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wO *|}x}q *|R=U?DQt |=Q@ |OOa sD} Qwor= l} |x�=Q=
u=tR=U|@ |=yxm@W *|D=aq]= Q=DN=U *Q=OCyH

�|QDmO |wHWv=O� |Oqwi xrr=Ctav
�O=DU=� |Ov@ QO OwaUt

h} QW |DavY x=oWv=O '=[i=wy |UOvyt xOmWv=O

|=yxm@W |=yCN=UQ} R x@ `} QU |UQDUO |xv}tR QO O}OH |WwQ Q=DWwv u}= QO
"OwW|t x�=Q= q=@ |D=@U=Lt CaQU w xv}tm |r=eW= |x_i=L |oS} w wO =@ u=tR=U|@

=@ u=tR=U|@ |=yxm@W |D=aq]= Q=DN=U |}x}q |R=U?DQt 'Q[=L VwQ |rY= |xO}=
QO sHUvt |}x}q s_v O=H}= x@ QHvt xm 'OW=@|t =yxQo w =yu=tr= Q=OCyH |Q=PoxQ=tW
u}= QO "OwW|t =yu=tr= x=wNrO Cq=YD= =@ u=tR=U|@ |xm@W l} |D=aq]= Q=DN=U
|wHwCUH w 'u=tR=U|@ |xm@W l} QO wHwCUH C=}rta uOQmOwOLt =@ VwQ
`} QUD xm@W u; |=yCN=UQ} R x@ |UQDUO 'xOW?DQt |=yx}q pN=O QO Q=OCyH

|D=aq]= Q=DN=U |R=U?DQt QO Q[=L VwQ OQmrta |@=} RQ= R= pY=L G}=Dv "OwW|t
Q[=L VwQ O=} R C}r@=k R= |m =L |}=} QOQ} R l} |rw] `]kt |wQ Q@ u=tR=U|@ |xm@W

|=yuwtR; "CU= |Oa@ wO u=tR=U|@ |=yxm@W |D=aq]= Q=DN=U |R=U?DQt QO
Qov=}@ 'hrDNt u=tR=U|@ |=yxm@W |=yCN=UQ} R x@ `} QU |UQDUO hOy =@ xOWs=Hv=

"OvDUy O}OH |D=aq]= Q=DN=U =@ |yOTQO; |q=@ CaQU w CrwyU

nefouladi@gmail.com
darbandi@sharif.edu

'|}x}q |R=U?DQt '|D=aq]= Q=DN=U 'u=tR=U|@ |=yxm@W %|O}rm u=oS=w
"`} QU |wHwCUH 'Q=OCyH |R=U?DQt

xtOkt
"OwW|t s=Hv= xm@W pm QO |OOa C=@U=Lt 'Qw@ Rt |xm@W *|D=aq]= Q=DN=U
QO =t}B=wy l} lr=@ |�RH C=Q}}eD |OOa |UQQ ? x@ u=wD|t p=Ft u=wvax@
|=Q@ u=tR=U|@ |xm@W l} |Ov@s}UkD 's=a Qw]x@ "OQm xQ=W= u; |rm l}t=v}OwQ�;
|=yxm@W |DL=Qx@ �� |R=wt VR=OQB |=yOQ@ Q=m QO xrtHR= �� X=N |=yQw_vt

[4]"CU}v u=tR=U=@
|=yVwQ 'u=tR=U|@ w u=tR=U=@ |xm@W wO Qy |=}=Rt R= |@Uv |OvtxQy@ |=Q@
ẁv OvJ =} wO R= ,=@r=e =yVwQ u}= [5]"Ov=xDi=} VQDUo |a}Uw Qw]x@ 2|@}mQD
V}=Ri= |=Q@ p�=Ut |NQ@ QO "Ovvm|t xO=iDU= pL |xvt=O l} QO Cw=iDt *u=tr=
=} O=} R 3|Q_vt C@Uv =@ u=tR=U=@ |=yu=tr= R= 'RQt l}ORv |L=wv QO pL CkO
|R=Uxm@W pL u=O}t R= |t}_a VN@ QO w OwW|t xO=iDU= xO}Wm |=yu=tr=
l} QO xm@W wO u}= p=YD= |=Q@ u=tR=U|@ |xm@W R= "CU= xOW s=Hv= |DQ=mO
pL |L=wv QDW}@ QO 'p�=Ut |NQ@ QO u}vJty [6]"OwW|t xO=iDU= lJwm |x}L=v
|RQt |L=wv QO \ki u=tR=U|@ |xm@W R= w xOW xO=iDU= u=tR=U=@ |xm@W R=
C@Uv xm@W O}rwD QO 'O=} R uU=Lt seQ|ra =yxm@W u}= [7]"CU= xOW |Q}oxQy@
pL sD} Qwor= ,=@r=e w OvQ=OQwNQ@ |QDsm C}twta R= u=tR=U|@ ,=t=tD |=yVwQ x@
xDW=O =Q Cw=iDt u=tr= ẁv wO smCUO =@ OQ@ Q=m C}r@=k xm OW=@ |}xvwox@ O}=@ |OOa

[9w8]"OW=@

`iQ |=Q@ xDi=}xaUwD Q=}U@ w |twta |Q=my=Q �u=tR=U|@ |D=@U=Lt |=yxm@W�
Q@ xm@W O}rwD QO u=tR=U=@ |R=Uxm@W |=yVwQ |Q}oQ=mx@ R= |W=v CqmWt
uwJ |Qo}O |=yVwQ =@ xU}=kt QO '=yVwQ u}= "Ov=xO}J}B |D=@U=Lt|L=wv |wQ
O}rwD QO O=} R |Q}PBh=]av= p}rOx@ '=Qt}=m =} u=WwBsy |=yxm@W 'u=O}t |Ov@lwr@
|rLt Q}}eD =} |R=UR=@ QO CrwyU R}v w xO}J}B |D=@U=Lt |L=wv |wQ Q@ xm@W
X}=kv u} QDsyt R= |m} [2w1]"Ov=xDi=} |Q}osWJ |xaUwD 'xm@W |=yCN=UQ} R
CQwQ[ Q@ xwqa Qt= u}= "CU=yv; u=tR=U|@ |D=aq]= Q=DN=U '=yxm@W u}=
|wHwCUH C=}rta |Q}oQ=mx@ Ea=@ ,=DOta 'C=aq]= O=} RsHL |R=UxQ}NP
xH}DvQO w '|OOa pL |=ysD} Qwor= R=}v OQwt |=yCN=UQ} R x@ |UQDUO |=Q@ `}Uw
|OOa pL |=yVwQ R= |NQ@ [3]"OwW|t |OOa pL |D=@U=Lt u=tR V}=Ri=
xvwou}= "Ov=|D=@U=Lt |=yxm@W |D=aq]= Q=DN=U QO s_v OwHw *OvtR=}v `} QU
|=yxm@W QO w Ov=xOW xO=O xaUwD u=tR=U=@ |=yxm@W QO OQ@ Q=m |=Q@ =yVwQ
1|]N |vt[ VwQ "OvDU}v p=ta= p@=k X=N Q}@=OD P=ND= uwO@ u=tR=U|@
|xm@W R= |mJwm VN@ xm u; =@ p�=Ut |NQ@ QO "CU=yVwQ u}= R= |}xvwtv
*|v=tR=U|@ p}rOx@ 'Ovm|t pta Q=PoQ}F-=D |D=@U=Lt |x}L=v u=wvax@ |D=@U=Lt
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"u=tR=U|@ |D=aq]= Q=DN=U |R=U?DQt VwQ R= |}xQ=wKQ] "1 pmW

Q=OCyH w |}x}q |R=U?DQt VwQ |rmKQ] "CU= xOW xO=iDU= O=Oa= |wQ Q@ �{�
u=Wv 1 pmW QO l}D=tW Qw]x@ 'Q[=L j}kLD QO u=tR=U|@ |D=aq]= Q=DN=U
|xQ=tW pt=W u; h}OQ Qy xm xm@W p=YD= T} QD=t 'VwQ u}= QO "CU= xOW xO=O
T} QD=t u}= QO "OwW|t |Ov@s}UkD xDUw}B Qw]x@ 'CU= |FrFt u=tr= Qy xQo xU
=yu=tr= |=yx}q "CU= u=tr= |x}q l} Qou=}@ �L = 1; 2; :::; Ln� CtUk Qy
QO "OvwW|t |yDvt |HQ=N |=yRQt x@ w ' ẁQW sUH K]U R= xDUw}B Qw]x@
xDUw}B Qw]x@ |D=FrFt CyH l} QO =yu=tr= OOHt |Q=PoxQ=tW u=tr= |x}q Qy
QwYLt �u}}=B w q=@ xQo |x}q� xQo |x}q wO \UwD u=tr= |x}q Qy "OwW|t s=Hv=
=@ CyHsy xDUw}B Qw]x@ xQo |x}q Qy QO R}v =yxQo OOHt |Q=PoxQ=tW "CU=
=@ =yu=tr= |rN=O |R=U?DQt 'VwQ u}= QO "OwW|t s=Hv= =yu=tr= |Q=PoxQ=tW
T} QD=t pw= uwDU xm |Qw]x@ 'OwW|t s=Hv= u=tr= Qy xQo xU |xQ=tW |R=U?DQt
q=@ xQo |x}q pt=W u; T} QD=t swU uwDU w u}}=B xQo |x}q pt=W O}OH p=YD=

"OW=@
�e� p=YD=T} QD=t QY=va R=h}OQ wO �Z} waD =}� uOW =Hx@=H =@|rmCr=L QO
=yxQo C}akwt R= h}OQ wO Z} waD xm |r=L QO 'OwW|t Zwa =yu=tr= xQ=tW \ki
|=yu=tr= T-=Q xU |=yxQ=tW Q}}eD OvtR=}v =yxQo |xQ=tW uOWZwa Q@ xwqa 'p QO
|wHwCUH C=}rta =@ ,=twta xm CU= p=YD= T} QD=t QO xQo wO u; =@ \@DQt
O=H}= Qw_vtx@ '2009 p=U QO xOWx�=Q= sD} Qwor= "CU= x=Qty xm@W pN=O QO `}Uw
=yxQo OOHt |Q=PoxQ=tW QO OQ@y=Q u}= R= [14]u=tR=U|@ |xm@W |=Q@ |}x}q Q=DN=U
OQ=O Q@ QO =Q |v}ovU ,=D@Uv |D=@U=Lt |xv} Ry pta QO 'Qt= u}= "CU= xOQm xO=iDU=
j}kLD u}= QO "OyO|t Vy=m |yHwD p@=k OL =D =Q Qw@ Rt VwQ |D=@U=Lt |}=Q=m w
s=Hv= 6=yT}Ov= CW=ov Q@ |vD@t w O}OH |OQm} wQ =@ =yxQo OOHt |Q=PoxQ=tW
xwqa "Ovm|t hQ]Q@ ,qt=m =Q |r@k VwQ QO xOWO=} pmWt xm |Qw]x@ 'OwW|t
w OwW|t |R=U?DQt sD} Qwor= QDW}@ s=HUv= Ea=@ OQ@y=Q u}= |Q}oQ=mx@ 'u}= Q@
Qw@ Rt VwQ VN@ u}= QO "Ovm|t xO=U |O=} R OL =D R}v =Q VwQ u}= |U} wvxt=vQ@
x�=Q= u; |=v@t Q@ |R=U?DQt sD} Qwor= |Oa@ VN@ QO w OwW|t x�=Q= |rm Qw]x@
|D=@U=Lt |xm@W l} s=i xQoQy x@ F p}O@D Qorta =@ xm u}= ZQi =@ "OW Oy=wN

%xm |Qw]x@ OwW xO=O C@Uv I ?wr]t |xQ=tW l}
F (i) = I; F�1(I) = i (1)

%R= Ow@ Oy=wN CQ=@a =yxQo xQ=tW O}OH V}=Q;
p(i) � p(F�1(I)) � (x(F�1(I); y(F�1(I)) �

(X(I); Y (I)) = P (I); I = 1; 2; 3::: (2)

QO I |xOW?DQt w O}OH C}akwt x@ p R= i x=wNrO xQ=tW =@ xQo Qy Qo}O CQ=@a x@

CaQU V}=Ri= |=Q@ 4|}xm@WOvJ VwQ l} R= u}vJsy xDWPo u}kkLt
Two VwQ |Q}oQ=mx@ Qw_vtx@ u}vJty [10]"Ov=xOQm xO=iDU= |OOa pL |}=Qosy
|xm@W l} |=yxQo |R=U?DQt VwQ R= u=tR=U|@ |xm@W l} QO 5|]N pO}=U
R= |NQ@ QO [11]"Ov=xDiQo xQy@ xm@W pN=O sUH |=yRQt x@ C@Uv u=tR=U|@
|xm@W l} `q[= '|D=@U=Lt |L=wv QO l}D=twD= pQDvm Qw_vtx@ R}v C=ar=]t
|Q=PoxQ=tW VwQ u}= QO [13w12]"CU= xOW |R=U?DQt xm@W O}rwD R= Oa@ u=tR=U|@
QO |}x}q s_v l} =@ =yv; x@ |UQDUO xm CU= |DQwYx@ xm@W `q[= OOHt
l} `q[= |R=U?DQt "CU= Q}PBu=mt= xm@W pN=O sUH x@C@Uv |D=FrFtCyH
|yOTQO; Q=DN=U QO w xOw@ sD} Qwor= QO |O=} R |oO}J}B |=Q=O u=tR=U|@ |xm@W

"CU= Q=OQwNQ@ |QDsm s=HUv= R=
|D=@U=Lt |xm@W |=yu=tr= w =yxQo 'xm@W `q[= |=Hx@ Q[=L j}kLD QO
w =yxQo C}akwt Z} waD =@ OOHt |Q=PoxQ=tW 'VwQ u}= QO "OvwW|t |R=U?DQt
x@ xOW xi=[= C=aq]= sHL w OwW|t s=Hv= xm@W |D=aq]= Q=DN=U QO =yu=tr=
u}= "CU= x}q Qy |=yDv= QO xQo w u=tr= xQ=tW x@ OwOLt 'xm@W |D=aq]= Q=DN=U pm
xm@W |D=aq]= Q=DN=U |xO=U ,=D@Uv w sHUvt |R=U?DQt |=Q@ 'OQ@y=Q QO Q}}eD
C=k}kLD QO wHwCUH "Ovm|t O=H}= |@U=vt QDU@ �� |r@k VwQ =@ xU}=kt QO ��
|=Q@ w xDiQov Q=Qk x�=Q= w j}kLD OQwt uwvm =D |O=yvW}B VwQ xm OyO|t u=Wv xDWPo
|D=@U=Lt |xv} Ry =yvD Q[=L VwQ QO "OwW|t KQ]t u=oOvQ=ov \UwD Q=@u}rw=
Q=@l} =yvD sy u; w OQ=O X=YDN= u=tR=U|@ |xm@W |R=U?DQt x@ xHwD p@=k
xm@W QO =yu=tr= Cq=YD= xm |v=tR =D w OwW|t s=Hv= |OOa QopL Q=mx@ ẁQW QO
|v=tR |=yxv} Ry "Ow@ Oy=wN Q@Dat xOW ?DQt |D=aq]= Q=DN=U 'OwWv Q}}eD Q=JO
|WwBsWJ p@=k w lOv= Q=}U@ pta QO C=aq]= |R=UxQ}NP w xm@W |Ov@s}UkD
=Q xm@W |R=U?DQt x@ \w@ Qt |D=@U=Lt |xv} Ry u=wD|t p}rLD u}= =@ xD@r= "CU=
u=wD|t C}=yv QO "OQw; ?=UL x@ |D=@U=Lt |xm@W |R=UxO=t; w O}rwD Ov}=Qi <RH
OQmrta Ow@y@ |=Q@ |@U=vt QDU@ p�=Ut R= |NQ@ QO Q[=L VwQ xm CW=O u=aP=
OQ@ Q=m R= |}=yxvwtv u=wvax@ "Ovm|t sy=Qi u=tR=U|@ |xm@W =@ |OOa |=yVwQ
|=yxm@W QO `} QU |}=Qosy C}r@=k =@ |}=yVwQ R= xO=iDU= x@ u=wD|t VwQ u}=
xv} Rysm |wHwCUH 'OvQ=O R=}v xm@W |Q=DN=U s_v x@ |wLv Qy x@ xm u=tR=U|@
VR=OQB =@ pL |=yVwQ QO xrtHR= X=N |=yQw_vt x@ xm@W |Ov@s}UkD 'xm@W QO

"OQm xQ=W= ?�=Q[ T} QD=t Ov=@ Vy=m w '|R=wt

|R=U?DQt VwQ C=}rm
CQ=@a j}kLD u}= QO xO=iDU= OQwt |FrFt u=tR=U|@ |xm@W |D=aq]= Q=DN=U
xQo C=YDNt pi u; QO xm 'fej = [njk;k=1;2;3] w pi = (xi; yi)g %R= CU=
|R=U?DQt sD} Qwor= hOy "OvDUy s=j u=tr= T-=Q xU |=yxQo xQ=tW ej w s=i
'CU= f~LE ; ~LP ; EJ = [NJK;K=�1;�2;�3]; PI = (XI ; YI)g uOQw; CUOx@
s=J u=tr= T-=Q xU |=yxQo xQ=tW EJ w s=I xQo C=YDNt Qou=}@ PI xm |Qw]x@
CyH QO xm@W |=yxQo w =yu=tr= xQ=tW O}OH |D=aq]= Q=DN=U QO u}vJty &OvW=@
xQo xQ=tW Qou=}@ ?}DQDx@ ~LE w ~LP |=yQ=OQ@ "Ov=xDi=} Q}}eD ?wr]t s_v O=H}=
xm CW=O xHwD O}=@ "Ov=xOW?DQt *|D=aq]= Q=DN=U QO x}q Qy |=yDv= QO u=tr= w
'x}rw= |D=aq]= Q=DN=U V}=tv |=Q@ lJwm |=yT}Ov= w hwQL R= Q=DWwv u}= QO
xOW xO=iDU= O}OH |D=aq]= Q=DN=U V}=tv |=Q@ nQR@ |=yT}Ov= w hwQL R= w
Q=@ Ctqa R= K w k |=yxOvQ=tW u}@ R}=tD uOWXNWt |=Q@ u}vJty "CU=
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|D=aq]= Q=DN=U QO =yx}q |Q=PoxQ=tW w O=H}= |xwLv R= |}xQ=wKQ] "2 pmW
"xm@W

CyH u}=Q@=v@ w xOw@ OQoCa=UO=B =yu=tr= |rN=O |Q=PoxQ=tW CyH Qw@ Rt pmW
QDt=Q=B O}OH u=tr= |x}q p}mWD |=Q@ "CU= OQoCa=U CyH QO =yxQo |Q=PoxQ=tW
x@U=Lt Q} R |x]@=Q CQwYx@ xOWv?DQt |=yu=tr= |=[i QO s=j u=tr= |=Q@ S0

%OwW|t
S0 =

X3
k=1 F (njk) (8)

\QW 'xOW ZQi QiY *Q@=Q@ xOWv?DQt |=yxQo |=Q@ F Q=Okt xm u}= x@ xHwD =@
p}mWD R= Oa@ "CU= S0 6= 0 CQwYx@ O}OH CUQyi QO u=tr= l} |Q}oQ=Qk
Qw@ Rt CUQyi QO u=tr= Qy |rN=O |R=U?DQt x@ \w@ Qt C=}rta '=yu=tr= CUQyi
xQo x@ \w@ Qt T}Ov= 'CUQyi QO j u=tr= Qy |=Q@ xrLQt u}= QO "OwW|t s=Hv=
^iL =@ 'OW=@ (F (i) 6= 0) F (i) Q=Okt u} QDsm pt=W xm �njk = i� s=k
�fnj�1g |va}� p=YD= T} QD=t pw= uwDU QO =yu=tr= |rN=O |Q=PoxQ=tW CyH
u}}=B xQo |x}q QO u=tr= Qy xQo u}rw= pta u}= =@ '?2 pmW j@=]t "OQ}o|t Q=Qk

"CW=O Oy=wN Q=Qk QDq=@ xQo |x}q QO u; swU xQo w
|x}q x@ u}}=B xQo |x}q QO OwHwt s_v |xJQ=Bl} p=kDv= |=Q@ 'Oa@ |xrLQt QO
=yu=tr= |x@DQ x@ =yx@DQ p=kDv= TBU w x}q u}= QO =yxQo |Ov@x@DQ VwQ R= 'u=tr=
%OwW|t xO=iDU= Q} R |x]@=Q R= 'Qw@ Rt |x}q |=yxQo |Ov@x@DQ QO "OwW|t xO=iDU=
Gp(i) = 2� (I � I1) + 1; I = [I1; I2] (9)

%OwW|t pY=L Q} R |x]@=Q R= O}OH p=YD= T} QD=t u}vJty "OwW|t pkDvt P
EJ = F (O(ej)) (3)

u}vJ Qorta u}= "CU= p=YD= T} QD=t QO =yu=tr= |R=U?DQt Qorta O u; QO xm
%OwW|t h} QaD

O(ej) = eJ = fnJK; K=�1;�2;�3g (4)

QDV}B xm Qw]u=ty "CU= xOW?DQt |=yu=tr= =@ p=YD= T} QD=t nJK u; QO xm
"OQ=O xQ=W= u=tr= |xOW?DQt xQoxQ=tW x@ OOa Qy |wQ Q=@ Ctqa 'OW |iQat

%O};|t CUOx@ Q} R |=yx]@=Q j@=]t nJK '|R=U?DQt xrLQt wO |]
O1(njk; k=1;2;3) = njK; K=�1;�2;�3 (5)

O2(njK) = nJK (6)

p=YD= T} QD=t QO u=tr= Qy xQo xU |xQ=tW |R=U?DQt Qorta O1 '=yv; QO xm
QO "CU= p=YD= T} QD=t QO =yu=tr= |xQ=tW |R=U?DQt Qorta R}v O2 w CU=
x@ Q} R |x]@=Q \UwD '4 |x]@=Q j@] |R=U?DQt R= Oa@ p=YD= T} QD=t 3 |x]@=Q

%O@=}|t CW=ov O}OH p=YD= T} QD=t
F (nJK) = NJK (7)

Q=DN=U x=ov; 'OvW=@ OwHwt O w F�1 'F |=yQorta Qo = 'jwi \@=wQ T=U=Q@
'pta QO "O};|t CUO x@ 3 w 2 \@=wQ ltm =@ |DL=Qx@ ?wr]t |D=aq]=
u=tR=U|@ |xm@W l} QO =yxQo w =yu=tr= Cq=YD= QO OwHwt O=} R |=y|oO}J}B
j}kLD u}= QO "OwW|t =yQorta u}= |=Q@ |r}rLD =} xO=U \@=wQ |x�=Q= R= `v=t
OQ@y=Q |Q}oQ=mx@ =@ xm |Qw]x@ 'OwW|t x�=Q= Qw_vt u}= |=Q@ |OOa sD} Qwor= l}
C@Uv |@ wr]t |xQ=tW 'xQo |x}q pN=O QO xQo Qy x@ 'xm@W s=ox@s=o uOQm|}x}q
w u=tr= |x}q Qy |=yu=tr= QO |rN=O s_v O=H}= =@ 'O Qorta w OwW|t xO=O
p=ta= �xm@W pN=O sUH pwL� CyH l} QO x}q u; QO =yu=tr= u}= |R=U?DQt
|R=U?DQt u=tr= |x}ql} xOW?DQt xQo |x}ql} uDW=O =@ 'VwQ u}= QO "OwW|t
xQo |x}q 'xOW?DQt u=tr= |x}q l} uDW=O =@ w OwW|t p}mWD u; |wQ Q@ xOW
=yu=tr= OOHt |Q=PoxQ=tW pL=Qt u}= |t=tD QO "OwW|t O=H}= |Oa@ |xOW?DQt
|Q=PoxQ=tW QO w OwW|t s=Hv= p=YD= T} QD=t QO =yv; C}akwt Z} waD CQwYx@
Oa@ ,=D}=yv "OwW|t xO=O C@Uv =yv; x@ 1 |x]@=Q j@=]t |@ wr]t OOa \ki =yxQo
|D=aq]= Q=DN=U 3 w 2 \@=wQ j@] 'xm@W |=yxQo w =yu=tr= pm |R=U?DQt R=

"OwW|t pY=L ?wr]t

Q=OCyH |}x}q |R=U?DQt |OOa sD} Qwor=
Qw]x@ =yxQo w =yu=tr= Q=OCyH |Q=PoxQ=tW w |}x}q |R=U?DQt hrDNt pL=Qt
'=yu=tr= |x}qp}mWD VwQ 'pmWu}= QO "CU= xOW xO=O u=Wv 2pmW QOl}D=tW
|xOW?DQt xQo |x}q O=H}= R}v w x}q QO =yu=tr= |HQ=N w |rN=O |R=U?DQt
u}}=B xQo |x}q hr=2 pmW QO "CU= xOW x�=Q= xm@W |R=U?DQt s=o Qy QO O}OH
x}q u}= QO |Q=PoxQ=tW "CU= xOt;QO V}=tv x@ xOW |R=U?DQt |r@k s=o QO xm
x}q u}= QO =yxQo |Q=PoxQ=tW |rm CyH "CU= xOW sDN I2 x@ w ' ẁQW I1 R=
j@=]t "CU=yu=tr= �T-=Q xU� |rN=O |Q=PoxQ=tW CyH hqN QO xOa=k j@]
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}x}q

* |R=
U?

DQt
|=Q@

|O
Oa

sD}Q
wor=

l}
|x�

=Q=CQwYx@ O}OH u=tr= |x}q Qy p}mWD R= Oa@ xOWv?DQt |=yu=tr= |=[i 'sD} Qwor=
%OwW|t QDOwOLt Q} R

e0j;L =

8<:ej L = 1
e0j;L�1 � fnJK;L�1g L 6= 1

(12)

"LE w LP 'eJ 'F�1 %R= Ow@ Oy=wN CQ=@a F |R=U?DQt sD} Qwor= |HwQN
CUOx@ 3 w 2 \@=wQ \UwD �EJ w PI � ?wr]t |D=aq]= Q=DN=U 'u}vJsy

"O};|t
|O=} R OL =D xm@W |m} R}i |=[i QO =yx}q V}=Q; =} |rm pmW 'VwQ u}= QO
xm@W pN=O QO sUH l} Qo = xm |Qw]x@ 'OQ=O |oDU@ pw= xQo |x}q ?=NDv= x@
|twta pmW 'OW=@ sUH RQt \=kv |t=tD pt=W pw= xQo |x}q w OW=@ OwHwt
xJv=vJ "Ow@ Oy=wN O-type ẁv R= u=tR=U=@ |=yxm@W |SwrwB wD x@=Wt =yx}q
'OW=@ |HQ=NRQt x@ p=YD= \w]N x=Qtyx@ |RQt \=kv |t=tD pt=W 'pw= xQo |x}q
"OwW|t u=tR=U=@ |=yxm@W QO C-type |SwrwB wD x@=Wt =yx}q |twta pmW
'OvW=@ xDW=O Q=Qk |D=@U=Lt u=O}t pN=O QO sy R= =OH sUH u}OvJ xJv=vJ
|=yRQt Q@ `k=w |=yxQo R= xm Ow@ Oy=wN |}xDU@ |vLvt CQwYx@ pw= xQo |x}q
CUO x@ xm@W pN=O QO s=UH= u}= |xOvvmpYDt xQo \w]N x=Qty x@ s=UH=
|rN=O RQt |=yxQo R= |WN@ pt=W CU= umtt pw= xQo |x}q u}vJty "O};|t
=@ w xOW ẁQW VN@ u; R= =yxQo w =yu=tr= |=yx}q CQwY u; QO xm OW=@
Q@ QO =Q pL u=O}t |t=tD xm u}= =D xDi=} |QDW}@ CaUw u=O}t pN=O QO |w+QV}B

"OvQ}o

=yCN=UQ} R |wHwCUH C=}rta
|vwvm |xOWK}LYD |D=aq]= Q=DN=U |:tm |@=} RQ= |=Q@ xO=U |WwQ VN@ u}= QO
l} QO '|rm Cr=L QO "OwW|t x�=Q= xm@W |=yCN=UQ} R x@ `} QU |UQDUO QO
p=YD= T} QD=t QO '|m} R}i |=[i QO Q=wHsy |=yu=tr= w =yxQo u=tR=U=@ |xm@W
uwO@� s}kDUt CQwYx@ ,=@r=e u; |=yCN=UQ} R x@ |UQDUO u}=Q@=v@ "OvQ=wHsy R}v
u=tr= wO 'u=tR=U|@ |xm@W l} QO xm |r=L QO 'CU= QU}t �wHwCUH C=}rta
u}=Q@=v@ 'OvDU}v Q=wHsy p=YD= T} QD=t QO ,=twRr |m} R}i |=[i QO sy Qw=Ht
=@ x=Qty� s}kDUtQ}e ,=twta u=tR=U|@ |xm@W l} QO =yCN=UQ} R x@ |UQDUO
'u=tR=U=@ |=yxm@W Ovv=ty xOW?DQt |xm@Wl} QO [5]"CU= �wHwCUH C=}rta
wHwCUH C=}rta x@ R=}v xQo w u=tr= |x}q Qy pw] QO =yu=tr= w =yxQo |yOTQO;
u=Wv =yu=tr= Cq=YD= R= |Y=N ẁv Q=DWwv u}= |Oa@ VN@ QO 'OwHw u}= =@ "OQ=Ov
=yx}q pN=O QO =Q =yxQ=tW |oDUw}B |�RH w |rLt CQwYx@ xm 'OvwW|t xO=O
C=}rta OQ=wt u}= `iQ |=Q@ xm OwW|t xO=O u=Wv j}kLD u}= QO "OvvR|t sy Q@
QO "Ovm|t C}=im xQo =} u=tr= |x}q pN=O QO OwOLt Q=}U@ w xO=U |wHwCUH
R}v Q=wHsy hrDNt |=yx}q u}@=t |=yu=tr= w =yxQo xQ=tW uO=O \=@DQ= xm |DQwY
xQ=tW =@ xQo Qo = 'p=Ft u=wvax@ "Ow@ Oy=wN |}x}q u}@ |wHwCUH C=}rta OvtR=}v
CU= xQo u}= pt=W xm |v=tr= w OW=@ ZwQit xOW?DQt |xm@W l} pN=O QO Im
=@ '�Lm ZQi x@� ZwQit xQo pt=W x}q |xQ=tW =OD@= 'OW=@ wHwCUH OQwt �J �
|B |=yu}tND 13 |x]@=Q TBU "O};|t CUOx@ ~LP Q=OQ@ C=aq]= R= xO=iDU=

I2 w I1 u}vJty "CU= i = F�1(I) w s=i xQo |x@DQ Qou=}@ Gp(i) u; QO xm
QO "CU= xQo |x}q Qy |}=yDv= w |}=OD@= |=yxQo x@ xOW xO=O C@Uv |=yxQ=tW

%OwW|t xO=iDU= Q} R |x]@=Q R= CUQyi QO OwHwt |=yu=tr= |Ov@x@DQ
GE(j) =

GP (nj�1) + � �GP (nj�2)
1 + �

(10)

j@=]t � QwD=QB= w xOw@ u=tr= CUQyi QO s=j u=tr= |x@DQ Qou=}@ GE(j) u; QO xm
%Ovm|t pta Q} R |x]@=Q

� =

8<:1 F (nj�2)� F (nj�1) = 1
0 others

(11)

xOW xO=O u=Wv G2 pmW QO u=tr= w xQo |x}q |Ov@x@DQ |xrLQt R= |m}D=tW
|OwaY?}DQDx@ =yv; |x@DQ Q=Okt x@ xHwD =@ =yu=tr=u}= xQ=tW '|Ov@x@DQ R= Oa@ "CU=
l} uDW=O� |o}=Uty \QW R= xO=iDU= =@ x@DQsy |=yu=tr= TBU w xOW ?DQt
OOHt |Q=PoxQ=tW ?}DQDx@ CUQyi |=yu=tr= ,=D}=yv "OvwW|t ?DQt �lQDWt `r[
C}akwt =yu=tr= OOHt |Q=PoxQ=tW |=Q@ 'xOW xQ=W= QDV}B xm u=vJ "OvwW|t
xQo |x}q O=H}= |=Q@ "OwW|t =Hx@=H p=YD= T} QD=t QO =yv; xQo xU |xQ=tW
Q}N= |xOW?DQt |x}q QO OwHwt |=yu=tr= '�2 pmW QO q=@ xQo |x}q� O}OH
<=[Q= CQwYQO nJ�3 'J u=tr= Qy QO w OvwW|t xOQtW xkrL l} \UwD ?}DQDx@
C@Uv u; x@ ?wr]t I Qo}O CQ=@ax@ &OwW|t |Q=PoxQ=tW 'F (nJ�3) = 0 \QW
pmW� OwW|t p}mWD O}OH |xOW?DQt xQo |x}q ?}DQD u}= x@ "OwW|t xO=O
xO=iDU= O}OH u=tr= |x}q p}mWD |=Q@ |Oa@ s=o QO 'O}OH xQo |x}q R= "�O2

"OwW|t
CQwY u}= x@ |D=aq]= Q=DN=U |x}q x@ x}q |R=U?DQt hrDNt pL=Qt
i = |va}� OwW|t xO=O C@Uv QiY xQ=tW xm@W xQo Qy x@ =OD@= QO xm CU=
Ov}=Qi "CU= xm@W |=yxQo O=OaD Q@=Q@ np u; QO xm '�F (i) = 0 w [1; np]
|=yxQo |t=tD pt=W j}kLD u}= QO xm �� pw= xQo |x}q l} R= |R=U?DQt
QO |o}=Uty Q=}at =@ =yxQo 'x}q u}= QO "OwW|t ẁQW �� CU= |rN=O RQt
OvwW|t |Q=PoxQ=tW xDUw}B Qw]x@ w =yu=tr= |rN=O |Q=PoxQ=tW CyH hqN
"CU= |rN=O RQt |=yxQo O=OaD Q@=Q@ nb u; QO xm '�F1(i) = I; I = [1; nb]�
|RQt `q[= T-=Q wO |=yxQ=tW 'OwHwt |xm@W O}rwD |=yQ=Ri=sQv ?re= 'pta QO
|=yxQ=tW CyH hqN QO w xDUw}B Qw]x@ |Oa@ wO |D=@U=Lt u=O}t l} |=Q@ =Q
=yQ=Ri=sQv xvwou}= R= xO=iDU= CQwY QO u}=Q@=v@ "Ovvm|t O=H}= =yu=tr= |rN=O
|DL=Qx@ x}rw= xQo |x}q QO �?wr]t F Q}O=kt ?=UDv= |va}� =yxQo |Q=PoxQ=tW

"OwW|t s=Hv=
|=yu=tr= |=[i x@ =Q S0 w F |=yQorta xDUw}B Qw]x@ |R=U?DQt sD} Qwor=
p}mWD R= Oa@ "OyO|t p}mWD =Q njk;L u=tr= |x}q w xOQm p=ta= e0j xOWv?DQt
"Ot=Hv=|t njK;L p}mWD x@ u; QO OwHwt |=yu=tr= |vwQO |R=U?DQt 'L |x}q
|R=U?DQt "OvwW|t |Ov@x@DQGE wGp |=yQorta\UwD Qw@ Rt |=yu=tr=TBU
=yu=tr= OOHt *|Q=PoxQ=tW Oa@ w OwW|t s=Hv= =yv; |=yx@DQ T=U=Q@ =yu=tr= |}x}q
|x}q xrLQt u}= QO "OQ}PB|t CQwY p=YD= T} QD=t QO u=WC}akwt Z} waD =@
w xOW O=H}= xm@W |D=aq]= Q=DN=U QO �nJK;L |va}� s=L |xOW?DQt u=tr=
'O}OH xQo |x}q p}mWD |=Q@ "OwW|t |R=URwQx@ R}v xOWv?DQt |=yu=tr= |=[i
|}x}q |R=U?DQt Ov}=Qi ?}DQD u}= x@ "OvwW|t |Q=PoxQ=tW ?}DQDx@ =ynJ�3;L
u}= QO "O@=}|t xt=O= Q=QmD |xkrL l} QO =yxQo |}x}q |Q=PoxQ=tW w =yu=tr=
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tav xQo |xQ=tW 14 |x]@=Q 'Ovm|t |@=} RQ= =Q (NJsr�1�1) =yu=tr= pw= xQo |xQ=tW

"Ovm|t |@=} RQ= =Q (NJsr�1�3) =yu=tr= swU

EL@ w G}=Dv
w xm@W |D=aq]= Q=DN=U |Ov@x}q QO Q[=L VwQ OQmrta =OD@= 'VN@ u}= QO
OQ=wt TBU w xOW xO=O u=Wv |}=} QOQ} R l} |rw] `]kt h=Q]= |}x}q s_v O=H}=
'OvvR|t sy Q@ |a[wt Qw]x@ =yx}q QO =Q =yxQ=tW |oDUw}B xm =yu=tr= R= |Y=N
OQwt Qw@ Rt |xm@W |=yCN=UQ} R x@ |UQDUO CrwyU =yDv= QO "OvwW|t |iQat

"OQ}o|t Q=Qk |@=} RQ= w |UQQ@
xQ=tW QwDv=m w |}=} QOQ} R l} |rw] `]kt uwt=Q}B |D=@U=Lt |xm@W 4 pmW
|D=aq]= Q=DN=U w 8�USDS� u=tR=U|@ |D=aq]= Q=DN=U QO =yxQo w =yu=tr=
QO |D=@U=Lt |xm@W hrDNt |=y=tv "OyO|t u=Wv =Q 9�MDS� xOWK}LYD
|FrFt u=tr= 14486 pt=W Qw@ Rt |xm@W "CU= xOW x�=Q= G4 =D hr=4 |=ypmW
OQoCa=U CyH QO xm |}=} QOQ} R `]kt RQt Q@ `k=w |=yxQo "CU= xQo 7421 w
QO =yxQo |Q=PoxQ=tW "OvDUypw= xQo |x}q |xOvyOp}mWD 'Ov=xOW |Q=PoxQ=tW
w =yu=tr= xQ=tW QwDv=m "CU= xOW ẁQW `]kt |} wrH CtUk R= w 1 OOa R= x}q u}=
|=ypmW QO xOWK}LYD |D=aq]= Q=DN=U w u=tR=U|@ |D=aq]= Q=DN=U QO =yxQo
u=wvax@ |rN=O RQt |=yxQo |t=tD xm u}= x@ xHwD =@ "Ov=xOW xO=O u=Wv p4 =D O4
O |SwrwB wD x@=Wt |OwOL =D =yx}q |rm pmW 'Ov=xOW xDiQo Q_v QO pw= xQo |x}q
Q=DN=U QO =yu=tr= xQ=tW QwDv=m x4 w O4 pmW QO "CU= u=tR=U=@ |=yxm@W QO
=ypmW u}= QO xm u=vJ "Ov=xOW xO=O V}=tv �|R=U?DQt R= p@k� x}rw= |D=aq]=
OwHw pL u=O}t QO =yu=tr= |xQ=tW QO |Y=N s_v xvwoI}y 'OwW|t xOy=Wt
Q=DN=U QO =Q =yu=tr= |xQ=tW QwDv=m R= hrDNt |=y=tv \4 =D w4 |=ypmW "OQ=Ov
Q=DN=U QO =yu=tr= |xQ=tW '=ypmW u}= j@=]t "Ov=xO=O u=Wv O}OH |D=aq]=
w sHUvt |}x}q s_v l} |=Q=O x}rw= |D=aq]= Q=DN=U x@ C@Uv O}OH |D=aq]=
Q=DN=U QO =Q =yxQo xQ=tW QwDv=m |4 pmW "CU= xm@W |m} R}i |=[i Q@ j@]vt
Q=DN=U QO =yxQ=tW |oOvm =QB Qw@ Rt pmW j@=]t "OyO|t V}=tv x}rw= |D=aq]=
'TmaQ@ "OwW|tv xO}O QwDv=m u}= QO |Y=N s_v xm CU= |}xvwox@ x}rw= |D=aq]=
QO xm@W |m} R}i |=[i Q@ j@]vt |}x}q Q=DN=U OwHw p4 w l4 |=ypmW QO

"CU= OwyWt ,qt=m O}OH |D=aq]= Q=DN=U |=yxQo xQ=tW |=yQwDv=m
`]kt ?ka CtUk uwt=Q}B QO xQo w u=tr= |=yx}q R= |NQ@ hr=5 pmW QO
5 Qy R= ?w=vDt Qw]x@ =ypmW uOWxO}J}B R= R}yQB |=Q@ "CU= xOW xO=O V}=tv
CQ=@ax@ "CU= xOW xO=O V}=tv x}q 1 \ki '|D=aq]= Q=DN=U QO Q=wHsy |x}q
u=tr= |x}q 4 '=ypmW u}= QO xOW xO=O u=Wv |r=wDt u=tr= |x}q wO u}@=t 'Qo}O
C=}�RH x5 =D ?5 |=ypmW QO "CU=xOWv xO=O V}=tv =yv; RQt xm OvQ=O OwHw
"CU= xOW x�=Q= hr=5 pmW QO 4 =D 1 |=yxQ}=O QO QwYLt Cq=YD= R= |NQ@
w Ov=xOW |Q=PoxQ=tW OQoCa=U CyH QO =yu=tr= w =yxQo '=ypmW u}= j@=]t
|xQ=tW '?5 pmW j@=]t "CU= Q=OQwNQ@ |@ wr]t s_v R= =yv; |xQ=tW ?}DQD
xmCU= |Qw] �u=tr= |x}ql} w xQo |x}q wO� =yx}q QO Q=wHsy |=yxQo w =yu=tr=
xO}J}B Cq=YD= `=wv= OwHw "OvDUy sy CQw=Ht QO R}v O}OH |D=aq]= Q=DN=U QO
=yxQo w =yu=tr= |Q=wHsy \QW uOQwNsyQ@ Ea=@ u=tR=U|@ |xm@W l} QO
pmW QO xm |Qw]x@ 'OwW|t =yx}q u}= |=yCtUk R= |NQ@ QO |a[wt CQwYx@
pmW j@=]t "OvDU}v Q=wHsy |m} R}i |=[i QO 9358 w 9357 |=yu=tr= G5

"|QDUm =N nvQ =@ |FrFt s_vt |=yu=tr= V}=tv "3 pmW

%OyO|t x�=Q= =Q Qw@ Rt u=tr= xQ=tW |wHwCUH |=Q@ |B QO

Jsr =

8<:(LE;Lm�1 + 1) + 2� (Im � LP;Lm�1 � 1) r = 1
Js r�1 � 2� (NJs r�1�1 � Im) r > 1

(13)

u}= "CU= wHwCUH OQwt u=tr= |=Q@ s=r u}tND Q=Okt Qou=}@ Jsr u; QO xm
u=tr= x}q R= |OwOLt |=ypw] QO 7|FrFt |xm@W uOw@ u=tR=U=@ ZQi =@ x]@=Q
|FrFt s_vt |xm@W R= Qw_vt "CU=xOt; CUO x@ |B QO |B |=yu}tND QO Lm
Q]k l} =@ u} RDQ=m |xm@W R= xm CU= xO=U Cq=YD= =@ xm@W |awv '�3 pmW�
xQo 2n OwOL QO Qo = '3 pmW j@] "O};|t CUO x@ �CyH l} QO� xOW pYw
u; QO OwHwt |=yu=tr= O=OaD 'OW=@ OwHwt s_vt |=yu=tr= V}=Q; =@ x}q l} QO
|=yx}q QO =yu=tr= Cq=YD= uOw@s_vt ZQi xJQo = "CU= 2(n� 1) OwOL QO
=@ 2 |x]@=Q 'CU}v |DUQO ZQi x=wNrO u=tR=U|@ |xm@W l} x@ jraDt u=tr=
xOW wHwCUH OQwt |x}q pw] uOWQDOwOLt Ea=@ |r=wDt |=yK}LYD wu}tND

"OwQ|t V}B wHwCUH OQwt u=tr= |m}ORv =D w
|xm@W l} |=yu=tr= x@ `} QU |UQDUO QO 13 |x]@=Q OQmrta xr=kt u}= QO
u}vJty "CU= xOW |UQQ@ |}=} QOQ} R l} |rw] `]kt uwt=Q}B x=wNrO u=tR=U|@
'OQ=O lQDWt `r[ l} u; =@ xm Jm u=tr= |}x}q Q}e Qw=Htu=tr= uOQm =O}B |=Q@
CUO x@LE Q=OQ@ C=aq]= R= CU= `k=w u; QO s=Jm u=tr= xm |}x}q |xQ=tW =OD@=
=@ wHwCUH OQwt u=tr= x@ \w@ Qt |x}q |xQ=tW TBU "�Lm ZQi x@� O};|t
u=tr= R= Q_v OQwt `r[ T-=Q wO |=yxQ=tW Qo = %OwW|t XNWt xO=U uwtR; l}
LP;Lm�1 R= QDlJwm =yxQ=tW u}= CU= |i=m � OW=@ u}}=B xQo |x}q |wQ Q@ Jm
Q}e QO 'OwW|t ?=NDv= wHwCUH |=Q@ �Lm � 1� QDu}}=B |x}q x=ov; �OvW=@
OQwt wO Qy QO "OQ}o|t Q=Qk wHwCUH OQwt �Lm + 1� QDq=@ |x}q CQwYu}=
13 |x]@=Q R= QDq=@ |x}q QO wHwCUH |=Q@ "OwW|t xO=O Q=Qk Im = NJm�2
Q@ Q} R |x]@=Q R= xO=iDU= R}v QDu}}=B |x}q QO wHwCUH |=Q@ "OwW|t xO=iDU=

%OwW|t xO=O K}HQD 13 |x]@=Q

Jsr =

8<:Jm � LE;Lm+1�LE;Lm�1
2 r = 1

Jsr�1 � 2� (NJsr�1�3 � Im) r > 1
(14)

QDq=@ |x}q QO �Jm� ?wr]t u=tr= l} |xQ=tW uDW=O CUO QO =@ jwi |x]@=Q QO
QO |]N ?U=vD |x]@=Q R= xO=iDU= =@ '�CU= xOW XNWt |r@k C=}rta QO xm �
CUOx@ QDu}}=B |x}q QO wHwCUH OQwt u=tr= |=Q@ |@U=vt |x}rw= u}tND r = 1
xW}ty xm 13 |x]@=Q hqNQ@ |Oa@ |=yu}tND QO xm CW=O xHwD O}=@ "O};|t
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"Cq=YD= R= |NQ@ C=}�RH x=Qty x@ `]kt ?ka CtUk uwt=Q}B =yx}q R= |NQ@ V}=tv "5 pmW

u}}=B xQo |x}q QO |oDUw}B=v l} 'QwmPt OQwt Q@ xwqa x5 pmW QO "Ov=xDiQo Q=Qk
|m} R}i |=[i QO 2373 w 2372 |=yxQo Qw@ Rt pmW j@=]t "OQ=O OwHw R}v

"OvDU}v Q=wHsy xm@W
uOQm|}x}q QO xOWx�=Q= sD} Qwor=pt=mC}kiwt seQ|ra 5 w 4|=ypmWj@=]t
'=yu=tr= QO |rN=O s_v O=H}= w sUH pwL Q=OCyH u=tO}J O=H}= '=yu=tr= w =yxQo
\QW |a[wt Qw]x@ xm O};|t OwHw x@ =yx}q pN=O QO |}=vFDU= |=yCr=L |NQ@
O}OH |D=aq]= Q=DN=U QO |rm Cr=L QO "Ovvm|t Zkv =Q =yx}q QO |o}=Uty
x]w@ Qt u=tr= |x}q QO QDq=@ xQo |x}q |wQ Q@ u; T-=Q l} =yvD xm J u=tr= Qy |=Q@
Qw@ Rt u=tr= CQwY u}= Q}e QO 'CU= 1 Q@=Q@ NJ�2 �NJ�1 Q=Okt OW=@ xDW=O Q=Qk

OQwt u}= QO "CU= xDiQo Q=Qk u}}=B xQo |x}q |wQ Q@ 9357 u=tr= T-=Q xU Qy Qw@ Rt
|Q}opmW Ea=@ Qw@ Rt u=tr= |=yxQo OOHt |Q=PoxQ=tW QO xOWp=ta= |rN=O s_v
w N9357�2 = 4748 'N9357�1 = 4747 CQwYx@ =yxQo xQ=tW |rN=O ?}DQD
N9357�3 w N9357�1 xm u}= OwHw =@ "CU= xOW u=tr= u}= |=Q@ N9357�3 = 4749
OOa xU u}@ OOa |xv}W}@ w xv}tm =@ ?}DQDx@ �=yu=tr= |rN=O s_v� xOa=k j@]
QO "OQ=Ov Q=Qk |}q=@ xQo |x}q |wQ Q@ N9357�3 |rw 'Ov=xOW |Q=PoxQ=tW QwmPt
"OvDU}v Q=wHsy xm@W |m} R}i |=[i QO 10499 w 10498 |=yu=tr= O5 pmW
Q=Qk u}}=B xQo |x}q |wQ Q@ 10498 w 10497 |=yu=tr= T-=Q xU Qy pmW j@=]t
|D}a[w u}vJ QO 4705 =D 4703 |=yu=tr= x5 pmW QO u}vJty "CU= xDiQo
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"x}q Qy |=yDv= QO xQo wu=tr= xQ=tW |=y|vLvt "8 pmW

OwOL QO Qw@ Rt pmW j@=]t "CU= xOW xO=O u=Wv �LE w LP |=yQ=OQ@� u=tr=
Qw@ Rt |vLvt "CU= xOW O=H}= xm@W |D=aq]= Q=DN=U QO u=tr= w xQo |x}q 56
p=ta= w Q_v OQwt |xm@W |=yCN=UQ} R x@ |UQDUO QO =Q |WRQ= =@ C=aq]=
Q=DN=U =@ |yOTQO; OQmrta |UQQ@ QO "OyO|t x�=Q= u; QO X=N Q}@=OD CL=Q

%OvwW|t ZQi Q} R swrat |x]@=Q R= xO=iDU= =@ =yxQo xQ=tW 'O}OH |D=aq]=

Im = [�� (LP;L � LP;L�1)] + LP;L�1 (16)

� QDt=Q=B w xOw@ K}LY <RH Qorta Qou=}@ �[ ]� xWwQm Ctqa jwi |x]@=Q QO
"OwW|t |yOQ=Okt |iO=YD CQwYx@ =} Q@ Q=m \UwD xm CU= 1 w 0 u}@ |OOa
xm |Qw]x@ 'OwW|t =yx}q pw] QO Im |[Qi Q=Okt |oOvm =QB Ea=@ QDt=Q=B u}=
|xQ=tW ?=NDv= Ea=@ � = 1 'x}q |}=OD@= xQo |xQ=tW ?=NDv= Ea=@ � = 0
u}@=t� xQ}e xQo l} |xQ=tW ?=NDv= ?Hwt � = � 2 (0; 1) w x}q |}=yDv= xQo
�Im� x=wNrO xQo |xQ=tW ZQi =@ "OwW|tL xQo |x}q QO �|}=yDv= w|}=OD@= xQ=tW
u=tr= |xQ=tW |B QO |B K}LYD w u}tND QO 13 |x]@=Q OQmrta '16 |x]@=Q R=
x@ |UQDUO CrwyU sy ?}DQD u}= x@ "OQ}o|t Q=Qk |@=} RQ= OQwt ZwQit xQo pt=W
|@=} RQ= OQwt xOWx�=Q= \@=wQ |}=Q=m sy w OwW|t XNWt xm@W |=yCN=UQ} R
xQ=tW |wHwCUH OQwt 200 Q@ dr=@ uwtR; |QU 4 '|UQQ@ u}= QO "OQ}o|t Q=Qk
QO "CU= xOW xO=O V}=tv 9 pmW QO u; G}=Dv xm CU= xOW s=Hv= xm@W QO u=tr=
CQwYx@ 16 |x]@=Q QO � QDt=Q=B Q}O=kt '=yxQo |xQ=tW ?=NDv= QO =yuwtR; u}=
u}tND |=]N "Ov=xOW xO=O u=Wv hr= 9 pmW QO xm xOW xO=O Q=Qk |iO=YD
|x]@=Q \UwD |B QO|B |=yK}LYD w wHwCUH OQwt |=yu=tr= |xQ=tW |=Q@
xU G}=Dv =yuwtR; u}= R= s=OmQy QO "CU= xOW x�=Q= x9 =D ?9 |=ypmW QO 13
'=ypmW u}= j@=]t "CU= xOW xO=O V}=tv 13 |x]@=Q \UwD |B QO|B u}tND
OQwt u=tr= pLt x@ uO}UQ |=Q@ |B QO|B u}tND 3 =} 2 |Q}oQ=mx@ OQ=wt ?re= QO
=y|oDUw}B=v R= X=N |OQ=wt OwHw p}rOx@ p=L u}= =@ "Ovm|t C}=im wHwCUH
QO=k 13 |x]@=Q OQ=wt |NQ@ QO 'Ov=xOW xO=O KQW QDV}B xm |Q=wHsy \QW QO
QO "OwW|t hkwDt u; |m}ORv QO w Ovm =O}B =Q wHwCUH OQwt u=tr= CU}v
xt=O= u=tr= |x}q R= x}L=v u; QO |O=a CQwYx@ wHwCUH C=}rta |OQ=wt u}vJ

"O@=}|t
*j}kLD VwQ x@ hrDNt u=tR=U|@ |=yxm@W |=Q@ Q=OCyH |}x}q Q=DN=U
|D=@U=Lt |xm@W l} =@ Qw@ Rt VwQ j}kLD u}= QO "CU= xOW O=H}= Q[=L
u=tR=U|@ |=yxm@W "CiQo Q=Qk|@=} RQ= OQwt|}=} QOQ} Rl}*̀ ]kt uwt=Q}B u=tR=U|@
[14]"CU= xDiQo Q=Qk |UQQ@ OQwt R}v |@}rY `]kt l} w p=@ `]kt l} uwt=Q}B

|}=vFDU= |=yCr=L 'u}=Q@=v@ "CU= xDiQo Q=Qk x}q QO =yxQ=tW |oDUw}B=v pLt QO
%OvwW|t XNWt Q} R |=y|w=Ut=v =@ |D=aq]= Q=DN=U u}= QO

NJ�3 �NJ�1 > c and 1 < NJ�2 �NJ�1 < c (15)

u; QO =yxQo O=OaD R= QDsm w 1 R= QDnQR@ |Q=Okt xQo |x}q Qy |=Q@ c QDt=Q=B u; QO xm
4702 w 10496 '9356 |=yu=tr= ?}DQDx@ x5 w O5 'G5 |=ypmW QO "OQ=O x}q
"OvyO|t u=Wv =Q =y|oDUw}B=v pLt u}=Q@=v@ w Ovvm|t <=[Q= =Q jwi |=y|w=Ut=v
xm |}=yu=tr= |=Q@ xOW?DQt |xm@W QU=QU QO NJ�2 �NJ�1 |v=w=Qi 6 pmW QO
pO=at c QDt=Q=B |UQQ@ u}= QO "CU= xOW xO=O u=Wv Ov=xOQm <=[Q= =Q 15 |x]@=Q
l} =@ w 6 pmW j@=]t "�7 pmW� CU= xOW xO=O Q=Qk x}q Qy QO =yxQo O=OaD hYv
|x]@=Q xm@W pm |=yu=tr= OYQO 1 R= QDsm xm OwW|t XNWt xO=U |x@U=Lt
Q=Okt =@ =yv; OYQO 80 R= V}@ =yu=tr= u}= u}@ QO u}vJty "Ov=xOQm <=[Q= =Q 15
Qo}O CQ=@ax@ "�G5 pmW QO 9356 u=tr= Ovv=t� OvDUy 2 Q@=Q@ NJ�2 � NJ�1
w OvQ}o|t Q=Qk =y|oDUw}B=v u}= Q}F-=D CLD xQo =} u=tr= 3 =} 2 =yvD OQ=wt ?re= QO
u=Wv =Q |}=yCr=L =yu=tr= pm R= OYQO 0 2 R= QDsm xOW?DQt |xm@W u}= |=Q@
"OvQ=O Q=Qk =yx}q QO =yxQ=tW |oDUw}B=v Q}F-=D CLD u=tr= 10 =D 4 u}@ xm OvyO|t
|wHwCUH l} |Q}oQ=mx@ =yvD 'OQ=wt u}= |a[wt Gqa |=Q@ pta QO u}=Q@=v@
C=}rta X=YDN= x@ |R=}v w Ovm|t C}=im x}q Qy pN=O QO OwOLt w |rLt
w xQo |x}q Qy |}=yDv= |=yxQ=tW 8 pmW QO "OQ=Ov Q@u=tR w Q}o =Qi |wHwCUH

<=[Q= =Q 15 |x]@=Q xm O}OH |D=aq]= Q=DN=U QO NJ�2�NJ�1 |v=w=Qi "6 pmW
"Ovvm|t
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"16 w 13 \@=wQ |Q}oQ=m x@ =@ xOW |} x}q |xm@W QO wHwCUH uwtR; |QU 4 G}=Dv "9 pmW

xQ}NP =yx}q x@ u=U; |UQDUO Qw_vtx@ \ki =yx}q |}=yDv= |xQ=tW |xOvvmxQ}NP
|Dqaq]= sHL ,=DOta w OvwW|tv ?wULt xm@W|D=aq]= Q=DN=U <RH w OvwW|t
x@ R=}v |r@k OwHwt |=yVwQ ?re= xm |r=L QO "OvwW|t pt=W =Q |mOv= Q=}U@
"OvDU}v Q[=L VwQ =@ xU}=kt p@=k w OvQ=O |O=} R |R=UxQ}NP sHL X}YND
lDx@lD |wHwCUH =} =yu=tr=lDx@lD |wHwCUH� |O=a |wHwCUH VwQ
|xH}DvxD@r= "OQ=Ov |@v=H |}xv=}=Q |x_i=L X=YDN= x@ |R=}v �xm@W |=yxQo
l} =@ 'Q[=L VywSB QO "CU= G=DvDU= p@=k |y}O@ CQwYx@ |}xU}=kt u}vJ
u=tr= |wHwCUH xvwtv 200 R= V}@ s=Hv= =@ 'u=tr= 14486 pt=W |xm@W
O=OaD =@ xm OW xO=O u=Wv 'xm@W QO �u}at xQo x@ xOWpYDt u=tr=� ?wr]t

|xm@W |=Q@ ?wr]t Q=DN=U O=H}= QO VwQ u}= |q=@ |=yC}r@=k u}vJty
|=y|UQQ@ [15]"CU= xOW xO=O u=Wv xv=tr=xU p} wiQ}= l} uwt=Q}B u=tR=U|@
|}x}q Q=DN=U O=H}= QO Q[=L VwQ CrwyU w C}twta Qou=Wv xDiQos=Hv=
|=yCN=UQ} R `} QU |yOTQO; QO xOWO=} VwQ |}=Q=m O} -wt R}v w 'Q=OCyH

"Ov=xm@W
QO w �x}rw=� s_vt=v Cr=L QO =yxO=O Q=DN=U |xR=Ov= xOWx�=Q= VwQ QO
u}Wv=H pt=m Qw]x@ xDi=}Ow@y@ |D=aq]= Q=DN=U "CU= u=Um} xDi=}Ow@y@ Cr=L
x_i=L sHL xvwoI}y =yxO=O Q=DN=U Ow@y@ QO ,qta w xOW x}rw= |D=aq]= Q=DN=U
|=yQ=OQ@ xm CU= QmP p@=k u}vJty "CU= xOWv xO=O X}YND |i=[= |}xv=}=Q
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1. line implicit method
2. hybrid methods
3. aspect ratio
4. multigrid methods
5. line Gauss Seidel method
6. indices mapping
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9. modi�ed data structure
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