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|xQ
wO |=yC} RwBt=m O*O} *Q@ |DiU |x@U=Lt |=Q@ |r}rLD |WwQ

xQwLtxU |Oa@ wO
�O=DU=� x} QmW O=OQyt OwtLt

�OWQ= |U=vWQ� |wHWv=O� |twr_t jO=YOtLt
u=Q}= CavY w sra x=oWv=O 'l}v�t |UOvyt |xOmWv=O

xQwLtxU |Oa@ wO C} RwBt=m O*O} *Q@ |DiU |x@U=Lt |=Q@ |r}rLD VwQ l} Q=DWwv u}= QO
<=RH= w C} RwBt=m O*O} *Q@ X=wN hQat *OL=w pwrU l} =OD@= QO "CU= xOW x�=Q=

xOW xDiQo Q_v QO x}qxU CQwYx@ C} RwBt=m pm TBU "Ov=xOW |iQat u; |xOvyOp}mWD
=@ TBU "CU= |QwLt h=}r= |xOv}=tv swU |x}q w O} Q@ h=}r= |xOv}=tv u; |x}q wO xm
TB "CU= xOW x@U=Lt x}q Qy |m}v=mt X=wN 'u} RQ w h=}r= \qDN= uwv=k R= xO=iDU=
xOW xDiQo Q_v QO O} Q@ h=}r= xOv}=tv |=yx}q G=Hwa= '|r}rLD \@=wQ R= xO=iDU= =@ u; R=

x@U=Lt C} RwBt=m O*O} *Q@ pm |DiU '|Q}ou}ov=}t VwQ l} R= xO=iDU= =@ C}=yv QO "CU=
Q}F-=D w 'xU}=kt |y=oW}=tR; VwQ R= xOt; CUO x@ G}=Dv =@ xrY=L G}=Dv "CU= xOW

"CU= xOW |UQQ@ C} RwBt=m O*O} *Q@ |DiU Q@ O} *Q@ h=}r= G=Hwa=

shokrieh@iust.ac.ir
sadeqmazloomi@mecheng.iust.ac.ir

'OL=w pwrU '|r}rLD VwQ '|DiU |x@U=Lt 'C} RwBt=m O*O} *Q@ %|O}rm u=oS=w
"h=}r= G=Hwa=

xtOkt
l}�=Rwt pOt %R= Ov=CQ=@a pOt wO u}= "Ow@ |}x}q |=yC} RwBt=m l}Uqm |x} Q_v
'|y=oW}=tR; VwQ R= xOt; CUO x@ |=yxO=O =@ xU}=kt QO "h=}r= G=Hwa= pOt w
Ovm|t x�=Q=C} RwBt=m u=UWm X=wN R=|@U=vt u}tND|m}�=Rwt pOtCio u=wD|t
?U=vt xO=UCi=@ =@ xOWxDi=@ |=yC} RwBt=m |UQQ@ |=Q@ R}v h=}r= G=Hwa= pOt w
|Oa@ wO pOt x@ u; s}taD w [5]1983 p=U QO xOWx�=Q= |Oa@l} pOt \U@ =@ "CU=
"OW x�=Q= xO=U Ci=@ =@ xOWxDi=@ |=yC} RwBt=m p}rLD |=Q@ |rOt [6]'1992 p=U
|m}v=mt X=wN 'l}v=mtwQm}t pOt l} |x�=Q= =@ u}kkLt '2000 p=U QO
=@ u}vJty [7]"OvOQm |UQQ@ =Q xOWxDi=@ h=}r= =@ xOWC} wkD |Oa@ wO |=yC} RwBt=m
hrDNt |=yQDt=Q=B QF= w |Oa@ wO O} Q@ |m}v=mt X=wN p}rLD x@ |Qvi pOt |x�=Q=
u; |m}v=mt X=wN Q@ �� xQ}e w h=}r= |tHL OYQO 'O} Q@ |x} w=R p}@k R= �� O} Q@
|UmwB=/xW}W |OwB w Q=D |=yC} RwBt=m Q=DiQ w |@=QN |=yQ=mwR=U [8]"OvDN=OQB

[9]"OW |UQQ@ |@ QHD CQwYx@ R}v xQwLtwO |Q=PoQ=@ CLD
C=}YwYN lQO |=Q@ |tyt pt=a '=yv; u}}aD w =ylQDR} Q ẁQW xm =Hv; R=
|}=OD@= |@=QN Q@ Ci=@ Q=DN=U Q}F-=D 2000 p=U QO 'O};|t Q=tW x@ xO=t |m}v=mt
u}kkLt u}vJty [10]"OW xar=]t QDU= p}v} w/ xW}W |OwB w Q=D |=yC} RwBt=m
u=wvax@ ur}D= |rB h=}r= R= pmWDt |xQwLtxU CND |=yO} Q@ *|Q}oQ=mx@ ut[
|Q=PoQ=@ CLD =yv; |@=QN |xar=]t x@ '|mWRBv=OvO |=yC} RwBt=m |xOvvmC} wkD

[11]"OvDN=OQB |WtN
|=@kQ u} QDsyt R= |m} =@ nv}O} Q@ Ov}=Qi u}@ xm |}xU}=kt QO '1995 p=U QO
Qy uwJ xm OW O}m -=D xDmv u}= Q@ [12]'CiQo CQwY 1h=}r= VJ}B VwQ |va} u;

x@ =Q u=OvtWv=O xHwD |}x_Lqt p@=k Qw]x@ =yC} RwBt=m O*O} *Q@ 'Q}N= |xyO wO QO
'u=WxO=ar=jwi |m}v=mt X=wN p}rOx@ =yC} RwBt=m |xvwo u}= "Ov=xOQm ?rH OwN
[1]"OvQ}o|t Q=Qk xO=iDU= OQwt |}=} QO `}=vY w p}@twD= `}=vY '=[i=wy CavY QO
|@U=vt Q=}U@ X=wN 'OwN Q=DN=U QO wQ}v ?U=vt `} RwD p}rOx@ =yC} RwBt=m O*O} *Q@
CN=wvm} `} RwD QO =yO} Q@ |q=@ |yOR=@ "OvQ=O |R=Usw=kt Qw_vtx@ xO=iDU= |=Q@
|t=tD xm u}= x@ xHwD =@ "CU= xOW x@ Q[ Q@=Q@ QO =yv; |q=@ Ctw=kt ?Hwt 'wQ}v
R= "OvQ=O |}q=@ Q=}U@ |SQv= ?PH C}r@=k =yO} Q@ 'Ovvm|t CmQW |Q@ Q=@ QO h=}r=
?U=vt Q=}U@ O}rwD Ct}k w |rY= pmW x@ |m}ORv C}r@=k =yO} Q@ Qo}O syt |=}=Rt
w |Oa@ wO |=yO} Q@ %OvwW|ts}UkD |rm |xDUO wO x@ =yC} RwBt=m O*O} *Q@ "CU=yv;
|irDNt |=yQDt=Q=BCU= umtt '=yO} Q@ Q=DN=U |oO}J}B p}rOx@ "|Oa@xU |=yO} Q@
'T} QD=t QO h=}r= |Q}oQ=Qk |xwLv 'T} QD=t w h=}r= |m}v=mt X=wN p}@kR=�
u=W|m}v=mt X=wN Q@ �u=W|tHL OYQO w h=}r= G=Hwa= u=R}t 'O} Q@ |x} w=R

"OW=@ Q=PoQ}F-=D
|=yC} RwBt=m|m}v=mt X=wN uOQw;CUO x@ |=Q@|}xOQDUo C=ar=]t uwvm =D
xOWxDi=@ |=yC} RwBt=m '|H=Uv |=yC} RwBt=m u=}t QO [2]"CU= xOW s=Hv=|H=Uv
C=ar=]t QDW}@ p}rO u}ty x@ w OvQ=O |QDW}@ xO=iDU= |}xR=U |=yOQ@ Q=m QO
'x]@=Q u}= QO "CU= xOWxDi=@ |=yC} RwBt=m x@ \w@ Qt xRwL u}= QO xDiQoCQwY
Q@ |vD@t xm [4w3]OW x�=Q= |Oa@ wO |xOWxDi=@ |=yC} RwBt=m |=Q@ |r}rLD pOt wO

"1389 3 18 VQ}PB '1388 12 10 x}LqY= '1388 5 5 Ci=} QO %M} Q=D
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xOWx�=Q= |r}rLD pOt K} QWD
|Oa@ wO |=yC} RwBt=m O*O} *Q@ |DiU |x@U=Lt |=Q@ |O}OH pOt j}kLD u}= QO
hQat xm xOW xDiQo Q_v QO |OL=w pwrU pOt u}= QO "CU= xOW x�=Q= 6xQwLtxU
1 pmW QO "OwW|t p}mWD OL=w pwrU u}= Q=QmD R= C} RwBt=m w CU= xO=t X=wN
7�RUC� hQat OL=w pwrU w xQwLtxU |Oa@ wOC} RwBt=m O*O} *Q@l} R=|}xQ=wKQ]
pwrU Qy CU= XNWt pmW QO xm Qw]u=ty "CU= xOW xO=O u=Wv u; X=wN
�� Ov=xDiQo Q=Qk ?Qwt CQwYx@ xm CU= O} *Q@ h=}r= xDUO wO R= pmWDt OL=w
h=}r= |Qo}O w OvQ=O Q=Qk OL=w pwrU pw] |=DU=Q QO xm |QwLt h=}r= xDUO l}
xU CQwYx@ OL=w pwrU =OD@= 'OL=w pwrU pm |DiU uOQw; CUO x@ |=Q@ "|U} QD=t
=@ =yx}q R= s=Om Qy |=Q@ 'Qw_vtu}O@ "CU= xOW xDiQo Q_v QO =RHt C} RwBt=m x}q
|}x}q C} RwBt=m l} |m}v=mt X=wN 8h=}r= w u} RQ \qDN= |xOa=k R= xO=iDU=

"CU= xOt; CUO x@

Vm = 1�Vf

E11 = E11f �Vf + Em �Vm

E22 = 1= ((Vf=E22f) + (Vm=Em))

�12 = �12f �Vf + �m �Vm

G12 = G12f �Gm= (G12f � (1�Vf) + Gm � (Vf))

�23 = �12 (1� �12 � (E22=E11)) = (1� �12)

G23 = E22=2� (1 + �23) (1)

uwU=wB ?} Q[ �12 '|[Qa pwOt E22 '|rw] pwOt Qou=Wv E11 =ypwtQi u}= QO
|WQ@ pwOt G23 w '|rw] |WQ@ pwOt G12 '|[Qa uwU=wB ?} Q[ �23 '|rw]
"OvDUy h=}r= w T} QD=t Qou=Wv ?}DQDx@ f w mT}Ov= u}vJty "OvDUy |[Qa
[19]u}kkLt \UwD xOW x�=Q= pwtQi R= �23 uwU=wB ?} Q[ uOQw; CUOx@ |=Q@
|xO=t l} CQwYx@ C} RwBt=m |=yx}q R= s=Om Qy u; R= TB "CU= xOW xO=iDU=
|=Q@ |DiU T} QD=t xm Ov=xOW xDiQo Q_v QO x QwLt x@ C@Uv 9|[Qa OQou=Uty

%OwW|t h} QaD u}vJ =yu;

Cij =

266666666664

C11 C12 C12 0 0 0
C12 C22 C23 0 0 0
C12 C23 C22 0 0 0
0 0 0 1/2(C22 � C23) 0 0
0 0 0 0 C66 0
0 0 0 0 0 C66

377777777775
(2)

%u; QO xm

C11 = (1� �223)
E11
V

C12 = C13 = �12(1 + �23)
E22
V

R= |m} u=wD|tv OvDUy Qo}Om} x@ C@Uv |@}=at w =}=Rt w =yCy=@W |=Q=O VwQ wO
l} CN=U VwQ ?=NDv= xmr@ 'OQm |iQat QDQ@ VwQ |a]k Qw]x@ =Q =yVwQ u}=

"CW=O Oy=wN pwYLt ẁv x@ |O=} R |oDU@ xa]k
QO "CU= xDiQo Q=Qk xar=]t OQwt 1950 p=U R= nv}O} Q@ Ov}=Qi |DmQL R}r=v;
|x} w=R u}@ |x]@=Q x@ xHwD =@ xm [13]OW x�=Q= u=tR x@ xDU@=w pOt l} \=@DQ= u}=
x@ 'O} Q@ O}rwD CaQU w h=}r= xDUO |tHL OYQO '2h=}r= VWwB ?} Q[ 'O} Q@

"OR=OQB|t C} RwBt=m O*O} *Q@ Q=DN=UR} Q |v}@V}B
w Ctw=kt QO O} Q@ |x} w=R w G=Hwa= |x} w=R xm Ov=xO=O u=Wv Q}N= C=ar=]t
OW xO=O u=Wv |y=oW}=tR; |=yxO=O ltm =@ "OvQ=PoQ}F-=D C} RwBt=m O*O} *Q@ |DiU
C} RwBt=m O*O} *Q@ Ctw=kt Vy=m Ea=@ O} Q@ |x} w=R w G=Hwa= |x} w=R V}=Ri= xm

[14]"OwW|t
[15]"OvOQm x�=Q= =Q |R=iOvJ OwOLt <=RH=VwQ OwNj}kLD QO R}v |Qo}Ou}kkLt
O*O} *Q@ xm CQwY u}O@ "CU= xO=t ẁv l} R= V}@ Qou=}@ <RH Qy VwQ u}= QO
|x}L=v %CU= xOW p}mWD hrDNt |=yx}L=v QO OL=w pwrU ẁv xU R= C} RwBt=m
|=yQ=mwR=U 'u=QoVywSB R= |NQ@ VQ=Ro QO "=yxWwo w |L]U |x}L=v '|vwQO
u=wva 4jQwD w 3h=QLv= |x}L=v p}mWD |Oa@xU C} RwBt=m O*O} *Q@ |@=QN |rY=
|Q=PoQ=@ QO |Oa@ wO C} RwBt=m O*O} *Q@ |@=QN O=H}= |rY= Q=mwR=U 'u}vJty [16]"OW
|k}kLD Q=m wOQy QO [17]"CU= xOW VQ=Ro h=QLv= |x}L=v O=H}= h=}r= |x}rw= Q=Wi
w OW x�=Q= |Oa@xU C} RwBt=m O*O} *Q@ Ctw=kt |v}@V}B |=Q@ |}xO=U pwtQi 'jwi
C=ar=]t u}= QO "CW=O |y=oW}=tR; G}=Dv =@ |@ wN Ck@=]t =y|v}@V}B G}=Dv
Q=PoQ}F-=D |rt=wa |v=QL@ |WQ@ VvD w |QwLt h=}r= uOw@v QwLtsy xm OW XNWt

"OvDUy C} RwBt=m |rm Ctw=kt Q@
C} RwBt=m O*O} *Q@ |m}v=mt X=wN |UQQ@ |=Q@ |r}rLD |WwQ 'Qo}O |wU R=
X=wN |xOv}=tv u=wvax@ |OL=w pwrU 'u; QO xm [18]OW x�=Q= xQwLtxU |Oa@ wO
|UQQ@ OL=w pwrU u}= |xOvyOp}mWD |=RH= j} Q] u}= R= w OW xDiQo Q_v QO xO=t
5|[Qa OQov=Uty |]N Ot=H |xO=t l} u=wvax@ h=}r= R= s=OmQy =Hu}= QO "OW
pwrU QO h=}r= u}= uO=OQ=Qk sy Q=vm =@ TBU w xOW xDiQo Q_v QO x QwLt x@ C@Uv
x@U=Lt OL=w pwrU \UwDt |DiU |tHL u}ov=}t VwQ R= xO=iDU= =@ R}v w OL=w
|m}v=mt |=yQDt=Q=B R= |[a@ |x@U=Lt |=Q@ [18]'Q}N= |xOWx�=Q= VwQ "CU= xOW
'Q[=L VywSB QO "CU= h}a[ |[Qa |WWm pwOt w |WQ@ pwOt p}@kR= O} Q@
xOWx�=Q= O}OH pOt G}=Dv "CU= xOW x�=Q= X=wN u}= |x@U=Lt |=Q@ |O}OH pOt
xv}tR u}= QO OwHwt |=yV}=tR; w [18]u}W}B |r}rLD VwQ G}=Dv =@ Q=DWwv u}= QO

"CU= xOW xU}=kt

"hQat OL=w pwrU w xQwLtxU |Oa@wO C} RwBt=m O*O} *Q@ |xQ=wKQ] "1 pmW
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"O} *Q@ h=}r= hQat |x}q Q=vm R= |}=tv "2 pmW

"z QwLt |=DU=Q QO C} RwBt=m u=QwO "3 pmW

T1 =

266666666664

m2 n2 0 0 0 2mn
n2 m2 0 0 0 �2mn
0 0 1 0 0 0
0 0 0 m �n 0
0 0 0 n m 0
�mn mn 0 0 0 m2 � n2

377777777775

T2 =

266666666664

m2 n2 0 0 0 mn

n2 m2 0 0 0 �mn
0 0 1 0 0 0
0 0 0 m �n 0
0 0 0 n m 0

�2mn 2mn 0 0 0 m2 � n2

377777777775
m = cos(�)

n = sin(�)

f�g = [T1]�1 � �C
�

[T2] f"g
f�g = [CGlobal] f"g (6)

|=Q@ xm CQwYu}O@ "O};|tCUO x@ =yx}q R= s=OmQy |=Q@ |DiUT} QD=t?}DQDu}O@
z |=DU=Q QO u=QwO TBU w y |=DU=Q QO u=QwO =OD@= O} *Q@ h=}r= |xOv}=tv |=yx}q
xOWv ^=Lr |v=QwO I}y R}v |QwLt h=}r= |xOv}=tv |x}q |=Q@ w 'xOW xDiQo Q_v QO
TB "OvQ=O Q=Qk |rw] QwLt |=DU=Q QO w OvQ=Ov G=Hwa= h=}r= xDUO u}= =Q} R &CU=
T} QD=t QN; |xrLQt QO '=yx}q R= s=OmQy |=Q@ |DiU T} QD=t uOQw; CUO x@ R=

C23 = (�23 + �212
E22
E11

)E22
V

C22 = C33 = (1� �212
E22
E11

)E22
V

C44 = G23 = E22
2(1 + �23)

C55 = C66 = G12

V = [(1 + �23)(1� �23 � 2�212
E22
E11

)] (3)

|x@U=Lt |=Q@ wQu}= R= "CU= Q=PoQ}F-=DC} RwBt=m|DiUu=R}t QO,qtah=}r= G=Hwa=
QO =Q =yv; G=Hwa= O}=@ =OD@= CU= O} Q@ h=}r= |xOv}=tv xm C} RwBt=m R= |}x}q |DiU
CU= |Uwv}U `@=D l} x@ x}@W Q=}U@ h=}r= G=Hwa= xm u}= x@ xHwD =@ "CiQo Q_v
xDiQo Q_v QO |Uwv}U `@=D l} CQwYx@ R}v C} RwBt=m G=Hwa= '�2 pmW Ovv=t�

%R= Ov=CQ=@a xrY=L CqO=at "CU= xOW

z0 = Asin(�x
0
l

)

tan(�) = �A
l

cos(�x
0
l

)

m̂ = cos(�) = 1p1 + tan2(�)

n̂ = sin(�) = tan(�)p1 + tan2(�)
(4)

|DiU T} QD=t QO y |=DU=Q QO u=QwO T} QD=t wO =OD@= 'G=Hwa= uDiQo Q_v QO |=Q@
xOW x@U=Lt xrY=L T} QD=t p=QoDv= C} RwBt=m pw] QO TBU w 'OwW|t ?Q[

"CU=

T̂1 =

266666666664

m̂2 0 n̂2 0 2m̂n̂ 0
0 1 0 0 0 0
n̂2 0 m̂2 0 �2m̂n̂ 0
0 0 0 m̂ 0 �n̂
�m̂n̂ 0 m̂n̂ 0 m̂2 � n̂2 0

0 0 0 n̂ 0 m̂

377777777775

T̂2 =

266666666664

m̂2 0 n̂2 0 m̂n̂ 0
0 1 0 0 0 0
n̂2 0 m̂2 0 �m̂n̂ 0
0 0 0 m̂ 0 �n̂

�2m̂n̂ 0 2m̂n̂ 0 m̂2 � n̂2 0
0 0 0 n̂ 0 m̂

377777777775
f�g = 1

2l
2lZ

0

h
T̂1
i�1

[C]
h
T̂2
i
dxf"g

f�g =
� �C
� f"g (5)

O} Q@ h=}r= |xOv}=tv xm C} RwBt=m R= |}x}q |DiU |x@U=Lt QO Qo}O syt |xDmv
sy R=@ u=QwO u}= uDiQo Q_v QO |=Q@ "CU= z QwLt |=DU=Q QO h=}r= u=QwO 'CU=
u=QwO "CU= xOW xO=iDU= z QwLt |=DU=Q QO Q=@ u}= w u=QwO T} QD=t wO ?Q[ R=

"CU= xOW xO=O V}=tv 3 pmW QO z QwLt |=DU=Q QO C} RwBt=m
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=yC
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t=m

O* O}* Q@
|Di

U|
x@U

=Lt
|=Q@

|r}
rLD

|W
wQCU= u=wD=v Gxy |x@U=Lt R= p}rO u}= x@ u}W}B VwQ xm OUQ|t Q_v x@

CtUk wO %OwW|t s}UkD =RHt CtUk 4 x@ C} RwBt=m pm =OD@= VwQ u}= QO xm
|xOv}=tv CtUk l} w |QwLt h=}r= |xOv}=tv CtUk l} 'O} Q@ h=}r= xOv}=tv
=yCtUk R= s=OmQy |DiU 'x]w@ Qt C=@U=Lt s=Hv= R= TB xt=O= QO "T} QD=t
|va} "CU= xOW xDiQo |tHL u}ov=}t =yv; |DiU R= TBU w xOt; CUO x@
`tH Qo}Om} =@ xOW?Q[ =yv; |tHL OYQO QO =yCtUk R= s=OmQy |DiU

"Ov=xOWh
CRUC

i
= V +a [CGlobal]+a + V �a [CGlobal]�a +

V 0 [CGlobal]0 + V m [C]m

|xOa=k QO 'Q=DWwv u}= QO xOWs=Hv= VwQ QO xm CU= u}= Ovv=t ,=k}kO Q=m u}=
R= G = GfGm

GfVm+GmVf
pwtQi R= xO=iDU= |=H x@ h=}r= w T} QD=t \qDN=

|y=@DW= pwtQi u}= R= xO=iDU= &OwW xO=iDU= G = GfVf + GmVm pwtQi
xOW hQ]Q@ Q[=L Q=DWwv QO xOWx�=Q= VwQ R= xO=iDU= =@ xD@r= xm CU= Q=mW;

"CU=

C=YNWt Q}}eD =@ C} RwBt=m O*O} *Q@ Q=DiQ |v}@V}B
|m} R}i

'|y=oW}=tR;G}=Dv =@ u; |xU}=kt w Q[=L VwQ R= xOt;CUO x@G}=Dv|@=} RQ= R=TB
pwOt |=Q@ CtUk u}= QO "CN=OQB O} Q@ |m}v=mt |=yQDt=Q=B |v}@V}B x@ u=wD|t
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