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�Q=}Wv=O� |k}OY OtLt
�OWQ= T=vWQ� � |QDW= O}aUOtLt

u=Q}= CavY w sra x=oWv=O 'l}v�t |UOvyt |xOmWv=O

uw}U=Q@}r=m ?}=Q[ Q@ xa]k |xUOvy C=QF= 'OwOLt <=RH= VwQ R= xO=iDU= =@ j}kLD u}= QO
|=Q@ |R=Ux}@W Ov}=Qi Qw_vtu}O@ "CU= xDiQo Q=Qk |UQQ@ OQwt 1|Q=mM=QwU VwQ QO

w xDiQo s=Hv= K]Ut |xLiY l} |=Q@ TBU w hrDNt |=yQ]k =@ |}xv=wDU= C=a]k
Q]k '=yp}rLD s=Hv= QO "CU= xOW u}}aD hrDNt |=yxUOvy |=Q@ uw}U=Q@}r=m ?}=Q[

"CU= xOQm Q}}eD xa]k |xUOvy \ki w 'xOw@ C@=F GvUVvQm |}xN=W |xUOvy w M=QwU
|xU}=kt "CU= xDiQ}PB CQwY xrLQt CWy QO M=QwU jta Q}}eD =@ xa]k Qy |=Q@ p}rLD
,=OwOL |=]N Qou=Wv OQ=Ov=DU= QO OwHwt Q}O=kt w K]Ut |xLiY |=Q@ |R=Ux}@W G}=Dv
|xLiY =@ |vLvt Kw]U |=Q@ xOt; CUOx@ G}=Dv |xU}=kt u}vJty "CU= |OYQO2 8
=Q OYQO 6 2 =D 0 6 u}@ |Dw=iDt |=yhqDN= '|Q=mM=QwU hrDNt |=yjta QO h=Y

"CU= xO=O u=Wv

sedighi@iust.ac.ir
saeed 3396@yahoo.com "uw}U=Q@}r=m ?}=Q[ '|Q=mM=QwU 'Ov=tUB |=yVvD %|O}rm u=oS=w

xtOkt "1
"CU= xOW VwQ u}= R= xO=iDU= uwRi=RwQ OWQ Ea=@ |R=Ux}@W |=}=Rt xRwQt=
w 'x=Dwm u=tR COt QO Q=m s=Hv= CrwyU x@ u=wD|t VwQ u}= |=}=Rt xrtH R=
p;xO}= p}rOx@ |@ QHD VwQ QO u}vJty "OQm xQ=W= lOv= Q=}U@ |xv} Ry hQY
"OvQ=O OwHw |}=y=]N xQ=wty '|UOvy w |D=@U=Lt CkO sOa w \}=QW uOw@v
'?U=vt u=mt w =DU=Q QO =yGvUVvQm Q=QkDU= sOa x@ u=wD|t =y=]N u}= |xrtHR=
=]N OYQO3 ,=OwOL 'RmQt R= GwQN QDt|r}t 0 025 ,qFt� M=QwU RmQt R= GwQN
CkO sOa 'u; QO OwHwt |=yVvDV}B w xa]k |}xm@W ?w}a '�Ovm|t O=H}=
"OQm xQ=W= �"""w Qo q=D}O 'VWm V}=tR; x=oDUO Ovv=t� |y=oW}=tR; |=yx=oDUO
V}=tR; Q=QmD '|UOvy C=}YwYN QO Q}}eD xvwoQy O=H}= |=Q@ |@ QHD VwQ QO
u=tR COt QO w '|oO=U x@ =Q C=Q}}eD u}= |OOa VwQ QO =t= "CU= |QwQ[
Qy |=Q@ =Q B w A ?}=Q[ u=wD|t |OOa VwQ QO "OQm p=ta= u=wD|t |y=Dwm
|[a@ QO |@ QHD VwQ QO syt u}=x@ |@=}CUO &OQm u}}aD x=wNrO \}=QW w xUOvy
QO Q=@u}DUNv |Q=mM=QwU VwQ =@ Ov=tUB |=yVvD u}}aD "CU}v umtt OQ=wt
TBU [1]"OW x�=Q= xvwtv QO CN=wvm} VvD `} RwD |Q}oxR=Ov= |=Q@ w '1934 p=U
O=wt s=tD |=Q@ |Q=mM=QwU VwQ 'uw}U=Q@}r=m ?}=Q[ |iQat =@ w 1966 p=U QO
|Q=mM=QwU VwQ |R=Ux}@W |=Q@ 1981 p=U QO [2]"Ci=} C}twta l}B wQDwR}=
|=Q@ uw}U=Q@}r=m ?}=Q[ 1987 p=U QO [3]"OW xO=iDU= OwOLt <=RH= VwQ R=
xvwo R= pkDUt ?}=Q[ [4]"OW x@U=Lt X=N jta l} QO w h=Y K]U l}
QO CN=wvm} VvD Cr=L |=Q@ M=QwU jta R= |a@=D CQwYx@ 1988 p=U QO R}v
|R=Ux}@W 'xt=O= QO [5]"OW u}}aD OwOLt <=RH= C=ar=]t |x}=B Q@ w K]Ut Kw]U
|=yx}qOvJ w l}B wQDwDQw= O=wt 'lR=v C=LiY =@ l}B wQDwR}= O=wt QO |Q=mM=QwU

VwQu}= QO "CU= Ov=tUB |=yVvDu}}aD |=Q@ =yVwQu} QDG}=Q R= |Q=mM=QwU VwQ
'u}=Q@=v@ "OwW|t x}@aD |N=QwU OwW u}}aD Ov=tUB VvD u; QO O}=@ xm |}xvwtv QO
M=QwU |m}ORv QO w OwW|t VvD R= |Q=a M=QwU u; |xQ=w}O w xOW O=R; =yVvD
|Q}oxR=Ov= =yGvUVvQm |xr}Uwx@ xOW s=Hv= pmW Q}}eD "OyO|t MQ pmW Q}}eD
|Q}oxR=Ov= |=yVvQm R= Ov=tUB |=yVvD u=wD|t 2 w 1\@=wQ R= xO=iDU= =@ "OwW|t

"OQm u}}aD =Q M=QwU h=Q]= QO xOW

�min; �max = "3 + "1
4A �

p
("3 � "1)2 + ("3 + "1 � 2"2)2

4B
(2w1)

?}=Q[ "OvDUy =yGvUVvQm\UwD xOW |Q}oxR=Ov= |=yVvQm "3 w "2 '"1 u; QO xm
4 w 3 \@=wQ R= xO=iDU= =@ w 'OvwW|t xO}t=v �uw}U=Q@}r=m ?}=Q[� R}v B w A
: Ov};|t CUOx@
A = �1 + �

2E � a (3)

B = � 1
2E � b (4)

?}=Q[ u}= Q=Okt "OvDUy xvwo R= pkDUt uw}U=Q@}r=m ?}=Q[ b w a =yv; QO xm
uw}U=Q@}r=m VwQ R= xO=iDU= =@ X=N OQ=wt QO w 'CU= OQ=Ov=DU= h=Y K]U |=Q@

"Ov};|t CUOx@ |Q=Ri=sQv |R=Ux}@W =} |@ QHD
"1387 11 7 VQ}PB '1387 4 17 |Qw=O '1386 5 3 Ci=} QO %M} Q=D
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QQ@"hrDNt |=yM=QwU jta w hrDNt |=yxUOvy |=Q@ b ?} Q[ "2 pwOH

jta Q]k =@ xv=wDU= Q]k =@ xv=wDU= xLiY OQ=Ov=DU=
M=QwU QDt|r}t 20 QDt|r}t 40 K]Ut

0=2565 0=09041 0=09031 0=09287 0=090
0=513 0=21201 0=21191 0=21477 0=206
0=7695 0=31984 0=31740 0=31551 0=305
0=1026 0=39932 0=39473 0=38589 0=377
1=2825 0=45117 0=44574 0=43419 0=425
1=5390 0=48220 0=47713 0=46455 0=454
1=7955 0=49911 0=49499 0=47835 0=472
2=0520 0=50662 0=50404 0=48939 0=482

"p}rLD |=Q@ xOWxDN=U pOt "1 pmW

"|Ov@Vt w =yGvUVvQm u=tO}J |xQ}=O w M=QwU pOt "2 pmW

=yv; jta xm CU= xOW xO=iDU= K]U l}ORv <=RH= R= \ki 'xOWO=R; |=yVvQm
p}mWD <RH 32 R= GvUVvQm Qy "CU= xOW xDiQo Q_v QO QDt|r}t 0 025
xOt; CUOx@ |=yVvQm u}ov=}t 'xOWO=R; VvQm |x@U=Lt |=Q@ xm CU= xOW
x@ C@Uv 'VwQ u}= =@ xOt; CUOx@ G}=Dv |=]N "CU= xOw@ Q_v Ot <=RH= R=
OYQO1 R= QDsm 'Ov};|t CUOx@ |L]U |=yxQo j} Q] R= \ki =yVvQm xm |Dr=L

"CU=

u}= |=Q@ uw}U=Q@}r=m ?}=Q[ w 's=Hv= OwOLt <=RH= VwQ ltm =@ |D} RwBt=m
|Q=mM=QwU VwQ wO ?}mQD =@ 2007 p=U QO C}=yv QO w [6]"OW x@U=Lt O=wt
Q=Qk xar=]t OQwt l}B wQDwDQw= O=wt QO uw}U=Q@}r=m ?}=Q[ |U=tD Q}e *|Qwv w

[7]"CiQo
|=Q@ xa]k |xUOvy C=QF= 'OwOLt <=RH= VwQ R= xO=iDU= =@ j}kLD u}= QO
w xDiQo s=Hv= K]Ut |xLiY l} R}v w hrDNt |=yQ]k =@ |}xv=wDU= C=a]k

"CU= xOW u}}aD hrDNt |=yxUOvy |=Q@ uw}U=Q@}r=m ?}=Q[

|R=Ux}@W ltmx@ uw}U=Q@}r=m ?}=Q[ u}}aD "2
xOW xO=iDU=ANSYS Q=Ri=sQv w OwOLt <=RH= VwQ R= |R=Ux}@W Ov}=Qi s=Hv= |=Q@
|=yQ]k =@ QwOt Kw]U %pt=W hrDNt |xUOvy xU |=Q@ |R=Ux}@W Ov}=Qi "CU=
=Pr "CU= xDiQo s=Hv= K]Ut |xLiY l} |=Q@ u}vJty w 'QDt|r}t 40 w 20
xm CU= QmPx@ sRq "OQm xU}=kt xUOvy xU Qy QO =Q uw}U=Q@}r=m ?}=Q[ u=wD|t
j}kLD u}= QO [8]"OvOwHwt =yOQ=Ov=DU= QO h=Y K]U |=Q@ uw}U=Q@}r=m ?}=Q[
pOt R}v h=Y K]U 'u; C=}[Qi w xOWs=Hv= *|R=Ux}@W CLY C=@F= Qw_vtx@
=Q |R=Ux}@W G}=Dv u=wD|t 2 w 1 |=ypwOH QO "Ov=xOW G=QNDU= u; ?}=Q[ w xOW
CU= =]N OYQO 2 8 OwOL R= |m =L xU}=kt u}= "OQm xU}=kt OQ=Ov=DU= Q}O=kt =@

"CU= |rw@k p@=k u=R}t xm
"CU= xDiQ}PB s=Hv= x@=Wt pwY= w =yx}[Qi =@ �OQwt xU Qy QO� |R=Ux}@W
xOWx}@aD M=QwU Q]k "Ov=xDiQ}PB s=Hv= |QwLt uQ=kD CQwYx@ =yp}rLD u}vJty
xOW xDiQo Q_v QO QDt|r}t 2 052'xOWO=R; |=yVvQm |Q}oxR=Ov= |=Q@ C=a]k QO
Qy QO u; jta <=RH= uDWm =@ '|}xrLQt CQwYx@ p}rLD s=Hv= x@ xHwD =@ "CU=
xOW xO=O u=Wv p}rLD |=Q@ xOWxDN=U pOt 1 pmW QO "Ovm|t =O}B V}=Ri= xrLQt
Q_v QO QDt|r}t 5 13 Q@=Q@ |}xN=W |=yGvUVvQm u=tO}J |xQ}=O Q]k "CU=
wO QO |}=yGvUVvQm '2 pmW j@=]t =yxN=W |R=Ux}@W |=Q@ "CU= xOW xDiQo

"OvOW xO=O Q=Qk xHQO90 w QiY |=DU=Q
ZQa w QDt|Dv=U 0 5 pw]x@ |}=ysHL R= '=yGvUVvQm |R=UpOt Qw_vtx@
CQwYx@ |Ov@Vt =yv; QO xm xOW xO=iDU= QDt|r}t 0 1 jta w QDt|Dv=U 0 4
|Q}oxR=Ov= |=Q@ "CU= xOW s}UkD CtUk 4 x@ sHL Qy jta w xDiQo s=Hv= |r=kDv=

"hrDNt |=yM=QwU jta w hrDNt |=yxUOvy |=Q@ a ?} Q[ "1 pwOH
jta Q]k =@ xv=wDU= Q]k =@ xv=wDU= xLiY OQ=Ov=DU=
M=QwU QDt|r}t 20 QDt|r}t 40 K]Ut

0=2565 0=04911 0=04920 0=05202 0=049
0=513 0=11048 0=11053 0=11443 0=108
0=7695 0=15637 0=15586 0=15758 0=151
0=1026 0=18442 0=18326 0=18147 0=177
1=2825 0=19893 0=19701 0=19395 0=19
1=5390 0=20512 0=20232 0=19894 0=195
1=7955 0=20672 0=20283 0=19537 0=195
2=0520 0=20587 0=20082 0=19394 0=192

sDWy w pyJ |xQ=tW �h} QW 2



|QD
W=

O}aU
OtL

tw
|k}

OY
OtL

t

EL@ w G}=Dv "4
|=y|R=Ux}@W QO 'CU= |UQQ@ OQwt xvwtv |xUOvy QF= j}kLD u}= QO xm =Hv; R=
|xUOvy pt=W '|R=Ux}@W |xUOvy x@ \w@ Qt Q=PoQF= pt=wa Q}=U xOWs=Hv=
xvwoQy =Pr "Ov=xOW ZQi C@=F �M=QwU jta w Q]k� M=QwU |xUOvy w GvUVvQm
u}vJty "CU= xOWpOt |=yxvwtv Q]k hqDN= R=|W=v '|R=Ux}@WG}=Dv QO hqDN=
=@ K]Ut |xLiY |=Q@ |Q=mM=QwU Ov}=Qi |R=Ux}@W |xH}Dv xm OwW|t Qw;O=}
OwHwt |=]N R= |W=v G}=Dv hqDN= xm xOW xU}=kt [8]OQ=Ov=DU= QO OwHwt Q}O=kt

"CU= |R=Ux}@W QO xOWs=Hv= |=yZQi QO
xOW xOQw; |R=Ux}@W ltmx@ uw}U=Q@}r=m ?}=Q[ u}}aD CtUk QO C=[wQit

:OW=@ Q} R pt=wa R= |W=v CU= umtt G}=Dv QO =]N "CU=
&Ov=xDiQ wQi K]U QO QDt|r}t 0 025 =yGvUVvQm "1

xDiQo Q=Qk \@=wQ QO xOW|Q}oxR=Ov= VvQm u=wvax@ '<RH 32 QO VvQm u}ov=}t "2
"CU=

�"CU= OYQO3 =D 2 5 EL@ OQwt |=]N�
xOt; b w a ?}=Q[ u}}aD |=Q@ |R=Ux}@W R= pY=L G}=Dv '2 w 1 pw=OH QO
|=Q@x OWs=Hv= |R=Ux}@W |=]N OYQO u}ov=}t '2 w 1 pw=OH R= xO=iDU= =@ "CU=
�2 58 =@ Q@=Q@ b ?} Q[ |=Q@ w '�3 =@ Q@=Q@ OQ=Ov=DU= Q=Okt x@ C@Uv a ?} Q[
"CU= xDiQo s=Hv= |rw@k p@=kCkO =@ |R=Ux}@W xm OvyO|t u=Wv Q}O=kt u}= "CU=
w K]Ut |xLiY |=Q@ xOt; CUOx@ G}=Dv hqDN= OYQO w xU}=kt '3 pwOH QO

"CU= xOW xOQw; |}xv=wDU= |=yxvwtv
?Hwt Ov=wD|t OL xJ =DhrDNt |=yjta QO Cw=iD xm OyO|t u=Wv 3 pwOH
hqDN= OYQO 'OwW|t xOy=Wt jwi pwOH QO xm Qw]u=ty "OwW G}=Dv QO =]N RwQ@
Q}e ,=@} QkD QDt|r}t 1 3 R= QDq=@ jta w QDt|r}t 0 5 R= QDsm jta =@ |=yM=QwU QO
'OQ=O |}q=@ C}ty= G}=Dv CkO xm |D=k}kLD QO Qo}O CQ=@ax@ "CU= Z=te= p@=k
QO w 'OQm xO=iDU= hrDNt |=yxUOvy |=Q@ OQ=Ov=DU= QO OwHwt ?}=Q[ R= u=wD|tv
G=QNDU= =Q ?}=Q[ |R=Ux}@W =} |@ QHD VwQ wO R= |m} |xr}Uwx@ O}=@ OQwt Qy

"OQm

"h=Y K]Ux@ C@Uv |vLvt Kw]U ?}=Q[ hqDN= OYQO "3 pwOH
hqDN= OYQO hqDN= OYQO

M=QwU jta A ?} Q[ B ?} Q[
�QDt|r}t� Q]kx@ xv=wDU= Q]kx@ xv=wDU= Q]kx@ xv=wDU= Q]kx@ xv=wDU=

QDt|r}t 20 QDt|r}t 40 QDt|r}t 20 QDt|r}t 40
0=2565 5=59 5=42 2=66 2=76
0=5130 3=45 3=41 1=29 1=33
0=7695 0=76 1=09 1=37 0=60
1=0260 1=63 0=99 3=48 2=29
1=2825 2=57 1=58 3=91 2=66
1=5390 3=11 1=70 3=80 2=71
1=7955 5=81 3=82 4=34 3=48
2=0520 6=15 3=54 3=52 2=99

QO xOWpOt M=QwU 'CU= Q_v Ot |}xrLQt CQwYx@ |R=Ux}@W xm =Hv; R=
|R=Ux}@W u=wD|t =Pr "CU= xOW s}UkD CtUk 8 x@ xa]k jta QO C=a]k |xvO@
p=ta= xvwtv x@ uw}U=Q@}r=m VvD 'xt=O= QO "O=O s=Hv= M=QwU hrDNt |=yjta =@ =Q
QO TBU w 'OwW|t p}rLD M=QwU uwO@ xa]k =OD@= "OQ}o|t s=Hv= p}rLD w OwW|t
"OwW|t s=Hv= p}rLD w Ov=xOW xDWm Q_v OQwt jta =D M=QwU pLt <=RH= xrLQt Qy
xrLQt Qy QO "CU= xDiQo s=Hv= hrDNt M=QwU jta CWy QO xa]k Qy |=Q@ p}rLD

"CU= xOW xi=[= M=QwU jta x@ QDt|r}t 0 2565
"CU= xOW C}=aQ xUOvy xU Qy |=Q@ jwi |xOWK} QWD |R=Ux}@W pwY=
QDt|r}t 100 `=iDQ= w 40 w 20 |=yQ]kx@ |}=yxv=wDU= CQwYx@ QwOt Kw]U
12 Ct=N[ w 24 ZQa '120 pw] |=Q=O xOWpOt |xLiY w Ov=xOW pOt

"CU= xOw@ QDt|r}t
Qw]u=ty 'pw= hOy "CU= xOW s=Hv= Qw_vt wO x@ xOWpOt|xLiY|R=Ux}@W
Qw_vtx@ OQ=Ov=DU= QO OwHwt Q}O=kt =@ pY=L G}=Dv |xU}=kt 'OW QmP QDV}B xm
?}=Q[ |xU}=kt swO hOy w '|R=Ux}@W R= pY=L G}=Dv CLY x@ uOQ@|B

"CU= K]Ut |xLiY w |vLvt Kw]U |=Q@ xOt; CUOx@ uw}U=Q@}r=m
OQ=Ov=DU= j@] "CU= xOW xDiQo Q_v QO p=mU=B=ot 450 =@ Q@=Q@ uw}U=Q@}r=mVvD
|a[wt s}rUD M=QwU h=Q]= QO =D OW=@ QDsm s}rUD VvD hYv R= O}=@ Q=Okt u}=

"OyOv MQ

uw}U=Q@}r=m ?}=Q[ |x@U=Lt "3
QO =yVvQm hqDN= R= �xUOvy Qy� xa]k Qy |=Q@ '|R=Ux}@W VwQ R= xO=iDU= =@
xOW O=R; |=yVvQm '�u}at M=QwU jta =@� Q=OM=QwU |xa]k w M=QwU uwO@ |xa]k

"Ov};|t CUOx@
|=DU=Q QO xOW O=R; VvQm "c3 'Q=@ p=ta= |=DU=Q QO xOWO=R; VvQm "c1 Qo =
u}vJ uw}U=Q@}r=m ?}=Q[ 'OW=@ uw}U=Q@}r=m VvD hQat �c w 'Q=@ p=ta= Q@ Owta

:[8]OvwW|t x@U=Lt

A = "c1 + "c3
2�c (5)

B = "c1 � "c3
2�c (6)

|] "OvQ=O |oDU@ xO=t |m}v=mt X=wN w |UOvy C=}YwYN x@ ?}=Q[ u}=
|m}v=mt X=wN x@ ?}=Q[ u}= |oDU@=w hPL Qw_vtx@ xDiQoCQwY |=yVqD

:OW |iQat 8 w 7 |=yx]@=Q j@=]t xO=t TvH R= pkDUt ?}=Q[ '[5]xO=t

a = � 2E
1 + �

�A (7)

b = �2EB (8)

x@ \ki ?}=Q[ u}= "CU= uwU=wB ?} Q[ � w '|v=UWm pwOt E =yv; QO xm
|xUOvy w xN=W |xUOvy 'M=QwU |xUOvy R= sa= � xr�Ut |UOvy C=}YwYN
|m} R}i C=}YwYN =}|UOvy\}=QW R=l} Qy xm|DQwY QO "OvQ=O|oDU@ � xa]k
'=yv; u}}aD |=Q@ O}=@ w 'OQm Ovy=wN Q}}eD R}v B w A 'Ovm Q}}eD V}=tR; OQwt xO=t

"OQ}PB s=Hv= uw}U=Q@}r=m 'OQ=Ov=DU= QO OwHw sOa CQwY QO

sDWy w pyJ |xQ=tW �h} QW 3
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QQ@h=Y K]U x@� OW=@ QDsm OQ}o|t s=Hv= u; |wQ |Q}oxR=Ov= xm |L]U |=vLv=

|=Q@ hqDN= OYQO 3 pwOH QO "OwW|t QDsm hqDN= OYQO '�OW=@ QDl}ORv
?}=Q[ R= xO=iDU= u}=Q@=v@ "CU= QDsm QDt|r}t 20 Q]k x@ C@Uv QDt|r}t 40 Q]k
QO =]N RwQ@ ?Hwt 'OvQ=O |vLvt K]U xm |}=yxUOvy |=Q@ K]Ut |xLiY

"OwW|t C=@U=Lt
"OvwW u}}aD ?}=Q[ |R=Ux}@W R= xO=iDU= =@ OQwt Qy QO OwW|t x}YwD u}=Q@=v@
xO=O u=Wv |vLvt CQwYx@ |R=Ux}@W R= pY=L uw}U=Q@}r=m ?}=Q[ 3 pmW QO
u}}aD x=wNrO jta Qy |=Q@ =Q ?}=Q[ u=wD|t =yQ=Owtv u}= R= xO=iDU= =@ "Ov=xOW

"OQm

|Q}oxH}Dv "5
?}=Q[ Q@ xa]k |xUOvy C=QF= 'OwOLt <=RH= VwQ R= xO=iDU= =@ xr=kt u}= QO
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