CQwYx@ p@=m C=W=aDQ= "OwW QiY p@=m C@=F Q}e |=yDv= QO VWm hqDN= xm CU=
y |=DU=Q QO \ki lQLDt sQH xm CU= u}= Q@ ZQi w xOW xDiQo Q_v QO |}xLiYuwQO
R}v w p@=m w lDre u}@ l =m]Y= |wQ}v 'CmQL |Ov@pwtQi G=QNDU= QO "Ovm|t u=Uwv

w 'xDiQo Q=Qk x_Lqt OQwt CU= p@=m |=DU=Q Q@ T=tt u; |=DU=Q xm xOvQ@ wrH |wQ}v l}
|=Q@ "CU= xOt; CUO x@ sQH CmQL R= p@=m CmQL uOw@ QF-=Dt ZQi =@ CmQL CqO=at
xO=iDU= u=tR |xRwL QO \UwDt ?=DW VwQ R= w u=mt |xRwL QO u}mQr=o VwQ R= 'pL
R= pY=L G}=Dv =@ p@=m |]NQ}e V=aDQ= CqO=at pL R= xOt; CUOx@ G}=Dv "CU= xOW
p@=m |L=Q] w p}rLD QO xar=]t u}= G}=Dv "CU= xOW xU}=kt u; *|]N V=aDQ= CqO=at

"CU= xO=iDU= p@=k xQ}e w |r@=m |=yp}kFQH '=yu}@=mxrD

shahani@kntu.ac.ir
mghadiri@dena.kntu.ac.ir

VwQ 'u}mQr=o VwQ 'lQLDt sQH 'p@=m |]NQ}e C=W=aDQ= %|O}rm u=oS=w
"\UwDt ?=DW

xtOkt
pY=L *G}=Dv '|Oa@ C=ar=]t QO [4]"CiQo Q=Qk x_Lqt OQwt CU= CmQL p=L QO
*sQH CmQL |xH}DvQO C}=yv|@ pw] =@ p;xO}= p@=m l} *|m}t=v}O *MU=B *p}rLD R=
sQH |UQv}= Q}F-=D CLD ,=O}OW Ov=wD|t sDU}U l}t=v}O xm O=O u=Wv u; x@ pYDt
CiU *Q=O?}W p@=m l} l}v=mt 1984 p=U QO [5]"OwW `k=w CmQL p=L QO
uOw@u=UWm xm OW u=WvQ]=N w '|UQQ@ |HQ=N |=ywQ}v Q}F-=D CLD 'xOWxO}Wm
u=Wv G}=Dv u}vJty [6]"OQ=O |}=RUx@ Q}F-=D xOWxO}Wm CiU |=yp@=m QO xS} wx@
1989 p=U QO "CU= umttQ}e QiY |oO}tN =@ u=UWm p@=kQ}e p@=m xm OyO|t
|xH}DvQO '|w=Ut `=iDQ= =@ x]kv wO R= u=R} w; u=UWm p@=k p@=ml} |m}t=v}O MU=B
R= 'p}rLD u}= QO [7]"CiQo Q=Qk p}rLD w x} RHD OQwt u; x@ xOWpYDt sQH CmQL
|v}@V}B |=Q@ uwUi=Q � uDw}v |Q=QmD OQwNQ@ w lQ=tw}v s}kDUt |Q}op=QoDv= VwQ

"OW xO=iDU= sDU}U MU=B Q@ OOaDt |=yQDt=Q=B Q}F-=D
u=UWmQ}e p@=m l} |=QPo C=W=aDQ= p}rLD ut[ u}kkLt 2000 p=U QO
l =m]Y= Q}F-=D xm OvO=O VQDUo w \U@ =Q |O}OH pOt 'u; Q@ Q=wU u=@=DW sQH =@
p=U QO u; R= TB [8]"OW|t pt=W =Q p@=m w CmQL p=L QO sQH u=}t |W]re
C@=FCaQU =@ u; |wQ |mQLDt sQH xm |}xOWxO}Wm p@=m |=QPo C=W=aDQ= '2002

Ck}kL QO OvQ=O \=@DQ= p=kDv= w pkv =@ |wLvx@ xm |UOvyt |=yxR=U R= xDUO u;
l}v=mt QO "Ovvm|t Q}}eD C}akwt w u=tR =@ xm OvQ}o|t Q=Qk |}=yQ=@ p=ta= CLD
lQLDt sQH =@ =yp@=m C=W=aDQ= [1]"Ovt=v|t �lQLDt Q=@� =Q|}=yQ=@ u}vJ|UOvyt
1964 p=U QO "CUy w xOw@ C=ar=]t R= |Q=}U@ ẁ[wt 'lQLDt sQH uwO@ w
R= xO=iDU= =@ Ow@ lQLDt sQH l} pt=L xm xOWxO}Wm p@=m l} |m}t=v}O Q=DiQ
C@=F CaQU =@ sQH |UQQ@ u}= QO [2]"CiQo Q=Qk |UQQ@ OQwt |r}rLD |=yVwQ
|xH}DvQO sQH w ?=v] p@=kDt C=QF= R= w Ow@ CmQL p=L QO ?=v] O=ODt= QO
xm =Q |}=Hx@=H ?=DW Q}F-=D '1974 p=U QO u; R= TB "OW Q_vhQY lQLDt Q=@
QO xOWQ=yt CQwYx@ xR=U w CmQL p=L QO *sQH u=}t p@=kDt QF= u; ?Hwtx@
xJv=vJ xm OvOQm u=WvQ]=N =yv; [3]"OvO=O Q=Qk x_Lqt OQwt 'OW|t ^=Lr xr�Ut
xOWv xDiQ}PB ,q@k xm |}=Hx@=H ?=DW C=Q=@a 'CU= Q_v OQwt K}LY |Ov@pwtQi
=@ xm xOQWi Cm =Q =@ |}xmUr=m R}v 1975 p=U QO "OwW `k=w xHwD OQwt O}=@ Ow@
Vv=QV}B |wQ}v QF=CLD w xrk wO u}@ u=R} w; *|Oqwi p@=ml} O=ODt= QOC@=F ?=DW

"1387 2 1 VQ}PB '1386 11 3 |Qw=O '1386 5 31 Ci=} QO %M} Q=D
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"lQLDt sQH |} wQ}v O=R; xQm}B w lQLDt sQH w p@=m V}=tv "1 pmW

|xrO=at "CU= u=tR x@ C@Uv jDWt Qou=}@ ��� C=O Ctqa w �s� x@ C@Uv jDWt
%OwW|t xDiQo Q_v QO 5 |x]@=Q CQwYx@ |O}k

~r 0:~r 0 = 1 (5)

%OwW|t u=}@ 6 |x]@=Q CQwYx@ 1 pmW x@ xHwD =@ R}v lQLDt sQHCmQL |xrO=at
M~am = M~g + ~fm � �N~� �N~n (6)

|wQ}v ~fm = Mf~� 'Vv=Qo ?=DW ~g = gbj 'lQLDt sQH M u; QO xm
?} Q[ � 'sQH Q@ p@=m ptar=Tma N 'u=tR ?ULQ@ swrat `@=D f 'Vv=QV}B
'|U=tt |xm} Q=OQ@ ~� = @x

@s
bi + @y

@s
bj = cos �bi + sin �bj 'l =m]Y=

|x} w=R � w 'p=tQv |xm} Q=OQ@ ~n = � @y@sbi + @x
@s
bj = � sin �bi + cos �bj

�~am� lQLDt sQH ?=DW "CU= X QwLt |=DU=Q w �~� � p@=m Q@ T=tt Q=OQ@ u}@
%OwW|t pY=L 7 |x]@=Q j@=]t

~am = d2

dt2
h
~R (s (t) ; t)

i
= d2

dt2
h
~r (s (t) ; t) + ~h(t)

i
= ~r 00(_s)2+

2 _~r 0 _s+ ~r 0�s+ �~r + �~h (t) (7)

4 |x]@=Q QO "CU= p@=m |=vLv= O=ODt= QO lQLDt sQH |xrY=i s (t) u; QO xm
%OwW|t u=}@ u}vJ ~f |wQ}v

~f = m~g + (N~n+ �N~�) � (s� s) (8)

CmQL Q@ sm =L CqO=at u}=Q@=v@ "CU= l =Q}O |=DrO `@=D � (s� s) u; QO xm
%OvwW|t u=}@ u}vJ 'p@=m CmQL w sQH CmQL R= ?mQt 'sDU}U�

T~r 0
�0 +m~g +

�
M~g + ~fm

�
� (s� s) = m�~r +M� (s� s)h

~r 00
� _s
�2 + 2 _~r 0 _s+ ~r 0�s+ �~r + �~h (t)

i
(9)

QO 6 |x]@=Q R= �N~n+ �N~� � w 8 |x]@=Q R= ~f Q=Okt |Q=Po}=H R= xrO=at u}=
uO=OQ=Qk =@ "CU= xOW pY=L 'CU= p@=m CmQL |xrO=at Qou=}@ xm '4 |x]@=Q
CQ=@a xm O};|t CUO x@ sQH CmQL |xrO=at '6 |xrO=at QO 7 |x]@=Q R= ~am

%R= CU=
M
h
~r 00
� _s
�2 + 2 _~r 0 _s+ ~r 0�s+ �~r + �~h (t)

i
= ~fm +M~g�

[N~n+ �N~� ] ; s = s (t) (10)

C=W=aDQ= |xr�Ut p}rLD |=Q@ [9]"CiQo Q=Qk |UQQ@ OQwt CU= CmQL p=L QO
Ansys Q=Ri=sQv QO |]NQ}e OwOLt <=RH= VwQ R= 'u=tR =@ Q}eDt p@=m � sQH
CaQU w uRw Ovv=t 'syt |=yQDt=Q=B |NQ@ QF= j}kLD u}= QO "CU= xOW xO=iDU=
|OOa G}=Dv "CU= xOW |UQQ@ p@=m |x}rw= |WWm |wQ}v u}vJty w 'lQLDt sQH
x@ |WWm |wQ}v xv}W}@ w p@=m \Uw R}N C=Q}}eD xm CU= u; Qou=}@ xOt; CUO x@

"OQ=O |oDU@ lQLDt sQH CaQU
|=Q=O *s=QH= pt=L |=yp@=m|]N C=W=aDQ=|rN=O u}kkLt R}v 2002 p=U QO
[10]"OvO=O Q=Qk |UQQ@ OQwt u}mQr=o *|r}rLDxt}v w |r}rLD VwQx@ =Q j}raD *sDU}U
p=@k QO� lQLDt sQH |UQv}= CtUk R= sDU}U |UQQ@ QO Qo = xm OvO=O u=Wv u=v;
mg pO=at |wQ}v =@ sQH ,=iQY w Q_vhQY �p@=m uRw Q@=Q@ QO sQH uRw uOw@sm
Cr=L xm OvDW=O u=}@ u}vJty u=v; "OwW|t pY=L |oQR@ |=]N OwW p}rLD
"OwW|t xv}tm |W@vH |SQv= u; QO xm OQ=O OwHw lqyDU= w Qvi C@=F |=Q@ |}xv}y@
x@ QBtO w Qvi =@ xm lQLDt sQH *pt=L p@=m |]NQ}e C=W=aDQ= Q=DWwv u}= QO
`@=vt QO xOWx�=Q= \@=wQ Qw_vtu}O@ "CU= xDiQo Q=Qk |UQQ@ OQwt xOW pYDt p@=m
R= xO=iDU= =@ xm lQLDt sQH QF= uOwRi= =@ CqO=at w [8]xOW xO=O xaUwD OwHwt
|]N Q}e C=Q=@a R= |NQ@ ,=vt[ "Ov=xOW G=QNDU= xOWpYDt p@=m x@ j}raD sDU}U
C=W=aDQ= "Ov=xOW CqO=at *OQ=wVywSB u}= QO xOW Q_vhQY =yv; R= `@=vt u}= QO xm
p@=m |U=tt VvQm w xOW xDiQo Q_v QO |}xLiYuwQO u; x@ pYDt sQH w p@=m
`=iDQ= hqDN= =@ 'u; Qo}O |=yDv= w C@=F p@=m |=yDv= l} "CU= xOW ZQi QiY
p@=m pw] Q}}eD "OyO|t p@=m x@ =Q pw] Q}}eD |xR=H= w CU= C@=F Q}e 'XNWt
G=QNDU= QO "OwW QiY p@=m C@=F Q}e |=yDv= QO VWm hqDN= xm CU= |}xvwox@
T=tt |xOvQ@ wrH |wQ}v R}v w 'p@=m w lDre u}@ l =m]Y= |wQ}v 'sm =L CqO=at
"Ov=xDiQo Q=Qk xHwD OQwt sy Q@ sQH w p@=m CmQL p@=kDt QF= x=Qtyx@ p@=m |=DU=Q Q@

[12w11]CmQL CqO=at G=QNDU=
hqDN= =@ w L pw]x@ x]kv wO R= xm s} Q}o|t Q_v QO =Q |r@=m '1 pmW j@=]t
=@ u; Qo}O |=yDv= w 'C@=F p@=m |=yDv= l} "CU= u=R} w; he x=ox}mD wO u}@ `=iDQ=
QO p@=m O=ODt= QO s |x]kv u} RDQ=m C}akwt Q=OQ@ "CU= C@=F Q}e `=iDQ= hqDN=

"OwW|t xO=O V}=tv ~r(s; t) |xr}Uwx@ t u=tR
~r(s; t) = x(s; t)bi+ y(s; t)bj (1)

V}=tv ~R(s; t) |xr}Uwx@ t u=tR QO p@=m x@ u=R} w; sQH u} RDQ=m C}akwt Q=OQ@
"OwW|t xO=O

~R(s; t) = x(s; t)bi+ (y(s; t) + h(t))(bj) (2)

~R(s; t) = ~r(s; t) + ~h(t) (3)

%O};|t CUO x@ u}vJ R}v p@=m CmQL CqO=at
(T~r 0)0 + ~f = m�~r 0 < s < l: t > 0 (4)

|=ywQ}v "OvDUy p@=m pw] OL=w |=R=x@ sQH Q=Okt m w VWm Q=Okt T u; QO xm
w 'lQLDt sQH 'p@=m uRw xm xOW xO=O u=Wv ~f =@ ,=atH p@=m Q@ xOQ=w |HQ=N
Qou=}@ R}v �0� s} QB Ctqa &OwW|t pt=W =Q p@=m |wQ Q@ u=R} w; sQH ptar=Tma

sm} w x=HvB |xQ=tW �h} QW 16
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v=y=W
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Q}t= %OwW|t u=}@ u}vJ Qr=mU= pmW QO 24 |xrO=at
T0
dx0
ds

����s+"
s�"

= 0 ) T0
dx0
ds

����
s�"

= T0
dx0
ds

����s+" = H0 (25)

dy0
dx0

����
s+"
� dy0
dx0

����
s�"

= �Mg
H0

(26)

%s} Q=O 26 |xrO=at QO 24 w 23 CqO=at uOQm u} Ro}=H =@
Mg
T0(s)

= ��(x0 � bc1) + sinh�1
�
sinh�(x0 � c1) + Mg

H0

�
(27)

CqO=at R= u=wD|t =Q p@=m x@ pYDt sQH w p@=m uRw QF= QO 0y00 p@=m |m}D=DU= R}N
%OyO|t xH}Dv xm OQw; CUO x@ 24 w 23

y0 = 1
�

[�cosh�(x0 � c1) + c2]; 0 < x0 < x0 (28)

y0 = 1
�

�
� cosh

�
�(x0 � x0) + sinh�1�

sinh �(x0 � c1) + Mg
H0

� �
+ bc2�; x0 < x0 < L (29)

QO y0 = he w x0 = 0 QO y0 = 0 \}=QW R= w Ov=|Q}op=QoDv= C@=wF bc2; c2; c1
p@=m VWm u}=Q@=v@ "Ov=u}}aD p@=k x0 = x0 QO y0

��
s�" = y0

��
s+" w x0 = L

%OwW|t u=}@ 31 w 30 |x]@=Q j@=]t T0

T0 = H0
ds
dx0

= H0 cosh� (x0 � c1) ; 0 < x0 < �x0 (30)

T0 = H0
ds
dx0

= H0
�

cosh
�
� (x0 � �x0) + sinh�1�

sinh� (�x0 � c1) + Mg
H0

� ��
; �x0 < x0 < L (31)

j@] w xOW xO=O u=Wv s(x0) =@ C@=F |=yDv= R= 0x00 |ki= |xrY=i QO p@=m pw]
%CU= x@U=Lt p@=k 32 |x]@=Q

s(x0) =
Z �x0

0

"
1 +

�
dy0
dx0

�2#1=2
dx0+Z x0

�x0

"
1 +

�
dy0
dx0

�2#1=2
dx0 (32)

G=QNDU= Qw_vtx@ p=L "CU= T � = T0(`0) w `0 = s(L) p@=m pm pw] u; QO xm
%s} Q=O |m}D=DU= Cr=L QO xOW u=}@ \@=wQ *uDiQo Q_v QO =@ w CmQL CqO=at

~r (s; t) = ~r0 (s) + ~u (s; t) = ~r0 (s) + u (s; t)~�0 + w (s; t)~n0
(33)

T (s; t) = T0 (s) + �T (s; t) (34)

Q=OQ@ ~t0 '|m}D=DU= Cr=L R= p@=m VWm C=Q}}eD �T '|}=Hx@=H Qou=}@ ~u u; QO xm
uO=OQ=Qk =@ "CU= |m}D=DU= Cr=L QO p@=m Q@ Owta |xm} Q=OQ@ ~n0 w T=tt |xm}

%s} Q=O 15 |x]@=Q uDiQo Q_v QO =@ w '9 |x]@=Q QO 34 w 33 \@=wQ�
�T~�0 + T0~u00 + �T ~u0

�0 + ~fm� (s� �s) =

m@2~u
@t2 +M~am� (s� �s) (35)

11 |x]@=Q CQwYx@ 1 pmW x@ xHwD =@ sQH V=aDQ= Q@ sm =L |xrO=at |iQ] R=
%CU= G=QNDU= p@=k

M
���

d2~r (s; t)
dt2 + �~h (t)

�
:bj��+ C

�
_h (t)

�
+ k (h� h0) = 0

(11)

ZQi "CU= Qvi |m}D=DU= R}N h0 w Qvi |DNU K '|}=Q}t C@=F C u; QO xm
w 10 '9 '5 CqO=at R= "Ovm|t V=aDQ= y |=DU=Q QO \ki sQH xm CU= u}= Q@
p@=m |y=ox}mD \=kv w ~g; �;M;m xm |v=tR h; s;N; T; ~r |x@U=Lt |=Q@ 11

%R= CU= CQ=@a xr�Ut |RQt \}=QW "OvwW|t xO=iDU= Ov=XNWt
~r = 0; at s = 0 (12)

~r = Lbi+ hebj; at s = ` (t) (13)

T = T � + u� (t) ; at s = ` (t) (14)

VWm T � '|rQDvm sD} Qwor= |xr}Uwx@ xOWXNWt |rQDvm |wQ}v u�(t) u; QO xm
|=Q@ "OwW u}}aD O}=@ xm CU= p@=m pm pw] `(t) w s = `(t) QO p@=m |m}D=DU=
Q=Qk p@=m |wQ C@=F CQwYx@ u=R} w; sQH xm |v=tR 'p@=m |m}D=DU= pmW u}}aD

%s} Q}o|t Q_v QO 15 |x]@=Q CQwYx@ =Q xr�Ut 'OQ=O
d
ds

�
T0
d~r0
ds

�
= �[m+M�(s� s)]~g (15)

%OwW|t |m}D=DU= Cr=L QO 5 |O}k |xrO=at
d~r0
ds

:d~r0
ds

= 1 (16)

u=Wv |m}D=DU= Cr=L QO =Q Q}eDt xDiQ Q=mx@ 16 w 15 |x]@=Q wO QO xm 0 T}Ov=
%s} Q=O Q} R CQwYx@ |m}D=DU= Cr=L QO |RQt \}=QW =@ "OyO|t

~r0 = 0; at s = 0 (17)

~r0 = Lbi+ hebj; at s = `0 (18)

T0(`0) = T � (19)

%OwW|t u=}@ u}vJ 15 |xrO=at Qr=mU= pmW QO
d
ds

�
T0
dx0
ds

�
= 0 (20)

d
ds

�
T0
dy0
ds

�
= �mg �Mg�(s� s) (21)

%s} Q=O 16 |O}k |x]@=Q uDiQo Q_v QO =@ w 21 CQ=@a R= |Q}op=QoDv= =@
dy0
dx0

= � sinh�(x0 � c1); 0 < x0 < x0 (22)

dy0
dx0

= � sinh
�
�(x0 � bc1) + Mg

T0(s)

�
; x0 < x0 < L (23)

=Q p@=m VWm |ki= |xir-wt H0 w CU= H0 = T0 dx0
ds w � = mg

H0 u; QO xm
|xr}Uwx@ w |@} QkD Qw]x@ u=wD|t =Q 23 |xrO=at QO Mg

T0(s) CQ=@a "OyO|t u=Wv
h=QLv= " xm x_Lqt u}= =@ w s+ " =D s� " xR=@ |wQ '15 |xrO=at R= |Q}op=QoDv=

"OQw; CUO x@ OyO|t u=Wv =Q p@=m Q@ um =U sQH C}akwt R= lJwm
T0~�0

����s+"
s�"

= �M~g (24)

sm} w x=HvB |xQ=tW �h} QW 17



"""w
sQH

pt=
Lp

@=ms
DU}

U|
]N

Q}e
C=W

=aDQ=
|U

QQ@%s} Qw;|t CUO x@ ~n0; ~�0 |=DU=Q QO 42 |xrO=at pL =@
(�T )0 � T0 �0

�
u�0 + w0

���T�0
�
u�0 + w0

�
+
�
~fm:~�0

�
� (s� �s) = m @2u

@t2 +M � (s� �s)
�
� �0

�
u�0 + w0

� �
_�s
�2 + ��s+

�u+ �h (t) : dy0
ds

�
; 0 < s < `0 (47)

(�T )�0 +
�
T0
�
�0u+ w0

��0 + ��T ��0u+ w0
��0+

~fm:~n0� (s� �s) = m@2w
@t2 +M�(s� �s)

� �
�0 + (�0u+ w0)0

�
( _�s)2

+2(�0u+ w0): _�s+ (�0u+ w0)��s+ �w + �h(t)dx0
ds

�
; 0 < s < `0

(48)

|=DU=Q QO �43 |x]@=Q� lQLDt sQH CmQL |xrO=at uDiQo Q_vQO =@ x@=Wt Qw]x@
%s} Q=O '~n0; ~�0

M
�
��0

�
u�0 + w0

� �
_�s
�2 + ��s+ �u+ �h dy0

ds

�
= ~fm:~�0+

Mgdy0
ds

+N
�
�0u+ w0 � �� ; s = �s (t) (49)

M
��
�0 +

�
u�0 + w0

�0� � _�s
�2 + 2 �u�0 + w0

�: _�s+�
u�0 + w0

�
��s+ �w + �hdx0

ds

�
= ~fm:~n0 +Mgdx0

ds
�

N
�1 + �

�
u�0 + w0

��
; s = �s (t) (50)

%x=ov; 's}yO Q=Qk 50 |x]@=Q QO w xOQw; CUO x@ 49 |x]@=Q R= =Q N Qo =

M
�
�0u+ w0 � �� � ��0 +

�
u�0 + w0

�0� � _�s
�2 +

2 �u�0 + w0
�: _�s+

�
u�0 + w0

�
��s+ �w + �hdx0

ds

�
=�

�0u+ w0 � �� ��~fm:~n0 +Mgdx0
ds

��
� �1 + �

�
u�0 + w0

��
:�

M
�
��0

�
u�0 + w0

� �
_�s
�2 + ��s+ �u+ �h dy0

ds

�
��

~fm:~�0 +Mgdy0
ds

��
; s = �s (t) (51)

%R= CU= CQ=@a lQLDt sQH V=aDQ= |xrO=at

M
���

�0 + u0�0 + u�00 + w00
� dx0
ds
� �u�0 + w0

�
�0
dy0
ds

� �
_�s
�2

+2
��

_u�0 + _w0
� dx0
ds

�
_�s
�

+M
��

dy0
ds

+
�
u�0 + w0

� dx0
ds

�
��s+

�udy0
ds

+ �wdx0
ds

+ �h
�

+ C _h (t) +K (h� h0) = 0; s = �s (t)

(52)

�T (s; t); w(s; t); u(s; t) u}}aD |=Q@ 52 w 51 '48 '47 '41 CqO=at u}=Q@=v@
"OvQ}o|t Q=Qk xO=iDU= OQwt 46 w 45 |RQt \}=QW uDiQo Q_v QO =@ w h(t); s(t);

CQwYx@ V=aDQ= p=L QO *p@=m Q@ T=tt |=DU=Q QO w lQLDt sQH |wQ '~fm |wQ}v

%OwW|t 16 CQ=@a x@ xHwD =@ w 33 |x]@=Q R= |Q=Po}=H =@ 5 |O}k |x]@=Q

2~r 0o:~u 0 + ~u 0:~u 0 = 0 (36)

w 13 |RQt \}=QW |=Q@ "CU= s = 0 QO ~u = 0 CQwYx@ ~u |=Q@ |RQt \}=QW
\U@ |Q}oQ=mx@ =@ p=L "s} Q}o|t Q_v QO �` << `0 =@ =Q ` = `0 + �` '14

%CW=O s}y=wN 13 |xrO=at |=Q@ Qwr}D
~r0 (`0) + �0�`+ ~u (`0) + ~u 0 (`0) �` = Lbi+ hebj (37)

%O@=}|t Vy=m u}vJ '18 |x]@=Q x@ xHwD =@ 'x]@=Q u}=

~�o �`+ ~u (`o) + ~u0 (`o) �` = 0 (38)

39 |x]@=Q pmW x@ 34 |x]@=Q uDiQo Q_v QO =@ 14 |xrO=at 'x@=Wt Qw]x@ w
%O@=}|t Vy=m�

T 00 (`0) + �T 0 (`0)
�

�`+ �T (`0) = u� (t) (39)

%s} Q=O 39 w 38 |x]@=Q wO u}@ �` hPL =@ p=L�
T 00 + �T 0

�
~u+ (u� ��T )

�
~�0 + ~u0

�
= 0; at s = `0 (40)

%s} Q=O |U=tt VvQm uOw@ QiY ZQi x@ xHwD =@
~u0 : ~�0 = u0 � w�0 = 0 (41)

%s} Q=O |m}t=v}O |xr�Ut uOQmxYqN |=Q@ u}=Q@=v@
�
(�T )~�0 + T0~u0 + �T~u0

�0 + ~fm� (s� �s) = m@2u
@t2 +

M�(s� �s)
� �
�0~n0 + ~u 00

� �
_�s
�2 + 2 _~u 0 _�s+

�
~�0 + ~u 0

�
��s+

�~u+ �~h (t)
�
; 0 < s < `0 (42)

w

M
h�
�0 ~n0 + ~u 00

� �
_�s
�2 + 2 _~u 0 _�s+

�
~�0 + ~u 0

�
��s+ �~u+ �~h

i
=

~fm +M~g �N ~n� �N ~� ; s = �s (t) (43)

w

M
���

d2~r (�s; t)
dt2 : ĵ + �h (t)

���
+ C

�
_h (t)

�
+

K (h� h0) = 0 (44)

;�T;N;w; upwyHtVWuOQw;CUO x@ |=Q@ =Q xrO=atVW44 =D 41CqO=at
%R= Ov=CQ=@a Qr=mU= pmWx@ |RQt \}=QW "Ovvm|t sy=Qi h(t); s(t)

u (s; t) = w (s; t) = 0 at s = 0 (45)

T 00 u+ �T 0 u+ u� ��T = 0; w = 0; at s = `0 (46)
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|Q}
OkO

}Ht
w|

v=y=W
=[Q

Q}t= %xH}DvQO "s = s(t) QO p@=m VWm C=Q}}eD uOw@ xDUw}B ZQi "2

�T = T 00u
����
s=`0

+ u�js=`0 �
Z `0

s

�
T0�0

�
u�0 + w0

�
+

m@2u
@t2

�
ds; 0 < s < `0 (62)

V=aDQ= Qou=}@ xm 48 |xrO=at QO '62 |x]@=Q R= xOt; CUO x@ �T |Q=Po}=H =@
%CW=O s}y=wN 'CU= p@=m Q@ Owta |=DU=Q QO p@=m�

T0
�
�0u+ w0

��0 + �0
�
T 00u

����
s=`0

+ u�
����
s=`0
�
Z `0

s

�
T0�0�

u�0 + w0
�

+m@2u
@t2

�
ds
�

+Mf
�
�0u+ w0

�
� (s� �s) =

m@2w
@t2 +M� (s� �s) :

��
�0 +

�
�0u+ w0

�0� � _�s
�2 +

2 ��0u+ w0
�: _�s+

�
�0u+ w0

�
��s+ �w + �h(t)dx0

ds

�
; 0 < s < `0

(63)

xU pt=W 'lQLDt *sQH *pt=L *p@=m CmQL Qoh}YwD 63 w 52'51 CqO=at
"OvDUy 'xOWxrB wm p}Uv=Qi}O |xrO=at

=@ "s}vm|t xO=iDU= u}mQr=o VwQ R= p@=m w sQH sDU}U |@} QkD pL |=Q@
|=DU=Q QO p@=m V=aDQ= |xrO=at '=]N |R=Uxv}tm |=Q@ w u}mQr=o VwQ R= xO=iDU=
R= s x@ C@Uv w xOQm ?Q[ sin

�
n�
`0 s
�

uRw `@=D QO =Q �63 |x]@=Q� |Owta
Q@ xwqa q=@ CqO=at QO 'OwW|t xOy=Wt xm u=vJ "s}vm|t |Q}op=QoDv= `0 =D QiY
O=H}= |=Q@ &CU= xOW Qy=_ R}v =yv; swO w pw= |x@DQt C=kDWt h(t); s(t); �(t)
[13]"s}vm|t xO=iDU= \UwDt ?=DW VwQ R= =yv; C=kDWt w =yQ}eDt u}= u}@ x]@=Q
_�t+�t
n = _�tn + a1 ��tn + a2 ��t+�t

n = c1� � _�tn; ��tn
�

+ a2 ��t+�t
n

�t+�t
n = �tn + a3 _�tn + a4 ��tn + a5 ��t+�t

n = c2� ��tn; _�tn; ��tn
�

+

a5 ��t+�t
n (64)

_�st+�t = _�st + a1��st + a2��st+�t = c1�s
�

_�st; ��st
�

+ a2��st+�t

�st+�t = �st + a3 _�st + a4��st + a5��st+�t = c2�s
�
�st; _�st;��st

�
+

a5��st+�t (65)

_ht+�t = _ht + a1�ht + a2�ht+�t = c1h
�

_ht; �ht
�

+ a2�ht+�t

ht+�t = ht + a3 _ht + a4�ht + a5�ht+�t = c2h
�
ht; _ht; �ht

�
+

a5�ht+�t (66)

%u; QO xm
a1 = �t

2 ; a2 = �t
2 ; a3 = �t; a4 = �t2

4 ; a5 = �t2

4 (67)

x@U=Lt t u=tR QO xm OvDUy |}=yCQ=@a c2h; c1h; c2s; c1s; c2�; c1�
CqO=at QO =yv; |Q=Po}=H w q=@ QO xOWh} QaD \@=wQ R= xO=iDU= =@ "OvwW|t
|]NQ}e |Q@H CqO=at x@ |]NQ}e |} RH p}Uv=Qi}O CqO=at 'sDU}U CmQL
pwyHt xU ?ULQ@ w 'xOWu=}@ |v=tR |xDUUo CqO=at CQwYx@ w p}O@D

"Ov};|t CUO x@ h(t); s(t); �(t)

%Ovm|t pta 53 |x]@=Q
~fm = Mf~� = Mf

�
~�0 +

�
�0u+ w0

�
~n0
�

(53)

xR=@ l} QO Ov=wD|t f p=Ft |=Q@ &CU= u=tR ?UL Q@ swrat `@=D l} f u; QO xm
|ivt C@=F l} w V}=Ri= p=L QO CaQU =@ sQH |=Q@ C@Ft C@=F l} 'XNWt

"OUQ@ p@=m |=yDv= QO |y=ohkwD x@ w OW=@ Vy=m p=L QO CaQU |=Q@

pL u=}@
u}mQr=o VwQ R= 'xr�Ut Q@ sm =L xrB wm |�RH p}Uv=Qi}O CqO=at |@} QkD pL |=Q@
w; u wQ u}= R= "OwW|t xO=iDU= u=tR uOQmxDUUo |=Q@\UwDt ?=DW VwQ x=Qtyx@
%s}vm|t h} QaD 55 w 54 |=yx]@=Q j@=]t w xDiQo Q_v QO xDUw}B `@=wD CQwYx@ =Q

w (s; t) =
1X
n=1

�n (t) sin
�
n�
`0
s
�

(54)

u (s; t) =
1X
n=1

�n (t) Rn (s) (55)

Q=Qk =@ "OwW <=[Q= 45 |RQt \}=QW xm OvwW|t h} QaD |}xvwox@ w; u u; QO xm
%s} Q=O 41 |O}k |x]@=Q QO \@=wQ u}= uO=O

u0 = �0w )
1X
n=1

�n (t)R0n (s) =
1X
n=1

�0�n (t) sin
�
n�
`0
s
�
(56)

%OwW|t pY=L xH}Dv wO q=@ |w=UD R=
�n (t) = �n (t) (57)

Rn (s) =
Z s

0
�0 sin

�
n�
`0
s
�
ds (58)

"CU= uOQm Q_vhQY p@=k w 'lJwm �T QO u;w?Q[pY=L xm OwW|t ZQi
R= 48 |xrO=at QO w �T�0(u�0 + w0) CQ=@a R= 47 |xrO=at QO Qo = p=L
|xrO=at |x]@=Q R= |Q}op=QoDv= =@ 's}vm Q_vhQY [�T (�0u+ w0)]0 CQ=@a

%s} Q=O 0 < s < `0 xR=@ |wQ |U=tt |=DU=Q QO p@=m V=aDQ=
�T =

Z s

0

�
T0�0

�
u�0 + w0

�
+m@2u

@t2

�
ds+ b1 (t) ; 0 < s < �s

(59)

�T =
Z s

0

�
T0�0

�
u�0 + w0

��Mf� (s� �s) +m@2u
@t2 +

M� (s� �s)
�
��0

�
u�0 + w0

� �
_�s
�2 + ��s+ �u+ �h (t) : dy0

ds

��
ds

+b2 (t) ; �s < s < `0 (60)

xO=iDU= Q} R \QW wO R= b2(t); b1(t) |Q}op=QoDv= C@=F wO uOQw; CUO x@ |=Q@
%OwW|t

%|va} '�T 0u CQ=@a R= uOQm Q_vhQY =@ 46 |RQt \QW "1
T 00u+ u� ��T = 0; at s = `0 (61)

sm} w x=HvB |xQ=tW �h} QW 19



"""w
sQH

pt=
Lp

@=ms
DU}

U|
]N

Q}e
C=W

=aDQ=
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QQ@

|=R=x@ Cw=iDt \=kv QO RmQtDt Q=@ QF= CLD p@=m |m}D=DU= R}N "4 pmW
"H0 = 250KN

|=R=x@ Cw=iDt \=kv QO RmQtDt Q=@ QF= CLD p@=m |m}D=DU= R}N "5 pmW
"H0 = 500KN

|=R=x@ Cw=iDt \=kv QO RmQtDt Q=@ QF= CLD p@=m |m}D=DU= R}N "6 pmW
"H0 = 750KN

5 pmW QO u}vJty "CU= xOW xO=O V}=tv x0 = 3265m w; x0 = 0m
H0 = 500KN w Mg = 25KN RmQtDt Q=@ QF= CLD p@=m |m}D=DU= R}N
V}=tv x@ x0 = 3305m w x0 = 2185m;x0 = 1085m;x0 = 0m QO
Mg = 25KN RmQtDt Q=@ QF=CLD p@=m|m}D=DU= R}N 6 pmW QO w "CU= xOt;QO
w x0 = 2200m;x0 = 1095m ;x0 = 0m QO H0 = 750KN w
OwW|t |Q}oxH}Dv =ypmW u}= x@ xHwD =@ "CU= xOW xO=O u=Wv x0 = 3310m
Vy=m 'H0 V}=Ri= =@ w xDi=} V}=Ri= lQLDt sQH uRw QF= QO p@=m |m}D=DU= R}N xm

"O@=}|t
'p@=m O=ODt= QO V=C}akwt x@ C@Uv � _s� lQLDt sQH CaQU 7 pmW QO
; H0 = 250KN Q=Okt xU |=Q@ lQLDt sQH |=Q@ j}raD sDU}U ?=UDL= uwO@
xOy=Wt xm u=vJ "CU= xOW xO=O V}=tvH0 = 750KN wH0 = 500KN

|OOa G}=Dv
"CU= xOW xOQw; Q} R \}=QW CLD 'CqO=at x=oDUO pL R= pY=L G}=Dv

Mg = 25000N ; mg = 21 45N=m; g = 9 806m=s2;

L = 4500m; he = 750m; � = 0; f = 0m=s2; u� = 0:

QO V=C}akwt x@ C@Uv � _s� lQLDt sQH CaQU Q=Owtv 3 w 2 pmW QO
MU=B w 'xOW xO=O u=Wv H0 = 750KN w H0 = 500KN |=Q@ p@=m O=ODt=
xU}=kt [8]u}kkLt Qo}O \UwD xOWx�=Q= |=yMU=B =@ |OOa pL R= xOt; CUO x@
u=v; \UwD xOW x�=Q= CqO=at pmWx@ CqO=at 'G}=Dv u}= |xU}=kt |=Q@ "CU= xOW
CUO x@ CaQU Q}O=kt "CU= xOW s=Hv= Q_v OQwt |xU}=kt TBU w xOW xO=U
CU= u}kkLt u}= \UwD xOW VQ=Ro CaQU Q}O=kt R= QDW}@ VywSB u}= QO xOt;

"Ov=x@=Wt =yQ=Owtv |rm pmW |rw
whrDNt |=yx0 QO|}x]kv Q=@ QF= QO =Q p@=m|m}D=DU= R}N 6 w 5 '4 |=ypmW
RmQtDt Q=@ QF=CLDp@=m|m}D=DU= R}N4pmWQO "OyO|tu=WvCw=iDt|=yH0CLD
x0 = 2140m;x0 = 1045m QO H0 = 250KN w Mg = 25KN

|=Q@ p@=m O=ODt= QO V=C}akwt x@ C@Uv lQLDt sQH CaQU Q=Owtv "2 pmW
xOWx�=Q= MU=B =@ xrY=L G}=Dv |xU}=kt w u; |OOa pL R= xm 'H0 = 500KN

"CU= xOW pY=L [8]`H=Qt Qo}O QO

|=Q@ p@=m O=ODt= QO V=C}akwt x@ C@Uv lQLDt sQH CaQU Q=Owtv "3 pmW
xOWx�=Q= MU=B =@ xrY=L G}=Dv |xU}=kt w u; |OOa pL R= xm 'H0 = 750KN

"CU= xOW pY=L [8]`H=Qt Qo}O QO
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v=y=W
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Q}t= x@ C@Uv � _s� lQLDt sQH CaQU x@ \w@ Qt |=yQ=Owtv 9 w 8 |=ypmW QO
QBtO w Qvi =@ w 'QBtO w Qvi uwO@ *Cr=L wO QO p@=m |=DU=Q QO sQH u}= C}akwt
|DNU ?} Q[ "Ov=xOW xU}=kt sy =@H0 = 500KN;H0 = 250KN |=Q@
x}rw= |}=Hx@=H w C = 106 N s=m nv}BtO ?} Q[ w K = 106 N=m Qvi
CaQU Q}O=kt QBtO w Qvi uwO@Cr=L QO xm OwW|t xOy=Wt "CU= h0 = 0 01m
|=yDv= QO w CU= QBtO w Qvi =@ Cr=L R= QDW}@ p@=m |wQ u=Um} |=yC}akwt |=Q@
Vy=m x@ ẁQW QDOwR CU= j}raD sDU}U =@ xm |Dr=L QO lQLDt sQH 'CmQL Q}Ut
lQLDt sQH |W@vH |SQv= R= |Q=Okt hqD= p}rOx@ Q=DiQ u}= RwQ@ "Ovm|t CaQU
|QDsm CaQU Q}O=kt xH}DvQO xm CU= QBtO w Qvi |xr}Uwx@ CmQL Q}Ut pw] QO
�K� Qvi |DNU ?} Q[ |rm Cr=L QO "CW=O s}y=wN j}raD sDU}U =@ sQH |=Q@
xm OvwW xv}y@ Ovv=wD|t |Qw] '|rQDvm |=yQDt=Q=B u=wvax@ �C� nv}BtO ?} Q[ w
Vy=m Q@ xwqa xmr@ OwW |Q}owrH nQR@ |xvt=O =@ lQLDt sQH C=v=Uwv R= =yvDxv
u=Uwv |xvt=O w xOQm pta |W=aDQ= ?P=H u=wvax@ lQLDt sQH 'u=Uwv |xvt=O

"OyO Vy=m =Q p@=m
QO V=C}akwt x@ C@Uv � _s� lQLDt sQH CaQU Q=Owtv 10 pmW QO
|RtQD |wQ}v =@ w f = 0m=s2 |RtQD |wQ}v uwO@ Cr=L wO QO p@=m |=DU=Q
uDW=O |=Q@ "Ov=xOW xU}=kt Qo}Om} =@H0 = 250KN QO "f = �2 5m=s2

xDiQo Q_v QO |ivt Ctqa =@ �f � Vv=QV}B |wQ}v xm CU= |i=m |RtQD |wQ}v
|wQ}v "Ovm|t QF= sDU}U |wQ Q@ xOvQ=OR=@ |wQ}v u=wvax@ f CQwY u}= QO xm OwW
xOQm QF= sQH Q@ OQ}o|t Q=Qk p@=m |wQ s = 0 6`0 C}akwt QO sQH xm |Dkw |RtQD
xm OwW|t xOy=Wt "OQ=O QF= lQLDt sQH |wQ C@=F Q=Okt u=ty =@ 'Q}Ut u=}=B =D w
|=yDv= QO w xOQm Vy=m x@ ẁQW lQLDt sQH CaQU |RtQD |wQ}v QF= ZLtx@
Ov=wD|t |RtQD |wQ}v `k=w QO &CU= QiY Q}e u}at Q=Okt Q@=Q@ u; CaQU Q}Ut
Q}Ut |=yDv= QO ,=}v=F 'Ovmv QF= sQH x@ |v=yo =v CQwYx@ ,qw= xm OwW s}_vD |Qw]
|rQDvm QDt=Q=B u=wvax@ f |wQ}v xm CU=vat u=O@ u}= "OwW QiY lQLDt sQH CaQU
u} QDsm =@ w u=tR u} QDsm QO 'lQLDt sQH x@ |v=yo =v OwQw uwO@ xm OwW u}}aD |Qw]

"OR=U QiY =Q Q}Ut |=yDv= QO lQLDt sQH CaQU '|SQv= hqD=
MU=B |xU}=kt |=Q@ Q} R \}=QW CLD 12 w 11 pmW x@ \w@ Qt |=yQ=Owtv
MU=B =@ lQLDt sQH pt=L p@=m V=aDQ= |]N Q}e CqO=at pL R= |W=v |OOa

'p@=m|=DU=Q QOV=C}akwt x@C@UvlQLDt sQHCaQU Q=Owtv|xU}=kt "10pmW
f = �2 5m=s2 |RtQD |wQ}v =@ w f = 0m=s2 |RtQD |wQ}v uwO@Cr=L wO QO
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