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OQwt l}B wQDwR}=Q}e |Oa@xU w |Oa@ wO |=y\}Lt QO u=UWm Gwt Q=WDv= |UQQ@
|=Q@ |r}rLD VwQ l} G}=Dv =@ VwQ u}= G}=Dv |xU}=kt =@ w [11]OvO=O Q=Qk |UQQ@
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|=yu=tr= =@ jQw |=Q@ w u=tr= 60�60 x@ jQw 'xQo 36 u=tr= =@ |kQw QO 'OYQO
"CU= xOW s}UkD u=tr= 200�200 w 100�100 x@ ?}DQDx@ jQw 'xQo 9 w 25
CtUk 5000 x@ u=tR u}= 'pL |=Q@ xm xOW p}rLD x}v=F 0 0012 u=tR =D xr�Ut

%R= CU= CQ=@a l} QLD |wQ}v |xrO=at "CU= xOW s}UkD
f (t) = 50 sin(2�!t)(1� cos(2�!t=3)) (18)

COt "CU= xOW xDiQo Q_v QO RDQywr}m 25 Q@=Q@ w l} QLD Tv=mQi ! u; QO xm
"CU= x}v=FwQm}t 120 wQ}v p=ta= u=tR

|Q_v G}=Dv G=QNDU= |xwLv "2"3
"CN=OQB s}y=wN [14]|ywQo CaQU w |R=i CaQU swyit u=}@ x@ VN@ u}= QO
VNB CaQU =} 'u=Um} Tv=mQi =@ G=wt= R= |ywQo Q=WDv= CaQU x@ |ywQo CaQU
u=wD|t =Q |Oa@l} Cr=L |=Q@ |r}rLD K}[wD u} QDxO=U "OwW|t \w@ Qt |SQv=
|=yTv=mQi |=Q=O =t= u=Um} |xvt=O =@ l}vwtQ=y Gwt wO Q=WDv= uDiQo Q_v QO =@
wO Q=F; `tH CQwYx@ u=wD|t =Q Gwt p=vo}U "OQm u=}@ sy x@ l}ORv w hrDNt

%OQm u=}@ Gwt
w(x; t) = A cos(k1x� !1t) +A cos(k2x� !2t) (19)

%CWwv u}vJ =Q xrO=at u}= u=wD|t '|D=FrFt \@=wQ R= xO=iDU= =@ xm
w(x; t) =2A cos(k2 � k1

2 x� !2 � !1
2 t)

� cos(k2 + k1
2 x� !2 + !1

2 t) (20)

%O=O s=Hv= =Q |Q=Po}=H u=wD|t 'CU= GwR `@=D l} Twv}Um `@=D xm u}= x@ xHwD =@
�! = !2 � !1

2 ; �k = k2 � k1
2 ;

! = !2 + !1
2 ; k = k2 + k1

2 (21)

%u}=Q@=v@
w(x; t) = 2A cos(�kx��!t)| {z }

low�frequency term

cos(kx� !t)| {z }
high�frequency term

(22)

cp = !=k |R=i CaQU w ! |q=@ Tv=mQi |xir-wt =@ pt=L Gwt l} xrO=at u}=
CaQU w �! u}}=B Tv=mQi |xir-wt =@ cos(�kx ��!t) uw}UqwOt l} w
CaQU u}}=B Tv=mQi |xir-wt xm CW=O xHwD O}=@ "OyO|t x�=Q= �!=�k Q=WDv=
CQ=@a |OL Cr=L QO xm OQ=O (cg = �!=�k) |ywQo CaQU s=vx@ |Q=WDv=

%R= CU=
cg = d!

dk
(23)

=} w uw}UqwOt CaQU 'cg|ywQo CaQU xm |r=L QO CU= cp pt=L CaQU
xOW xO=O u=Wv 3 pmW QO x |=DU=Q QO xQWDvt Gwt "CU= |SQv= p=kDv= CaQU
'OwW xHwD Gwt |=yxBm CmQL x@ =yvD CmQL C=}�RH x@ xHwD |=Hx@ Qo = "CU=
CmQL p=L QO cg |ywQo CaQU =@ Q@=Q@ CaQU =@ Gwt xm OQm xOy=Wt u=wD|t

"CU=
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xRtL

"t = 0�s x_Lr QO jQw R}N |Oa@ xU Q=Owtv "4 pmW

u}= Q}}eD =@ x]w@ Qt |xt=vQ@ QO "O};|t CUO x@ x0 w L 'ymax QDt=Q=B xU Q}O=kt
QO `@=D Q=Okt =yu; <=R=x@ xm �� =yQDt=Q=B u}= R= |Q=Okt '|k]vt xR=@ l} QO Q}O=kt
xOt; CUO x@ |@} QkD Q}O=kt u=wvax@ �� OQ=O =Q =]N u} QDsm |@=NDv= |x]kv xU
|v=mt |xrY=i Q=Okt u} QDsm u}@ |}xR=@ QO x0 QDt=Q=B Q=Okt 'p=Ft u=wvax@ "CU=
CUO x@ Q=Owtv xrLQt u}= R= TB "CU= xOW xO=O Q}}eD |v=mt |xrY=i u} QDW}@ w
\N =@ xOWXNWt Q=Owtv� CU= xOW xO=O Q=Qk Gwt Q=Owtv |wQ ?} QkD u}= R= xOt;
=Q} R "CU= R=}v x0 QDt=Q=B x@ \ki |ywQo CaQU |x@U=Lt |=Q@ "�4 pmW QO u}J
QWDvt jQw QO |r=ta= |wQ}v \UwD xm CU= |Hwt |xy@H RmQt Qou=}@ QDt=Q=B u}=
RmQt |v=mt hqDN= u=wD|t |ywQo CaQU Q=Okt uOQw; CUO x@ |=Q@ "CU= xOW
s}UkD u; =@ Q_=vDt |v=tR |xrY=i Q@ Q_v OQwt |v=tR |x_Lr QO =Q Gwt |xy@H
x@ \w@ Qt u=tR 'xO=iDU= OQwt |wQ}v w Tv=mQi |=Q@ xm =Hv; R= Qo}O hQ] R= "OQm
|v=mt hqDN=� s}UkD =@ u=wD|t 'CU= x}v=FwQm}t 60 =@ Q@=Q@ wQ}v R= |t}v p=ta=
CaQU �x}v=F wQm}t 60 u=tR =@ x]w@ Qt |v=tR hqDN=� Q@ �jQw RmQt R= Gwt RmQt

"OQw; CUO x@ =Q \UwDt

G}=Dv "4
8 =D 4|=ypmWQO "O};|tCUO x@ x_Lr Qy QOjQw R}NOwOLtu=tr=CqO=atpL =@
T=U=Q@ G}=Dv u}= "CU= xOW xO=O u=WvhrDNt u=tR OvJ |=Q@ R}N |Oa@xU Q=Owtv
pmW G}=Dv R}v xQo 36 w 25 |=yu=tr= |=Q@ =t= "Ov=xOt; CUO x@ xQo 9 |=yu=tr=
x@ w xOW QDQwO RmQt R= Gwt u=tR CWPo =@ 'OwW|t xOy=Wt xm u=vJ "OvQ=O |y@=Wt
pmWhrDNt C=yH QO GwtCaQU hqDN= p}rOx@ "OwW|t QDl}ORv jQw |=yx@r
Q}}eD Q=JO Gwt pmW u=tR CWPo =@ "CU= |[}@ l} CQwYx@ x_Lr Qy QO Gwt
|wQ y w x C=yH x@ \w@ Qt Gwt |=yxrk x}rw= C=_Lr QO xm |r=L QO 'CU= xOW
|irDNt |=y|[}@ |wQ |Oa@ |=yu=tR QO =yxrk u}= "OvDUy |v=Um} |=y|[}@
QO xm 'xv}W}@ R}N Q=Okt u=tR CWPo =@ xm OwW|t xOy=Wt u}vJty "OvQ}o|t Q=Qk

"OwW|t sm 'xOW xDWwv pmW Qy |}q=@ CtUk
|R=wt ?}DQDx@ 'jQw |v=}t \N |wQ R}N |Oa@ wO Q=Owtv 10 w 9 |=ypmW QO
u}= QO "CU= xOW sUQ x}v=FwQm}t 300 |v=tR |x_Lr |=Q@ y w x |=yQwLt =@

"CU= xOW xO=O u=Wv Gwt CaQU |x@U=Lt |xwLv =ypmW
w QiY Q=WDv= CyH |=Q@ ?}DQDx@ Gwt CaQU Q}O=kt 2 w 1 |=ypwOH QO
Q=yJ QO CaQU Q}O=kt 'OwW|t xOy=Wt xm u=vJ "CU= xOW xO=O u=Wv xHQO 90

cgy = @!
@k

sin�+ @!
@�

cos�
k

(27)

%|U} QD=t sQi x@ =}(
cgx
cgy

)
=

"
cos� � sin�

sin� cos�

#(
@!
@k
@!
k@�

)
(28)

%R= Ov=CQ=@a 2h=QLv= |x} w=R w |ywQo CaQU u}=Q@=v@ "OQm u=}@
cg =

q
c2
gx + c2

gy;

' = tan�1 cgy
cgx
� � (29)

|ywQo CaQU CyH 'OwW|t QWDvt AwQDwR}= |=yjQw QO xm |v=UWm Gwt |=Q@
|=Q@ "Ovm|t QiY =@ Q@=Q@ =Q h=QLv= |x} w=R w CU= j@]vt Gwt OOa Q=OQ@ CyH Q@
Q@ Gwt CaQU |=DU=Q OwW|t QWDvt AwQDwR}=Q}e |=yjQw QO xm |v=UWm Gwt
uOW QiY Q}e Ea=@ Ov=wD|t ẁ[wt u}= w 'CU}v j@]vt Gwt OOa Q=OQ@ |=DU=Q
@!=@k Q=Okt � XNWt Gwt OOa Q=OQ@ =@ CyH l} QO "OwW h=QLv= |x} w=R
=@ "OQw; CUO x@ Gwt OOa w Tv=mQi u}@ |x]@=Q R= u=wD|t =Q 28 |xrO=at QO
uOQw; CUO x@ |=Q@ xO=U VwQ l} '28 |xrO=at QO @!=@� CQ=@a x@ xHwD
xO=O Q}}eD �+ �� Q=Okt x@ Gwt OOa Q=OQ@ CyH "OwQ|t Q=m x@ u; Q=Okt |@} QkD
OOa w Tv=mQi u}@ |x]@=Q R= "CU= lJwm |i=m xR=Ov=x@ �� u; QO xm 'OwW|t
CQwYx@ @!=@� 'u}=Q@=v@ "O};|t CUO x@ O}OH |x} w=R QO Tv=mQi Q=Okt 'Gwt

%=@ CU= Q@=Q@ |@} QkD
@!
@�
� !(k)j�+�� � !(k)j�

��
(30)

|xrO=at w @!=@k Q=Okt |Q=Po}=H =@ u=wD|t =Q |ywQo CaQU |=yxir-wt TBU
"OQw; CUO x@ 28 xrO=at QO 30

|i}] u=tr= pL G}=Dv G=QNDU= |xwLv "3"3
pY=L G}=Dv =@ 'OwOLt u=tr= pL x@ \w@ Qt |ywQo CaQU G}=Dv |xU}=kt |=Q@
Q@ xOWp=ta= |wQ}v `@=D xm =Hv; R= %OwW|t pta u}vJ Gwt VNB Q=Owtv R=
CU= |Uwv}Um Gwt l} QO |Uwv}U Gwt l} ?Q[pY=L CQwYx@ jQw RmQt
`@=D l} ?Q[ CQwYx@ =Q |Q=PoQ=@ u}= R= pY=L R}N u=wD|t '�18 |xrO=at�
18|xrO=at QO xOWu=}@ |wQ}v |xrO=at "CiQo Q_v QO|Uwv}Um `@=Dl} QO|Uwv}U
Gwt pw= |xrtH &CU= (1� cos(2�!t=3)) w sin(2�!t) |xrtHwO pt=W
�QDW}@ ?w=vD |xQwO xH}DvQO w� QDsm Tv=mQi |=Q=O xm swO |xrtH w CU= |rY=
u; Gwt u=wD|t R}v R}N |=Q@ 'x@=Wt Qw]x@ "Ovm|t u}}aD =Q pw= Gwt |xvt=O 'CU=
'CiQo Q_v QO |Uwv}Um `@=D l} QO |Uwv}U `@=D l} ?Q[pY=L CQwYx@ =Q
|Uwv}Um `@=D u}= "Ovm u}}aD =Q |Uwv}U `@=D |xvt=O |Uwv}Um `@=D xm |}xvwox@

%OW=@ u}vJ Ov=wD|t XNWt u=tR l} |=Q@
f(x) = 0 5ymax(1� cos 2�

L
(x� x0 + L

2 )) (31)

u}= Q}O=kt uOQw; CUO x@ |=Q@ "Ov=pwyHt x0 w L 'ymax |=yQDt=Q=B u; QO xm
Q=Owtv |wQ |rLt xv}W}@ |x]kv xU |=Q@ |v=mt |xrY=i w R}N Q=Okt =yQDt=Q=B
G=QNDU= '�4 pmW� �� XNWt |v=tR |x_Lr l} QO �� u=mt ?ULQ@ R}N
'xOW xDWwv Qw_vt u}= |=Q@ xm |}xt=vQ@ |xr}Uwx@ w OOa CiH xU u}= =@ w OwW|t
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"t = 360�s x_Lr QO jQw R}N |Oa@ xU Q=Owtv "8 pmW

"xQwLt =@ |R=wt|v=}t\N |wQ x}v=FwQm}t300 x_Lr QO jQw R}N Q=Owtv "9 pmW

=@ |R=wt |v=}t \N |wQ x}v=FwQm}t 300 x_Lr QO jQw R}N Q=Owtv "10 pmW
"y QwLt

R}v xHQO 90 Q=WDv= CyH QO &Ovm|t =O}B V}=Ri= |Q_v Q=Okt =@ hqDN= OYQO
"OwW|t O=} R hqDN= u}= =yxQo O=OaD V}=Ri= =@

xOW xO=iDU= u=tr= ẁv xU |=Q@ |y@=Wt |xt=vQ@ R= OwOLt u=tr= pL |=Q@
x@ \w@ Qt xt=vQ@ hrDNt |=yCtUk |=Q@ R=}v OQwt u=tR u=wD|t u}=Q@=v@ "CU=
T} QD=t uDN=U x@ \w@ Qt u=tR 4 pwOH QO "OQm xU}=kt sy =@ =Q u=tr= ẁv xU
=@ xQo 36 w 25 '9 u=tr= ẁv xU |=Q@ pm T} QD=t S=Dvwt u=tR R}v w u=tr= |DNU

"t = 180�s x_Lr QO jQw R}N |Oa@ xU Q=Owtv "5 pmW

"t = 240�s x_Lr QO jQw R}N |Oa@ xU Q=Owtv "6 pmW

"t = 300�s x_Lr QO jQw R}N |Oa@ xU Q=Owtv "7 pmW

l} <=vFDU=x@ �� Q}O=kt u}= xm xOt; CUO x@ hrDNt |=yu=tr= |=Q@ hrDNt u=tR
xOt; CUO x@ Q}O=kt u=tR CWPo =@ "CU= |Q_v Q=Okt R= QDlJwm xQ=wty �� OQwt

"OwW|t QDl}ORv |Q_v Q}O=kt x@ w xOW QDW}@
QO 'hrDNt |=yxQo R= xO=iDU= =@ xOt; CUO x@ G}=Dv QDy@ |xU}=kt |=Q@
xOt; CUO x@ 'Gwt CaQU Q}O=kt hqDN= OYQO |xv}tm w xv}W}@ Q}O=kt 3 pwOH
xOW xO=O u=Wv xHQO 90 w QiY CyH wO QO '|Q_v Q=Okt =@ OwOLt u=tr= pL R=
u=tr= |=yxQo O=OaD V}=Ri= =@ xHQOQiY CyH QO ,=twta xm OwW|t xOy=Wt "CU=
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wrO=
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QN;
xRtL u}ty *Q@=Q@ 1432w 85 R= V}@ ?}DQDx@ xQo 36 w 25 |=yu=tr= |=Q@ u=tr= T} QD=t

T} QD=t S=Dvwt u=tR u}vJty "CU= u=Um} \=kv O=OaD =@ xQo 9 u=tr= |=Q@ u=tR
p}mWD *Q@=Q@ 1 5 w 5 xQo 36 w 25 |=yu=tr= |=Q@ ?}DQDx@ R}v =yu=tr= u}= QO pm
pm u=tR V}=Ri= Q@=Q@ 5 OwOL QO ẁtHt QO xm CU= xQo 9 u=tr= QO T} QD=t u}=

"OQ=O x=Qty x@ =Q
syu; '|r}rLD ?=wH x@ G}=Dv lOv= Q=}U@ uOWl}ORv |=Q@ xm CU= OwyWt
Qw;O=} xD@r= "s} wW|t ptLDt =Q |v=w=Qi |D=@U=Lt |=yxv} Ry 'Cq=L |NQ@ QO \ki
umtt 'QDu}}=B |x@DQt xH}DvQO w QDsm |=yxQo O=OaD =@ |=yu=tr= |=Q@ xm OwW|t
Q=@ wO =@ jQw VvQm w VvD =Q} R 'OvwWv Q=QkQ@ VvQm w VvD |oDUw}B \}=QW CU=
|}xrtHOvJ `@=D u}}=B x@DQt |=yu=tr= |=Q@ w Ov};|t CUO x@ R}N R= |Q}ojDWt
xO=iDU= OQwt `@=D xQo 9 u=tr= |=Q@ p=Ft u=wvax@ "CU= u}}=B x@DQt R= xO=iDU= OQwt
=Hv; R= "O};|t CUO x@ `@=D u}= |=vLv= Q=Okt |Q}ojDWt Q=@ wO =@ w CU= 2 x@DQt R=
QO =Q} R OW=@ |m} Qw=Ht |=yu=tr= |=Q@ Ov=wD|tv 'CU= C@=F |Q=Okt =vLv= u}= xm
Qw=Ht u=tr= x@ u=tr= Qy R= xH}DvQO "OW=@ |m} =yu=tr= s=tD |=Q@ O}=@ CQwY u}=
|=yu=tr= |=Q@ xr�Ut u}= =t= "CW=O Oy=wN OwHw VvQm w VvD QO |oDUw}B=v l}
C@=FQ}e |a@=D x@ |Q}ojDWt Q=@ wO =@ =yu=tr= u; QO =Q} R 'OQ=Ov OwHw QDq=@ x@DQt

"OwW|t QDsm VvQm w VvD |oDUw}B=v w s}UQ|t
C}LHQ= xQo 9 |=yu=tr= 'OW=@ Q_v OQwt|D=@U=Lt sHL w u=tR =yvD Qo = pm QO
?} QkD xH}DvQO w VvQm w VvD |=yQ}eDt |oDUw}B \}=QW Q_v R= Qo = |rw 'O@=}|t

"CU= QDW}@ QDq=@ x@DQt |=yu=tr= C} Rt 'OQ}o Q=Qk |UQQ@ OQwt xr�Ut QDy@

|Q}oxH}Dv "5
|[Qa u=UWm Gwt Q=WDv= CkO Q@ u=tr= |=yxQo ?=NDv= Q}F-=D Q[=L |xar=]t QO
|=Q@ "CiQo Q=Qk xar=]t OQwt |i}] u=tr= VwQ R= xO=iDU= =@ |D} RwBt=m jQw QO
w xOW xO=iDU= xQo 36 w 25 '9 hrDNt u=tr= ẁv xU R= ẁ[wt u}= |UQQ@
xOy=Wt 'xOt; CUO x@ G}=Dv QO CkO =@ "CU= xOW x@U=Lt l} Qy |ywQo CaQU
'OYQO 2 |}=Qosy x@ uO}UQ O}k =@ 'u=tr= |=yxQo O=OaD V}=Ri= =@ xm OwW|t
=@ "CU= OYQO 2 R= QDsm Qo}Om} =@ u=WhqDN= w Ov=l}ORv sy x@ Q=}U@ G}=Dv
'hrDNt |=yxQo =@ |}=yu=tr= |=Q@ xr�Ut |=y?=wH QO lOv= Q=}U@ C=Q}}eD OwHw
xO=iDU= =Pr w Ovm|t =O}B V}=Ri= COWx@ u=tr= |=yxQo O=OaD V}=Ri= =@ pL u=tR
xm CU= |r=L QO u}= "Ow@ Oy=wN QD?U=vt QDsm |=yxQoO=OaD =@ |}=yu=tr= R=
VvQm w VvD G}=Dv QO QDW}@ |oDUw}B x@ QDq=@ x@DQt =@ |=yu=tr= R= xO=iDU=

"Ot=Hv=|t

"(m/s) xHQO QiY Q=WDv= CyH |=Q@ Gwt CaQU Q}O=kt "1 pwOH
|Q_v Q=Okt �x}v=FwQm}t� u=tR O=OaD

1144 5

360 300 240 180 xQo
1120 1 1113 1 1104 5 1109 2 9
1116 0 1119 6 1104 1 1105 7 25
1120 8 1113 9 1096 3 1095 6 36

"(m/s) xHQO 90 Q=WDv= CyH |=Q@ Gwt CaQU Q}O=kt "2 pwOH
|Q_v Q=Okt �x}v=FwQm}t� u=tR O=OaD

1068 3
360 300 240 180 xQo

1061 6 1060 2 1064 1 1047 7 9
1059 7 1058 0 1062 0 1047 7 25
1059 6 1055 9 1047 4 1049 7 36

"|Q_v Q=Okt =@ hqDN= OYQO xU}=kt "3 pwOH
xHQO 90 Q=WDv= CyH xHQO QiY Q=WDv= CyH O=OaDOYQO xv}tm OYQO xv}W}@ OYQO xv}tm OYQO xv}W}@ xQohqDN= hqDN= hqDN= hqDN=
0 39 1 92 2 13 3 49 9
0 59 1 92 2 17 3 53 25
0 81 1 96 2 07 4 27 36

"hrDNt |=yu=tr= =@ pL x@ \w@ Qt u=tR "4 pwOH
pm u=tR T} QD=t S=Dvwt u=tR T} QD=t O=H}= u=tR O=OaD
�x}v=F� �x}v=F� pm �x}v=F� u=tr= xQo
5652 5638 14 9
29069 27871 1198 25
28221 8168 20053 36

xOQw; QDW}@ |xU}=kt |=Q@ R}v u=tR wO u}= ẁtHt TBU "CU= xOW xU}=kt sy
2 CaQU =@ |ov=N xv=}=Q l} R= xO=iDU= =@ G}=Dv |x}rm CU= |vDio "CU= xOW
'u=tr= |=yxQo O=OaD V}=Ri= =@ OwW|t xOy=Wt xm u=vJ "Ov=xOW x@U=Lt RDQy=o}o
O=H}= u=tR xm |Qw]x@ 'Ovm|t =O}B V}=Ri= |}x_Lqt p@=k Qw]x@ R=}v OQwt u=tR

=yCWwv=B
1. Legendre
2. skew angle
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