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%OvQ} R Q=Qk x@
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Z
z
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Z
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%�26 |x]@=Q� OwW|t24Kuu Ku'

K'u K''
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8<:F0
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|mUv=}Ow@ |Q=O}=B Q=}at R= =Pr "OQw; CUO x@ =Q Vv=tm |v=QL@ Q=@

|tHL |=ywQ}v w |L]U |m} QDmr= SQ=W R= jwi |x]@=Q QO
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V
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Z
A
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16 |x]@=Q QO |yQo Q}O=kt ?ULQ@ �� '11 w 2 \@=wQ p=ta= R=
"CU= xOW xOQw;

�" = (Bu0 + zBu1 + z2Bu2 + z3Bu3)�ae (16)

|=Q@ =Q 17 |x]@=Q u=wD|t 13 w 9 \@=wQ R= xO=iDU= =@ u}vJty
"OQw; CUO x@ |m} QDmr= u=O}t

�E = (B'0 + zB'1 + z2B'2)�'e (17)

CUw}B QO B'2; : : : ; B'0 w Bu3; : : : ; Bu0 |=yT} QD=t
"Ov=xOW xOQw;

|x]@=Q x@ u=wD|t 15 |x]@=Q QO 17 w 16 '10 \@=wQ p=ta*= =@
%Ci=} CUO 1824Ke

uu Ke
u'

Ke
'u Ke

''

358<:ae'e
9=; =

8<:F e0
9=; (18)

Ke
'u w Ke

u' 'u=tr= |m}v=mt |DiU T} QD=t Ke
uu u; QO xm

|DiU T} QD=t Ke
'' w u=tr= |m}v=mtwQDmr= |DiU |=yT} QD=t

u=tr= |m}v=mt |wQ}v Q=OQ@ F e u}vJty "OvDUy u=tr= |m} QDmr=
%R= Ov=CQ=@a |DiU |=yT} QD=t x@ xHDvt \@=wQ "CU=

Ke
uu =Z 1

�1

Z 1

�1
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+BTu1(C1Bu0 + C2Bu1 + C3Bu2 + C4Bu3)

+BTu2(C2Bu0 + C3Bu1 + C4Bu2 + C5Bu3)

+BTu3(C3Bu0 + C4Bu1 + C5Bu2 + C6Bu3))

det(J)Rd�d� (19)
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xU}=kt 4 `=aW x@ pw]C@Uv wCt=N[ x@ `=aWhrDNt |=yC@Uv
|R=U Oa@|@ "CU= G}=Dv ?wN Ck@=]t R= |m =L xm CU= xOW

[20]%CU= xOW s=Hv= 27 \@=wQ CQwYx@
�u =

uE
S2hP0

;
�
Q = 1000'd3E

RP0
; �� xz =

�xz
P0

�w =
wE
S2hP0

; �z =
z
h
; S =

R
h

(27)

C@Uv Vy=m =@ xm O};|t Q@ u}vJ 1 pwOH QO xOt; CUO x@ G}=Dv R=
pL x@ C@Uv xDUwB |a=aW |}=Hx@=H u=R}t 'Ct=N[ x@ `=aW
|=yVvD uOQm ^=Lr Q}F-=D R= |W=v Qt= u}= &O@=}|t V}=Ri= l}Uqm

"CU= l}Uqm pL hqNQ@ |WQ@
Q@ l}DUq= |}xv=wDU= |=yxDUwB Vv=tm Q=@ u}}aD "8"2

q=@ x@DQt |x} Q_v |x}=B
R= xO=iDU= =@ u=UWm |}xv=wDU= |xDUwB Vv=tm Q=@ VN@ u}= QO
Q_v QO p}rOx@ "OQ}o|t Q=Qk |UQQ@ OQwt xDUwB |q=@ x@DQt |x} Q_v
|=y|}=Hx@=H C@Uv V}=Ri= w |[Qa |WQ@ |=yVvD C=QF= uDiQo
'`=aW x@ Ct=N[ C@Uv V}=Ri= =@ l}Uqm pL x@ C@Uv |@v=H
pL Q@ |vD@t xm xS} w Q=Okt pL Vv=tm Q=@ Q=Okt R= QDtm Vv=tm Q=@
Vv=tm Q=@ Q=Okt 2 pwOH [21]"Ot; Oy=wN CUO x@ CU= l}Uqm
E = 209=5GPa |v=UWm pwOt =@ u=UWm |}xv=wDU= |=yxDUwB

|=y|}=Hx@=H Oa@|@ *Q}O=kt Q@ Ct=N[ x@ `=aW C@Uv Q}F-=D "1 pwOH
Q=Wi Q}F-=D CLD xDUwB |v=}t K]U |m} QDmr= p}Uv=DB w |QwLt '|a=aW

"CN=wvm} |HQ=N
�'0(x = 0 025L) �u0(x = 0) �w0(x = 0 5L)

�20� `HQt Q[=L Q=m �20� `HQt Q[=L Q=m �20�`HQt Q[=L Q=m S

�0 7105 �0 7064 0 6604 0 6702 1 0033 1 0000 100
�0 4733 �0 4510 0 6962 0 7015 1 0325 1 0000 10
�0 2437 �0 2445 0 7336 0 7115 1 0498 1 0173 6

pL |=ys=o [17]"OwW|t xO=iDU= Vv=tm Q=@ Q=Okt u}}aD Qw_vtx@
%OQm xYqN u}vJ u=wD|t =Q xr�Ut

X=wN w |UOvy C=YNWt pt=W xr�Ut |=y|OwQw Ci=} QO "1
&xO=t

&xDUwB |v=}t K]U |Ov@xm@W "2
w ei 'Ci |=yT} QD=t pt=W xO=t X=wN |=yT} QD=t |x@U=Lt "3
&OQ}o|t s=Hv= Ct=N[ |=DU=Q QO |Q}op=QoDv= xrLQt u}= QO "bi
x}rw= |=ypmW Q}}eD xrLQt u}= QO "x}rw= |=ypmW Q}}eD p=ta= "4

&OvwW|t h} QaD u=tr= |yQo \=kv |wQ
V}=Ri= CQwYx@ Q=@ p=ta= pL=Qt uOQm XNWt w |Ov@s}UkD "5

&|}xrLQt
uRw `@=D w QOv=Sr�Two |Q}op=QoDv= QO \=kv O=OaD uOQm XNWt "6

&x]kv Qy =@ Q_=vDt
&Q=@ |}xrLQt p=ta= ẁQW "7
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ẁQW |=Q@ xOt; CUOx@ |x}rw= |=yQ}eDt Q}O=kt OW=@ xDiQ}PBv

xQ=@ wO 13 =D 7 pL=Qt w xOW Qw_vt wQ}v |Oa@ |xrLQt p=ta=
"OvwW|t Q=QmD xOW xO=O V}=Ri= Q=@ |=Q@

|}=Hx@=H-Q=@ |vLvt R= xO=iDU= =@ 'Q=@ V}=Ri= pL=Qt s=tD= R= Oa@
"OwW|t XNWt Vv=tm |v=QL@ Q=@ pLt |mUv=}Ow@ Q=}at w

97 ! sryJ |xQ=tW � h} QW



"""|x}=B Q@ l} QDmr=wR}B |}xv=wDU= |=yxDUwB |m}D=DU= Vv=tm

hqDN= p=ta= QF= Q@ l} QDmr=wR}B |xDUwB |QwLt Vv=tm Q=@ Q}}eD "2 pmW
"|m} QDmr= p}Uv=DB

Vv=tm Q=@ Q@ |m} QDmr= p}Uv=DB hqDN= QF= "8"4
|}xv=wDU= |xDUwB Vv=tm Q=@ Q@ hrDNt |=yl} QLD p=ta= QF=
CtUk u}= QO Q} R C=YNWt =@ pYit QU wO PVDF l} QDmr=wR}B

"OQ}o|t Q=Qk |UQQ@ OQwt
20 Q@=Q@Ct=N[ x@ `=aWC@Uv w 3 xv=wDU= `=aW x@ pw]C@Uv
"CU= 29 |x]@=Q CQwYx@ R}vl} QDmr=wR}B |xO=t C=YNWt "CU=
E1 = E2 = E3 = 2 0GPa
�12 = �13 = �23 = 1=3
b11 = b22 = b33 = 0 1062� 10�9 F=m

e31 = �0 0015; e32 = 0 0285
e33 = �0 051C=m
d31 = 3� 10�12; d32 = 23� 10�12

d33 = �30� 10�12 CN�1 (29)

Kw]U Q@ hrDNt |=yp}Uv=DB hqDN= p=ta= QF= Qov=Wv 2 pmW
|m} QDmr= p}Uv=DB hqDN= p=ta= =@ "CU= xDUwB |HQ=N w |rN=O

"O=O V}=Ri= =Q Vv=tm Q=@ Q=Okt u=wD|t ?U=vt

|Q}oxH}Dv
OQwtl} QDmr=wR}B|}xv=wDU= |=yxDUwB|m}D=DU=Vv=tm Q=DWwv u}= QO
R= Vv=tm Q=@ QDj}kO u}}aD Qw_vtx@ w =DU=Q u}= QO "CiQo Q=Qk |UQQ@
|WQ@ |=yVvD C=QF= uDiQo Q_v QO =@ xDUwB |q=@ |x@DQt |x} Q_v
T=U=Q@ xr�Ut Q@ sm =L CqO=at 'u}vJty "OW xDiQo xQy@ |[Qa
2 x@DQt `} RwD R= xO=iDU= =@ w pv=O |}=Hx@=H�VvQm |]NQ}e \@=wQ

"OW G=QNDU= 'Ct=N[ |=DU=Q QO |m} QDmr= p}Uv=DB
|Oa@ wO u=tr= uDiQo Q_v QO =@ w OwOLt <=RH= VwQ R= xO=iDU= =@
"OW pL sm =L CqO=at |}xv=wDU= C=YDNt QO |D}tQy |yQoQ=yJ
|}xv=wDU= |xDUwB Q@ |m} QDmr= Q=@ QF= u}vJty w x}rw= h=QLv= QF=

x@ `=aW hrDNt |=yC@Uv |=Q@ =Q � = 0=3 uwU=wB ?} Q[ w
"OyO|t u=Wv =Q `=aW x@ pw] hrDNt |=yC@Uv w Ct=N[

|xr�UtpL R=pY=LVv=tm Q=@ x@C@Uv xOt;CUO x@|v=QL@ Q=@
QF=Q@ Vv=tm Q=@ Vy=m R= |m =L G}=Dv "CU= xOW Oa@|@ xS} w Q=Okt
Q_vQOp}rOx@ `=aW x@ pw] u}vJty w 'Ct=N[ x@ `=aWC@UvVy=m
"CU= l}Uqm |x} Q_v hqNQ@ |[Qa |WQ@ |=yVvD C=QF= uDiQo
QDR}J=v |[Qa |WQ@ |=yVvD QF= 'xDUwB uOW QDlR=v =@ xm =Hv; R=
QDlR=v |=yxDUwB QO l}Uqm |x} Q_v =@ |vwvm G}=Dv j=@]v= 'OwW|t
pw]nQR@|=yC@Uv QO "CU= QDW}@ �QDnQR@Ct=N[ x@ `=aWC@Uv�
QF= w xOW QDl}ORv �|rmVv=tm � Q}DVv=tm x@Vv=tm 'xv=wDU= `=aW x@
Q=@ Q=Okt xH}DvQO "O@=}|tVy=m �|a[wt QF=�|[Qa|WQ@ |=yVvD
[17]"OwW|tl}ORvl}Uqm |x} Q_v R= xOW|v}@V}B Q=Okt x@Vv=tm

Vv=tm Q=@ Q@ x}rw= h=QLv= QF= "8"3
=@ |}xv=wDU= |xDUwB Vv=tm Q=@ Q@ x}rw= h=QLv= QF= VN@ u}= QO
C@Uv w 2 5 `=aW x@ pw] C@Uv =@ w 'p@k VN@ |O=t C=YNWt
CQwYx@ x}rw= h=QLv= "OQ}o|t Q=Qk|UQQ@ OQwt 12Ct=N[ x@ `=aW

"CU= 28 |x]@=Q

�w =
W0
h
sin(5� x

L
) (28)

=Q |@Uv Vv=tm Q=@ Q@ x}rw= h=QLv= |xvt=O u=R}t QF= 3 pwOH
"OyO|t u=Wv

Q=@ Q=Okt 'x}rw= h=QLv= |xvt=O V}=Ri= =@ xm OyO|t u=Wv G}=Dv
sQi Q@ x}rw= pmW Q}}eD xm CU= xOW C@=F "O@=}|t Vy=m |v=QL@
=Q Vv=tm x@ p}=tD QDnQR@ |=yxvt=O w CU= Q=PoQ}F-=D Vv=tm |}=yv

[17]"OvyO|t V}=Ri=

"pt=m |xDUwBhrDNt |=yxUOvy |=Q@|@Uv|m}D=DU=Vv=tm Q=@ "2 pwOH
S = 100 S = 50 S = 20

0 77 0 65 0 63 L=R = 1
0 88 0 72 0 69 L=R = 2
0 96 0 84 0 79 L=R = 5

"xDUwB |v=QL@ Q=@ Q@ x}rw= pmW Q}}eD |xvt=O QF= "3 pwOH
W0=h |@Uv |v=QL@ Q=@
0 0 0 7
0 01 0 65
0 1 0 43

sryJ |xQ=tW � h} QW ! 98



u=}Dwk=} u}t= w C=}aQW OtLt

Q}}eD QF= u}vJty w xOt; CUO x@ Ct=N[ x@ `=aW w `=aW x@ pw]
Q=Qk |UQQ@ OQwt Vv=tm Q=@ Q=Okt QO |m} QDmr= S=Drw R}v w x}rw= pmW
=@ xS} w Q=Okt pL x@ C@Uv Vv=tm Q=@ Vy=m R= |m =L G}=Dv "CiQo

"CU= pw] x@ `=aW w `=aW x@ Ct=N[ C@Uv V}=Ri=

G}=Dv CLY R= u=v}t]= |=Q@ "CiQo Q=Qk |@=} RQ= OQwt l} QDmr=wR}B
G}=Dv =@ l} QDmr=wR}B |xv=wDU= |=Q@ |WtN pL G}=Dv 'xOt; CUO x@

"OW xU}=kt Qo}O `H=Qt
hrDNt |=yC@Uv |=Q@ xOW Oa@|@ |QwLtVv=tm Q=@ Q}O=kt ,=D}=yv

CWwv=B
1. poly vinyli dene 
uoride `@=vt
1. Lammering, R., \The application of a �nite shell

element for composites containing piezoelectric
polymers in vibration control", Comput Struct,
41 (5), pp. 1101-9 (1991).

2. Tzou, H. and Ye, R., \Piezothermoelasticity
and precision control of piezoelectric systems",
ASME J. Vibrations and Acoustics, 116, pp.
489-495 (1994).

3. Miller, S.E. and Abramovich, H., \A self-sensing
piezolaminated actuator model for sells using
a �rst shear deformation theory", J. Intelligent
Material System and Structures, 6, pp. 624-638
(1995).

4. Thomson, S.P. and Loughlan, J., \The active
buckling control of some composite column strip
using piezoceramic actuators", Composite Struc-
tures, 32 (1-4), pp. 56-67 (1995).

5. Strambi, G., Barboni, R. and Gaudenzi, P., \Pin-
force and Euler-Bernoulli models for analysis of
intelligent structures", AIAA J., 33(9), pp. 1746-
9 (1995).

6. Lalande, F., Chaudhry, Z. and Rogers, C.A.,
\Modeling considerations for in-phase actuation
of actuators bonded to shell structures", AIAA
J., 33(7), pp. 1300-4 (1995).

7. Chen, C.Q. and Shen, Y.P., \Incremental varia-
tional principles for �nitely deformed piezother-
moelastic media", Acta Solids Mechanica Sinica
(1995).

8. Chen, C.Q. and Shen, Y.P., \Piezothermoelastic-
ity analysis for a circular cylindrical shell under
the state of axisymmetric deformation", Int. J.
Eng. Sci., 34, pp. 1585-600 (1996).

9. Chen, C.Q. and Shen, Y.P., \Stability analysis of
piezoelectric circular cylindrical shells", J. Appl.
Mech., 64, pp. 847-852 (1997).

10. Oh, I.K., Han, J.H. and Lee, I., \Postbuckling
and vibration characteristics of piezolaminated
composite plates subjected to thermopizoelectric
loads", J. Sound and Vibration, 233 (1), pp. 19-
40 (2000).

11. Oh, I.K., Han, J.H. and Lee, I., \Thermopi-
zoelastic snapping of piezolaminated plates us-
ing layerwise nonlinear �nite elements", AIAA
J., 39(6), pp. 1188-1197 (2001).

12. Shen, H.S., \Postbuckling analysis of axially-
loaded laminated cylindrical shells with piezo-
electric actuators", Eur. J. Mech. A/Solids, 20,
pp. 1007-1022 (2001).

13. Zhu, J.Q., Chen, C.Q. and Shen, Y.P., \Three
dimensional analysis of the dynamic stability of
piezoelectric circular cylindrical shells",European
Journal of Mechanics and Solids, 22, pp. 401-411
(2003).

14. Ganesan, N. and Kadoli, R., \Buckling and dy-
namic analysis of piezothermoelastic composite
cylindrical shell", Composite Structures, 59, pp.
45-60 (2003).

15. Pinto Correia, I.F. Mota Soares, C.M. Mota
Soares, C.A. and J. Herskovits, \Active control
of axisymmetric shells with piezoelectric layers:
a mixed laminated theory with a high order dis-
placement �eld", Computers and Structures, 80,
pp. 2265{2275 (2002).

16. Palazotto, A.N. and Dennis, S.T., \Nonlinear
analysis of shell structures", AIAA education se-
ries (1992).

17. Shariyat, M. and Eslami, M.R., \On thermal
dynamic buckling analysis of imperfect lami-
nated cylindrical shells", ZAMM, 80(3), pp. 171-
182 (2000).

18. Wu, X.H., Chen, C., Shen, Y. and Tian, X., \A
high order theory for functionally graded piezo-
electric shells", International Journal of Solids
and Structures, 39, pp. 5325-44 (2002).

19. Wang, J. and Yang, J., \Higher-Order Theories
of Piezoelectric Plates and Applications", Appl.
Mech. Review, 53(4), pp. 87-99 (2000).

20. Kapuria, S., Sengupta, S. and Dumir, P.C.,
\Three-dimensional solution for simply-
supported piezoelectric cylindrical shell for
axisymmetric load", Comput Meth Appl Mech
and Eng, 140, pp. 139-155 (1997).

21. Reddy, J.N., \Mechanics of laminated compos-
ite plates and shells : theory and analysis", Boca
Raton, CRC Press (2004).

99 ! sryJ |xQ=tW � h} QW



"""|x}=B Q@ l} QDmr=wR}B |}xv=wDU= |=yxDUwB |m}D=DU= Vv=tm

CUw}B
%17 w 16 \@=wQ |=yT} QD=t |xOW R=@ sQi

Bu0 =

2666666666664

Nk;x 0 ( �w;x + 1
2w0;x)Hkl;x �w;x + 1

2w0;x)Hk2;x
0 1

RNk;�
1
R [( �w;� + 1

2w0;�)Hk1;� +Hk1] 1
R [( �w;� + 1

2w0;�)Hk2;� +Hk2]
0 0 1

RHk1;� 1
RHk2;�

::: 0 0 Hk1;x Hk2;x
1
R [( �w;� + 1

2w0;�)Hk1;x 1
R [( �w;� + 1

2w0;�)Hk2;x
1
RNk;� Nk;x

[+( �w;x + 1
2w0;x)Hk1;�] [+( �w;x + 1

2w0;x)Hk2;�]

( �w;x + 1
2w0;x)Hk3;x 0 0

1
R [( �w;� + 1

2w0;�)Hk3;� +Hk3] 0 0
1
RHk3;� 0 Nk
Hk3;x Nk 0 :::

1
R [( �w;� + 1

2w0;�)Hk3;x
0 0

[+( �w;x + 1
2w0;x)Hk3;�]

3777777777775

Bu1 =

26666664
0 0 0 0 0 Nk;x 0
0 � 1

R2Nk;� 0 0 0 0 1
RNk;�

: : : 0 0 0 0 0 0 0 : : :
0 0 0 0 0 0 0
0 � 1

RNk;� 0 0 0 0 0

37777775

Bu2 =

26666664
0 0 0 0 0 0 0
0 0 0 0 0 0 0

: : : 0 0 � 4
h2RHk1;� � 4

h2RHk2;� � 4
h2RHk3;� 0 � 4

h2Nk : : :
0 0 � 4

h2Hk1;x � 4
h2Hk2;x � 4

h2Hk3;x � 4
h2Nk 0 : : :

0 0 0 0 0 0 0

37777775

Bu3 =

26666664
0 0 � 4

3h2Hk1;xx � 4
3h2Hk2;xx � 4

3h2Hk3;xx � 4
3h2Nk;x 0

: : : 0 0 � 4
3h2R2Hk1;�� � 4

3h2R2Hk2;�� � 4
3h2R2Hk3;�� 0 � 4

3h2RNk;� : : :
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 � 8

3h2RHk1;x� � 8
3h2RHk2;x� � 8

3h2RHk3;x� � 4
3h2RNk;� � 4

3h2Nk;x

37777775

B'0 = �
264 0 Nk;x 0
: : : 0 1

RNk;� 0 : : :
� 1
hNk 0 1

hNk

375

B'1 = �
264 � 1

hNk;x 0 1
hNk;x

: : : � 1
hRNk;� 0 1

hRNk;� : : :
4
h2Nk � 8

h2Nk
4
h2Nk

375

B'2 = �
264 2

h2Nk;x � 4
h2Nk;x

2
h2Nk;x

: : : 2
h2RNk;� � 4

h2RNk;�
2

h2RNk;� : : :
0 0 0

375

sryJ |xQ=tW � h} QW ! 100


