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%OwW|t x@U=Lt 12 |x]@=Q j@=]t Ovm|t Qw@a CUOu}}=B pwrU
F = �y fMIN [A; hB +MAX (0; (C �D))i]g (12)

|v}tND Q=W %B &Q_v OQwt pwrU QO OwHwt p=}U Q=Okt u} QDW}@ %A 'u; QO xm
&CUOu}}=B pwrU x@ |r=N |=[i sHL |v}tND Q=W %C &CUOu}}=B pwrU x@ p=}U

"Q_v OQwt pwrU QO OwHwt |r=N |=[i sHL u} QDW}@ %D
OQm xO=iDU= u=wD|t |Qo}O VwQ R= '|tHL Q=W CQ=@a ?} QkD VwQ Q@ xwqa
"OwW|t x@U=Lt |UOvy w j}kO CQwYx@ =ypwrU u}@ |tHL Q=W pO=@D u; QO xm
OvQ}o|txQy@ |D=@U=Lt |=yxm@W |yvsyQ@ |UOvy s}y=it R= xm |}=yVwQ QO
|UQQ@ QO 'OwN |x}rw= pLt x@ |Sv=Qo q |xOW =Hx@=H |=yRQt uOv=OQoR=@ Q}_v�
s}y=it R= xO=iDU= =@ =Q} R &Ow@ Oy=wN ?U=vt |tD} Qwor= u}vJ R= xO=iDU= '�Q[=L
=Q pwrU l} |=yRQt R= |tHL Q=W Qw@a umtt Cq=L |t=tD u=wD|t |UOvy
p}rOx@ 'q=@ CkO seQx@ =yVwQ u}= "OQm x@U=Lt j}kO Qw]x@ =Q Q=W w '|UQQ@

"OvDUy |QDq=@ |D=@U=Lt u=wD OvtR=}v |UOvy C=}rta
Q*vOQ=osw=@ w R} wm =O xmCU=|WwQ Q@|vD@t 'Q[=L|UQQ@ QO xO=iDU= OQwt VwQ
xOW xO=iDU= |O=a@= |R=U=OH VwQ R= Q[=L |UQQ@ QO xm =Hv; R= [15]"Ov=xOQm u=}@
"Ci=} Oy=wN Vy=m |Oa@l} |xr�Ut l} x@ |UOvy Q=W uDi=} |xr�Ut 'CU=
VQ=W Cq=L O=OaD '�Cr=L 9� RQt |R=UR=@ |=ypmW R= xO=iDU= p}rO x@ u}vJty
|D=@U=Lt Q=@ OHwt =yxm@W |yvsyQ@ |UOvy VwQ R= xO=iDU= =Pr "CU= OwOLt

"Ow@ Oy=wNv |yHwD p@=k
C}akwt '�p=kDv=� |xrLQt ut[ QO w |Sv=Qo q pL u=}=B QO 'Q[=L |UQQ@ QO
hOy "OQ}o|t Q=Qk |UQQ@ OQwt V=x}=Uty pwrU =@ pwrU Qy |Sv=Qo q lQDWt xHw
|] 'p=}U |xOvyO pwrU w p=}U |xOvQ}o pwrU uOQm XNWt |UQQ@ u}= R=

"CU= u=Wx}rw= pLt x@ =ypwrU |Sv=Qo q |=yRQt uOv=OQoR=@
pwrU w �|]Uw pwrU� IpwrU QO p=}U `} RwD R= Cr=L l} hr=5 pmW QO
pwrU w 'QB AJ CtU pwrU OwW|t ZQi "CU= xOW xO=O u=Wv u; |x}=Uty
u}= QO OwHwt p=}U sHL xH}DvQO w 'f(I)'I pwrU |tHL QUm "OW=@ \wrNt I

"Ov=swrat 'VOF�I� 'pwrU
V OF (I) = f(I)��x(I)Lag ��y(I)Lag (13)

I pwrU u}@ |Sv=Qo q lQDWt xHw '|Sv=Qo q |xrLQt s=Hv= R= TB OwW|t ZQi
ODtt \w]N '?5 pmW� OwW =Hx@=H I pwrU CtU x@ 'u; AJ CtU pwrU w
|Sv=Qo q |xOW=Hx@=H |=yRQt Qou=Wv u}Jx]kv \w]N w x}rw= |=yRQt Qou=Wv
x@U=Lt AJ CtU pwrU R= pwrU u}= x@ |OwQw sHL 'xrLQt u}= QO "�Ov=xm@W
x@ �u}Jx]kv \w]N� xm@W |Sv=Qo q |=yRQt '�p=kDv=� |xrLQt |=QH= =@ "OwW|t
C@=F 'OwHwt p=}U `} RwD =t= OvwW|t xOv=OQoR=@ �ODtt \w]N� OwN |x}rw= pLt
'swyit u}= x@ xHwD =@ "�?5 =@ G5 pmW |xU}=kt� OwW|tv =Hx@=H w Ov=t|t |k=@
ltm =@ w |oO=Ux@ 'u; O}OH |tHL QUm w I pwrU x@ |OwQw sHL |x@U=Lt

"OQ}o|t s=Hv= xm@W |x}rw= w xOW=Hx@=H |=yRQt C}akwt
�V (I) = (x(I)left;Lag � x(I)left;Eul)��y(I) (14)

"SLIC[7] VwQ QO 'xCyH QO RQt xUOvy |R=UR=@ |=Q@ umttCr=L xv "4 pmW

|tHL C=aq]= R= 'x CyH QO '\wrNt pwrU l} QO RQt |xUOvy |R=UR=@ |=Q@
|xUOvy |R=UR=@ |=Q@ w |ki= CyH QO u; |x}=Uty pwrU wO w pwrU u; QO O=wt
|Owta CyH QO u; |x}=Uty pwrU wO w pwrU u; C=aq]= R= 'y CyH QO RQt u;
h}OQ u}= QO O=wt `} RwD |ovwoJ x@ xHwD =@ 'SLIC VwQ QO "Ovm|t xO=iDU=
|ovwoJ |=Q@ hrDNt Cr=L xv 'C=YDNt |=yCyH R= l} Qy QO '|rwrUxU
Oy=wN OwHw x@ �Q_v OQwt \wrNt pwrU� h}OQ u}= |RmQt pwrU QO RQt uOW`k=w
xQ}D p=}U wO u}@ RQt |xUOvy |R=UR=@ |=Q@ 'Cr=L xv u}= 4 pmW QO [7]"Ot;
Ovv=ty y CyH QO RQt |R=UR=@ "CU= xOW xO=O u=Wv 'xCyH QO 'uWwQ w
'4 pmW |xv=oxv |=yCr=L xm Cw=iD u}= =@ 'CU= x CyH QO xOWu=}@ |=yCr=L

"OvQ}o|t Q=Qk |UQQ@ OQwt pwrU xU R= |Owta h}OQ l} CQwYx@

VwQ QO RQt C}akwt u}}aD w |tHL |=yQ=W |x@U=Lt
VOF

QO RQt |R=UR=@ R= TB xm CU= u}= VOF VwQ |Q}oQ=mx@ QO Qo}O |rY= VN@
|=yQ=W pO=@D '=ypwrU u}= QO RQt pmW uOw@swrat x@ xHwD =@ w \wrNt pwrU Qy
p=}U sHL u=R}t 'pta u}= |xH}DvQO "OwW x@U=Lt Q=wHsy |=ypwrU u}@ |tHL
|tHL QUm u=wD|t u}=Q@=v@ w OwW|t swrat u; R= xOWGQ=N =} pwrU l} x@ |OwQw
|v=tR xR=@ QO =Q xO=t wO u}@ RQt C}akwt w |D=@U=Lt |xm@W |=ypwrU O}OH

"OQm u}}aD O}OH
s}kDUt pL R= =yVwQ R= |NQ@ QO '=ypwrU O}OH |tHL QUm u}}aD |=Q@
w sHL |}=Hx@=H |Oa@l} |xrO=at "OwW|t xO=iDU= sHL |}=Hx@=H |xrO=at

%OvDUy 11 w 10 \@=wQ CQwYx@ ?}DQDx@ u; |xDUUo pmW
@f
@t

+ @
@x

(uf) = 0 (10)

fn+1
i = fni + (Fni�1=2 � Fni+1=2) (11)

11 |x]@=Q QO "CU= CaQU |ki= |xir-wt u w pwrU l} |tHL QUm f u; QO xm
|tHL QUm R= xO=iDU= =@ n+ 1 |v=tR |xrLQt QO 's=i pwrU O}OH |tHL QUm
|xrLQt QO pwrU |=yRQt R= xm |tHL Q=W Q=Okt w n |v=tR |xrLQt QO pwrU u;
R= Ov=CQ=@a ?}DQDx@ Fni+1=2 w Fni�1=2 "OwW|t x@U=Lt 'Ovm|t Qw@a n |v=tR
Qw@a pwrU CU=Q w AJ |=yRQt R= n |v=tR |xrLQt QO xm |tHL QUm Q=W
'�11 |x]@=Q� u; |xDUUo pmW R= xO=iDU= =@ 10 |xrO=at s}kDUt pL "Ovvm|t
'u}=Q@=v@ "Ot=Hv=|t xm@W |=ypwrU |=vyB QO RQt |m} R}iQ}e VQDUo x@ ,qwtat
|tHL Q=W CQ=@a u; |xr}Uwx@ xm Ovvm|t xO=iDU= |Qo}O |=yVwQ R= u=kkLt

54



|Qy
=_t

EQt
w}m
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Dt=Qm

Ot=L [16]%OwW|t xO=iDU= Q} R CqO=at x=oDUO R= \wrNt pwrU Q=Wi8>>>>>>><>>>>>>>:
C1e1 + C2e2 = e

C1�1 + C2�2 = �

P1 = P2 = P ; Or ;
�

(1�1)e1
�1 = (2�1)e2

�2 = (�1)e
�

�
(de+ Pd�)1 = (de+ Pd�)2

(17)

pwrU QO OwHwt 2 w 1 p=}U x@ \w@ Qt ?}DQDx@ 2 w 1 T}Ov= 'CqO=at u}= QO
'|tQH QUm R= Ov=CQ=@a ?}DQDx@ P w � 'e 'C Q}O=kt 'u}vJty "CU= \wrNt
Ovvm|t u=}@ x=oDUO u}= R= swO w pw= |xrO=at "Q=Wi w xS} w sHL '|rN=O |SQv=
|vRw ?}mQD =@ CU= Q@=Q@ ?}DQDx@ \wrNt pwrU pm |xS} w sHL w |rN=O |SQv= xm
swU |xrO=at swyit "\wrNt pwrU uwQO *p=}U wO |xS} w sHL w |rN=O |SQv=
=@ '\wrNt pwrU QO OwHwt |=yp=}U R= l} Qy Q=Wi xm CU= u}= x=oDUO u}= R=
u=}@ R}v x=oDUO u}= R= sQ=yJ |xrO=at "CU= Q@=Q@ \wrNt pwrU pm Q=Wi =@ w sy
sy=@ '\wrNt pwrU QO OwHwt |=yp=}U R= l} Qy |=Q@ '|B wQDv; C=Q}}eD xm Ovm|t
xO=iDU= =@ 'e2 w e1 '�2 '�1 Q}O=kt uOWswrat w x=oDUO u}= pL =@ [17]"CU= Q@=Q@

"OW Oy=wN u}}aD \wrNt pwrU pm Q=Wi Q=Okt 'swU |xrO=at R=
pOt ,=Q=YDN= Q=DWwv u}= QO xm '�|Sv=Qo q C@=F |tHL QUm� \wrNt pOt QO
O=wt |xty CqO=at |Sv=Qo q pL |] xm OwW|t ZQi 'OwW|t xO}t=v 2 \wrNt
=} sm =QDt 'u=Um}C@Uvl} =@ w pwrU |=yRQt =@ x=Qty '\wrNt pwrUl} QO OwHwt
|Sv=Qo q |xrLQt |] =ypwrU |tHL QUm 'ZQi u}= x@ xHwD =@ "OvwW|t \U@vt
|=yp=}U \ki u; pL u=O}t QO xm Q[=L |UQQ@ |=Q@ ZQi u}= [18]"Ovm|tv Q}}eD
uwJty |}=yCr=L |=Q@ |[Qi u}vJ "CU= |rw@k p@=k ZQi 'OvQ=O OwHw |R=o
X=wN |x}rm 'QwmPt VwQ QO "Ow@ Oy=wNv pw@k p@=k Ot=H l} w R=o l} CQw=Ht
OwW|t x@U=Lt sm =L CqO=at pL QO Q_v OQwt |OOa VwQ R= xO=iDU= =@ =ypwrU
"OQ}o|t s=Hv= p;xO}= R=o Cr=L |xrO=at R= xO=iDU= =@ =ypwrU Q=Wi |x@U=Lt w
\wrNt pwrU pm Q=Wi Ov=wD@ xm |Dr=L |xrO=at x@ \w@ Qt  ?} Q[ u}}aD 'u}=Q@=v@
=@ \wrNt pwrU Q@ sm =L  'Qt= u}= s=Hv= |=Q@ "O@=}|t CQwQ[ 'Ovm x@U=Lt =Q
QUm ?ULQ@ '\wrNt pwrU QO OwHwt O=wt |=y |vRw ?}mQD l} R= xO=iDU=

%OwW|t u}}aD 'O=wt u}= R= l} Qy |tHL
mix = 1 � f1 + 2 � (1� f1) (18)

pOt u}= =@ '|D=@U=Lt |xm@W |=ypwrU x@ \w@ Qt X=wN |x}rm '?}DQD u}= x@
"OW Oy=wN u}}aD \wrNt

G}=Dv
|UQQ@ x@ pw= VN@ "OvwW|t s}UkD VN@ wO x@ 'CtUk u}= QO xOWx�=Q= G}=Dv
|R=Up=@vOVwQl} u=wvax@ 'Q[=L|xar=]t QO xO=iDU= OQwtVOFVwQ OQmrta
x@ \w@ Qt |=yuwtR; u} QDG}=Q R= |m} G}=Dv VN@ u}= QO "OQ=O X=YDN= 'RQt
VN@ "OW Oy=wN |UQQ@ 14p=kDv= uwtR; u=wva =@ 'RQt |R=Up=@vO |=ysD} Qwor=
wO R= xO=iDU= R= TB w p@k 'PPM VwQ OQmrta |xU}=kt x@ X=YDN= swO
|xrwr |xr�Ut pL 'Qw_vt u}= x@ "OQ=O '\wrNt pOt w RQt |R=Up=@vO sD} Qwor=
|}xO=tOvJ Cr=L |=Q@ 'CU= xv}tR u}= QO OQ=Ov=DU= |xr�Ut l} xm 15lwW

"OwW|t |UQQ@

"u; x}=Uty pwrU wO w \wrNt pwrU l} QO p=}U wO Qw[L R= |}xQ=wKQ] "5 pmW

%Ow@ Oy=wN u}vJ I pwrU QO OwHwt O}OH sHL
V OFnew (I) = V OF (I) + �V (I) (15)

%OwW|t u}}aD 16 |x]@=Q j@=]t R}v I pwrU O}OH |tHL QUm

fnew(I) = V OFnew(I)
�x(I)��y(I)

(16)

QO RQt |}=yv pmW w C}akwt 'pwrU Qy O}OH |tHL QUm |x@U=Lt w wor= u}= =@
"OwW|t |R=UR=@ \wrNt |=ypwrU

\wrNt pOt
u}= QO OwHwt O=wt R= l} Qy X=wN u}vJty w \wrNt |=ypwrU X=wN u}}aD
KQ]t |}xO=tOvJ p�=Ut p}rLD QO xm CU= |OQ=wt u} QDsyt R= |m} '=ypwrU
"OvwW|t |iQat \wrNt pOt u=wva =@ |}=yx} Q_v 'hOy u}= s=Hv= |=Q@ "OwW|t
CqO=at R= |rN=O |SQv= w CaQU '|r=oJ Ovv=t |}=yC}tm =ypwrU xvwou}= |=Q@
pN=O O=wt *Cr=L *CqO=at Cw=iD p}rOx@ 'p@=kt QO "Ov=G=QNDU= p@=k |Q=DU}=B
\wrNt |=ypOt R= "CU}v umtt =ypwrU xvwou}= Q=Wi u}}aD '\wrNt |=ypwrU
pOt wO 'Q[=L j}kLD QO "OwW|t xO=iDU= =ypwrU xvwou}= Q=Wi |x@U=Lt |=Q@
QUm� pOt w �|SQv=sy � Q=Wisy� \wrNt pOt %Ov=xDiQo Q=Qk |UQQ@ OQwt \wrNt

"�|Sv=Qo q C@=F |tHL
|Q=Wi pO=aD \wrNt |=ypOt <RH �|SQv=sy � Q=Wisy� \wrNt pOt
xOW xO}t=v 1 \wrNt pOt Q=YDN=x@ pOt u}= 'Q=DWwv u}= QO "OwW|t ?wULt
u}}aD |=Q@ pOt u}= QO 'xO=t wO pt=W \wrNt pwrU l} uDiQo Q_v QO =@ "CU=
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wD=@ Q[=L |xar=]t RQt ?}kaD sD} Qwor= R= pY=L G}=Dv 'xOWO=} uwtR; |=Q@

x@ CU= sRq 'xU}=kt u}= s=Hv= Qw_vtx@ "CU= xOW xU}=kt [7] SLIC VwQ G}=Dv
%OwW xQ=W= SLIC VwQ =@ Q[=L sD} Qwor= Cw=iD w l =QDW= |rY= \=kv

xO=wv=N R= wOQy 'xU}=kt OQwt VwQ w Q[=L j}kLD QO xO=iDU= OQwt sD} Qwor= "1
"OvDUy SLIC |=yVwQ

=@ |v=tR xR=@ Qy QO =ypwrU |tHL QUm u}}aD 'OQ=wOww w Kwv SLIC VwQ QO "2
|=yCQ=@a ?} QkD w �11 w 10 \@=wQ� sHL |}=Hx@=H |xrO=at |R=UxDUUo
QO xO=iDU= OQwt SLIC VwQ QO =t= 'OQ}o|t s=Hv= xrO=at u}= |tHL Q=W
s=Hv= j}kO CQwYx@ w |UOvy s}y=it R= xO=iDU= =@ pta u}= 'Q[=L |UQQ@

"OQ}PB|t
|}=yv |=yCr=L '�u=2'v=1� w �u=1'v=0� CaQU u=O}t wO |=Q@
u=Wv 8 w 7 |=ypmW AJ CtU uwDU QO ?}DQDx@ 'x}L=v xU R= l} Qy |}=Hx@=H
CtU uwDU QO R}v OQ=wOww w Kwv SLIC VwQ x@ \w@ Qt G}=Dv "CU= xOW xO=O

"CU= xOW x�=Q= QwmPt |=ypmW R= l} Qy CU=Q
=@ u; |i}m |xU}=kt w 8 w 7 |=ypmW QO xOt; CUO x@ G}=Dv x@ xHwD =@
QO xO=iDU= OQwt SLIC VwQ xm CiQo xH}Dv u=wD|t 'OQ=wOww w Kwv VwQ G}=Dv
'=ypmW R= |NQ@ QO w OQ=wOww w Kwv VwQ G}=Dv C}i}m =@ =Q |H}=Dv Q[=L |UQQ@
|Q=Okt Oy=W u=wD|t Q[=L Q=m G}=Dv R= |NQ@ QO "OyO|t x�=Q= QDq=@ C}i}m =@

VOF- VwQ G}=Dv '�u=1,v=0� CaQU u=O}t QO x}L=v xU |}=Hx@=H "7 pmW
CtU uwDU� [19] VOF-SLIC VwQ G}=Dv '�AJCtU uwDU� Q[=L Q=m SLIC

"�CU=Q

p=kDv= uwtR;
QO xm OQ=O s=v p=kDv= uwtR; '|Oa@ wO 16|tHL |}=Hx@=H p�=Ut u} QDG}=Q R= |m}
hrDNt pmW xU 'VN@ u}= QO "OwW|t xO=iDU= xDyHlD CaQU u=O}t R= u;
Ov=CQ=@a =ypmW u}= [19]"OwW|t xDiQo Q_v QO p=iDv= RQt ?}kaD uwtR; s=Hv= |=Q@
|x}L=v l} &CU= xDiQo Q=Qk C=YDNt |=yQwLt |R=wt xm |a@ Qt |x}L=v l} %R=
|}x}L=v &CU= xDiQo Q=Qk |ki= QwLt x@ C@Uv xHQO 26 57 |x} w=R =@ xm |a@ Qt
�u=1'v=0� CaQU u=O}t wO \UwD x}L=v xU u}= R= l} Qy "�6 pmW� |}xQ}=O
|xm@W l} 'p�=Ut u}= QO "OvwW|t =Hx@=H xv=o =OH Qw]x@ �u=2'v=1� w
|vwQ}@ |xQDUo "CU= xOv=WwB =Q OL=w 1�1 O=a@= x@ |v=O}t '|a@ Qt 200�200
=@ Q@=Q@ Cv=Qwm OOa "CU= xm@W pwrU 40 |=vyB =@ Q@=Q@ x}rw= pmW xU R= l} Qy
QO "OUQ|t u=}=B x@ |v=tR pt=m |xNQJ 500 R= TB xr�Ut pL w 'CU= 0 25
0 5 '0 025 Q}O=kt =@ ?U=vDt |tHL QUm QwDv=m '|}=yv w x}rw= |=ypmW |t=tD

"CU= xOW xO=O u=Wv 0 975 w

"p=kDv= uwtR; x@ \w@ Qt x}rw= |x}L=v xU "6 pmW
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"p=kDv= uwtR;

SLIC VwQ SLIC VwQ xOvQ}oQ@ QO |x}L=v `} RwD
Q[=L Q=m p=}U CaQU

8 42� 10�8 1 30� 10�13 �xHQO 0� `@ Qt
�1w0�1 46� 10�2 7 15� 10�3 �xHQO 26 57� `@ Qt

1=30� 10�2 6 33� 10�3 xQ}=O
1 32� 10�1 7 56� 10�2 �xHQO 0� `@ Qt

�2w1�1 08� 10�1 2 53� 10�2 �xHQO 26 57� `@ Qt
9 18� 10�2 5 75� 10�2 xQ}=O

u}}aD |=Q@ |UOvy |=yVwQ R= w OvR|t u}tND C=YDNt |=yQwLt |=DU=Q QO =Q
OQwt |xr�Ut Ov=wD|t j}kO Qw]x@ 'Ovm|t xO=iDU= =ypwrU u}@ |tHL Q=W pO=@D

"OyO Vy=m R}J=v Q=}U@ OL x@ =Q =]N Q=Okt w Ovm pL =Q Q_v

|}xO=tOvJ lwW |xrwr |xr�Ut
=@ |rL u=O}t CQwYx@ w xOw@ 1cm xr�Ut u}= QO Q_v OQwt lwW |xrwr pw]
p=}U l} w AJ CtU QO Q=WiQB p=}U l} |w=L '|rwrU 100� 100 |xm@W
|x}L=v  w 1 4 =@ Q@=Q@ Q=WiQB |x}L=v  "CU= OwN CU=Q CtU QO Q=Wism
|R=wt |]N 'p=}U wO u}@ |x}rw= RQt "OwW|t xDiQo Q_v QO 2 0 =@ Q@=Q@ Q=Wism
t = 0 2�s 'pL |}=yv u=tR "CU= OL=w x = 0 3 cm QO `k=w w =yy QwLt =@
2 pwOH QO u=O}t u}= QO OwHwt |=yp=}U C=YNWt "CU= xOW xDiQo Q_v QO

"CU= xOW xOQw;
'|r=oJ w Q=Wi `} RwD Q=Owtv "OwW|t|UQQ@|}xLiY C=YDNt QO xr�Ut u}=
t = 0 2�s u=tR R= TB ?9 w hr=9 |=ypmW QO ?}DQDx@ 'x QwLt O=ODt= QO
xO=iDU= sOa Cr=L |=Q@ PPM VwQ G}=Dv '=yQ=Owtv u}= QO "Ov=xOW xO=O u=Wv
VwQ R= xO=iDU= R= TB u}vJty w '\wrNt pOt w RQt |R=Up=@vO |=ysD} Qwor= R=
xr�Ut u}= j}kO pL Q=vm QO '�1 pOt� �|SQv=sy � Q=Wisy� \wrNt pOt w VOF

"Ov=xDiQo Q=Qk xU}=kt OQwt
|R=Up=@vO VwQ R= xO=iDU= sOa xm OwW|t xOy=Wt 'xr�Ut u}= G}=Dv x@ xHwD =@
xO=iDU= uwO@ xmCU= u}= Qt= u}=Cra "Ot=Hv=|t|ak=wQ}e G}=Dv RwQ@ x@ VOF RQt
QO xO=t wO u}@ RQt pmW w C}akwt 'RQt |R=Up=@vO |=Q@ ?U=vt |tD} Qwor= R=
w xm@W QO OwHwt \wrNt |=ypwrU 'xH}DvQO w OwW|tv XNWt |v=tR xR=@ Qy
xm OwW|t xOy=Wt 'p@=kt QO "OQm |v}@V}B |DUQOx@ u=wD|tv =Q =yv; X=wN R}v
'PPM VwQ CkO Cw=iD "OyO|t Q=Qk Q=}DN= QO =Q |m} R}i G}=Dv RQt |R=Up=@vO
QO "OR=U|t u=}=tv =Q RQt |R=Up=@vO C}ty= 'VOF VwQ R= xO=iDU= R= Oa@ w p@k

"|}xO=tOvJ lwW |xrwr QO OwHwt |=yp=}U C=YNWt "2 pwOH


CaQU CaQU |r=oJ Q=Wi�v� |Owta �u� |ki=
1 4 0 0 0 0 1 0 1 0 AJ CtU p=}U
2 0 0 0 0 0 0 125 0 1 CU=Q CtU p=}U

VOF- VwQ G}=Dv '�u=2,v=1� CaQU u=O}t QO x}L=v xU |}=Hx@=H "8 pmW
CtU uwDU� [19] VOF-SLIC VwQ G}=Dv '�AJCtU uwDU� Q[=L Q=mSLIC

"�CU=Q

\=kv R= =Q u; w '|iQat OQ=wOww w Kwv =Q xO}OB u}= "Ow@ |rY= |x}L=v R= xO=t GwQN
19 |x]@=Q R= 'jwi |i}m p}rLD O}}-=D Qw_vtx@ [7]"Ov=xOQtWQ@ SLIC VwQ ha[

[19]%CU= xOW xO=iDU= G}=Dv |:tm p}rLD w =]N u}}aD |=Q@

E =

P
i;j

��fni;j � fei;j��P
i;j
f 0
i;j

(19)

pt=m |xNQJ n R= TB pwrU l} |=Q@ xOWx@U=Lt |tHL QUm fn 'u; QO xm
'|v=tR pt=m |xNQJ n R= TB pwrU l} |tHL QUm j}kO Q=Okt fe "CU= |v=tR
xU Qy |}=Hx@=H |=Q@ =]N u}= Q=Okt "CU= pwrU |tHL QUm |x}rw= Q=Okt f 0 w
Q[=L j}kLD QO xDiQ Q=mx@ SLIC VwQ |=Q@ 'QwmPt CaQU u=O}t wO QO pmW

"CU= xOW x�=Q= 1 pwOH QO 'OQ=wOww w Kwv SLIC VwQ =@ xU}=kt QO
VwQ G}=Dv '=yuwtR; u}= |t=tD QO xm OwW|t xOy=Wt 1 pwOH x@ xHwD =@
|QDq=@ CkO R= OQ=wOww w Kwv SLIC VwQ x@ C@Uv Q[=L j}kLD QO SLIC

Q=W CQ=@a ?} QkD |=Hx@ |UOvy s}y=it |Q}oQ=m x@ 'Qt= u}= p}rO "CU= Q=OQwNQ@
XwYNx@ 'G}=Dv Ow@y@ "CU= p=}U wO u}@ RQt O}OH C}akwt u}}aD QO '|tHL
OwyWt ,qt=m �u=1'v=0� CaQU `} RwD QO pw=|a@ Qt |x}L=v |}=Hx@=H |=Q@
,qt=m OwHwt CaQU u=O}t u}vJty w |a@ Qt |x}L=v `q[= 'xr�Ut u}= QO "CU=
RQt xm Q[=L j}kLD QO SLIC VwQ 'u}=Q@=v@ "Ov=C=YDNt |=yQwLt |=DU=Q QO
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xrwr |=Q@ VOF VwQ QO \wrNt pOt ẁvwO R= xO=iDU= G}=Dv |xU}=kt "10 pmW
"�100�100 xm@W� t = 0=2�s u=tR R= TB '|}xO=t OvJ lwW

\wrNt pOt |=Q@ '|}xO=tOvJ lwW xrwr QO 'xm@W R= G}=Dv pqkDU= "11 pmW
"t=0 2 s� u=tR R= TB '�|SQv=sy�Q=Wisy�

pOt w VOF VwQ R= xO=iDU= R=TB w p@k 'PPM VwQ G}=Dv |xU}=kt "9 pmW
"�100�100 xm@W� t = 0=2�s u=tR R=TB '|}xO=tOvJ lwW xrwr |=Q@ \wrNt
pOt wO u}= |};Q=m =D OwW|t |UQQ@ xOWO=} \wrNt pOt wO =@ xr�Ut u}ty xt=O=

"OwW xU}=kt Qo}Om} =@ R}v

\wrNt pOt wO OQmrta |xU}=kt
wO u}= 'xOW xOQ@ Q=m x@ \wrNt pOt wO OQmrta xU}=kt Qw_vtx@ CtUk u}= QO
QO "OvQ}o|t Q=Qk xU}=kt OQwt p@k |}xO=tOvJ lwW |xrwr |xr�Ut pL QO pOt
|xrwr u}= pw] QO |r=oJ w Q=Wi `} RwD Q=Owtv ?}DQDx@ ?10 w hr=10 |=ypmW
|=Q@ OwHwt G}=Dv "CU= xOW xO=O u=Wv t = 0 2�s u=tR CWPo R= TB 'l =W
�1 pOt� �|SQv=sy � Q=Wisy� \wrNt pOt wO |=Q@ 'VOF VwQ R= xO=iDU=
Q=Qk xU}=kt OQwt xr�Ut u}= j}kO pL Q=vm QO '�2 pOt� �C@=F |tHL QUm� w
RQt CQw=Ht QO RHx@ xm OwW|t xOy=Wt xOt; CUO x@ G}=Dv x@ xHwD =@ "Ov=xDiQo
l}ORv sy x@ |yHwD p@=k Qw]x@ '\wrNt pOt wO R= xO=iDU= CkO 'xO=t wO u}@
�|SQv=sy � Q=Wisy� \wrNt pOt R= xO=iDU= xO=t wO u}@ RQt R= Qw@a QO '=t= CU=
wO RQt QO |r=oJ w Q=Wi QO |DN=wvm} '�C@=F |tHL QUm� \wrNt pOt x@ C@Uv
CU= u; Qt= u}= p}rO "CU= xOW G}=Dv CkO V}=Ri= ?@U w xOQm ^iL QDy@ =Q xO=t
u}= "CU= |Q=Wi pO=aD |=ypOt R= '�|SQv=sy � Q=Wisy� \wrNt pOt ,qwY= xm
pwrU l} QO OwHwt |=yp=}U Q=Wi uOw@ u=Um} ZQi R= xO=iDU= Crax@ =ypOt

[16]"Ovvm|t |v}@V}B QDy@ =Q xO=t wO u}@ RQt |w=L |L=wv l} R}i '\wrNt
'50�50|=yxm@W R= xO=iDU= =@ '|D=@U=Lt|xm@W R=G}=Dv pqkDU= 'C}=yv QO
|r=oJ w Q=Wi `} RwD 11 pmW "CU= xOW |UQQ@ 200� 200 w 100� 100
u=Wv �|SQv=sy � Q=Wisy� \wrNt pOt |=Q@ =Q Q_v OQwt |}xO=tOvJ lwW |xrwr
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|Qy
=_t

EQt
w}m

w|
Dt=Qm

Ot=L s�qa CUQyi
�gr/cm3� |r=oJ %�

�Mbar.cm3/gr� pm |SQv= %E
�Mbar.cm3/gr� |rN=O |SQv= %e

�gr� sQH %m
�Mbar� Q=Wi %p

�micro sec.� u=tR %t
�cm/micro sec.� CaQU %u

�cm3/gr� xS} w sHL %�
�cm3� sHL pO=@D %�V

�cm/micro sec.� CwY CaQU %C
|tQH QUm %C
|tHL QUm %f

xS} w |=y=tQo C@Uv %
|tHL QUm Q=W %F

=]N %E
p=}U R= OwHwt sHL %VOF

|Sv=Qo q %Lag

|Qr} w= %Eul

\wrNt %Mix

\wrNt pOt R= xO=iDU= xm OwW|t xOy=Wt hr=11 pmW x@ xHwD =@ "OyO|t
OwHwt VQBVy=m?@U QDq=@|rwrU|r=oJ =@ |=yxm@W QO �|SQv=sy � Q=Wisy�
s}@=}|tQO R}v ?11pmW wpmW u}= x@ xHwD =@ "OwW|t xO=t wO u}@ RQt CQw=Ht QO
"Ovm|t QDl}ORv xr�Ut j}kO pL x@ =QG}=Dv '|D=@U=Lt QDR} Q |=yxm@W R= xO=iDU= xm

|Q}oxH}Dv
'|}xO=tOvJp�=Ut =@ xyH=wt QO PPM VwQCkOV}=Ri= |=Q@ 'Q[=L |xar=]t QO
|Q=DU}=B^iL w |oO=U uwJty |@ wr]t |=y|oS} w |=Q=O xm VOF-SLIC VwQ
xOy=Wt p=kDv= uwtR; x@ \w@ Qt |OOa G}=Dv R= xm xvwou=ty "OW ?=NDv= 'CU= sQH
C@Uv 'RQt|R=Up=@vOVwQl} u=wvax@ Q[=L|UQQ@ QO VOF-SLIC VwQ 'OW
|Q}oQ=mx@ QO Qt= u}= Cra "CU= |QDq=@ CkO |=Q=O [19] VOF-SLIC VwQ x@
Q=W |=yCQ=@a ?} QkD |=Hx@ 'sHL |}=Hx@=H |xrO=at pL QO |UOvy s}y=it
R= xO=iDU= xm OvO=O u=Wv xOt; CUO x@ G}=Dv 'u}vJty "CU= xrO=at u}= QO |tHL
|=Q@ sRq C}r@=k O=H}= ?@U 'xDiQ Q=mx@ \wrNt pOt wO R= l} Qy w VOF VwQ
X=wN QO VQB Qw[L "OW Oy=wN |}xO=tOvJ p�=Ut |UQQ@ QO 'PPM VwQ
pOt wO |};Q=m |xU}=kt w |@=} RQ= |=Q@ |Q=}at 'xO=t wO u}@ RQt CQw=Ht QO 'O=wt
Q=Wisy� \wrNt pOt R= xO=iDU= xm OW xOy=Wt Q=}at u}= x@ xHwD =@ "CU= \wrNt
|tHL QUm� pOt x@ C@Uv 'CU= |Q=Wi pO=aD |=ypOt wRH xm �|SQv=sy �

"Ovm|t |R=Ux}@W |QDq=@ CkO =@ =Q p=}U wO RQt '�C@=F

CWwv=B
1. piecewise parabolic method (PPM)
2. volume of uid (VOF)
3. interface
4. interface tracking
5. front tracking
6. interface capturing
7. level set
8. interface reconstruction
9. piecewise constant
10. piecewise constant-stair stepped
11. piecewise linear
12. dimensional splitting
13. donor-acceptor
14. translation test
15. shock tube
16. volume advection
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