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|]N C=Q}}eD =@ l}B wQDwR}= |wkrL |=ylU}O |a=aW w |WJ}B C=W=aDQ= Q=DWwv u}= QO
pU@ `@=wD w pO=at |m}v=mtwQDmr= Q=Ot VwQ R= xO=iDU= =@ w |a=aW |=DU=Q QO Ct=N[
w |WJ}B C=W=aDQ= |=Q@ u; \@=wQ w |a}@] |=yTv=mQi 'Q=Ot u}= ltmx@ "CU= xOW pL

"CU= xOt; CUO x@ u; �CaQU xvt=O C@Uv� |}=tvnQR@ ?}=Q[ u}vJty w |a=aW
|=yQDt=Q=B C=Q}}eD x@ C@Uv |}=tvnQR@ ?}=Q[ w |a}@] |=yTv=mQi C=Q}}eD TBU
pmW 'xt=O= QO "CU= xDiQo Q=Qk EL@ OQwt '|HQ=N w |rN=O `=aW xrtHR= '|UOvy

R= pY=L G}=Dv =@ w G=QNDU= OwOLt <=RH= Q=Ri=sQv R= lU}O |a}@] |=yTv=mQi w =yOwt
xOy=Wt G}=Dv u}= u}@ |@ wN |v=wNsy "CU= xOW xU}=kt |m}v=mt pO=at Q=Ot VwQ

|UQQ@ |=Q@ pL sD} Qwor= l} u=wvax@ Q=DWwv u}= QO xOWKQ]t VwQ "CU= xOW
"CU= xO=iDU= p@=k R}v Q}eDt Ct=N[ =@ =ylU}O C=W=aDQ=

hnahvi@cc.iut.ac.ir
n.nouri@me.iut.ac.ir "|m}v=mtwQDmr= Q=Ot '|wkrL lU}O 'C=W=aDQ= %|O}rm u=oS=w

xtOkt

j}kO |r}rLD |=ypL X=N OQ=wt |[a@ QO xm CU= |r=L QO u}= "CU= pmWt
=@ "|]N w |}=tv '|}xrB CQwYx@ Ct=N[ C=Q}}eD Ovv=t &CU= |@=}CUO p@=k

[11w10]"Ov=xO}J}B Q=}U@ |a}@] Tv=mQi uDi=} |=Q@ QwmPt |=yVwQ OwHw u}=
C=W=aDQ= p}rLD |=Q@ pO=at |m}v=mtwQDmr= Q=Ot l}vmD R= xr=kt u}= QO
|x@U=Lt "CU= xOW xO=iDU= |]wQNt `]kt =@ |wkrL lR=v |=ylU}O O=R;
ltmx@ u=WQ_=vDt |=yOwt pmW w |WJ}B w |a=aW C=W=aDQ=|a}@] |=yTv=mQi
|a}@] |=yTv=mQi w |UOvy O=a@= u}@ |x]@=Q "CU= xOW umtt pO=at |=yQ=Ot
QDxO=U |D=@U=Lt ^=Lrx@ xOWx�=Q= O}OH VwQ "CU= xDiQo Q=Qk |UQQ@ OQwt R}v
G}=Dv =@ |rw@k p@=k |v=wNsy u; G}=Dv w CU= |r@k |xO=iDU= OQwt |=yVwQ R=
|}=tv `]kt =@ |wkrL C=LiY |W=aDQ= R}r=v; |=Q@ VwQ u}= u}vJty "OQ=O FEM

"CU= xO=iDU= p@=k R}v |}xrB =}

|]wQNt `]kt =@ |wkrL |=ylU}O |WJ}B C=W=aDQ=
w r Q} wYD u}= QO "CU= xOW xO=O V}=tv 1 pmW QO |wkrL lU}O `]kt
|}xv=wDU= C=YDNt R= C=@U=Lt QO "Ov=|QwLt w |a=aW C=YDNt ?}DQDx@ Z
w VvD '�hb / rb |va}� lU}O Ct=N[ uOw@sm ZQi =@ "CU= xOW xO=iDU=
�xLiY� lU}O C=W=aDQ= u}=Q@=v@ "CU= Z=te= p@=k |QwLt |=DU=Q QO VvQm
Ct=N[ =@ |WJ}B C=W=aDQ= |xrO=at "OQm ZQi |QwLt uQ=kD u=wD|t =Q |wkrL

Vkv uwo =vwo |RQt \}=QW =@ w Cw=iDt |=yCt=N[ w O=a@= 'p=mW= =@ C=LiY
w Civ `}=vY 'l}v=mt |UOvyt '|OQwv=} QO '=[i=wy uwJ |}=yxv}tR QO =Q |tyt
|wkrL C=LiY R= p=Ft |=Q@ "Ovvm|t =i}= jQ@ |UOvyt w 'pkvwptL '|t}WwQDB
w C=Rri |Q=mWwH '|}=Hx@=H w CaQU |}=tvnQR@ '|SQv= uOQmRmQtDt |=Q@ lR=v
"OwW|t xO=iDU= xrwr CwY *jwi=t OQU VWm w CwY jwi |Q=mu}W=t 'l}DUqB
'?; Q} R QO CwY w C=W=aDQ= pQDvm w l}vwUQB wU |=ypO@t |L=Q] QO u}vJty
uwvm =D "OQ=O |}xOQDUo OQ@ Q=m |wkrL |=ylU}O |WJ}B w |a=aW C=W=aDQ=
QDU@ =@ |wkrL |=ylU}O =} C=LiY |a}@] Tv=mQi u}tND |=Q@ |O=} R C=k}kLD
QDU@ =@ |Owta CQwYx@ xm |}xLiY C=W=aDQ= p=Ft |=Q@ "CU= xOW s=Hv= u=UWm
,=iQY Qrmv} w QDU@ xm xOQm C@=F =U}r [1]"CU= |UQDUO p@=k xOW x]=L= u=UWm
C=W=aDQ= "OwW|t C@=F |@} Q[ |xR=Ov=x@ xLiY |a}@] Tv=mQi V}=Ri= Ea=@
QDW}@ Qw_vtu}O@ "CU= xOW pL |irDNt |=yVwQ =@ Q}eDtCt=N[ =@ xLiY O=R;
C=W=aDQ= uwJ |OQ=wt |UQQ@ x@ w Ov=xOQm xO=iDU= RD} Q |@} QkD VwQ R= u}kkLt
[4�2]"Ov=xDN=OQBCN=wvm} Q}e C=Q}}eD w |}=tv '|]NwOCt=N[ C=Q}}eD =@lU}O
R}v p=kDv= T} QD=t ltmx@ |wkrL lR=v |=ylU}O |WJ}B w |a=aW C=W=aDQ=
Q=yJ x@DQt l}vwtQ=yp}Uv=Qi}O w �DQ� Q=yJ x@DQt p}Uv=Qi}O [6w5]"CU= xOW pL
C=W=aDQ= w s}N[ |=ylU}O C=W=aDQ= w Vv=tm pL |=Q@ u=wD|t =Q �HDQ�
Ov=xDi=} QO u}kkLt [9�7]"OQ@ Q=m x@ Q}eDt w CN=wvm} Q}e Ct=N[ =@ |}=ylU}O

Q=}U@ Q}eDt Ct=N[ =@ |wkrL |=ylU}O |=Q@ |r}rLD j}kO ?=wH uOQm =O}B xm

pw�Ut xOvU} wv �
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wkrL
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=R;C

=W=a
DQ=p

}rLD%OQw; CUO x@ �7 |xrO=at�8>>>>>>>>>>>><>>>>>>>>>>>>:

Ma = � G
2i! � Sa � a

�
�1 + 2a(Y 0aJb�J0aYb)

JbYa�JaYb

�
'a

� G
i! � Sa � a

"
a

12 b
12 (JaY 0a�J0aYa)
JbYa�JaYb

#
'b

Mb = � G
2i! � Sb � b

�
�1 + 2a(Y 0bJa�J0bYa)

JbYa�JaYb

�
'b

� G
i! � Sb � b

"
a

12 b
12 (JbY 0b�J0bYb)
JbYa�JaYb

#
'a

(7)

p}Uv=Qi}O ?}DQD x@ J 0a w J 0b 'Y 0a 'Y 0b 'Sb = 2�bhb 'Sa = 2�aha u; QO xm
%Qo}O CQ=@ax@ "OvDUy `=aW ?ULQ@ Ja w Jb 'Ya 'Yb

J 0a =
�
d
dr

�h
J 32

(ktr)
i����
r=a

; J 0b =
�
d
dr

�h
J 32

(ktr)
i����
r=b

;

Y 0a =
�
d
dr

�h
Y 32

(ktr)
i����
r=a

; Y 0b =
�
d
dr

�h
Y 32

(ktr)
i����
r=b

(8)

M�b = 2Mbkt(JbYa�JaYb)
�ctSb

wM�a = 2Makt(JbYa�JaYb)
�ctSa

`@=D wO|iQat =@
%CWwv u=wD|t pU@ `@=wD X=wN x@ xHwD =@ w

b(JbY 0b � J 0bYb) = a(JaY 0a � J 0bYb) = �
2

%OQm xO=U 9 |xrO=at CQwYx@ u=wD|t R}v =Q 7 |xrO=at8<:M�b = (Z1t + Z3t)'b + Z3t'a

M�a = (Z2t + Z3t)'a + Z3t'b
(9)

%Ov=|WJ}B C=W=aDQ= |=Q@ pO=at |m}v=mt |=yTv=OBt= Z3t w Z2t 'Z1t u; QO xm8>>>><>>>>:
Z1t = ib (JbYa � JaYb) + i2b2 (Y 0bJa � J 0bYa)� Z3t

Z2t = �ia (JbYa � JaYb) + i2a2 (Y 0aJb � J 0aYb)� Z3t

Z3t = i�a
12 b

12

(10)

|[a@ |rw OvQo}Om} R= Cw=iDt |m}v=mt w |m} QDmr= |=yQDt=Q=B |m} R}i swyit
|=Q@ =Q |WwQ |m}v=mtwQDmr= |=yp}rLD "OvQ=O |v=Um} |[=} Q \@=wQ =yu; R=
jQ@ |UOvyt QO xO=iDU= OQwt |=yVwQ ltmx@ |DwY w |m}v=mt p�=Ut |UQQ@
u=wD|t VwQ u}= R= [12]"Ovvm|t QDxO=U =Q CqO=at pL xm OvQ=Po|t =t Q=}DN= QO
Q=Ot O}OWD Tv=mQi |x@U=Lt =@ 'CwY jwi pO@t |a}@] Tv=mQi |x@U=Lt QO
`]kt =@ |wkrL |xLiY pO=at Q=Ot '|m}v=mtwQDmr= |x} Q_v Q@=v@ "CUH xQy@ 'u;
w |m} QDmr= u=} QH pO=at ' u; QO xm 'OQm x�=Q= 2 pmW Ovv=t u=wD|t =Q |]wQNt
|=Q@ hyWQ}m S=Drw CqO=at u=ty 9 CqO=at "CU= p}Uv=DB hqDN= pO=at M�

"Ov=xOWxO=O u=Wv |=yxkrL
xOvvmRmQtDt |=yp=v}tQD QO|ak=w |=y|Q=PoQ=@ pO=at|m}v=mtTv=OBt= u}}aD
Tv=OBt= R= u; QO xm |Uv=mQi |xrO=at R= O}=@ u}=Q@=v@ "CU= Q=wWO Q=}U@ |Q=m ,qta
|m}v=mt lqyDU= 'jwi p}rLD QO "OQm xO=iDU= 'xOW Q_v hQY |Q=PoQ=@ |m}v=mt
|m}v=mt Tv=OBt= xm |Dr=L QO u}vJty &OwW|tv xDiQo Q_v QO xLiY QO OwHwt
'2 pmW x@ xHwD =@ w �O=R; C=W=aDQ= p}rLD |=Q@� OW=@ xDW=Ov OwHw |Q=PoQ=@

"|]N C=Q}}eD =@ `]kt =@ |wkrL lU}O VQ@ s}v Q}wYD "1 pmW

[6]%OQm u=}@ u}vJ u=wD|t =Q Q}eDt
@2�
@r2 +

�1
r

+ 1
h
dh
dr

��
@�
@r

�
�
� 1
r2 + 1

rh
dh
dr

�
� = 1

c2
t

@2�
@t2

(1)

|wQ |WQ@ VvD "CU= |QwLt |=DU=Q QO lU}O Ct=N[ h = h(r) u; QO xm
%R= CU= CQ=@a lU}O C=LiY

Tt = Gr@�
@r

(2)

��CU=C@=F |OOah0 �� OwWu=}@h(r) = h0:rCQwYx@Ct=N[ `@=D xJv=vJ
'l}vwtQ=y C=W=aDQ= |=Q@ "OwW|t xO}t=v |]wQNt ,=Lq]Y= |wkrL |xLiY
QO |v} Ro}=H =@ "Ovvm|t u=}@ � = �0:ei!t =@ =Q �|}x} w=R� |v=QwO |}=Hx@=H

%CW=O s}y=wN 2 |xrO=at
@2�0
@r2 + 2@�0

r@r
+
�
k2
t � 2

r2

�
�0 = 0 (3)

pU@ |xrO=at l} 3 |xrO=at "CU= |WJ}B C=W=aDQ= |xvt=O �0 u; QO xm
pL w l}vwtQ=y C=W=aDQ= ZQi R= xO=iDU= =@ "CU= 3 2 |x@DQt R= �xt}t[�

%OwW|t pY=L 4 CQ=@a 3 |xrO=at
� = r�

12
h
A � J 32

(ktr) +B � Y 32
(ktr)

i
ei!t (4)

swO w pw= ẁv `@=wD ?}DQDx@ Y 32
(ktr) w J 32

(ktr) w Ov=C@=F B w A u; QO xm
x@U=Lt 5 |xrO=at j@] u=wD|t =Q |}x} w=R CaQU "OvDUy 3 2 |x@DQt R= pU@

%OQm

' = @�
@t

= i!r�
12
h
A � J 32

(ktr) +B � Y 32
(ktr)

i
ei!t (5)

w �� @�@t �� jr=a = 'a |RQt |}x} w=R |=yCaQU |xR=Ov= x@ xHwD =@
%OvwW|t x@U=Lt u}vJ B w A |=yC@=F Q}O=kt �� @�@t �� jr=b = �'b8><>:A = � 1
! � b

12 Ya'b+a
12 Yb'a

(JbYa�JaYb)
B = 1

! � b
12 Ja'b+a

12 Jb'a
(JbYa�JaYb)

(6)

Yb = w Ya = Y 32
(kta) 'Jb = J 32

(ktb) 'Ja = J 32
(kta) '6 |xrO=at QO

M jr=a = aTtjr=aSa = �Ma Qw=DWo |RQt \}=QW x@ xHwD =@ =t= Y 32
(ktb)

'b w 'a ?ULQ@ =Q Mb w Ma u=wD|t "M jr=b = bTtjr=bSb = �Mb w

88



|Qw
v=t}

vw
|wL

vuU
L u=wD|t =Q 14 |xrO=at 's}vm ZQi |]wQNt =Q lU}O `]kt K]U xm |DQwY QO

%OQm xO=U u}vJ
@2�
@r2 + 2@�

r@r
� 1� v

r2 � = 1
c2
r
� @2�
@t2 (16)

%s} Q=O C=W=aDQ= uOw@ l}vwtQ=y ZQi =@
� = [C � f(r) +D � g(r)] ei!t (17)

"Ow@ Ovy=wN 18 `@=DwO g w f w C@=F |O=Oa= B w A u; QO xm8<:f(r) = r� 12 J�(krr)

g(r) = r� 12 Y�(krr)
(18)

|x@DQt R= w pU@ swO w pw= ẁv R= `@=wD ?}DQDx@ Ya(krr) w Ja(krr) u; QO xm
=Q |a=aW CaQU u=wD|t 17 |xrO=at R= "CU= � =

q
5
4 � v2 w OvDUy �

%OQm x@U=Lt

v = @�
@t

= i! [C � f(r) +D � g(r)] ei!t (19)

vb = @�
@r

��
r=b w va = @�

@r

��
r=a |a=aWC=W=aDQ=CaQU|RQt\}=QW x@ xHwD =@

u=wD|t 'Trjr=b Sb = �Fb w Trjr=a Sa = �Fa |a=aW |=ywQ}v R}v w
vb w va R= |a@=wD CQwYx@ =Q Fb w Fa TBU w x@U=Lt =Q D w C |=yC@=F

%CWwv8<:F �b = Fakr
�crSa[G(a)f(a)�F (a)g(a)] = (Z1r + Z3r) vb + Z3rva

F �a = Fbkr
�crSb[G(b)f(b)�F (b)g(b)] = (Z2r + Z3r) va + Z3rvb

(20)

%Ov=|a=aW C=W=aDQ= |m}v=mtwQDmr= |=yTv=OBt= Z3r w Z2r 'Z1r u; QO xm8>>>><>>>>:
Z1r = F (b)[g(a)�g(b)]�G(b)[f(a)�f(b)]

g(b)F (b)�f(b)G(b) Z3r

Z2r = F (a)[g(b)�g(a)]�G(a)[f(b)�f(a)]
g(a)F (a)�f(a)G(a) Z3r

Z3r = i 1
f(a)g(b)�f(b)g(a)

(21)

%s} Q=O CqO=at u}= QO
f(a) = f(r)jr=a ; f(b) = f(r)jr=b
g(a) = g(r)jr=a ; g(b) = g(r)jr=b
F (a) = F (r)jr=a ; F (b) = F (r)jr=b
G(a) = G(r)jr=a ; G(b) = G(r)jr=b (22)

"Ov};|t CUO x@ 23 \@=wQ T=U=Q@ F;G =yu; QO xm8<:F (r) = df(r)
dr + v

r f(r)

G(r) = dg(r)
dr + v

r g(r)
(23)

xm Cw=iD u}= =@ CU= 2 pmW Ovv=t |a=aW C=W=aDQ= |m}v=mtwQDmr= pO=at Q=Ot
'Z1r 'Z2r 'Z3r =@ ?}DQDx@M�a wM�b ''a ''b 'Z1t 'Z2t 'Z3t |=yQ}eDt |=H

"|]wQNt `]kt =@ |wkrL lU}O pO=at Q=Ot "2 pmW

%R= Ow@ Oy=wN CQ=@a |WJ}B |a}@] Tv=mQi |xrO=at
Z1t + Z2tZ3t

Z2t + Z3t
= 0 (11)

xrO=at u}= pL =@ w CU= kt |WJ}B |DNU ?ULQ@ 11 |xrO=at |=yQ}eDt |t=tD
u=wD|t 'ct Gwt CaQU w Q}eDt u}= u}@ \=@DQ= uDiQo Q_v QO =@ w kt uDi=} |=Q@

%OQw; CUO x@ =Q |a}@] Tv=mQi

ft(n) = kt(n)
2�

s
E

2(1 + v)�
(12)

|a}@] Tv=mQi u}rw= n = 1 w CU= C@Ft w K}LY OOa l} n '12 |xrO=at QO
xm Ci=} QO u=wD|t Z3t w Z2t 'Z1t Q}O=kt w 11 |xrO=at R= "OyO|t u=Wv =Q
b w �|rN=O `=aW� a x@ xDU@=w kt 'Ov=XNWt � w � 'E |O=t |=yQDt=Q=B |Dkw

"CU= xDU@=w b w a x@ R}v |a}@] Tv=mQi xH}DvQO w CU= �|HQ=N `=aW�
Q=Okt 'CU= QF-wt |wkrL |xLiY |WJ}B C=W=aDQ= QO xm Qo}O syt QDt=Q=B
�|HQ=N x@ |rN=O `=aW C=W=aDQ= |xvt=O C@Uv� C=W=aDQ= |xvt=O |}=tvnQR@

%s} Q=O 2 pmW x@ xHwD =@ "CU= |WJ}B
Mt =

�����a�b ���� =
����'a'b ���� =

���� Z3t
Z2t + Z3t

���� (13)

'b w a |UOvy |=yQDt=Q=B w � w � 'E |O=t |=yQDt=Q=B *uOw@XNWt CQwY QO
13 |xrO=at QO =yQ}eDt |Q=Po}=H =@ "CU= x@U=Lt p@=k 12 |xrO=at R= kt Q=Okt
Ci=} QO u=wD|t |OOa C=@U=Lt R= "OQm x@U=Lt =Q Mt |}=tvnQR@ Q=Okt u=wD|t

"CU= |rN=O x@ |HQ=N `=aW C@Uv x@ xDU@=w ,=QYLvt Mt xm

|]wQNt `]kt =@ |wkrL |=ylU}O |a=aW C=W=aDQ=
|=Q@ "OvQ=OQwNQ@ |QwLt uQ=kD CQwYx@ |R=UpOt C}r@=k R= R}v |a=aW C=W=aDQ=
xO=iDU= F w v |=yQ}eDt R= ?}DQDx@ '1 pmW QOM w ' |=Hx@ '|a=aW C=W=aDQ=
T=U=Q@ Q}eDt Ct=N[ =@ |wkrL �xLiY� lU}O |a=aW C=W=aDQ= "OwW|t

[6]%OwW|t x@U=Lt 14 |xrO=at
@2�
@r2 +

�1
r

+ 1
h
� dh
dr

�
@�
@r
�
� 1
r2 � v

rh
� dh
dr

�
� = 1

c2
r
� @2�
@t2

(14)

%R= Ow@ Oy=wN CQ=@a R}v lU}O |a=aW VvD
Tr = E

1� v2

�
@�
@r

+ v �
r

�
(15)
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"""Q=
OtV

wQx
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wkrL
lU

}OO
=R;C

=W=a
DQ=p

}rLD

"|HQ=N `=aW C=Q}}eD ?ULQ@ |a}@] |=yTv=mQi C=Q}}eD |=yQ=Owtv "3 pmW

`=aW C@Uv C=Q}}eD ?ULQ@ |}=tvnQR@ ?} Q[ C=Q}}eD |=yQ=Owtv "4 pmW
"|rN=O `=aW x@ |HQ=N

p@k Cr=L Ovv=t |a=aW C=W=aDQ= |xrO=at &CU= xOW Zwa F �a w F �b 'va 'vb
%O};|t CUO x@ u}vJ

Z1r + Z2rZ3r
Z2r + Z3r

= 0 (24)

CaQU w Q}eDt u}= \@=wQ x@ xHwD =@ w xOw@ kr |a=aW |DNU 24 |xrO=at ?=wH
%OQw; CUO x@ =Q |a=aW |a}@] Tv=mQi u=wD|t (cr) |a=aW Gwt

fr(n) = kr(n)
2�

s
E

�(1� v2) (25)

|a}@] Tv=mQi u}rw= n = 1 |=R=x@ w CU= C@Ft |a}@] OOa l} n u; QO xm
|rN=O `=aW x@ kt p@k Cr=L Ovv=t u}vJty "OwW|t XNWt |a=aW C=W=aDQ=
R}v |a=aW C=W=aDQ= |xvt=O |}=tvnQR@ "CU= xDU@=w (b) |HQ=N `=aW w (a)

"O};|t CUO x@ 26 |x]@=Q R=
Mr =

�����a�b ���� =
����vavb ���� =

���� Z3r
Z2r + Z3r

���� (26)

26 |xrO=at QO |Q=Po}=H =@ TBU w OwW|t x@U=Lt 24 |xrO=at T=U=Q@ kr
Mr xm O=O u=Wv u=wD|t p@k Cr=L Ovv=t "CU= x@U=Lt p@=k |}=tvnQR@ Q=Okt

"CU= (b=a) |rN=O x@ |HQ=N |=y`=aW C@Uv x@ xDU@=w ,=QYLvt

G}=Dv
|r}N � w � |=y|}=Hx@=H w ' w v |=yCaQU xm CW=O xQ=W= xDmv u}= x@ O}=@
"Ov=xOW xDiQo Q_v QO x]w@ Qt |=yGwt pw] w cr w ct CwY |=yCaQU R= QDsm
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3 |=ypmW QO ?}DQDx@ '|HQ=N `=aW ?ULQ@ w C@=F |rN=O `=aW =@ |a=aW w
=@ |rwtat Oqwi R= lU}O |xO=t TvH 'CqO=at pL |=Q@ "CU= xOW s}UQD 4 w

%CU= xOW xDiQo Q_v QO Q} R X=wN
v = 0 28; E = 2 1� 1011 Pa; � = 7850 Kg

m3

w |rN=O `=aW *uOw@C@=F CQwYQO 'CU=XNWt 3 pmW |=yQ=Owtv QO xm u=vJ
|=y`=aW |=Q@ 'u}vJty "Ov@=}|tVy=m|a}@] |=yTv=mQi '|HQ=N `=aWV}=Ri=
=Qoty |mQDWt Q=Okt x@ |HQ=N `=aW V}=Ri= =@ =yQ=Owtv |t=tD Cw=iDt |rN=O
Tv=mQi '|rN=O `=aW V}=Ri= w |HQ=N `=aW *uOw@C@=F CQwYQO "OvwW|t
|rN=O `=aW V}=Ri= =@ '|a=aW C=W=aDQ= |=Q@ |rw OwW|t QDnQR@ |WJ}B |a}@]
=@ xR=U |DNU V}=Ri= ' ẁ[wt u}= Cra "O@=}|t Vy=m |a=aW |a}@] Tv=mQi
u}= `]=kD =} j=@]v= xm CW=O xHwD xDmv u}= x@ O}=@ "CU= |rN=O `=aW Vy=m
`=aW |rY= pt=a '|rN=O `=aW |Q=PoQ}F-=D seQ|ra =Q} R CU}v umtt =yQ=Owtv
4 pmW QO |UOvy |=yQDt=Q=B x@ C@Uv xvt=O |}=tvnQR@ C=Q}}eD "CU= |HQ=N
Q=Okt |rN=O x@ |HQ=N `=aW C@Uv V}=Ri= =@ =OD@= QO "CU= xOW xO=O u=Wv
V}=Ri= |xt=O= =@ |rw 'O@=}|t V}=Ri= ,=a} QU |WJ}B C=W=aDQ= |}=tvnQR@ ?} Q[
|QDsm CaQU =@ xv}W}@ Q=Okt x@ uO}UQ R= TB |}=tvnQR@ ?} Q[ 'C@Uv u}=
xm CU= 3 7 |WJ}B V=aDQ= |}=tvnQR@ ?} Q[ |xv}W}@ Q=Okt "O@=}|t Vy=m
Vy=m Ea=@ b=aV}=Ri= '|a=aW C=W=aDQ= QO "CU= xOW xOy=Wt b=a = 4 QO
"CU= 1 OOa |m}ORv QO u; \UwDt Q=Okt w OwW|t |}=tvnQR@ ?} Q[ |H} QOD
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xt=vQ@ u}= 12 |xNUv ltmx@ G}=Dv u}= "CU= xDiQo Q=Qk xO=iDU= OQwt ANSYS

u=tr= 1176 pt=W QwmPt p}rLD "CU= xOW xYqN 2 pwOH QO w xOt; CUO x@
|=DU=Q QO u=tr= 21 '|a=aW |=DU=Q QO u=tr= 7 xm CU= SOLID45 ẁv R=

"OwW|t pt=W =Q Ct=N[ |=DU=Q QO u=tr= 3 w \}Lt
f w FEM Q=Ri=sQv R= GQNDUt |=yTv=mQi Q}O=kt Qou=Wv fn '2 pwOH QO
G}=Dv "CU= |m}v=mtwQDmr= pO=at Q=Ot VwQ R= |a}@] |=yTv=mQi Q}O=kt Qou=Wv
|a}@] Tv=mQi |=]N OYQO "Ov=xOt; CUO x@ hb w ha 'b 'ahrDNt Q}O=kt |=Q@
=]N xv}W}@ OwW|t xOy=Wt xm u=vJ "CU= xOW xO=O u=Wv �f =@ R}v x]w@ Qt
QDsm |WJ}B V=aDQ= |=Q@ w �5 R= QDsm |a=aW V=aDQ= |=Q@ hrDNt Cq=L QO
|a}@] |=yOwt u}rw= l}D=tW '?}DQDx@ 6 w 5 |=ypmW QO "OvDUy �0 2 R=
|xr�Ut "Ov=xOW xO=O u=Wv FEM Q=Ri=sQv R= xOt; CUO x@ |a=aW w |WJ}B
Qo}Om} =@ VwQ wO u}= G}=Dv &OW p}rLD R}v FEM Q=Ri=sQv ltm =@ |UQQ@ OQwt

"104678 Hz '|WJ}B V=aDQ= Owt pmW u}rw= "5 pmW

"40754 Hz '|a=aW V=aDQ= Owt pmW u}rw= "6 pmW

VwQ CLY |UQQ@
CN=wvm} Ct=N[ =@ lU}O j}kO pL =@ xU}=kt �hr=
%s} Q=O CN=wvm} Ct=N[ |=Q@ 3 |xrO=at |U} wvR=@ CQwY QO

@2�0
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r
@�0
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+
�
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t � 1

r2

�
�0 = 0 (27)

|x@DQt R= pU@ |xrO=at l} 'xt}t[ QO OwHwt ?r=]t x@ xHwD =@ jwi |xrO=at
28 CQ=@a '27 |xrO=at pL w l}vwtQ=y C=W=aDQ= ZQi R= xO=iDU= =@ "CU= 1

"CU= G=QNDU= p@=k
� = [A � J1(ktr) +B � Y1(ktr)] ei!t (28)

w �� @�
@t

�� jr=a = 'a |RQt |}x} w=R |=yCaQU |xR=Ov= x@ xHwD =@
"Ow@ Ovy=wN 6 |x]@=Q j@=]t B w A |=yC@=F '�� @�@t �� jr=b = �'b

w M jr=a = aTtjr=aSa = �Ma Qw=DWo |RQt \}=QW x@ xHwD=@
'b w 'a ?ULQ@ =Q Mb w Ma u=wD|t M jr=b = bTtjr=bSb = �Mb

%OQw; CUO x@ 7 |x]@=Q j@=]t
M�b = 2Mbkt(JbYa�JaYb)

�ctSb
wM�a = 2Makt(JbYa�JaYb)

�ctSa
`@=D wO|iQat =@

"CWwv u=wD|t pU@ `@=wD X=wN x@ xHwD =@ w8<:M�b = (Z1t + Z3t)'b + Z3t'a

M�a = (Z2t + Z3t)'a + Z3t'b
(29)

|WJ}B C=W=aDQ= |=Q@ pO=at |m}v=mt |=yTv=OBt= Z3t w Z2t 'Z1t u; QO xm
"O};|t CUO x@ 32 |xrO=at j@=]t8>>>><>>>>:

Z1t = b (JbYa � JaYb) + 2b2 (Y 0bJa � J 0bYa)� Z3t

Z2t = �a (JbYa � JaYb) + 2a2 (Y 0aJb � J 0aYb)� Z3t

Z3t = �a
12 b

12

(30)

CqO=at� |m}v=mtwQDmr= pO=at Q=Ot O}OWD |xrO=at pL =@ 'xDWPo Ovv=t TBU
xOWKQ]t?r=]t "O};|tCUO x@ pw= |a}@]Tv=mQi Q=Okt kt ?ULQ@ �12w 11
|WJ}B |a}@] Tv=mQi "CU= KQ] p@=k R}v |a=aW C=W=aDQ= |=Q@ |@r=k ^=Lrx@
G}=Dv x@ xHwD =@ R}v w QwmPt VwQ ltmx@ |wkrL lU}O OvJ |=Q@ pw= |a=aW w

"CU= xOW xU}=kt 1 pwOH QO '[5]u}kkLt |r@k |=y|UQQ@

"OwOLt <=RH= w [5]`HQt pL G}=Dv =@ u; xU}=kt w xOW x�=Q= VwQ R= xOW x@U=Lt |a}@] |=yTv=mQi "1 pwOH
=@ =]N OYQO OwOLt <=RH= G}=Dv |=Q@ [5]pL G}=Dv pO=at Q=Ot G}=Dv

(m) |UOvy |=yQDt=Q=B h}OQ��� [5]G}=Dv (Hz) �Hz� CN=wvm} lU}O �Hz� |m}v=mtwQDmr=
�ft �fr fnr fnt fnr fnt fr ft hb ha b a

0 09 2 46 25765 74876 23984 73196 24573 73264 0 002 0 002 0 04 0 01 1
0 15 3 10 31491 102568 29981 101661 30912 101816 0 0015 0 0015 0 03 0 01 2
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Abstract
In this paper, the vibration of an annular disk with a
linearly varying cross-section is analyzed by means of
Bessel's functions and an equivalent electro-mechanical
circuit method. By using the equivalent electrical equa-
tions, natural frequencies and magni�cation factors are
obtained.This is done by writing the equations of mo-
tion for the disk vibration and rewriting the equation
to make it similar to a three component Kirchho� cir-
cuit.The method can be used to obtain the resonance
frequency of an ultrasonic transducer as well as the res-
onance frequency of a circuit. In this method, the vibra-
tion of an annular disk is investigated separately in ra-
dial and torsional components.The results of the method
were �rst veri�ed for the cylindrical disks with uniform

thickness and proved to be compatible with the previ-
ously developed methods for extracting natural frequen-
cies of such shapes. Then, the e�ects of variations of
geometrical parameters, namely; the ratio of the outer
radius over the inner radius and the relation between
the angular and radial displacement amplitude magni-
�cation on the natural frequencies, are studied. The
results show that by �xing the inner radius, the tor-
sional and radial resonance frequencies are decreased as
the outer radius is increased. Although the inner ra-
dius a�ects the natural frequencies, it is observed that
the primary factor is the outer radius. The relation-
ship between the magni�cations and the geometrical ra-
dius ratio is also analyzed, which shows a weak rela-
tionship between them. Correspondingly, the �nite el-
ement method is used to analyze the modal shapes by
ANSYS software. It is shown that the frequency values
calculated by applying the presented theory are in good
agreement with the simulation results by ANSYS. The
method is also capable of providing benchmark values
for researchers to validate other variable thickness an-
nular plates. The drawback of this analysis is that it
assumes a very thin annular disk. For thick disks, the
vibrations are complex and the method of this paper is
not applicable.

Key Words: analytical vibrations, annular disks, electro-
mechanical circuit.
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