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|wQ =yu; Q=m ẁtHt xm '|rN=O w |O}k |=ywQ}v xm CU= u; OQ=O |vDw}v x=oO}O
,=t}kDUt CmQL CqO=at wQ u}= R= w xOWv OQ=w xr�Ut p}rLD QO 'CU= QiY sDU}U
CqO=at G=QNDU= |=Q@ |Sv=Qo q VwQ R= R}v EL@t u}= QO =Pr [18]"Ov};|t CUO x@

"OQm s}y=wN xO=iDU=
Q=yJ xm |}qwr pYit Q=yJ pt=W '|QU |m}D=@ Q |wR=@ l} 1 pmW QO
"CU= xOW xO=O u=Wv OQw;|t sy=Qi |}xLiY Q=mwR=U l} |=Q@ |O=R; |xHQO
"OvwW|t |Q=PoxQ=tW 4 =D 1 R= ?}DQDx@ |Oa@ |=y\@=Q w QiY \@=Q C=@ Q |x}=B
|x} w=R u}=Q@=v@ "CU= xOW xO=O u=Wv =y�i =@ R}v Qw=Ht \@=Q wO Qy u}@ |@Uv |=}=wR

%=@ Ow@ Oy=wN Q@=Q@ ji= QwLt x@ C@Uv \@=Q Qy jr]t

'0 = 0;

'i = 'i�1 + �i =
iX
r=1

�r (1)

|=OD@= R= (0 < �i < 1)�li = �ili |xrY=i QO \@=Q Qy sQH RmQt s}vm ZQi Qo =
%OW Oy=wN x@U=Lt u}vJ s=p \@=Q sQH RmQt CaQU x=ov; 'OW=@ \@=Q

�vp =
p�1X
i=1

li _'i�ei + �plp _'p�ep (2)

u=QwO T} QD=t w CU= s=i \@=Q |rw] O=ODt= QO x:m} Q=OQ@ ei 'u; QO xm
Oy=wN Ca=U |=yx@ Qka CyH hqN QO 900 =Q u; r = [0 � 1; 1 0]

%=@ OW Oy=wN Q@=Q@ R}v s=p \@=Q sQH RmQt |x]kv CaQU QwPHt [21]"Ov=NQJ

v2
p = vp � vp = �plp _'p

 
�plp _'p + 2

p�1X
j=1

lj _'jcpj

!
+

p�1X
i=1

p�1X
j=1

lilj _'i _'jcij (3)

|W@vH |SQv= u}=Q@=v@ "CU= cij � cos'ij � cos('i � 'j) 'u; QO xm
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|}=U=vW QO 8p=tDL= u} QDW}@ VwQ =} 7|t=olD |=]N |v}@V}B VwQ Ovv=t
|=]N `} RwD w OvQ=O xr�Ut pwyHt |=yQDt=Q=B x@C@Uv|]N|rOt xm|}=ysDU}U
=]N C=a@ Qt u} QDsm |]N uw}UQoQ |xrO=at x@ C}=yv QO 'OW=@ xvwoTw=o R}v =yu;
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Qy=_ u; QO ,=L} QY T}rw} Qm |=y?=DW =@ Q_=vDt CqtH xm OwW|t xO=iDU=
'OwW|t CmQL CqO=at QO OOaDt |=yQDt=Q=B RwQ@ ?@U ẁ[wt u}= [18w17]"Ov=xOW
C=@U=Lt Q}osWJ V}=Ri= x@ pwyHt pOt l} QO =yu; |}=U=vW xm |}=yQDt=Q=B
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|=ywQ}v Ov};Q@ u}@ |Q=OQ@ |w=UD Q@CU= |vD@t xm |vDw}v x=oO}O "1 %CU= xOW x�=Q=
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DQtO
}U %CW=O s}y=wN =yx]@=Q uOQmxO=U0BBBBB@

�11 �12 c12 �13 c13 �14 c14
�12 c12 �22 �23 c23 �24 c24
�13 c13 �23 c23 �33 �34 c34
�14 c14 �24 c24 �34 c34 �44

1CCCCCA
0BBBBB@

�'1
�'2
�'3

�'4

1CCCCCA+

0BBBBB@
0 �12s12 �13s13 �14s14

��12s12 0 �23s23 �24s24
��13s13 ��23s23 0 �34s34
��14s14 ��24s24 ��34s34 0

1CCCCCA
0BBBBB@

_'21
_'22
_'23
_'24

1CCCCCA+

0BBBBB@
�1 cos'1
�2 cos'2
�3 cos'3
�4 cos'4

1CCCCCA =

0BBBBB@
1 �1 0 0
0 1 �1 0
0 0 1 �1
0 0 0 1

1CCCCCA
0BBBBB@

�1
�2
�3
�4

1CCCCCA (9)

%xOQWi Qw]x@ =}
M (�) �� +N (�) _�2 +G (�) = D� (10)

|UQv}= |=yQw=DWo ẁtHt u}@ pO=aD 10 w 9 CqO=at OwW|t x_Lqt xm u=vJ
=Q =y\@=Q R= l} Qy x@ pYDt |=ylQLt R= |OwQw |=yQw=DWo Ov};Q@ w '|Wv=Qo w
T} QD=t l} ?Q[pY=L CQwYx@ |UQv}= |=yQw=DWo xwqax@ "Ovvm|t h}YwD
?Q[pY=L w '|U=tt |=y?=DW pt=a Q=OQ@ QO �M(�) sQH T} QD=t� uQ=kDt
xOW Qy=_ |RmQt ?v=H |=y?=DW pt=a Q=OQ@ QO N(�) uQ=kDtO=B T} QD=t l}
Qy=_ =Q=mW; CqO=at u}= QO T}rw} Qm |=y?=DW x@ \w@ Qt CqtH u}vJty "CU=
wO x@=Wt QY=va QO pwyHt ?}=Q[ xm CU= xOW ?@U ẁ[wt u}= "Ov=xOWv
QDxO=U |DqO=at x@ u=wD@ w OvW=@ u=Um} '=y�ij |va} 'N(�) w M(�) T} QD=t

%Ci=} CUO0BBBBB@
L1
L2
L3
L4

1CCCCCA =

0BBBBB@
�11A11 + �12A21 + �13A31 + �14A41
�12A12 + �22A22 + �23A32 + �24A42
�13A13 + �23A23 + �33A33 + �34A43
�14A14 + �24A24 + �34A34 + �44A44

1CCCCCA+

0BBBBB@
�1G1
�2G2
�3G3
�4G4

1CCCCCA �
0BBBBB@

1 �1 0 0
0 1 �1 0
0 0 1 �1
0 0 0 1

1CCCCCA
0BBBBB@

�1
�2
�3
�4

1CCCCCA (11)

Li w |Wv=Qo |=ywQ}v QO pwyHt ?}=Q[ =@ Q_=vDt `@=wD |xOv}=tv Gi 'x]@=Q u}= QO
|x]@=Q CQwYx@ R}v Aij `@=D w xOw@ CmQL CqO=at R= s=i Q]U QY=va ẁtHt

%OwW|t h} QaD 12

Aij = �'i cos'ij � _'2
i sin'ij (12)

CmQL CqO=at pmW u} QDxO=U 11 |x]@=Q QO xOWx�=Q= CqO=at OwW|t Qw;O=}
sy R= pkDUt |=yQDt=Q=B u} QDsm |=Q=O xm CU= |}xLiY Qy=t |wR=@ l} |=Q@

"CU= �=y�ij w =y�i�

[19]%OwW|t x@U=Lt u}vJ wR=@ Q=yJ |xawtHt

T = 1
2

4X
p=1

�
mpv2

p + �Ip!2
p

�
= 1

2
4X
p=1

mp

�
v2
p + �2

p _'2
p

� �
1
2 _�tM(�) _� = 1

2�11 _'21 + 1
2�22 _'22 + 1

2�33 _'23 + 1
2�44 _'24+

_'1�12c12 _'2 + _'1�13c13 _'3 + _'2�23c23 _'3 + _'1�14c14 _'4+

_'2�24c24 _'4 + _'3�34c34 _'4 (4)

C@Ft w uQ=kDt |U} QD=t M(�) w =y\@=Q jr]t |=}=wR pt=W Q=OQ@ � 'u; QO xm
%R= Ov=CQ=@a u; QY=va w OwW|t xDN=vW sQH T} QD=t x@ xm CU= u}at

�11 = l21
h
m1
�
�21 + �21

�
+m2 +m3 +m4

i
;

�22 = l22
h
m2
�
�22 + �22

�
+m3 +m4

i
;

�33 = l23
h
m3
�
�23 + �23

�
+m4

i
;

�44 = l24
h
m4
�
�24 + �24

�i
;

�12 = l1l2 [�2m2 +m3 +m4] ;

�14 = l1l4�4m4;

�13 = l1l3 [�3m3 +m4] ;

�24 = l2l4�4m4;

�23 = l2l3 [�3m3 +m4] ;

�34 = l3l4�4m4 (5)

XN=W �i = �i=li w sQH RmQtD pLt XN=W �i = �li=li ?}=Q[ u}= QO
'pw] 'sQH ?}DQDx@ R}v �i w �Ii 'li 'mi "OvDUy s=i \@=Q QO u; pwL sQH VNB
|SQv= "OvDUy s=i \@=Q |=Q@ u; VNQJ `=aW w 'sQH RmQt pwL |UQv}= u=tt

[19]%=@ Ow@ Oy=wN Q@=Q@ R}v =ywR=@ |Wv=Qo p}Uv=DB

V =
4X
p=1

mpghp=g
4X
p=1

mp

 p�1X
i=1

li sin'i+�plp sin'p

!
=

�1 sin'1 + �2 sin'2 + �3 sin'3 + �4 sin'4 (6)

?}=Q[ "CU= pkF ?=DW g w =v@t K]U R= s=p \@=Q sQH RmQt `=iDQ= �hp 'u; QO xm
%=@ OvQ@=Q@ R}v �p

�1 = gl1 [m1�1 +m2 +m3 +m4] ;

�2 = gl2 [m2�2 +m3 +m4] ;

�3 = gl3 [m3�3 +m4] ;

�4 = gl4m4�4 (7)

%|va} 'Sv=Qo q� Qr} w= |xrO=at QO 6 w 4 |=yx]@=Q |Q=Po}=H =@ uwvm =
d
dt

�
@T
@ _'k

�
� @T
@'k

+ @V
@'k

= Qk (8)

=@ "Ov};|t CUO x@ xDi=}s}taD |=yxYDNt R= l} Qy x@ C@Uv CmQL CqO=at
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"""l
}|

m}t
=v}O

w|
m}D=

tv}U
|=y

QDt=Q
=B|

}=U=
vWu=}@ Q} R |xOQWi pmWx@ Ovv=wD|t w xOW |]N � pwyHt |=yQDt=Q=B x@ C@Uv

%OvwW
Y(t) = 	(t) � (17)

%u; QO xm
Y(t) = [y1(t) y2(t) y3(t) y4(t)]t (18)

	(t) =

2666664
Vt1(t)
Vt2(t)
Vt3(t)
Vt4(t)

3777775 (19)

|xO=O w (�i) Qw=DWo |ak=w Q=Okt u}@ hqDN= x_Lr Qy QO =]N 's=i pYit |=Q@
T=U=Q@ =yxO=O xm |R=Ux}@W u}= QO "CU= (�̂i) x_Lr u; QO xOW |Q}oxR=Ov=
Q=Okt R= Qw_vt 'O};|t CUO x@ MATLAB Q=Ri=sQv QO C=@ Q pOt |U} wvOm
|=R=x@ sDU}U Q@ sm =L CqO=at R= xOW x@U=Lt Qw=DWo Ck}kLQO Qw=DWo |ak=w
Qw_vt w OW=@ xOW xOwr; C=W=WDe= x@ xm u; uwO@ 'CU= u}at CmQL Q}Ut l}
xm CU= |iO=YD Q=Okt l} =@ xOW`tH Qw=DWo Q=Okt 'xOW |Q}oxR=Ov= Qw=DWo R=
|=]N =@ pO=at =} '|ak=w sDU}U l} |=y|Q}oxR=Ov= QO xOQ=w V=WDe= |xrRvtx@

%u}=Q@=v@ "OwW|t xDiQo Q_v QO |Q}oxR=Ov=
ei(t) = �̂i(t)� �i(t) = �̂i(t)� yi(t) = �̂i(t)�Vi �� (20)

C=W=WDe= x@ s=i |HwQN C=W=WDe= |oDU@=w hQat =]N V=QBsy T} QD=t
[22]%OwW|t h} QaD u}vJ u; QY=va w CU= s=j |HwQN QO |r=tDL=

Rij(�) = E [ei(t) � ej(t+ �)] = 1
N

NX
t=1

ei(t) � ej(t+ �);

i; j = 1; 2; 3; 4: (21)

OwW|t ZQi w CU= x |iO=YD Q}eDt R= |[=} Q O}t= `@=D E(x) 'x]@=Q u}= QO
%OW=@ QiY xHvU Qy QO C=W=WDe= u}ov=}t xm

�i = E [ei(t)] = 1
N

NX
t=1

ei(t) = 0 (22)

pkDUt w |iO=YD ,qt=m |Q=Okt x_Lr Qy QO s=i pYit |wQ xOQ=w V=WDe= xJv=vJ
%CW=O s}y=wN w s}t=v|t 11O}iU V=WDe= =Q u; 'OW=@ xDW=O Qo}O C=_Lr R=
Rii(�) = E [ei(t) � ei(t+ �)] = �2

i �t;� (23)

T} QD=t |rY= Q]k Q@ `k=w |x}=QO =@ CU= Q@=Q@ s=i |xHvU QO =]N V=QB u}=Q@=v@
%� = 0 |=R=x@ s=i Q]U QO V=QBsy

�2
i = Rii(0) = E [ei � ei] = 1

N

NX
t=1

[ei(t)]2 (24)

|r=tDL= C=W=WDe= R= pkDUt pYit Qy QO CmQL |=]N xJv=vJ CU= |y}O@
Q]k |wQ Qot &OwW QiY O}=@ =y=]N V=QBsy T} QD=t x=ov; 'OW=@ Qo}O pY=it QO
|=ywR=@ l}t=v}O 'OvQ=O|t u=}@ 11 CqO=at T=U=Q@ =t= "� = 0 |=R=x@ w |rY=

=]N C=a@ Qt u} QDsm VwQx@ |}=U=vW
|m}t=v}O sDU}U l} |=Q@ |[=} Q pOt l} uDi=} 'sDU}U |}=U=vW |xr�Ut
?wr]t Ck}kL QO "OwW|t h} QaD xOW|Q}oxR=Ov= |=yxO=O R= |}xawtHt T=U=Q@
pOt |=y|HwQN umtt OL =D 'xOW xO=O pOt l} |=yQDt=Q=B s}_vD =@ xm CU= u;

[15]"OvwW j@]vt xOW|Q}oxR=Ov= |=y|HwQN Q@
CqwyHt u=wvax@ =y�i w =y�ij |=yQDt=Q=B u}tND R}v =t hOy VN@ u}= QO
|=yQw=DWo w swrat 10|v=tR |=yxJN} Q=D R= |}xawtHt T=U=Q@ xm CU= 11 pOt
|=y|HwQN =OD@= Qw_vtu}O@ "OW Oy=wN OQw;Q@ 'V=WDe= |w=L xOW |Q}oxR=Ov=
|U} wvR=@ u}vJ =Q 11 |xrO=at w xOQm |]N pwyHt |=yQDt=Q=B x@ C@Uv =Q pOt

%s}vm|t0BBBBB@
�1
�2
�3
�4

1CCCCCA =

0BBBBB@
1 �1 0 0
0 1 �1 0
0 0 1 �1
0 0 0 1

1CCCCCA
�10BBBBB@

L1
L2
L3
L4

1CCCCCA =

0BBBBB@
L1 + L2 + L3 + L4
L2 + L3 + L4
L3 + L4
L4

1CCCCCA �
0BBBBB@

y1
y2
y3
y4

1CCCCCA (13)

QO xOW|Q}oxR=Ov= |=yQw=DWo 'sDU}U |=y|HwQN xm Ovm|t K} QYD x]@=Q u}=
%CW=O s}y=wN 13 |xrO=at uOQmxO=U =@ "OvDUy wR=@ pY=it

y1 = [A11; A22; A33; A44; B12; B13; B14; B23; B24; B34
...G1; G2;

G3; G4] �� � V1 �� (hr=14)

y2 = [0; A22; A33; A44; A12; A13; A14; B23; B24; B34
...0; G2; G3;

G4] �� � V2 �� (?14)

y3 = [0; 0; A33; A44; 0; A13; A14; A23; A24; B34
...0; 0; G3; G4]�

� � V3 �� (A14)

y4 = [0; 0; 0; A44; 0; 0; A14; 0; A24; A34
...0; 0; 0; G4] �� � V4 ��

(C14)

%CU= pwyHt |=yQDt=Q=B Q=OQ@ � '14 |=yx]@=Q QO

�=

(
�11; �22; �33; �44; �12; �13; �14; �23; �24; �34

...�1; �2; �3; �4

)
(15)

%CU= xOW h} QaD u}vJ Bij `@=D w
Bij = Aij +Aji = 2 cos'ij (16)

|=yx}=QO R= |UQv}= C=Q}F-=D =@ \@DQt |=yx}=QO 'xOWO=} |=yQ=OQ@ h} QaD QO u}vJty
14 |=yx]@=Q CQwYu}O@ "Ov=xOW l}miD sy R= ... O=tv =@ |Wv=Qo C=QF= =@ \@DQt
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"""w
|v=Q

wvO}
U=[

QOt
Lt

O}U
'|k

O=Y
|[

DQtO
}U

(10) : @W
@�13

=
NX
t=1

A31(t) � e1(t) +A13(t) � fe1(t) + e2(t)+

e3(t)g = 0

(11) : @W
@�14

=
NX
t=1

A41(t) � e1(t) +A14(t) � fe1(t) + e2(t)+

e3(t) + e4(t)g = 0

(12) : @W
@�23

=
NX
t=1

A32(t) � fe1(t) + e2(t)g+A23(t)�

fe1(t) + e2(t) + e3(t)g = 0

(13) : @W
@�24

=
NX
t=1

A42(t) � fe1(t) + e2(t)g+A24(t)�

fe1(t) + e2(t) + e3(t) + e4(t)g = 0

(14) : @W
@�34

=
NX
t=1

A43(t) � fe1(t) + e2(t) + e3(t)g+A34(t)�

fe1(t) + e2(t) + e3(t) + e4(t)g = 0 (28)

|xrO=at x@ '=yx]@=Q uOQmxO=U w jwi CqO=at QO 20 |x]@=Q OOHt |Q=Ro}=H =@
[23]%O}UQ s}y=wN C=a@ Qt u} QDsm QO G}=Q

�̂ =

"
NX
t=1

	t(t) 	(t)

#�1 " NX
t=1

	t(t) Y(t)

#
(29)

'OW C=a@ Qt u} QDsm |xr�Ut pL x@ |yDvt xOWxDiQo Q=mx@ VwQ 'Q=_Dv= j@=]t
Q=QkQ@ swrat |=y|Q}oxR=Ov= w CqwyHt u}@ |]N |}x]@=Q 17 |xrO=at xm =QJ
uOw@x@DQts=tD |DQ=@ax@ =} |Q}PBTwmat jwi |x]@=Q QO ?=wH OwHw \QW "OQm|t
x@ |m}ORv R= ?=vDH= |=Q@ wQ u}= R= "CU= QN =

PN
t=1 	t(t)	(t) T} QD=t

QiY R= QwO xOWO=} T} QD=t u=v}tQDO u=mt= OL =D O}=@ |ov}mD ?U=vt=v \}=QW
|=]N OW=@ QDl}ORv QiY x@ det(QN ) xR=Ov= Qy xm s} wW|t Qw;O=} "O}; CUOx@
V=QBsy T} QD=t |x@U=Lt =@ u=wD|t =Q ẁ[wt u}= "OW Oy=wN QDnQR@ u}tND
w �0 CqwyHt K}LY Q}O=kt s}vm ZQi Qw_vtu}O@ "OQm j}kLD u}tND |=]N
|=]N x=ov; 'OW=@ �̂N O};|t CUOx@ C=a@ Qt u} QDsm VwQx@ xm 'u; R= |v}tND

%R= CU= CQ=@a w OwW|t h} QaD ~� = �̂N ��0 CQwYx@ u}tND
~�N = �̂N ��0

=

"
NX
t=1

	t(t) �	(t)

#�1 " NX
t=1

	t(t)Y(t)

#
��0

=

"
NX
t=1

	t(t) �	(t)

#�1 " NX
t=1

	t(t)Y(t)�
 
NX
t=1

	t(t)	(t)

!
�0

#
=

"
NX
t=1

	t(t) �	(t)

#�1 " NX
t=1

	t(t) (Y(t)�	(t)�0)
#

=

"
NX
t=1

	t(t) �	(t)

#�1 " NX
t=1

	t(t)e(t)

#
= Q�1

N

"
NX
t=1

	t(t)e(t)

#
(30)

u} Q}=U Q}Ut Q@ =yu; R= |m} Q}Ut QO h=QLv= w CU= xOW CiH sy x@ ,qt=m C=@ Q
pOt QO pwyHt |=yQDt=Q=B u}tND |=Q@ VwQ u} QDy@ wQ u}= R= "CW=Po Oy=wN QF=
=yxHvU |t=tD |=Q@ QiY *u}ov=}t Q=Okt R= =]N h=QLv= xm CU= u; 11 |[=} Q
|=yx}=QO ẁtHt |R=Uxv}tm =@ CU= pO=at ẁ[wt u}= "OwW xv}tm u=tRty Qw]x@
u}vJ =Q |}xv} Ry `@=D ẁ[wt u}= x@ xHwD =@ [23]"=]N V=QBsy T} QD=t |rY= Q]k

%s}vm|t h} QaD

W (�) = N
2 tr(R(0)) = 1

2
NX
t=1

n
[e1(t)]2 + [e2(t)]2 +

[e3(t)]2 + [e4(t)]2
o

(25)

|=yQDt=Q=B |=Q@ u}tND u} QDy@ "CU= p=vo}U Qy R= =yxvwtv O=OaD N 'u; QO xm
[23]%Ovm xv}tm =Q xv} Ry `@=D xm CU= |NU=B pwyHt

�̂ = arg min W (�) (26)

Q=Qk QiY =Q pwyHt |=yQDt=Q=B x@ C@Uv xv} Ry `@=D jDWt CU= |i=m �̂ uDi=} |=Q@
%s}yO

@W (�)
@p

=
NX
t=1

�
@e1(t)
@p

e1(t) + @e2(t)
@p

e2(t) + @e3(t)
@p

e3(t)+

@e4(t)
@p

e4(t)
�

= 0; p 2 � (27)

pkDUt |xrO=at 14 x@ '27 |x]@=Q QO 14 w 17 '20 |=yx]@=Q |Q=Po}=H =@
pL =@ xm O}UQ s}y=wN �� =y�ij w =y�i |va} �� pwyHt QDt=Q=B 14 ?ULQ@
CUO x@ xOWO=} |=yQDt=Q=B |=Q@ u}tND u} QDy@ xrY=L CqO=at x=oDUO u=tRty

"Ot; Oy=wN

(1) : @W
@�1

=
NX
t=1

G1(t) � e1(t) = 0

(2) : @W
@�2

=
NX
t=1

G2(t) � fe1(t) + e2(t)g = 0

(3) : @W
@�3

=
NX
t=1

G3(t) � fe1(t) + e2(t) + e3(t)g = 0

(4) : @W
@�4

=
NX
t=1

G4(t) � fe1(t) + e2(t) + e3(t) + e4(t)g = 0

(5) : @W
@�11

=
NX
t=1

A11(t) � e1(t) = 0

(6) : @W
@�22

=
NX
t=1

A22(t) � fe1(t) + e2(t)g = 0

(7) : @W
@�33

=
NX
t=1

A33(t) � fe1(t) + e2(t) + e3(t)g = 0

(8) : @W
@�44

=
NX
t=1

A44(t) � fe1(t) + e2(t) + e3(t) + e4(t)g=0

(9) : @W
@�12

=
NX
t=1

A21(t) � e1(t) +A12(t) � fe1(t)+e2(t)g=0
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"""l
}|

m}t
=v}O

w|
m}D=

tv}U
|=y

QDt=Q
=B|

}=U=
vW"CmQL |xtD=N w ẁQW QO pYit Qy |@Uv |=}=wR "1 pwOH

�4 �3 �2 �1
�450 �450 450 0 �i

450 �450 �450 450 �f

"|R=Ux}@W QO xOW xO=iDU= Q}O=kt w =yC}tm "2 pwOH
4 3 2 1 i

0 20 0 17 0 15 0 10 li (m)

0 10 0 10 0 15 0 20 mi (kg)

20 10 30 15 "i

"Ovv=UQ|t

�(t�) =

8>>>><>>>>:
5!t�2 + �i + "f(t) 0 � t� � 0 1
!(t� � 0 05) + �i + "f(t) 0 1 � t� � 0 9
�5!(t�2 � 2t� + 1) + �f + "f(t) 0 9 � t� � 1

(31)

|=}=wR ?}DQD x@ �f w �i w ! = (�f � �i)=(1 � 0 1) '31 |x]@=Q QO
|=Q@ 1 pwOH QO =}=wR u}= "OvDUy CmQL |xtD=N w ẁQW QO =yOv@ u}@ |@Uv
%CU= xOW Oa@|@ CmQL xR=@ x@ C@Uv u=tR u}vJty "Ov=xOW xO=O O}kt Q}Ut

"t� = t=T

p�=k pt=m |O=R; xLiY QO |}=yv |QHt CmQL |=Q@ swO Q}Ut QO 'p@=kt QO
xOvyOh=QLv= |xrtH l} " 6= 0 |=R=x@ 31 CqO=at QO Qw_vtu}O@ "s} wW|t
`@=D "OwQ@ u}@ R= pw= Q}Ut O}k =D s}vm|t xi=[= |r@k |=yQ}Ut u=ty x@ f(t) Ovv=t
|=yDv= w =OD@= QO CaQU xm xOW ?=NDv= |}xvwox@ w u=Um} =yqwr s=tD |=Q@ f(t)

%OUQ@ QiY x@ CmQL
f(t�) = (1� t�) cos t� + sin t� (32)

u}= "CU= xOW ?=NDv= |iO=YD CQwYx@ w xv=o =OH pYit Qy |=Q@ " ?} Q[
u}vJty "Ov=xOW xOQw; 2 pwOH QO |R=Ux}@W QO wR=@ Qy sQH w pw] x=Qtyx@ Q}O=kt
Qy l} QLD |=Q@ xm u=tR� ?=DW w 'u=tR� CaQU |=yQ=Owtv 3 w 2 |=ypmW QO

%QB\N 'O}kt %u}J\N� l} QLD Q}Ut QO pYit Qy |}x}w=R |=yCaQU "2 pmW
"�O=R;

u}tND |=]N OW=@ QDnQR@ det(QN ) xJQy xm OwW|t xO}O Kw[wx@ x]@=Q u}= QO
pqkDU= ZQi =@ w |Q=OQ@xO=O u=R}t V}=Ri= =@ u}vJty "OW Oy=wN QDlJwm ~�N

'|Q}oxR=Ov= |=yxO=O x@ xOW xOwr; C=W=WDe= R= sDU}U l} QLD |=y|OwQw
Qo}O CQ=@ax@ &OQm Oy=wN p}t QiY x@ u}tND |=]N �u}ov=}t� |[=} Q O}t=
?} Q==v u}tND u} QDy@ C=a@ Qt u} QDsm VwQ |]}=QW u}vJ QO "E[ ~�N ] = 0

[23]"O=O Oy=wN x�=Q= =Q 12|]N
x_Lr Qy QO '=y|Q}oxR=Ov= R= |W=v |=]N xm s}vm|t O}m -=D xDmv u}= Q@ u=}=B QO
Qo}O C=_Lr R= pkDUt p=L u}a QO w Qo}O pY=it x@ xDU@=w 'pYit Qy |wQ w

"CU= xOW ZQi

G}=Dv u=}@ w |R=U x}@W
=OD@= 'MATLAB Q=Ri=sQv QO EL@ OQwt Qy=t |wR=@ |R=Ux}@W =@ VN@ u}= QO
x@U=Lt =ywR=@ CmQL |=Q@ sRq |=yQw=DWo w xOW pL u; Twmat l}t=v}O
|=yxHvU 'xOWx@U=Lt Q}O=kt |wQ |iO=YD C=W=WDe= uOwRi= =@ TBU "OvwW|t
u}tND wR=@ |m}t=v}O pOt |=yQDt=Q=B =yu; |=v@tQ@ w OvwW|t |R=Ux}@W |W}=tR;
u; Q@ ZQi |R=Ux}@W u}= QO xm CU= C}ty= R�=L R}v xDmv u}= "OW Ovy=wN xOR
Ov=QwNUB |xkrL w OR=OQB|t Q}Ut ?}kaD x@ R=@ |xkrL CQwYx@ sDU}U xm CU=
xOW |Q}oxR=Ov= |=yxO=O R= u}=Q@=v@ "CU= xOWv ^=Lr |}=yv |QHt pQDvm |=Q@
xHwD "OW Oy=wN xO=iDU= sDU}U |}=U=vW |=Q@ xm pQDvm |=Q@ xv �|Qw=DWo Q}O=kt�
sDU}U C}=Oy |=Q@ �xDU@ |xkrL� Ov=QwNUB pQDvm R= xm |OQ=wt QO xm s} Q=O
|oDU@=w ?Hwt Ov=wD|t w xOW p}NO |OwQw QO sDU}U |HwQN 'OwW|t xO=iDU=
=yQDt=Q=B |}=U=vW Q=m u}= QO xwqax@ "OwW uw}UQoQ T} QD=t |=yuwDU =} =yQ]U
=yu; s=tD R= xQ=@ l} x@ |Q=OQ@xO=O s=tD= R= TB |va} 'OQ}o|t s=Hv= 13\N GQ=N

"OwW|t xO=iDU= CqwyHt u}tND |=Q@
pY=it QO sRq|=yQw=DWo|x@U=Lt R=CU=CQ=@aTwmatl}t=v}O|xr�Ut
'|}=Hx@=H |=y|vLvt R= ?mQt 'xOW xO=O Q}Ut l} O}rwD Qw_vtx@ Qy=t |wR=@
u=ty 'sDU}U |=y|OwQw '|}=U=vW EL@ QO [18]"u=tR ?ULQ@ ?=DW w CaQU
?=NDv= xD@r= "OvwW|t xDiQo Q_v QO u}at CQwYx@ xm Ow@ Ovy=wNl} QLD |=yQ}Ut
|ve �l} QLD� |OwQw l} `k=w QO "CU= C}ty= R�=L ?U=vt 14l} QLD Q}Ut
Qo}O CQ=@ax@ "Ovm s}yU sDU}U |HwQN QO =Q sDU}U |=yQDt=Q=B s=tD CU= QO=k
|QDW}@ C=aq]= w 'l} QLD =Q sDU}U R= |QDW}@ |=RH= Ov=wD|t |ve |OwQw
|=Q=O |m}t=v}O sDU}U QO xS} wx@ ' ẁ[wt u}= "Ovm O}rwD |HwQN QO sDU}U R=
=y\@=Q s=tD Ov=wDv |OwQw xJv=vJ =Q} R 'OQ=O ha=[t C}ty= O=R=t |O=R; C=HQO
pt=W �� =yu; |m}D=tv}U |=yxYNWt |va} 'OyO CmQL xLiY QO |@ wNx@ =Q
CUv=wD Oy=wNv x=ov; 'OyO Q}}eD u}at |}xR=@ QO =Q �� ?=DW w CaQU 'C}akwt

"OvR@ u}tND |@ wNx@ R}v =Q =yu; =@ Q_=vDt |m}t=v}O |=yQDt=Q=B
|Qo}O w O}kt |m} 'Cw=iDt l} QLD Q}Ut wO R= |R=Ux}@W u}= QO wQ u}= R=
|}=yv |QHt =D Ow@ Oy=wN O}kt pw= Q}Ut "s}vm|t xO=iDU= |}=U=vW |=Q@ 'O=R;
Oy=wN O=H}= =ywR=@ QO |DmQL |oDU@=w u}=Q@=v@ &Ovm =Hx@=H |ki= QwLt |wQ =Q
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2. covariance matrix
3. redundancy
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12. best linear unbiased estimation (BLUE)
13. o� line
14. excitation trajectory
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