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pU@ `@=wDx@ xrO=at u}= ?}=Q[ |oDU@=w Crax@ "O};|t CUO x@ Tv=mQi |xrO=at '|RQt
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'|oOvm =QB Q=Owtv 'Tv=mQi h}] '|rw] G=wt= 'xOWC}=Oy G=wt= %|O}rm u=oS=w
"Gwt Q=DN=U 'xwQo CaQU 'R=i CaQU

xtOkt "1
sy=Qi =Q |@r=H w xOQDUo C=k}kLD |xv}tR �� Ovm|t pmWt =Q |UQR=@ Q=m =yu;

[11�9]"CU= xOQm
Qw]x@ �� |WtN w |WQ@ '|rw] G=wt= �� xOWC}=Oy |xv=oxU *G=wt= xJ Qo =
|Q=OQwNQ@ Crax@ |rw] w |WQ@ |=ypmW 'OvwW|t QWDvt xv=wDU= QO u=tRsy
u}= |rw] pmW \ki Q[=L |UQQ@ QO "Ov=xHwD OQwt QDW}@ |QwLt uQ=kD R=
sm =L CqO=at pL R= |YwYNx@ pmW Q=m u}= |=Q@ [12]"CU= xOW xar=]t G=wt=
CUO x@ |WQ@ w |Owta |=yVvD 'u=mt Q}}eD |=yu=O}t w OW xDiQo Q_v QO
w '|r=NwD w QB wD |xv=wDU= |=Q@ VvD uwO@ Kw]U |RQt \QW *p=ta= =@ "Ot;
OwHw \QW '=yu=mt Q}}eD |xvt=O |x@U=Lt |=Q@ uoty CqO=at x=oDUO G=QNDU=
'CU= ?}=Q[ u=v}tQDO uOWQiY R= CQ=@a xm x=oDUO u}= |=Q@ QiYQ}e |=y?=wH
xrO=at u}= ?}=Q[ uwJ "Ot; CUO x@ Tv=mQi |xrO=at ?}DQD u}= x@ w OW p=ta=
CQ=@a CQwYx@ =Q xrO=at MU=B u=wD|tv 'swO w pw= ẁv pU@ `@=wD R= CU= |@}mQD
w Tv=mQi |xrO=at |=yxW} Q |[a@ |x@U=Lt Qw_vtx@ u}=Q@=v@ "CWwv |r}rLD
xDWwv |}xv=}=Q |xt=vQ@ l} '=]N w TOL VwQx@ =yu; Q}_v *u=mt Q}}eD |xvt=O
CaQU w R=i CaQU 'Tv=mQi h}] |=yQ=Owtv 'xrY=L C=aq]= ltmx@ "OW
Owt OvJ |=Q@ �|a=aW w |QwLt |=yu=mt Q}}eD Q=Owtv� Gwt Q=DN=U R}v w 'xwQo

pLt w xR=Ov= uOQmXNWt w O=wt X=wN u}}aD |=Q@ '?QNtQ}e |=y|UQR=@ QO
C=k}kLD "OwW|t xO=iDU= CwY=Qi G=wt= R= '=yxR=U T=UL |=RH= QO Xk=wv
xm |H=wt= |va} 'CwY=Qi |xOWC}=Oy G=wt= '=y|UQR=@ u}= QO xm OyO|t u=Wv
G=wt= =@ xU}=kt QO Ovvm|t CmQL xLiY =} xrwr 'xr}t l} O=ODt= QO =} K]U |wQ

"OvQDQF-wt Q=}U@ |tHL
[2w1]"Ci=} u=wD|t |O=} R `@=vt QO =Q G=wt= u}= Q=WDv= OQwtQO x}=B C=aq]=
?QNtQ}e |=y|UQR=@ QO xOWC}=Oy G=wt= OQ@ Q=m |=tvQwO w |raiC}a[w 'xk@=U
'OQ}o|t Q=Qk xO=iDU= OQwt =yu; Q=F; |R=UQ=mW; w O}rwD |=Q@ xm '|D=R}yHD w
`]=kt hrDNt p=mW= w |UOvy |=y|oO}J}B [4w3]"CU= xOW QwQt u=kkLt \UwD
w x} RHD |=Q@ xm |OOa w |Q_v |=yVwQ w OvQ}o|t Q=Qk |UQR=@ OQwt xm |t=UH=
[8�5]"CU= u=QoVywSB |xkqa w xHwD OQwt OwW|t xDiQo Q=mx@ G=wt= u}= Q=F; p}rLD
nQR@ \w]N '=yx=oW}q=B '=yx=owQ}v QO =yxv=wDU= w =yxrwr R= xOQDUo |xO=iDU=
'=ylQD pFt �� OQ=O OwHw s=UH= u}= QO xm |Yk=wv ẁv w R=o w Civ |=yxrwr
Kw]U |wQ VmwQ OwHw =} OvDU}v TQDUO QO |OQ=wt QO xm =yxQiL w =y?wUQ
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%x=ov; 'OwW ZQi
u = r' (8)

%O};|tQO ��Gwt |xrO=at� x@ hwQat |xrO=at� 9 |xrO=at CQwYx@ 6 |xrO=at w

r2u = 1
c2
L
� @2u
@t2 (9)

"OwW|t QWDvt cL CaQU =@ |rw] =} |r=kDv= CmQL xm OyO|t u=Wv xrO=at u}=
\ki 4 |xrO=at QO u=mt Q}}eD Q=OQ@ Q=@ u}= xm OwW ZQi Qo = 'x@=Wt |rqODU= =@

%x=ov; CU= |WNQJ VN@ |=Q=O
u = r�	; r�	 = 0 (10)

%OwW|t p}O@D 11 |xrO=at x@ 7 |xrO=at w

r2u = 1
c2
T
� @2u
@t2 (11)

"OwW|t QWDvt cT CaQU =@|WNQJCmQL xm OyO|t u=Wv R}v Gwt |xrO=at u}=
|rw] G=wt= xm OyO|t u=Wv ẁ[wt u}= w OvQo}Om} R= pkDUt 11 w 9 CqO=at
\ki xm |r=LQO OvwW|t QWDvt OwOLt=v |=y\}Lt QO p@=kDt Q}F-=D uwO@ |WQ@ w
=} \@DQt Qo}Om} =@ |RQt \}=QW u=tRsy |Q=QkQ@ |=Q@ u=UWm s=UH= RQt |wQ

"OvwW|t xDU@=w

u=UWm |xv=wDU= QO xOWC}=Oy G=wt= Q=WDv= "1"3
6 CqO=at R= xO=iDU= =@ 'p} w] |=yxv=wDU= QO Q=WDv= p@=k G=wt= Tv=mQi uOQm =O}B
uOQmXNWt |=Q@ "CU= Q}PBu=mt= 	 w ' `@=wD pmW u}}aD w 11 w 9 =} 7 w
'|rw] G=wt= CU= umtt w OvwW|t QWDvt xv=wDU= QwLt O=ODt= QO xm |H=wt=
QO "OwW|t xO=iDU= =yQ}eDt l}miD |=Q@ |Qo}O VwQ R= OvW=@ |WtN =} w |WQ@
C=YDNt x=oDUO QO u=mt Q}}eD u=O}t 'C}=yv|@ pw]x@ |}xv=wDU= |=Q@ VwQ u}=
xDWwv u}vJ 'OQ=O Q=Qk xv=wDU= QwLt O=ODt= QO u; z QwLt xm '�1 pmW� |}xv=wDU=

%OwW|t
ur = Ur(r) cosn� cos(!t+ kz)

u� = U�(r) sinn� cos(!t+ kz)

uz = Uz(r) cosn� cos(!t+ kz) (12)

'|QwLt w|]}Lt '|a=aW |=y=DU=Q QO u=mt Q}}eD |=yxir-wt uz; u�; ur u; QO xm
'|]}Lt |x@DQt n = 0; 1; 2; 3; ::: '=yu=mt Q}}eD u}= |xvt=O Uz; U�; Ur w

|rN=O`=aW w C}=yv|@ pw] x@ |r=NwD |xv=wDU= QO C=YDNt x=oDUO "1 pmW
"b |vwQ}@ `=aW w a

xU}=kt Qo}O `@=vt QO OwHwt C=aq]= =@ xOt; CUOx@ G}=Dv w OW sUQ Tv=mQi w
"Ov=xOW

|Q_v |xv}W}B "2
u=mt Q}}eD Q=OQ@ ?ULQ@ OQou=Uty u=UWm sUH l} C=QP CmQL |xrO=at

[1]%OwW|t xDWwv 1 |x]@=Q CQwYx@ u = u(u1; u2; u3)

(�+ �)rr�u + �r2u = �@
2u
@t2 (1)

w r |=yCtqa "Ov=xtq ?}=Q[ � w � 'XwYNt sQH � 'u=tR t u; QO xm
x=oDUO x@ =yu; pmW xm Ov=swO w pw= |x@DQt |�RH |Q}ojDWt |=yQorta r2

sUH |=yRQt� OW=@ OwOLt=v 1 |xrO=at MU=B |xvt=O Qo = "OQ=O |oDU@ C=YDNt
C}=im sUH C=QP u=mt Q}}eD uDi=} |=Q@ xrO=at u}= '�OvW=@ xDW=O xt=O= C}=yv|@ =D
'�xr}t =} xLiY l} C=QP CmQL pFt� OW=@ OwOLt MU=B |xvt=O Qo = =t= "Ovm|t
=yRQt |wQ Q@ 3 w 2 |RQt \}=QW u}t-=D 'u=mt Q}}eD u=O}t uOQw; CUOx@ |=Q@ x=ov;

%CU= |QwQ[
u(x; t) = u(x0; t) (2)

tn = Tn (3)

QO sUH K]U Q@ OQ=w Owta n 'sUH R= x]kv Qy C}akwt Q=OQ@ x \@=wQ u}= QO
u; Q@ n xm OvDUy |L]U |wQ VvD Q=OQ@ w QwUv=D ?}DQDx@ tn w T 'x]kv Qy
u=mt Q}}eD R= OW=@ |@}mQD sUH S K]U |wQ |RQt \}=QW Qo = "CU= xOW Owta
,qFt� Qo}O VN@ |wQ 3 \QW w �S1 ,qFt� VN@ l} |wQ 2 \QW O}=@ 'VvD w

"OW=@ Q=QkQ@ �S2

pL VwQ "3
RDrwtry |x} RHD x@ hwQat VwQ R= xO=iDU= '1 |xrO=at pL |=yVwQ R= |m}
|m} %CU= xir-wt wO |=Q=O u=mt Q}}eD Q=OQ@ OwW|t ZQi VwQ u}= T=U=Q@ "CU=
Q@=Q@ u; Q=Okt xm |WNQJ |Qo}O w 'CU= ' Qr=mU= `@=D l} u=}O=Qo Q@=Q@ xm |r=kDv=
CQwYx@ u; |=Q@ =Q �u� u=mt Q}}eD Q=OQ@ 'CU= 	 |Q=OQ@ p}Uv=DB `@=D l} pQm

%OvU} wv|t 4 |x]@=Q
u = r'+r�	; r�	 = 0 (4)

CUO x@ 5 |xrO=at |Q=OQ@ p}rLD \@=wQ R= xO=iDU= w 1 QO 4 uOQm u} Ro}=H =@
%O};|t

r[(�+ 2�)r2'� �@2'
@t2 ] +r� [�r2	� �@2	

@t2 ] = 0 (5)

xQ=wty sUH \=kv s=tD |=Q@ 5 |xrO=at 'OvW=@ QiY =yxWwQm pN=O |=yCQ=@a Qo =
%Ov};|t CUO x@ 7 w 6 pkDUt CqO=at 'u}=Q@=v@ w Ow@ Oy=wN Q=QkQ@

r2' = 1
c2
L
� @2'
@t2 (6)

r2	 = 1
c2
T
� @2	

@t2 (7)
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N |=yxir-wt |t=tD u=wD|t lwy \@=wQ QO =yu; |v} Ro}=H =@ w Ov};|t CUO x@ VvQm

|vwQ}@ w |rN=O Kw]U |wQ �rz w �r� '�rr |=yxir-wt "OQm x@U=Lt R}v =Q VvD
VW 'xv=wDU= |rN=O w |vwQ}@ K]U |wQ |RQt \}=QW p=ta= =@ "OvQiY Q@=Q@ xv=wDU=
pwyHt ?}=Q[ u=v}tQDO '|y}O@ Q}e pL uDW=O |=Q@ xm O};|t CUO x@ xrO=at

%|va} &OwW QiY O}=@

D =

����������������

c11 c12 c13 c14 c15 c16
c21 c22 c23 c24 c25 c26
c31 c32 c33 c34 c35 c36
c41 c42 c43 c44 c45 c46
c51 c52 c53 c54 c55 c56
c61 c62 c63 c64 c65 c66

����������������
= 0 (13)

|xv=wDU= |=Q@� Ov=swO w pw= ẁv pU@ `@=wD R= |}=yCQ=@a cij ?}=Q[ u; QO xm
p@=k D xm O=O u=Wv u=wD|t "Ov=xOW GQO 1 xt}t[ QO w �pw= ẁv pU@ \ki QB wD
pY=L CqO=at |=yxW} Q xm CU= D2 = 0 w D1 = 0 u=v}tQDO wO x@ x} RHD
=yu=v}tQDO u}= |=yxir-wt "OvyO|t p}mWD =Q |WQ@ w |rw] G=wt= Tv=mQi ?}DQDx@

"CU= xOW x�=Q= 1 xt}t[ QO R}v
|xrO=at x@ hwQat 'Tv=mQi |xrO=at a `=aWx@ QB wD |}xv=wDU= |xr}t l} |=Q@

[1]%OwW|t G=QNDU= u}vJ w OQ=O |QDxO=U pmW 'Qt=ym =B
2�
a

(� 2 + k 2) J1(�a) J1(� a)� (� 2 � k 2)2Jo(�a) J1(� a)

�4 k2 �� J1(�a) Jo(� a) = � (14)

R= pw= ẁv pU@ `@=wD J0 w J1 w �2 = !2
c2
T
� k2 w �2 = !2

c2
L
� k2 u; QO xm

"OvDUy l} w QiY |x@DQt
Q}}eD u=O}t |=yxir-wt 'Ovvm jOY 14 |xrO=at QO xm � w k R= Q=Okt Qy |=Q@

%Ov};|t CUO x@ u}vJ u=mt
ur = [�aAJ1(�r)� ikCJ1(�r)]ei(kz�!t) (15)

uz = [ikAJ0(�r) + �CJ0(�r)]ei(kz�!t) (16)

u}= QO xm CU= xvt=O XNWt=v Q=Okt A w c = � 2ik�J1(�a)A
(�2�k2)J1(�a) =yu; QO xm

QO 'cg 'xwQo CaQU x@ \w@ Qt CQ=@a "CU= xOW xDiQo Q_v QO OL=w Q@=Q@ |UQQ@
\@=wQ R= u=mt Q}}eD |=yxir-wt '|r=NwD |xv=wDU= |=Q@ "CU= xOW GQO 2 xt}t[

[2]%Ov};|t CUO x@ 18 w 17
ur = [�A1�H11 (�r)�A2�H21 (�r) +B1kH11 (�r)+

B2kH21 (�r)]ei(kz�!t) (17)

uz = [�A1kH10 (�r)�A2kH20 (�r)�B1�H10 (�r)�
B2�H20 (�r)]ei(kz�!t) (18)

OvDUy |U} QD=t |xS} w Q=OQ@ |=yxir-wt B2 w B1 'A2 'A1 ?}=Q[ \@=wQ u}= QO
2 w 1 ẁv pmvy `@=wD H20 w H10 "CU= D1 = 0 u; |xYNWt |xrO=at xm
u}vJ xm OvDUy l} |x@DQt 2 w 1 ẁv pmvy `@=wD H21 w H11 w QiY |x@DQt

%�Ov=swO w pw= ẁv pU@ `@=wD Y w J � OvwW|t h} QaD
H10 = J0 + iY0; H20 = J0 � iY0 (19)

H11 = J1 + iY1; H21 = J1 � iY1 (20)

|v} Ro}=H =@ =yu=mt Q}}eD |xvt=O "CU= Tv=mQi f w ! = 2�f 'Gwt OOa k
=yxvt=O u}= "OvwW|t u}}aD 11 w 9 CqO=at =} 1 CmQL |xrO=at QO 12 \@=wQ
'u=mt Q}}eD =yu; ltmx@ w Ov=xOW p}mWD �xOWKqY= pU@ `@=wD =}� pU@ `@=wD R=

[2]"OvwW|t x@U=Lt sUH R= x]kv Qy QO =yVvD w =yVvQm
Q=Owtv =OD@= 'Tv=mQi |xrO=at ltmx@ 's=UH= QO G=wt= Q=WDv= |xar=]t |=Q@
Q=Owtv u}= &O};|t CUO x@ Gwt OOa ?ULQ@ Q=WDv= p@=k |=yTv=mQi C=Q}}eD
R=i CaQU C=Q}}eD 'C=Q}}eD u}= uOWXNWt =@ "OwW|t xO}t=v �Tv=mQi h}]�
�� OvwW|t h} QaD cg = d!

dk w cp = !
k CQwYx@ ?}DQDx@ xm �� xwQo CaQU w

l} R= xrY=i ?ULQ@ sUH \=kv u=mt Q}}eD Q=Owtv "OvwW|t XNWt |oO=Ux@
"Ovm|t XNWt =Q Gwt Q=DN=U 'x=wNrO -=O@t

�3 pmW� |WQ@ '�2 pmW� |rw] G=wt= 'O@=} Q=WDv= xv=wDU= QO |WvD Gwt Qo =
xty xJv=vJ [1]"OQm xar=]t xv=o =OH CQwYx@ u=wD|t =Q u; �4 pmW� |WtN w
Owt |rw Ov=|QwLt uQ=kD |=Q=O |WQ@ w |rw] G=wt= 'OvwW QWDvt z O=ODt= QO =yOwt
|=yOwt n = 0 Q}_v |=yu=mt Q}}eD '12 \@=wQ QO "CU= uQ=kD u}= Ok=i |WtN
pt=W |WtN |=yOwt n = 1; 2; 3; ::: Q}_v |=yu=mt Q}}eD w Ov=|QwLt uQ=kDt
l}miD |=Q@ Q} R |Q=PoCtqa R=CyH u}tyx@ "OvDUy n� u=twoQ; =@|Uwv}U `@=wD
w |rw] |=yOwt |=Q@ ?}DQDx@ T (0;m) w L(0;m) %OwW|t xO=iDU= =yOwt
m = 1; 2; 3; ::: "|WtN uQ=kDt=v Owt |=Q@ F (n;m) w |QwLt uQ=kD =@ |WQ@
xO=O K}HQD |WtN |=yOwt x@ |rw] |=yOwt pta QO "CU= Gwt Owt |xQ=tW
|xv=wDU= \}Lt 360� s=tD QO w OvQ=O |QwLt uQ=kD G=wt= u}= =Q} R 'OvwW|t

"OQm xO=iDU= =yu; R= |UQR=@ |=Q@ u=wD|t |r=NwD

uQ=kDt |=yOwt "2"3
|=yxir-wt |t=tD 'u=mt Q}}eD � VvQm \@=wQ R= xO=iDU= w u=mt Q}}eD u=O}t u}}aD =@

"xv=wDU= QO |rw] G=wt= "2 pmW

"xv=wDU= QO |WQ@ G=wt= "3 pmW

"xv=wDU= QO |WtN G=wt= "4 pmW
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p}rL
DQ[=L |UQQ@ R= pY=L �k = 0 |=R= QO fd Q}O=kt� hkwD |=yTv=mQi

[1]`H=Qt Qo}O QO OwHwt Q=Owtv R= xDiQoQ@ xm �� x@=Wt |=yTv=mQi =@ xU}=kt Qw_vtx@
|m}ORv x@ xHwD =@ "CU= xOW GQO 1 pwOH QO xvwtv Owt OvJ |=Q@ �� OvDUy
|i=m CkO R= Q[=L *|UQQ@ R= pY=L G}=Dv xm Cio u=wD|t =yTv=mQi u}= Q}O=kt

"OvQ=OQwNQ@
CaQU 'OwW ?=NDv= nQR@ |r}N fd Qo = xm OwW|t xOy=Wt hr=6 pmW QO
QO OwW|t =Qosy sw}v}twr; QO |r} Q |L]U G=wt= CaQU x@ Owt u} QDu}}=B R=i
�� |WQ@ G=wt= CaQU x@ |va} �� cT x@ QDq=@ |x@DQt |=yOwt R=i CaQU xm|r=L

[1]"OvwW|t =Qosy
|xv=wDU= QO xvwtv Tv=mQi w Owt OvJ |=Q@ Gwt Q=DN=U 10 =D 7 |=ypmW QO
u=mt Q}}eD xm |]=kv C}akwt =ypmW u}= QO "CU= xOW xO=O u=Wv QB wD |tw}v}twr;
Owt |=Q@ =Q Gwt Q=DN=U xm 7 pmW QO ,qFt "OwW|t XNWt CU= QDW}@ =yu;

"MHz �mm; fd hkwD |=yTv=mQi |xU}=kt "1 pwOH
9 7 4 1 Owt xQ=tW
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