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R= |NQ@ "OQm xQ=W= [14]u; T=U=Q@ OC OwHwt |=yVwQ KqY= w xR=U QO |WvQm
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8=[a= `]kt K]U u}@ \=@DQ= w `]kt K]U |wQ xR=Ov= O}k 'VvD O}k w OW xDiQo
l} uDW=Po =@ VwQ u}= "CU= xOW |UQQ@ |Q=PoQ=@ *hrDNt Cr=L OvJ QO

Q=Qk u=kkLt R= |Q=}U@ u=w=Qi xHwD OQwt =yxR=U |R=Uxv}y@ Q}N= |xyO OvJ QO
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Q=@ Q=Okt |=R=x@ s=s O�=R w[a |wQ}v QF= ?} Q[ bxis 's=k |Q=PoQ=@ QO s=s |O=R;
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x@ xHwD =@ "OyO|t u=Wv =Q =B QN xR=U w[a Qy |wQ Q@ |rY= xR=U O�=R `q[=
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R= xO=iDU= =@ |Qo}O u}kkLt "OUQ|t ?=wH |=y|m}ORv x@ |HQ=N |i=[= O}k
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C}r@=k R= =[a= u}@ \=@DQ= O}k w `]kt K]U |xR=Ov= O}k Qw[L sOa p}rOx@ VwQ

"CU= Q=OQwNQ@ |rm |xv}y@ ?=wH x@ uO}UQ w =[a= hPL
�� xR=U Q=DiQ uDi=} |=Q@ |R=Uxv}y@ |xNQJ Qy R= Oa@ =yVwQ u}= |t=tD QO
x@ |L=Q] O}OH |x]kv QO xR=U |xQ=@ wO p}rLD �� xQ}e w |}=Hx@=H 'VvD R= sa=
Oy=wN C=@U=Lt sHL V}=Ri= pt=a OwN Qt= u}= xm O@=}|t CQwQ[ xOt; CUO
=y`]kt K]U uDiQo Q_v QO w wQ}v VwQ R= xO=iDU= =@ [23]'2006 p=U QO "Ow@
`@=D VwQ R= |Q}oxQy@ =@ R}v w '|L=Q] |=yQ}eDt u=wvax@ O�=R `q[= |=ywQ}v w
QO xR=U uRw uOQmxv}y@ w xR=U p}rLD x@ C@Uv l}DvS sD} Qwor= VwQ w 11xt} QH
Qo}O |R=Uxv}y@ |xNQJ Qy R= Oa@ xm |Qw]x@ &OW s=Ok= u=t-=wD Qw]x@ xNQJ Qy
QO w [24]|]NQ}e p}rLD |=Q@ VwQ u}= R= "CU}v xR=U xQ=@ wO p}rLD x@ |R=}v
Qo}O R= [25]"OW |Q=OQ@xQy@ R}v xR=U |xUOvy w pmW |R=Uxv}y@ |=Q@ Qo}O |k}kLD
xQ=W= xJQwt sD} Qwor= w wQ}v VwQ?}mQD x@ u=wD|t wQ}v VwQ QO xOWs=Hv= C=k}kLD
'VvD Ow}k CLD u=UWm |=B QN |=yxR=U uRw |R=Uxv}y@ Q=DWwv u}= QO [26]"OQm
umtt xm =[a= |=y`]kt K]U u}@ \=@DQ= O}k w `]kt K]U Q@ C}OwOLt O}k
"OwW|t |UQQ@ 'OQ}o Q=Qk |m}D=DU= |Q=PoQ=@hrDNtCr=L OvJ =}l}CLDCU=
u}= Q@ "OW Oy=wN Cr=L u}= QO [20]`HQt VwQ R= xO=iDU= *̀ v=t QN; O}k wO OwHw
R= hOy "OwW xi=[= |R=Uxv}y@ |xr�Ut x@ |Q=oR=U |]NQ}e \@=wQ O}=@ T=U=
wQ}v VwQ |Ov@pwtQi R= pY=L ?wN C=}YwYN R= u=tRsy |xO=iDU= Q=DWwv u}=
|R=Uxv}y@ QO �� O} wH|t xQy@|]=Lt |=yxQm VwQl}vmD R= xm �� =yRmQt VwQ w
=y`]kt K]U w O�=R `q[= |=ywQ}v uDiQo Q_v QO =@ "CU= xvwo =B QN |=yxR=U uRw
Oa@ |R=Uxv}y@ Ov}=Qi QO xm OQm sy=Qi |]}=QW u=wD|t '|L=Q] |=yQ}eDt u=wvax@
=yvD [2]|]=Lt |=yxQm VwQ [23]"OW=@v xR=U p}rLD x@ |R=}v xNQJ Qy s=Hv= R=
R}v =Q |w=UD Ow}k u=wD|t VwQ u}= s}taD =@ 'u}=Q@=v@ w CU= |w=Ut=v Ow}k pt=W
CQ=@ax@ 'VwQ wO u}= R= u=t-=wD |xO=iDU= u=mt= ^=Lr u}tyx@ "OQm xi=[= u; x@
"OwW|t sy=Qi |]=Lt |=yxQm VwQ w wQ}v VwQ ?ULQ@ Ow}k |Ov@pwtQi Qo}O
"OwW|t x�=Q= VwQ u}= CQOk w |}=Q=m uO=Ou=Wv |=Q@ R}v |OOa p=Ft xvwtv OvJ

xr�Ut |Ov@pwtQi
xr�Ut |L=Q] hOy `@=D "O} Q}o@ Q_v QO =Q xQo n w w[a m =@ =B QN |xR=U l}
x�=Q= 1 |x]@=Q CQwYx@ =Q u; u=wD|t xm =B QN xR=U u}= uRw R= CU= CQ=@a
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p}rLD x]kv u; QO xR=U TBU w OwW|t xDiQo Q_v QO |L=Q] |=Q@ u} R=e; |}x]kv
T=U=Q@ |R=Uxv}y@ |xNQJ Q=@ l} u; R= Oa@ "O};|t CUO x@ xR=U Q=DiQ w OwW|t
TBU "OwW|t pY=L|L=Q] |=Q@ |O}OH |x]kv w OQ}o|t s=Hv=XNWt|WwQ
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hOy Qo}O CQ=@ax@ "CU= |R=Uxv}y@ |xNQJ l} QO |v=}t pL=Qt hPL hOy
s=Hv= Q=@ Qy =@ xm |Qw]x@CU= |R=Uxv}y@ VwQ pN=O QO xR=U p}rLD uOQmQwYLt
'xR=U Q=DiQ xmr@ 'O};|t CUO x@ |L=Q] O}OH |x]kv l} =yvDxv |R=Uxv}y@ Ov}=Qi
R}v OvDUy |UQQ@ OQwt Ow}k xm =[a= |=yVvD u; ?k=aDt w =ywQ}v Qo}O u=}@ x@ w
xDiQo Q=Qk |UQQ@ OQwt R}v QDV}B VwQ u}= "Ot; Oy=wNCUO x@ |@} QkD Qw]x@ u=t-=wD
xt} QH `@=D VwQ R= xO=iDU= =@ |UQQ@ u}= QO OW u=}@ QDV}B xm u=vJ [23]"CU=
sD} Qwor= VwQ R= TBU w OW p}O@D O}k uwO@ |R=Uxv}y@ |xr�Ut l} x@ xr�Ut
QO "OW xO=iDU= xr�Ut u; pL |=Q@ 'OwW|t ?wULt QiY x@DQt VwQ xm l}DvS
p}v |=Q@ =Pr "OvQ=O |QDy@ |}=Q=m xmCU= QDq=@ x@DQt |=yVwQ R= xO=iDU= hOy =Hv}=
u=wvax@ O} wH|t xQy@ |]=Lt |=yxQm l}vmD R= xm =yRmQt VwQ R= Qw_vt u}= x@
[2]'VwQ u}= pt=m K}[wD uOw@ Q=}DN= QO seQ|ra "OwW|t xO=iDU= |R=Uxv}y@ Q=R@=
"OwW|t x�=Q= QYDNt CQwYx@ QwmPt VwQ p=Ht u}= QO EL@ uOw@ pt=m |=Q@

l} pwL hOy `@=D w Ow}k =OD@= xm CU= u}vJ ,=U=U= |]=Lt |=yxQm VwQ
|]N Qwr}D |QU \U@ R= xO=iDU= =@ 'OQ=O Q=Qk pw@k p@=k |=[i QO xm x}rw= |x]kv
hOy `@=D w Ow}k u}= Q@ T=tt p@=k xQm u} QDnQR@ RmQt w `=aW TBU "OvwW|t
h} QaD pw@k p@=k |=[i pN=O QO xQm RmQt xm |Qw]x@ OwW|t Ci=} 'xOW|]N
QO O}=@ xQm RmQt w OW=@ xDW=O Q=Qk hOy `@=D Vy=m CtU QO w Ow}k \UwD xOW
|x]kv |xrY=i =@ |w=Ut =} QDlJwm |U=tt xQm `=aW xR=Ov= xm OQ}o Q=Qk |}=H
\Uw QO xOt; CUO x@ RmQt Q=m u}= =@ "OW=@ xOW |]N Ow}k R= l} Qy =D xQm RmQt
p=L "Ow@ Oy=wN xR=Ov= l} x@ p=ai Ow}k R= u; |xrY=i w CU= pw@k p@=k |=[i
xQ=@ wO w &OwW|t xDiQo Q_v QO |L=Q] O}OH |x]kv u=wvax@ xOt; CUO x@ xQm RmQt
|L=Q] |=[i l}vmD u}= =@ G} QODx@ =D OwW|t s=Hv= x]kv u}= pwL Ov}=Qi u}=
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OwN xOt; CUO x@ |x]kv OwW hkwDt |R=Uxv}y@ Ov}=Qi p}rO Qy x@ x=oQy 'u}=Q@=v@
Qy QO xOt; CUO x@ |x]kv u}vJty "Ow@ Oy=wN pw@k p@=k |@=wH K=Q] l} O}O R=
OwW|t Ea=@ xm OQ=O Q=Qk |v=Um} ,=@} QkD |xrY=i QO sm =L Ow}k x@ C@Uv xNQJ
pN=OCmQL p}rOx@ u}vJty "OW=@ Q@=Q@ ,=@} QkD u=v}t]=?} Q[ |=Q=O Ow}k x@C@Uv

"O=O Oy=wN u=Wv |QDsm C}U=UL Ow}k uOQm|]N x@ C@Uv |L=Q] |=[i
OwHw Q@ xwqa j}kLD u}= QO 'xr�Ut h} QaD x@ xHwD =@ xm CW=O xHwD O}=@
w |]NQ}e |w=UD Ow}k '�`]kt K]U |wQ xR=Ov= O}k w VvD O}k� |w=Ut=v Ow}k
u}= |=Q@ "OQ=O OwHw R}v 'CU= R �K Q@=Q@ u; O=OaD xm |Q=oR=U Ow}k |DQ=@ax@
R= u=wD|t OQm xi=[= |]=Lt |=yxQm VwQ QO =Q |]NQ}e |w=UD O}k u=wD@ xm
xr�Ut |}=yDv= ?=wH xm CU=vat u}O@ |w=UD Ow}k OwHw "OQm xO=iDU= Q} R l}vmD

|Q=oR=U |x]@=Q �� O�=R w[a OwHw sOa p}rOx@ �� |m}D=DU= u}at |xR=U QO
|=vatx@ x]@=Q u}= |m}D=DU= u}at=v xR=U QO =t= OW Oy=wN <=[Q= Q=mOwN Qw]x@
CU= QmP x@ sRq "CU= xR=U O�=R |=[a= |=ywQ}v w `]=kt K]U u}@ \=@DQ= OwHw
u=vJ "CU= xR=U |v}at=v xHQO =@ Q@=Q@ |Q=PoQ=@ Cr=L Qy QO CqO=at u}= O=OaD xm
w =y`]kt K]U ?ULQ@ |]NQ}e |x]@=Q l} 6 |x]@=Q OwW|t xOy=Wt xm

"CU= xR=U O�=R |=[a= |=ywQ}v

|R=Uxv}y@ |Ov@pwtQi
xOW xDiQo Q_v QO Ow}k "CU= =B QN xR=U uRw Q=Okt u} QDsm uDi=} hOy =Hv}= QO
swrat R=Ht OL l} u}@ O}=@ xm =[a= |=yVvD "1 %R= Ov=CQ=@a j}kLD u}= QO
`]kt K]U "3 &OW=@v QDsm |YNWt OL R= O}=@ =[a= `]kt K]U "2 &OvW=@
`]kt K]U O}=@ w[a OvJ p=Ft u=wvax@� OvwW \@DQt Qo}Om} x@ Ovv=wD|t =[a=
O�=R |=[a= |=ywQ}v w �Ai� =y`]kt K]U uDiQo Q_v QO =@ "�OvW=@ xDW=O Q@=Q@
|L=Q] |=[i VQDUo Qo}O CQ=@ax@ '|L=Q] |=[i |=yQ}eDt u=wvax@ �Xrk�
K]U O=OaD� Q}eDt m + R � K x@ �=y`]kt K]U O=OaD� Q}eDt m O=OaD R=
?ULQ@ VvD Ow}k �|Q=PoQ=@ Qy QO O�=R =[a= |=ywQ}v O=OaD |xi=[=x@ =y`]kt
u=wD|t QN; O}k wO Qw[L sOa CQwY QO [21w20]"OW Oy=wN |]N =yQ}eDt u}=
l} Qy OwHw uwJ =t= "OQm xO=iDU= xr�Ut pL |=Q@ [20]|]N |R} Qxt=vQ@ VwQ R=
xR=U xm OwW|t Ea=@ '=y`]kt K]U |wQ xR=Ov= O}k XwYNx@ 'QN; O}k wO R=
|Q=oR=U |x]@=Q O}=@ 'OW=@ |m}D=DU= u}at=v u=vJty |R=Uxv}y@ Ov}=Qi |=yDv= QO
O}k l} u=wvax@ 'CU= O�=R =[a= |=ywQ}v w =y`]kt K]U u}@ \=@DQ= Qou=}@ xm =Q
?ULQ@ O}k u}= OW u=}@ R}v QDV}B xm u=vJ "CiQo Q_v QO |R=Uxv}y@ |xr�Ut QO
u=wD|tv Qo}O w CU= |]NQ}e �Xjk w Ai� xDi=} VQDUo O}OH |=[i |=yQ}eDt
QO 'u}= Q@ uwRi= "CUH xQy@ xr�Ut pL |=Q@ |}=yvD x@ �LP� |]N |R} Qxt=vQ@ R=
l} QO OW=@ pt=m xWwo l} QO xm u}= |=H x@ Ov=wD|t xv}y@ ?=wH |Dq=L u}vJ
=@ "OQ}o Q=Qk 'CU= =yQ}eDt O=OaD R= QDsm p=ai Ow}k O=OaD xm |}=H '|L=Q] |=[iQ} R
pt=m |xWwo l} QO xW}ty |]N |R} Qxt=vQ@ pL R= pY=L ?=wH xm u}= x@ xHwD
R= O}=@ u}=Q@=v@ "Ow@ Oy=wNv woMU=B |}=yvDx@ |]N |R} Qxt=vQ@ R= xO=iDU= 'OQ=O Q=Qk
h} QaD T=U= Q@ "CUH xQy@ OW=@ woMU=B R}v =Q|]NQ}e Ow}k Ov=wD@ xm |Qo}O VwQ
"O=O u=Wv 7 |x]@=Q CQwYx@ =Q |R=Uxv}y@ | xr�Ut u=wD|t j}kLD u}= QO xr�Ut

Minimize : W (A) =
mX
i=1

�iliAi

Subject to :

��Ui Ai +
JX
s=1

bxisXsk � �
nX
s=1

b0isPsk

�Li Ai �
JX
s=1

bxisXsk �
nX
s=1

b0isPsk

mX
s=1

bTxrs
ls

EsAs

 
nX
l=1

b0slPlk +
JX
l=1

bxslXlk

!
= 0

ALi � Ai � AUi
Linking of variables

i = 1; :::;m; r = 1; :::; R; k = 1; :::;K: (7)
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"""|
R=Ux

v}y@
QO=

yRmQ
tV

wQw
wQ}v

Vw
Q|

Q}oQ
=mx@%OvwW|t u=}@ u}vJ xm CU= |w=UD w |w=Ut=v Ow}k

��Ui Ai +
JX
s=1

bxisXsk � �
nX
s=1

b0isPsk

�Li Ai �
JX
s=1

bxisXsk �
nX
s=1

b0isPsk

mX
s=1

bTxrs
ls

EsAs

 
nX
l=1

b0slPlk +
JX
l=1

bxslXlk

!
= 0

ALi � Ai � AUi
i = 1; :::;m; r = 1; :::; R; k = 1; :::;K: (11)

|=yVwQ QFm = QO =y`]kt K]U u}@ \=@DQ= O}k xm CU= |QwQ[ xDmv u}= QmP
OwW|tv xDiQo Q_v QO O}k u=wvax@ ,=twRr w CU= xO=U |w=UD O}k l} |R=Uxv}y@
Qo}O Ovv=t Q=m VwQ R}v j}kLD u}= QO [2]"Ot=Hv=|t =yQ}eDt O=OaD Vy=m x@ =yvD w
ẁ[wt u}= x@ Ov=wD|t O}k u}= OwHw xm CU= u; O}k u}= QmP Cra =t= CU=yVwQ
Q_v QO xH}DvQO w Ov=t@ |k=@ |m}D=DU= u}at=v Q=m |=yDv= QO xR=U xm OwW |yDvt

"OW=@ |QwQ[ |Q=oR=U \@=wQ uDiQo

|OOa p=Ft
|UQQ@ |R=Uxv}y@ QO pw=ODt |OOa p=Ft OvJ xOWx�=Q= VwQ |}=Q=m uO=Ou=Wv |=Q@
'|w[a 72 '|w[a 25 '|w[a 10 |=B QN %R= Ov=CQ=@a =yp=Ft u}= "OvwW|t
=[a= `]kt K]U CU= |i=m |R=Uxv}y@ ẁQW |=Q@ "|w[a 200 w '|w[a 60
Q=Qk |w=Ut=v Ow}k x@ C@Uv pw@k p@=k |=[i QO =D OvwW ?=NDv= nQR@ |i=m OL x@
K]U |=Q=O u} Q=e; |x]kv QO =[a= `]kt K]U |t=tD Q} R |=yp=Ft QO "OvQ}o

"OvQ@=Q@ `]kt

|w[a 10 |}xLiY |=B QN %pw= p=Ft
OQwt |O=} R u=kkLt \UwD xm xOW xO=O u=Wv |w[a 10 |=B QN 1 pmW QO
\w@ Qt C=aq]= [2]"CU= xOW VQ=Ro QDV}B u; x@ \w@ Qt G}=Dv w xDiQo Q=Qk |UQQ@

%R= CU= CQ=@a p=Ft u}= x@
'E = 68947 MPa (107 psi) |v=UWm pwOt

'�0 = �172 MPa (25 ksi) Q@=Q@ VvD OL Ctw=kt
'� = 2768 kg/m3 (0 1 pci) =@ Q@=Q@ |tHL uRw

"OW=@ 0 6451 cm2 (0 1 in2) R= QDnQR@ O}=@ =[a= `]kt K]U

[2]"|w[a 10 |=B QN "1 pmW

xm =Q =[i R= |DtUk 'xDi=}VQDUo |=[i QO "OW=@ xDW=O Q=Qk Ow}k u}= |wQ O}=@
|xr�Ut C}y=t x@ xHwD =@ "O} Q}o@ Q_v QO Ov=pw@k p@=k |w=Ut=v Ow}k x@ C@Uv
=[i u}= QO O}=@ |Q=oR=U Ow}k K]U R= |WN@ 'CU= xR=U l} xm |UQQ@ OQwt
Ovv=wD|t OvQ=O Q=Qk K]U u}= |wQ xm pw@k p@=k |=[i R= |]=kv =yvD =Pr "OvW=@
|=Q@ |Q}O=kt K]U u}= QO x]kv l} 'Qo}O CQ=@ax@ "OvW=@ xr�Ut |=Q@ |@=wH
sy w |w=Ut=v Ow}k sy xm OyO|t X}YND O�=R =[a= |=ywQ}v w =y`]kt K]U
CW=O xHwD O}=@ "�12Q=oR=U � pw@k p@=k |=[i� Ovvm|t <=[Q= =Q |Q=oR=U Ow}k
CU= |}=[iQ} R Q=oR=U � pw@kp@=k |=[i |Q=oR=U O}k OvJ OwHw CQwYQO xm
u=wD|t =Q �|Q=oR=U� |w=UD Ow}k =Pr "OwW|t pY=L Ow}k u}= lQDWt pYi R= xm
O}k |]=Lt |=yxQm VwQ QO xm Cw=iD u}= =@ 'CiQo Q_v QO |w=Ut=v Ow}k Ovv=t
|xOW|]N =D xQm RmQt |xrY=i R= uOw@ QDlJwm |=Hx@ xQm `=aW |wQ Q@ |r=ta=
u} QDnQR@ Q=QmD Qy QO xm OwW|t Ea=@ Q=m u}= "OwW|t p}O@D |w=UD O}k x@ 'Ow}k
xOW|]N Qo}O CQ=@ax@� |w=UD Ow}k u}= Q@ xW}ty xm OwW ?=NDv= |}xvwox@ xQm
'xQm `=aW *Vy=m =@ OwQ|t V}B |R=Uxv}y@ |xNQJ xJQy w OW=@ T=tt �=yu;
|x]kv C}=yv QO w OwW|t QDl}ORv |w=UD Ow}k u}= CtU x@ G} QODx@ xQm RmQt
|xr�Ut u=wD|t Qo}O CQ=@ax@ "CUWv Oy=wN Ow}k u}= lQDWt pYi |wQ ?=wH

"OQm |Ov@pwtQi u}vJ =Q |R=Uxv}y@

Maximize : rp

Subject to :

1) rp � l(p)ineq; �|w=Ut=v Ow}k |=Q@�
2) rp � l(p)W

3)rp = l(p)eq ; �|w=Ut Ow}k |=Q@�
4)~lL(p) � ~S(p) � ~l U(p)
ineq = 1; ::; (8)

m�K + xDU@=w |L=Q] |=yQ}eDt O=OaD
eq = 1; :::; J �K (9)

|r@k |x]kv R= CmQL Q=OQ@ ~S(p) 's=p |xNQJ QO |]=Lt xQm `=aW rp u; QO xm
'CmQL Q=OQ@ |=yxir-wt |=Q@ u}}=B w q=@ OL Q=Okt ~l(p) U w ~l(p) L 'O}OH RmQt x@
|wQ xR=Ov= O}k w '|}=Hx@=H 'VvD O}k� |w=Ut=v Ow}k =D xQm RmQt |xrY=i l(p)ineq

�|Q=oR=U Ow}k R= Ov=CQ=@a xm � |w=UD Ow}k =D xQm RmQt |xrY=i l(p)eq '�`]kt K]U
%OvDUy s=p |xNQJ QO |oty xm CU= hOy `@=D =D xQm RmQt |xrY=i l(p)W w

l(p)ineq or l
(p)
eq =

gq
�
~Ap; ~Xp

�
+ ~Sp T � ~rgq

�
~Ap; ~Xp

����~rgq � ~Ap; ~Xp
����

l(p)W =
�~STp � ~rW

�
~Ap; ~Xp

����~rW �
~Ap; ~Xp

���� (10)

CUO x@ xQm RmQt� s=p |xNQJ QO |L=Q] |x]kv Q=OQ@ ( ~Ap; ~Xp) 9 |x]@=Q QO
gq w '�1 |x]@=Q� xR=U uRw `@=D W 'u=}O=Qo Qorta ~r '�|r@k |xNQJ R= xOt;
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|R=
}R=}

v|ra
|ra

w|
WQi

RwQy
@

|w[a 25 |}=[i |=B QN %swO p=Ft
Q=m x@ |xO=t "CU= xOW xO=O u=Wv [2]|w[a 25 |}=[i |=B QN xR=U 3 pmW QO
|vRw sQH w 68947 MPa (107 psi) |v=UWm ?} Q[ =@ swv}twr; xOW xDiQo
|Q=PoQ=@ ẁv 6 CLD xR=U |rm Cr=L QO "CU= 2768 kg/m3 �0 1 pci �
xwQo Ciy x@ =[a= `]kt K]U |Q=PoQ=@ uQ=kD x@ xHwD =@ =t= [9]"OQ=O Q=Qk pkDUt
Vy=m Cr=L wO x@ |Q=PoQ=@ �3 pwOH j@=]t� u}=Q@=v@ w �2 pwOH� xOW s}UkD
xOW xO=O u=Wv |R=Uxv}y@ Q=QmD ?ULQ@ uRw C=Q}}eD OvwQ 4 pmW QO [6]"O@=}|t
�25 in2� =@ Q@=Q@ |oty u} R=e; |x]kv |=Q@ =yw[a `]kt K]U |xR=Ov= &CU=
ksi� =@ Q@=Q@ |Q=Wi w |WWm OL Ctw=kt "CU= xOW xDiQo Q_v QO 161 cm2

cm2 �0 1 in2� R= QDnQR@ O}=@ =[a= `]kt K]U "CU= �275=8 MPa �40
"CU= xOW x�=Q= 2 pwOH QO p=Ft u}= |=Q@ xOt; CUO x@ G}=Dv "OW=@ 0 6451

[2]"|w[a 25 |=B QN "3 pmW
"|w[a 25 |=B QN p=Ft |=Q@ G}=Dv |xYqN "2 pwOH

�cm2� xv}y@ x]kv QO =[a= `]kt K]U |=[a= |xQ=tW
j}kLD u}= VwQ [6]`HQt xwQo xwQo

0 6452 0 6452 A1 1
0 4279 2 4227 A2 : A5 2
3 0376 3 0544 A6 : A9 3
0 6452 0 6452 A10 : A13 4
0 6452 0 6452 A14 : A17 5
1 7885 1 7975 A18 : A21 6
2 4524 2 4498 A22 : A25 7
405 8 405 99 N uRw

[2]"|w[a 25 |=B QN QO |Q=PoQ=@ Cq=L "3 pwOH
�kN� 2 |Q=PoQ=@ �kN� 1 |Q=PoQ=@ |xQ=tW

PZ PY PX PZ PY PX xQo
�22 24 88 96 0 �22 24 44 48 4 448 1
�22 24 �88 96 0 �22 24 44 48 0 2

0 0 0 0 0 2 224 3
0 0 0 0 0 2 224 6

hrDNt Cr=L wO QO p=Ft u}= "OQ=Ov OwHw =yQ}eDt u}@ \=@DQ= O}k p=Ft u}= QO
(100 kips) 'P2 = 0 CQwYx@ |Q=PoQ=@ l} =yvD pw= Cr=L QO "OwW|t |UQQ@
(50 kips) x@ |Q=PoQ=@ l} =yvD R}v swO Cr=L QO "CU= P1 = 444 82 kN

2 pmW QO "CU= P1 = 667 23 kN (150 kips) 'P2 = 222 41 kN

xO=O u=Wv pw= Cr=L |=Q@ |R=Uxv}y@ |=yxNQJ ?ULQ@ xR=U uRw C=Q}}eD Q=Owtv
�60 in2) =@ Q@=Q@ |oty =y`]kt K]U |R=Uxv}y@ u} R=e; |x]kv QO "CU= xOW
CQwYx@ ?=wH OvwQ OwW|t xOy=Wt xm u=vJ "Ov= xOW xDiQo Q_v QO 387 cm2

xOt; CUO x@ |xv}y@ *?=wH hqDN= 'Q=QmD 15 R= Oa@ w CU= Q=O}=B w |Wy=m
VwQ R= xOt; CUO x@ G}=Dv 1 pwOH QO "CU= OYQO1 R= QDsm |ak=w *?=wH =@
"CU= xOW x�=Q= [2]|]N Q}e |R} Qxt=vQ@ VwQ =@ xU}=kt QO j}kLD u}= QO xOWx�=Q=
OwHw |@ wN ji=wD OwHwt G}=Dv w xOt; CUO x@ |=y?=wH u}@ xm OwW|t xOy=Wt
|}=H �� pt=m |xWwo l} QO xv}y@ ?=wH Cr=L wO Qy QO p=Ft u}= QO "OQ=O
CQ=@ax@ "OQ=O Q=Qk �� CU= =yQ}eDt O=OaD =@ |w=Ut =} QDnQR@ p=ai Ow}k O=OaD xm
|wQ Q@ xR=Ov= Ow}k R= O}k 4 pw= Cr=L QO '|Q=oR=U |w=UD O}k wO Q@ xwqa Qo}O
"Ov=p=ai VvD O}k 7 w xR=Ov= O}k 3 swO Cr=L QO w 'VvD O}k 6 w `]kt K]U
woMU=B R}v FSD uwJty |}xO=U VwQ |DL xm CU= |Dq=L xrtHR= Cr=L u}=

[19w12]"Ow@ Oy=wN

10 |=B QN |=Q@ |R=Uxv}y@ |xNQJ O=OaD ?ULQ@ uRw C=Q}}eD Q=Owtv "2 pmW
"�pw= Cr=L� |w[a

"|w[a 10 |=B QN p=Ft |=Q@ G}=Dv |xYqN "1 pwOH
�cm2� xv}y@ |x]kv QO =[a= `]kt K]U |xQ=tWswO Cr=L pw= Cr=L w[aj}kLD u}= VwQ [2]`HQt j}kLD u}= VwQ [2]`HQt

38 3752 38 3765 51 212 51 212 1
0 6452 0 645 0 6452 0 645 2
64 8568 64 8555 52 012 52 012 3
25 4712 25 4725 25 4057 25 4064 4
0 6452 0 645 0 6452 0 645 5
13 2408 13 2395 0 6452 0 645 6
55 224 55 2227 37 0625 37 064 7
17 773 17 7688 35 9289 35 928 8
36 0215 36 021 35 9289 35 928 9
0 6452 0 645 0 6452 0 645 10
7404 07 7404 07 7086 9 7086 9 �N� uRw
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"""|
R=Ux

v}y@
QO=

yRmQ
tV

wQw
wQ}v

Vw
Q|

Q}oQ
=mx@"pkDUt `]kt K]U 16 '|w[a72 |=B QN p=Ft |=Q@ G}=Dv |xYqN "4 pwOH

�cm2� xv}y@ |x]kv QO =[a= `]kt K]U |=[a= |xQ=tW
j}kLD u}= VwQ [6]`HQt xwQo xwQo

1 2181 1 2181 A1 : A4 1
0 6452 0 6452 A5 : A12 2
0 6452 0 6452 A13 : A16 3
0 6452 0 6452 A17 : A18 4
1 2285 1 2285 A19 : A22 5
0 6452 0 6452 A23 : A30 6
0 6452 0 6452 A31 : A34 7
0 6452 0 6452 A35 : A36 8
1 2820 1 2820 A37 : A40 9
0 6452 0 6452 A41 : A48 10
0 6452 0 6452 A49 : A52 11
0 6452 0 6452 A53 : A54 12
1 8975 1 8975 A55 : A58 13
0 6452 0 6452 A59 : A66 14
0 6452 0 6452 A67 : A70 15
0 6452 0 6452 A71 : A72 16
429 8 429 8 N uRw

[2]"|w[a 72 |=B QN |Q=PoQ=@ "5 pwOH
�kN� 2 |Q=PoQ=@ �kN� 1 |Q=PoQ=@ |xQ=tW

PZ PY PX PZ PY PX xQo
�22 24 22 24 0 �22 24 22 24 22 24 1
�22 24 0 0 0 0 0 2
�22 24 0 0 0 0 0 3
�22 24 0 0 0 0 0 4

72 |=B QN |=Q@ |R=Uxv}y@ |xNQJ O=OaD ?ULQ@ uRw C=Q}}eD Q=Owtv "6 pmW
"|w[a

25 |=B QN |=Q@ |R=Uxv}y@ |xNQJ O=OaD ?ULQ@ uRw C=Q}}eD Q=Owtv "4 pmW
"|w[a

|w[a 72 |}=[i |=B QN %swU p=Ft
w =yxQo |Q=PoxQ=tW w |w[a 72 |}=[i |=B QN xR=U |xUOvy 5 pmW QO
|v=UWm?} Q[ |=Q=O xOW xDiQo Q=m x@ |xO=t [2]"CU= xOW xO=O u=Wv u; |=[a=
OL "CU= 2768 kg/m3 �0 1 pci� *|vRw sQH w 68947 MPa �107 psi�
u} QDlJwm w �172 MPa �25 ksi� =@ CU= Q@=Q@ =[a= s=tD VvD u}}=B w q=@
xR=U "CU= 0 6451 cm2 �0 1 in2� Q@=Q@ =[a= `]kt K]U |wQ |=Q@ Q=Okt
QO uQ=kD p}rOx@ =t= [9]OQ=O Q=Qk pkDUt |Q=PoQ=@ Cr=L 5 CLD |rY= Cr=L QO
u=wD|t =Q xR=U =[a= `]kt K]U '=yQ}eDt u}@ \=@DQ= O}k R= xO=iDU= =@ '|Q=PoQ=@
xH}DvQO w �4 pwOH� OwW s}UkD xwQo xORv=W x@ xm |Qw]x@ 'OQm \@DQt Qo}Om} x@
|R=Uxv}y@ R=e; |=Q@ "�5 pwOH� [2]O=O Vy=m Cr=L wO x@ =Q |Q=PoQ=@ u=wD|t
Q_v QO u; |=Q@ 161 cm2 �25 in2� Q=Okt w OvQ@=Q@ =[a= |t=tD `]kt K]U
|R=Uxv}y@ pL=Qt O=OaD ?ULQ@ uRw Vy=m OvwQ 6 pmW QO "CU= xOW xDiQo
w xOW x�=Q= 4 pwOH QO p=Ft u}= |=Q@ xOt; CUO x@ G}=Dv "CU= xOW xO=O u=Wv

"CU= xOW xU}=kt `H=Qt Q}=U =@
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j}kLD u}= VwQ [11]`HQt xwQo xwQo

9 1721 A1 ; A13 1
8 7044 A2 ; A14 2
3 5569 A3 ; A15 3
12 4866 A4 ; A16 4
12 4078 A5 ; A17 5
7 1746 A6 ; A18 6
8 8302 A7 ; A19 7
9 1554 A8 ; A20 8
3 226 A9 ; A21 9

13 5424 A10 ; A22 10
8 0605 A11 ; A23 11
6 5642 A12 ; A24 12
3 226 A25 ; A37 13
3 226 A26 ; A38 14
6 0577 A27 ; A39 15
7 2869 A28 ; A40 16
7 3714 A29 ; A41 17
5 9442 A30 ; A42 18
6 9069 A31 ; A43 19
3 226 A32 ; A44 20
6 5604 A33 ; A45 21
8 056 A34 ; A46 22
7 6507 A35 ; A47 23
8 056 A36 ; A48 24
7 6507 A49 ::: A60 25
1277 2 1277 6� �N� uRw

"CU= xOW x�=Q= xv}y@ uRw =yvD [11]`HQt QO xOW x�=Q= G}=Dv QO �

[11]"|w[a 60 |=B QN |Q=PoQ=@ "7 pwOH
�kN� |Q=PoQ=@ |=yxir-wt |xQ=tW Cr=L
PY PX xQo |Q=PoQ=@
0 �44 54 1 10 40 08 7

13 36 �35 63 15 213 36 �35 63 18
44 54 �89 07 22 3

|w[a 60 |}=B QN xkrL %sQ=yJ p=Ft
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|QDnQR@ |L=Q] Q}eDt O=OaD R= |r@k |=yp=Ft x@ C@Uv xm [11]'CU= xOW xO=O
Q=m x@ |xO=t X=wN "O};|t ?=UL x@ nQR@ ,=D@Uv |=yp=Ft R= w CU= Q=OQwNQ@
w 68947 MPa �107 psi� =@ Q@=Q@ |v=UWm ?} Q[ %R= CU= CQ=@a xOW xDiQo
=[a= s=tD VvD u}}=B w q=@ OL "2768 kg/m3 �0 1 pci� pO=at |vRw sQH
`]kt K]U |wQ Q=Okt u} QDlJwm w �68 94 MPa �10 ksi� =@ CU= Q@=Q@
�90 in.� =@ Q@=Q@ xkrL |rN=O `=aW "CU= 3 2258 cm2 �0 5 in2� Q@=Q@ =[a=
`]kt K]U "CU= �254 cm �100 in.� =@ Q@=Q@ |HQ=N `=aW w �68 94 cm

OvwW|t s}UkD pkDUt xwQo 25 x@ xm |Qw]x@ Ov=xOW \@DQt Qo}Om} x@ xR=U =[a=
|=Q@ w �7 pwOH� OQ}o|t Q=Qk pkDUt |Q=PoQ=@ ẁv xU CLD xR=U "�6 pwOH�
322 cm2 �50 in2� Q=Okt w OvQ@=Q@ =[a= |t=tD `]kt K]U |R=Uxv}y@ R=e;
pL=Qt O=OaD ?ULQ@ uRw Vy=m OvwQ 8 pmW QO "CU= xOW xDiQo Q_v QO u; |=Q@

[11]"|w[a 60 |=B QN "7 pmW
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QO =[a= `]kt K]U |=[a= |xQ=tW QO =[a= `]kt K]U |=[a= |xQ=tW�in2� xv}y@ |x]kv xwQo xwQo �in2� xv}y@ |x]kv xwQo xwQoj}kLD u}= VwQ [6]`HQt j}kLD u}= VwQ [6]`HQt
0 64516 28 16769 114'102 49 1 500642 1 667739 4'1 1
0 64516 1 439997 113'103 50 1 601287 1 741932 3'2 2
12 49223 8 418693 112'104 51 4 808377 4 605152 17'5 3
3 079994 47 30636 111'105 52 2 484511 2 608382 16'6 4
1 702577 1 660642 110'106 53 0 64516 0 66387 15'7 5
13 4232 1 45161 109'107 54 6 771599 6 796115 14'8 6
5 832892 36 72831 108 55 0 64516 0 64516 13'9 7
0 64516 7 8245 118'115 56 0 64516 0 82645 12'10 8
22 47737 3 758057 117'116 57 6 040633 6 17407 11 9
0 64516 24 72124 131'119 58 0 64516 0 64516 '101'94'63'56'25'18 10177'170'139'132
2 009028 13 88191 130'120 59 0 64516 0 738063 24'23'20'19 11
17 41222 1 298062 129'121 60 0 64516 0 781934 22'21 12
0 64516 59 04504 128'122 61 11 25998 11 07675 38'26 13
0 64516 0 947095 127'123 62 0 816773 1 041288 37'27 14
19 8748 6 500632 126'124 63 3 250316 3 32838 36'28 15
0 998708 37 71992 125 64 13 2232 13 27159 35'29 16
0 64516 0 64516 138'137'134'133 65 0 64516 0 76645 34'30 17
0 64516 1 08774 136'135 66 0 64516 0 64516 33'31 18
28 99994 31 06381 152'140 67 12 49223 12 47417 32 19
1 268385 3 734186 151'141 68 3 079994 2 508382 42'39 20
15 19287 16 45932 150'142 69 1 702577 0 904514 41'40 21
71 06502 65 39987 149'143 70 13 4232 13 76642 55'43 22
5 259989 6 376761 148'144 71 5 832892 5 231602 54'44 23
0 698063 1 749674 147'145 72 0 64516 0 660644 53'45 24
42 46701 44 21152 146 73 22 47737 22 73802 52'46 25
9 271594 0 859353 156'153 74 0 64516 0 662579 51'47 26
2 797414 1 018062 155'154 75 2 009028 1 387094 50'48 27
23 82963 33 40897 169'157 76 17 41222 18 18448 49 28
15 9219 4 485797 168'158 77 0 64516 0 70645 62'61'58'57 29
0 64516 9 919335 167'159 78 0 64516 0 830966 60'59 30
92 56046 97 91593 166'160 79 19 8748 20 21931 76'64 31
4 57741 2 744511 165'161 80 0 998708 1 130965 75'65 32
3 147736 0 924514 164'162 81 1 500642 6 056117 74'66 33
46 91797 51 04635 163 82 1 601287 29 18704 73'67 34
0 64516 3 801283 176'175'172'171 83 4 808377 1 377417 72'68 35
0 715482 2 535479 174'173 84 2 484511 0 652257 71'69 36
30 28123 39 89089 190'178 85 0 64516 24 63608 70 37
1 198707 12 45352 189'179 86 6 771599 3 691606 80'77 38
16 73416 0 758063 188'180 87 0 64516 0 937417 79'78 39
99 01206 104 4708 187'181 88 0 64516 21 72383 93'81 40
3 2458 0 903869 186'182 89 6 040633 7 49934 92'82 41

4 872248 4 087089 185'183 90 0 64516 0 881289 91'83 42
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53 36957 57 45408 184 91 0 64516 40 85476 90'84 43
23 59157 17 73093 194'191 92 0 64516 1 16774 89'85 44
15 7161 17 74835 193'192 93 11 25998 1 545158 88'86 45
43 40895 50 96699 200'195 94 0 816773 30 27671 87 46
118 9765 110 5804 199'196 95 3 250316 0 889676 100'99'96'95 47
46 15797 48 37926 198'197 96 13 2232 0 850966 98'97 48
98465 2 96792� �N� uRw
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"CU= xOW xU}=kt `H=Qt Q}=U =@ w xOW x�=Q=
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x@ \w@ Qt C=aq]= "CU= QDq=@ Q=}U@ Ow}k O=OaD w QDq=@ |L=Q] |=yQ}eDt O=OaD =@
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'71 '"""'24 '22 '20 '19 '18 '17 '16 '15 '14 '12 '10 '8 '6 '5 '4

'OwW|t p=ta= 75 '74 '73 '72
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in2� Q=Okt w xOw@ sy =@ Q@=Q@ =[a= |t=tD `]kt K]U |R=Uxv}y@ R=e; |=Q@
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xOt; CUO x@ G}=Dv "CU= xOW xO=O u=Wv |R=Uxv}y@ pL=Qt O=OaD ?UL Q@ uRw
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^=Lr xNQJ Qy QO Ow}k u}= R= |tm O=OaD =yvD |]=Lt |=yxQm VwQ |Q}oQ=mx@
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OW=@ O=} R R}v xR=U |v}at=v |xHQO xJv=vJ xm OvyO|t u=Wv xOWpL |=yp=Ft

"OQ=O =Q sRq |}=Q=m VwQ u}=
x@ xR=U uRw Q=Okt x}rw= Q=QmD OvJ QO xm OvyO|t u=Wv uRw Vy=m |=yQ=Owtv
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u=vJ "CUH xQy@ R}v |R=Uxv}y@ OwHwt |=yVwQ Qo}O R= |}=yDv= |=yxNQJ |=Q@
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=@ u; ?}mQD w xR=U p}rLD |=Q@ wQ}v VwQ R= |Q}oxQy@ =@ syt u}= "OW x�=Q= 'OQ=O Q=Qk
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1. non-linear programming
2. optimality criteria
3. trust region
4. evolution strategy
5. harmony search
6. displacement method
7. force method
8. linking of variables
9. redundant forces
10. fully stressed design
11. penalty function
12. feasible-compatible
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