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Q}}eD CqO=at QO Vv=Qo QF= COW Nw ?; Vv=Qo w Ng R=o Vv=Qo |=yQDt=Q=B
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uR = ui+1 � 1
2�(r�i+1=2)(ui+1 � ui) (17)
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%OwW|t s=Hv= 21 |x]@=Q j@=]t K}LYD u}= "OwW|t
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DW+"2
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|xOwOLt w xr�Ut \}=QW x@ xHwD =@ O}=@ xm CU= x=wNrO |Q}eDt " xrO=at u}= QO
R= u=wD|t " QDt=Q=B ?U=vt s}_vD =@ "OwW u}}aD xr�Ut QO Q[=L |=yGwt CaQU

"OQm |Q}owrH |]=U@v= |=ylwW O=H}=
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\UwD '7 =} 2 |oDU}=B CqO=at xDUO pL |=Q@ Q=DWwv u}= QO xO=iDU= OQwt VwQ
VwQ u}= "CU= sDU}U uwQO ?r=e Gwt X}NWD |x}=B Q@ w xOW x�=Q= [8]ROQ=wO=
pmW "OwW|t x�=Q= OwOLt sHL ?r=k QO w xOQm ^iL =Q 7|a[wt |oDU}=B
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�
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[11]%OwW|t h} QaD 11 |x]@=Q \UwD q=@ x@DQt �DW ?r=e Gwt CaQU
�DW = (uR � uL) � (fR � fL)

(uR � uL) � (uR � uL)
(11)

R}v fR w fL w xOw@ 8q=@ x@DQt CU=Q w AJ |=yCr=L ?}DQDx@ uR w uL u; QO xm
sOa Gwt CaQU h} QaD u}= |rY= C} Rt "OvDUy =yCr=L u}= =@ \@DQt |=yQ=W
'sDU}U ?r=e Gwt X}NWD =@ xwqax@ &CU= sDU}U |}xYNWt |x} RHD x@ R=}v
u}vJty [11]"CU= Gwt ẁv Qy |=Q@ lwW j}kO CaQU =@ pO=at h} QaD u}= OL QO

%OwW|t h} QaD Q} R pmW x@ �DW ?r=e Gwt CaQU 'Qr=mU= Cr=L QO
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?r=e Gwt |OOa Q=W "CU= QiY Q@ s}UkD R= |Q}owrH |=Q@ ?U=vt OL � xm
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sDU}U |Q}op=QoDv= |=Q@ Ov=wD|t 13 Q=W "CU= |v=ty T} QD=t I u; QO xm
wO R= q=@ x@DQt |=yCr=L |x@U=Lt |=Q@ =Hu}= QO "OwQ Q=m x@ 9 |xrO=at =@
xOvvmOwOLt R= xO=iDU= |=Q@ "CU= xOW xO=iDU= 10s=Qi w 9O)tu}t |xOvvmOwOLt
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�x

�
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�ui+2 � ui+1
�x

; ui+1 � ui
�x

�
(15)
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R=Nt
QOQ

}PB=v
G=RD

t=u
=}QH

|R=
Ux}

@W

?r=e Gwt VwQ R= xO=iDU= =@Vv=Qo =@ Qr=mU= CQwr�|rm =@ |xr�Ut G}=Dv "2 pmW
"s=Qi xOvvmOwOLt w

R= p@k pL |v=tR s=o Qy QO 'Q=W `@=D QO @u=@x CQ=@a uOWQy=_ x@ xHwD =@
u}= |=Q@ "OwW x@U=Lt O}=@ @u=@x jDWt CQ=@a 'Q=W |OOa Q=Okt |x@U=Lt

%OwW|t xO=iDU= 25 |x]@=Q j@=]t p@k |xrLQt |=yu R= Q=m
@u
@x

= ui+1 � ui�1
xi+1 � xi�1

(25)

s=Qi |xOvvmOwOLt w ?r=e ?Hwt *|OOa VwQ p=ta= R= xOt; CUO x@ |=yMU=B
xOW xO=O u=Wv CFL= 0 5 w t = 0 2 u=tR |=Q@ 2 pmW QO Q}N= |xr�Ut Q@
Q=}U@ j@=]D 'OwW|t xOy=Wt xm u=vJ "CU= �x = 0 005 pmW u}= QO "CU=
G}=Dv "OQ=O OwHw |r}rLD pL =@ ?r=e Gwt VwQ p=ta= R= |W=v G}=Dv u}@ |@ wN

"CU= 2 pmW x@=Wt ,qt=m R}v O)tu}t |xOvvmOwOLt R= xO=iDU=

R=ixU CQwr� |rm =@ CqO=at G}=Dv "3"4
=Hv}= QO "OwW|t xO=iDU= 3 w 2 \@=wQ R= R=ixU CQwr� |rm =@ p�=Ut QO

%R= CU= CQ=@a xr�Ut |x}rw= \}=QW w xOw@ t � 0 w �1 < x <1

u(x; 0) =

8<:ul x < 0
ur x > 0

(26)

uwDU= w xDi=}s}taD |Qwm '|Qwm |Q}PBPwiv `@=wD R= xO=iDU= =@ xr�Ut u}= 'xt=O= QO
"OwW|t pL pw= ẁv

|Q}PBPwiv R= xO=iDU= =@ Vv=Qo uwO@ CQwr� |rm =@ CqO=at "4"4
|Qwm

%R= Ow@ Oy=wN CQ=@a 25 |x]@=Q QO x}rw= \}=QW xr�Ut u}= QO
ul = (0 1; 0 9)T ; ur = (0 2; 0 0)T (27)

|x]kv 1000 R= u; QO xm CU= 0 < x < 1 5 xr�Ut u}= QO |D=@U=Lt xR=@
xDiQo Q_v QO Vv=Qo =Hv}= QO "CU= xOW xO=iDU= Q@=Q@ |=yxrY=i =@ |D=@U=Lt
|=yCHRr C@Uv u}vJty "Ng = Nw = 0 %R= Ov=CQ=@a Vv=Qo O=Oa= w xOWv
`@=wD R= xr�Ut u}= QO "CU= �o=�g = 10 w �o=�w = 1 Q@=Q@ xO=iDU= OQwt

EL@ w G}=Dv "4
w Vv=Qo uwO@ |=yCr=L |=Q@ Qr=mU= CQwr� |rm =@ |xr�Ut VN@ u}= |=OD@= QO
`@=wD =@ R=ixU CQwr� |rm =@ p�=Ut TBU "OW Ovy=wN pL Vv=Qo Qw[L =@ R}v

"OvwW|t pL pw= ẁv uwDU= w xDi=}s}taD |Qwm '|Qwm |Q}PBPwiv

Vv=Qo uwO@ Qr=mU= CQwr� |rm =@ |xrO=at "1"4
u; QO xm CU= 8 |x]@=Q CQwYx@ Q=W `@=D |xrO=at CQwr� |rm =@ pw= |xr�Ut QO
w xOW h} QaD �1 � x � 1 xR=@ QO xr�Ut u}= "! = 0 w Nw = 0 'M = 4

%R= CU= CQ=@a u; QOx}rw= \}=QW

u(x; 0) =

8<:1 �1 � x � 0
0 otherwise

(22)

|=yMU=B "CU= xOW xO=O Q=Qk |D=@U=Lt xR=@ RQt wO Qy QO xrm} Q}O |RQt \}=QW
"OwW|t xO}O 1 pmW QO xr�Ut u}= |wQ Q@ ?r=e Gwt |OOa VwQ p=ta= R= |W=v
"CFL=0 5 w �x = 0 01 w xOW xO=iDU= Otu}t |xOvvmOwOLt R= =Hv}= QO
j@]vt [13]QtO=D w hv=oQwm G}=Dv =@ |@ wNx@ =y?=wH "CU= 2 Q@=Q@ R}v �t� pL u=tR
?}W |xOvvmOwOLt R= xO=iDU= "CU}v |B wQDv; K}LYD R= xO=iDU= x@ |R=}v w CU=

"OwW|t x@=Wt ,qt=m |=yMU=B x@ QHvt R}v s=Qi

Vv=Qo =@ Qr=mU= CQwr� |rm =@ |xrO=at "2"4
CQwYx@ Q=W `@=D u; QO xm CU= Vv=Qo =@ CQwr� |rm =@ |xrO=at |Oa@ |xr�Ut

%u; QO w CU= 8 x]@=Q
M = 1; Nw = �5;
! = 0 01; �(u) = 4u(1� u) (23)

RQt wO Qy QO xrm} Q}O |RQt \}=QW w xOW h} QaD 0 � x � 1 xR=@ QO xr�Ut u}=
%R= CU= CQ=@a xr�Ut u}= QO x}rw= \}=QW "CU= xOW xO=O Q=Qk |D=@U=Lt xR=@

u(x; 0) =

8<:0 0 � x < 1� 1p2
1 1� 1p2 � x < 1

(24)

Gwt VwQ R= xO=iDU= =@ Vv=Qo uwO@ Qr=mU= CQwr� |rm =@ |xr�Ut G}=Dv "1 pmW
"Otu}t |xOvvmOwOLt w ?r=e

64



"""w
|Q_

vtx
O=R|

kDO
=OQy

t'|
Q}W

t|
@DHt

xO=iDU= =@ Vv=Qo =@ R=ixU CQwr� |rm =@ CqO=at QO ?; R=i `=@W= |xHQO "5 pmW
"s=Qi |xOvvmOwOLt w |Qwm |Q}PBPwiv \@=wQ R=

Nw = 1=2 w Ng = 2 Vv=Qo O=Oa= w '0 < x < 1 5 |D=@U=Lt xR=@
w �o=�w = 1 %R= CU= CQ=@a xO=iDU= OQwt |=yCHRr C@Uv u}vJty "OvDUy
%OwW|t xO=iDU= xDi=}s}taD |Qwm |Q}PBPwiv `@=wD R= xr�Ut u}= QO "�o=�g = 10

�w = s2
w

s2
w+ (1�sw)2 ;

�g= 10s2
g;

�o =�2s3
o +3s2

o (30)

xOW xO=iDU= Q@=Q@ |=yxrY=i =@ |D=@U=Lt |x]kv 1000 R= Q[=L |xr�Ut QO
|xr�Ut Ovv=t |RQt \QW "CU= xOQm |wQW}B t = 0 5 Oa)@|@ u=tR =D pL w
pL x@ s=Ok= Otu}t |xOvvmOwOLt w ?r=e Gwt VwQ R= xO=iDU= =@ "CU= p@k
=yMU=B u; uwO@ w xOw@ sRq uDQ=y |B wQDv; K}LYD R= xO=iDU= xm OW xr�Ut u}=
|xOwOLt QO 21 |xrO=at QO " QDt=Q=B "OvOW xH=wt pmWt =@ |m} R}i Q_v R=
Q@ ?r=e Gwt |OOa VwQ p=ta= R= pY=L G}=Dv "OW ?=NDv= 0 2 < " < 0 3
|=yR=i `=@W= xHQO |xOvyOu=Wv ?}DQD x@ xm �� 8 =D 6 |=ypmW QO xr�Ut u}=
OQwt VwQ 'OwW|txOy=Wt xm u=vJ "CU= xOW xO=O u=Wv �� OvDUy ?; w R=o 'Civ
[10]=yxYNWt VwQ pL Q@ j@]vt ,qt=m |}=yMU=B uOQm sy=Qi x@ QO=k xO=iDU=

"OwW|t x@=Wt |}=yMU=B x@ QHvt s=Qi |xOvvmOwOLt R= xO=iDU= "CU=

uwDU= |Q}PBPwiv R= xO=iDU= =@ Vv=Qo =@ CQwr� |rm =@ CqO=at "6"4
QO xm CU= pw= ẁv uwDU= |Q}PBPwiv \@=wQ R= xO=iDU= x@ \w@ Qt |Oa@ |xr�Ut
CQ=@a xO=iDU= OQwt |x}rw= \}=QW "CU= xOW xDiQo Q_v QO Vv=Qo R}v Cr=L u}=

%R= CU=
ul = (0 27; 0 54)T ; ur = (0 6; 0 0)T (31)

|D=@U=Lt|x]kv 1000 R= u; QO xmCU= 0 < x < 5 xr�Utu}= QO|D=@U=Lt xR=@
Ng = 10 R=o Vv=Qo O=Oa= u}vJty "CU= xOW xO=iDU= Q@=Q@ |=yxrY=i =@
%R= CU= CQ=@a xO=iDU= OQwt |=yCHRr C@Uv w xOw@ Nw = 0 2 ?; w

"�o=�g = 40 w �o=�w = 3 33
|=yQDt=Q=B R= xO=iDU= =@ xm CU= pw= ẁv uwDU= 'xO=iDU= OQwt |Q}PBPwiv pOt
32 CqO=at CQwYx@ |Q}PBPwiv \@=wQ u}= "CU= xOt; CUOx@ [17]"|@"p="|m"w}

%OwW|t xO=iDU= 28 |x]@=Q CQwYx@ |Qwm |Q}PBPwiv
�w = s2

w; �g = s2
g; �o = s2

o (28)

G}=Dv "CU= xOW xO=O Q=Qk |D=@U=Lt xR=@ RQt wO Qy QO xrm} Q}O |RQt \}=QW
QO xr�Ut u}= Q@ s=Qi |xOvvmOwOLt w ?r=e Gwt |OOa VwQ p=ta= R= pY=L
w R=o 'Civ |=yR=i `=@W= |xHQO |xOvyOu=Wv ?}DQDx@ xm �� 5 =D 3 |=ypmW
xO=iDU= OQwt VwQ 'OwW|t xOy=Wt xm u=vJ "CU= xOW xO=O u=Wv �� OvDUy ?;
QO [10]"CU=yxYNWt VwQ pL x@ j@]vt ,qt=m |=yMU=B uOQmsy=Qi x@ QO=k
=@ xr�Ut u}= MU=B u}vJty "CU}v uDQ=y K}LYD R= xO=iDU= x@ |R=}v Cr=L u}=
xO=iDU= w OQ=Ov 5 =D 3 |=ypmW =@ |v=OvJ Cw=iD O)tu}t |xOvvmOwOLt R= xO=iDU=
|xOvvmOwOLt xm u; Qot &Ovm|tv O=H}= ?=wH QO |O=} R Q}}eD |}xOvvmOwOLt Qy R=

"Ovm|t VNB lOv= Q=}U@ =Q ?=wH OwN C}y=t ?@Ux@ O)tu}t

|Qwm |Q}PBPwiv R= xO=iDU= =@ Vv=Qo =@ CQwr� |rm =@ CqO=at "5"4
xDi=}s}taD

%R= CU= CQ=@a x}rw= \}=QW xr�Ut u}= QO
ul = (0 1; 0 9)T ; ur = (0 5; 0 0)T (29)

R= xO=iDU= =@ R=ixU CQwr� |rm =@ CqO=at QO Civ R=i `=@W= |xHQO "3 pmW
"s=Qi |xOvvmOwOLt w |Qwm |Q}PBPwiv \@=wQ

\@=wQ R= xO=iDU= =@ R=ixU CQwr� |rm =@ CqO=at QO R=o R=i `=@W= |xHQO "4 pmW
"s=Qi |xOvvmOwOLt w |Qwm |Q}PBPwiv
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@W%u; QO xm
s�o = so � sorm

1� swc � sorm ;
s�w = sw � swc

1� swc � sorm ;
s�g = sg

1� swc � sorm (33)

%O};|t CUO x@ 34 |x]@=Q R= xO=iDU= =@ Sorm w
sorm = �sorw + (1� �)sorg (34)

"uwDU= pOt |=Q@ |@Uv |=y|Q}PBPwiv |@ QHD |=yxO=O "1 pwOH
QDt=Q=B Q=Okt QDt=Q=B Q=Okt QDt=Q=B Q=Okt
swc 0 264 krwro 0 105 Aog 2 187
sgc 0 00 krgro 0 625 �w 0 5655
sorw 0 215 Aw 2 275 �g 0 608
srorg 0 18 Ag 2 049 �ow 0 754
krocw 1 0 Aow 1 989 �og 0 775

xO=iDU= =@Vv=Qo =@ R=ixU CQwr�|rm =@ CqO=at QOCiv R=i `=@W= |xHQO "9 pmW
"uwDU= |Q}PBPwiv \@=wQ R=

xO=iDU= =@Vv=Qo =@ R=ixU CQwr�|rm =@ CqO=at QO R=o R=i `=@W= |xHQO "10 pmW
"uwDU= |Q}PBPwiv \@=wQ R=

"OvwW|t xOy=Wt 1 pwOH QO u; QO xO=iDU= OQwt |=yxO=O xm OvDUy 36 =D
%O};|t CUO x@ Q} R \@=wQ R= R}v Civ R=i |Q}PBPwiv

kro(sw; sg) = s�okrowkrog
krocw(1� s�w)(1� s�g) (32)

=@ Vv=Qo =@ R=i xU CQwr� |rm =@ CqO=at QO Civ R=i `=@W= |xHQO "6 pmW
"Otu}t xOvvmOwOLt w xDi=} s}taD |Qwm |Q}PBPwiv \@=wQ R= xO=iDU=

xO=iDU= =@Vv=Qo =@ R=i xU CQwr�|rm =@ CqO=at QO R=o R=i `=@W= |xHQO "7 pmW
"Otu}t xOvvmOwOLt w xDi=} s}taD |Qwm |Q}PBPwiv \@=wQ R=

xO=iDU= =@Vv=Qo =@ R=i xU CQwr�|rm =@ CqO=at QO ?; R=i `=@W= |xHQO "8 pmW
"Otu}t xOvvmOwOLt w xDi=} s}taD |Qwm |Q}PBPwiv \@=wQ R=
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11 =D 9 |=ypmW QO ?}DQD x@ ?; w R=o 'Civ R=i xU |=Q@ uDQ=y K}LYD |Q}oQ=mx@
xOy=Wt xm u=vJ "CU= p@k |xr�Ut Ovv=t uDQ=y K}LYD QDt=Q=B "CU= xOt;
=ylwW w OQ=OCk@=]t [10]RQ}=i w utRwo\UwD xOWx�=Q= |=yMU=B =@ G}=Dv 'OwW|t

"Ov=xOW xDiQo |@ wNx@ =yui w

|Q}oxH}Dv "5
"OW |UQQ@ pNrNDt |=y\}Lt QO u=} QH CqO=at Q@ Vv=Qo QF= xar=]t u}= QO
CqO=at xDUO w Vv=Qo =@ CQwr |rm =@ Qr=mU= |xrO=at pt=W xOWxO=iDU= CqO=at

"OvOw@ Vv=Qo Qw[L =@ R=ixU CQwr |rm =@
sQH |oDU}=B CqO=at xDUO pL |=Q@ |O}OH |OOa VwQ R= Q=DWwv u}= QO
OQ=wt |xty QO w OW xO=iDU= 'Ow@ sDU}U ?r=e Gwt X}NWD x}=B Q@ xm |wrwrPy
?}W |=yxOvvmOwOLt R= xO=iDU= =@ u}vJty "Ot; CUO x@ ?U=vt |}=yMU=B
|xOvvmOwOLt "OW CkO QDq=@ ?D=Qt x@ ?r=e Gwt VwQ |xaUwD x@ s=Ok= hrDNt
'Qo}O hQ] R= "Ovm|t O=H}= |OOa VNB |Q=Okt OwN C}y=t ?@Ux@ Otu}t
O=H}= |i}iN C=v=Uwv 'sm Q=}U@ |OOa VNB uDW=O p}rOx@ s=Qi |xOvvmOwOLt
|Dr=L R= QDnQR@ Ov=wD|t O)tu}t |xOvvmOwOLt |=Q@ CFL \QW u}vJty "Ovm|t

"OQ}o|t Q=Qk xO=iDU= OQwt s=Qi |xOvvmOwOLt QO xm OW=@
CqO=at ?OLD sOa R= |W=v |]=U@v= |=ylwW O=H}= R= |Q}owrH Qw_vtx@
'OQ=wt |t=tD QO "OW xO=iDU= uDQ=y |B wQDv; K}LYD R= 'Vv=Qo Qw[L =@ |oDU}=B
"OwW|t |m} R}iQ}e |]=U@v= |=ylwW R= |Q}owrH x@ QHvt K}LYD u}= R= xO=iDU=
|=yGwtCaQU |xOwOLt T=U=Q@ wCkO =@ O}=@ K}LYD u}= QO OwHwt QDt=Q=B xD@r=

"OwW ?=NDv= Q_v OQwt |xr�Ut QO OwHwt

=@ Vv=Qo =@ R=ixU CQwr� |rm =@ CqO=at QO ?; R=i `=@W= |xHQO "11 pmW
"uwDU= |Q}PBPwiv \@=wQ R= xO=iDU=

Ov=CQ=@a krog w krow 'u}vJty "� = 1� [sg=(1�swc�sorg)] u; QO xm
%R=

krol(sw; sg) = krocw exp
�
�Aol

�
sl � slc
slt � sl

��ol�
(35)

R=o w ?; |=yR=i |Q}PBPwiv "OvDUy R=o w ?; |=yR=i x@ \w@ Qt ?}DQDx@ l = w; g

%Ov};|t CUO x@ 36 |x]@=Q R=

krl(sw; sg) = krlro exp

"
�Al

�
sl � slc
slt � sl

���l#
(36)

"sgt = 1� sorg w swt = 1� sorw u; QO xm

=yCWwv=B
1. method of characteristics
2. Stone type
3. Rusanov
4. staggered
5. semi-Godunov
6. viscosity ratio
7. local conservation
8. higher-order states
9. minmod limiter
10. Fromm's limiter
11. variable derivative
12. MUSCL
13. slope limiter
14. �rst order forward-Euler
15. Courant-Friedrichs-Lewy
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