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=@ w OwW|t ẁQW j} QRD x=J pwrU RQt R= u=} QH \w]N |@=}OQ 'VwQ u}= QO
Qy QO 2 pmW Ovv=t Cr=L u}= QO "OwW|t s=tD CW=OQ@ x=J pwrU RQt x@ uO}UQ
u=O}t |x@U=Lt QO xOWO=H}= |Ov@xm@W x@ \w@ Qt |=ypwrU� |D=@U=Lt pwrU
pN=O QO xQP CmQL u=tR w u; R= GwQN pLt w swrat pwrU x@ OwQw pLt �Q=Wi

"CU= pwyHt u;
sD} Qwor= R= xO=iDU= =@ pwrU Qy pN=O QO T=U= u}= Q@ u=} QH \w]N |@=}OQ
[14w7'3]"OwW|t s=Hv= 'CU= sQH |=k@ uwv=k Q@ j@]vt xm '13lqwB |r}rLD x@W
CaQU u=O}t C=Q}}eD xm CU= u}= Q@ ZQi 'pwrU l} |=Q@ l qwB sD} Qwor= QO
Q}F-=D Qo}O |=y=DU=Q QO CaQU C=Q}}eD R= w CU= |]N CQwYx@ =DU=Q Qy QO
xQP CmQL Q}Ut |@=}OQ |=Q@ l qwB sD} Qwor= R= xO=iDU= s=ovy QO [3]"OQ}PB|tv
u=mt w xHw 'pwrU QO xQP CmQL u=tR ?}DQDx@ O}=@ 'wQW}B CQwYx@ �u=} QH \N�
11 w 10 \@=wQ u=wD|t lqwBZQi T=U=Q@ "OvwW x@U=Lt pwrU R= GwQN |x]kv
y w x |=y=DU=Q QO CaQU C=Q}}eD Qou=}@ ?}DQDx@ 2 pmW pwrU pN=O QO xm '=Q

%CWwv u}vJ 'OvDUy
Ux = Uw +Mx(x� xw) (10)

Vy = Vs +My(y � ys) (11)

%=yu; QO xm
Mx = Ue � Uw

�x
(12)

My = Vn � Vs
�y

(13)

R}v w 11 |x]@=Q QO Vy = dy
dt w '10 |x]@=Q QO Ux = dx

dt C=Q=@a uO=O Q=Qk =@
'Uw =@ u; |=yRQt |wQ Q@ CaQU xm 3 pmW Ovv=ty pwrU l} uDiQo Q_v QO =@

CqO=at xDUO QO "OwW|t h} QaD fw = �w
�t

CQwYx@ xm CU= ?; R=i |QUm
�Sw� ?; R=i `=@W= xHQO w �p� pm Q=Wi |rY= CqwyHt '6 w 5 |xDU@ty

"OvDUy
|=Q@ Q}PB=vPwiv |RQt \}=QW 'pL |x}L=v |HQ=N |=yRQt QO Q=DWwv u}= QO
x=oO}O T=U=Q@ Q=Wi CqO=at u}vJty "OwW|t xDiQo Q_v QO Q=Wi CqO=at pL
pL u=tR=U =@ Ot=aDt |Oa@ wO |Ov@xm@W l} QO w xOW xDUUo OwOLt sHL
j} Q] R= CaQU u=O}t uOQw; CUO x@ w Q=Wi |xrO=at pL R= TB [16�13]"OvwW|t
VwQ ?r]t |xt=O= QO "OQm pL =Q 6 w 4 p=kDv= CqO=at u=wD|t '|UQ=O |x]@=Q

"OwW|t x�=Q= CqO=at u}= pL |=Q@ u=} QH \N

u=} QH \N VwQ "3
Q=yJ |=Q=O w OwW|t xDiQo Q=mx@ p=kDv= CqO=at pL |=Q@ ,=L} QY u=} QH\N VwQ
u=} QH \N |[=} Q h} QaD R= xO=iDU= =@ pw= |xrLQt QO "CU= |rY= |xrLQt
p}O@D |Oa@l} |xrO=at OvJ x@ |Oa@ wO Cr=L R= p=kDv= |xrO=at '�u�dr = 0�
R=wQB u=tR s=vx@ u=} QH \N |=DU=Q QO |O}OH |v=tR Q}eDt Q=m u}= |=Q@ "OwW|t
CUO x@ 7 |r=QoDv= |x]@=Q R= �r� |v=mt Q=OQ@ =@ u; |x]@=Q w OwW|t h} QaD

%O};|t

� =
Z R

0
�
ju(r)jdr (7)

CU= |v=tR COt Q@=Q@ � 7 |x]@=Q QO "CU= OvR=U pNrND Qou=Wv � u; QO xm
\N |wQ Q@ =Q R |v=mt |xrY=i 'XNWt um =U |xQP l} =D OWm|t pw] xm
xOW s=Hv= C=ar=]t x@ xHwD =@ u=wD|t =Q 7 |r=QoDv= |xrO=at [17]"Ovm |] u=} QH

%CWwv R}v 8 |r}Uv=Qi}O |x]@=Q CQwYx@ [18w17]u}kkLt \UwD
u:r = � @

@�
(8)

|Oa@ wO u=O}t s=eO= =@ |va} �� 6 |x]@=Q |wQ 8 |x]@=Q Q}eDt Q}}eD p=ta= =@
u}OvJ x@ |Oa@ wO uotyQ}e p=kDv= |xrO=at �� R=wQB u=tR CQ=@a pN=O QO CaQU

%OwW|t p}O@D [1]uoty |Oa@l} |xrO=at
@Szw
@t

+ @fzw
@�

= 0 (9)

QO xOWO=H}= |Oa@l} CqO=at O=OaD |xOvyOu=Wv �|@=NDv= OOa� zu; QO xm
`=@W= |xHQO ?}DQDx@ fzw w Szw u}vJty "CU= xOW |@=}OQ u=} QH \N |=DU=Q
ZQi u}= Q@ xwqa "OvDUy s=z u=} QH \N |=DU=Q QO ?; R=i |QUm u=} QH `@=D w
qz = qw

z Q@=Q@ w C@=F |Oa@l} |xrO=at Qy |=Q@ |r=kDv= |tHL |@O OwW|t
"CU= j} QRD x=J QO |k} QRD p=}U |tHL |@O qw u; QO xm OW=@

CU= u}= u=} QH \N VwQx@ |R=Ux}@W QO R=}v OQwt u=tR Vy=m |rY= Cra
|xrO=at OvJ x@ |Oa@ wO Cr=L R= p=kDv= |xrO=at p}O@D =@ u=} QH \N VwQ QO xm
|Ov@xm@W� Q=Wi |Ov@xm@W xR=Ov= R= p=kDv= CqO=at uOQm xDU@=wQ}e w |Oa@l}
=Q x=wNrO Q=Okt Qy u=wD|t xH}DvQO "CU}v KQ]t 10|Q=O}=B \QW Qo}O '�|rY=

"OQm ?=NDv= xr�Ut ẁv x@ xHwD =@ |v=tR s=o |=Q@
u=} QH \w]N |t=tD O}=@ '9 |x]@=Q QO OwHwt |Oa@l} CqO=at pL |=Q@
|xrLQt� OwW |@=}OQ uRNt pN=O QO =yu; x@ \w@ Qt R=wQB u=tR |x@U=Lt |=Q@

"�swO
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"""u
=}QH

|R=
Ux}

@W|
=Q@u

=}QH
\N

Vw
QsD

}Qwo
r="CU= xOW u=}@ xt=O= QO 'OQ=O u=mt=

Tfx =1; if

8>>>>>>><>>>>>>>:
Mx 6= 0; Uf = 0
Mx = 0; Uw = 0
Mx 6= 0; Mxx(P )+Uw

Uf
� 0

Mx = 0; Uw = 0; x(P )�x(f)
Uw

< 0

(18)

Tfy =1; if

8>>>>>>><>>>>>>>:
My 6= 0; Vf = 0
My = 0; Vs = 0
My 6= 0; Myy(P )+Vs

Vf
� 0

My = 0; Vs = 0; y(P )�y(f)
Vs

< 0

(19)

pwrU x@ u=wD|t 'y w x |=DU=Q wO QO R=wQB u=tR |x@U=Lt |xwLv uOWXNWt =@
'OwW|t xOy=Wt 3 pmW QO xm u=vJ "OQm ẁHQ �3 pmW� Q_v OQwt |D=@U=Lt
u=O}t j@] O}=@ OwW|t pwrU OQ=w P |x]kv R= �xQP =}� u=} QH \N xm |t=ovy
uOQmXNWt |=Q@ "OwW GQ=N pwrU |=yRQt R= |m} R= 'pwrU u; pN=O CaQU
R= u=} QH \N Qw@a |=Q@ R=}v OQwt u=tR '=yRQt R= s=OmQy |=Q@ O}=@ xQP |HwQN RQt
pwrU pN=O QO xQP CmQL u=tR u=wvax@ u=tR u} QDsm TBU "OwW x@U=Lt =yu;
Oy=wN xDN=vW |HwQN RQt u=wvax@ R}v u; x@ \w@ Qt RQt ,=@k=aDt w OwW|t ?=NDv=
P |x]kv QO 3 pmW QO xOW xO=O u=Wv *pwrU QO xm |}xQP |=Q@ =OD@= TB "OW
pN=O R= f Q=Okt ?=NDv= =@ "OwW|t x@U=Lt Tny w Tsy 'Tex 'Twx Q}O=kt 'CU=
uO}UQ u=tR 16 w 15 |=yx]@=Q QO uO=O Q=Qk w f 2 fw; e; s; ng |xawtHt

%OwW|t x@U=Lt 23 =D 20 |=yx]@=Q T=U=Q@ xHw Qy x@ u=} QH \N

Twx =

8>>>><>>>>:
M�1
x ln j UpUw j if Mx 6= 0

x(P )
Uw

if Mx = 0; Uw 6= 0
1 CQwYu}= Q}e QO

(20)

Tex =

8>>>><>>>>:
M�1
x ln jUPUe j if Mx 6= 0

x(P )�x(e)
Uw

if Mx = 0; Uw 6= 0
1 CQwYu}= Q}e QO

(21)

Tsy =

8>>>><>>>>:
M�1
y ln jVPVs j if My 6= 0

y(P )
Vs

if My = 0; Vs 6= 0
1 CQwYu}= Q}e QO

(22)

Tny =

8>>>><>>>>:
M�1
y ln jVPVn j if My 6= 0

y(P )�y(n)
Vs

My = 0; Vs 6= 0
1 CQwYu}= Q}e QO

(23)

R= TB "OvDUy VP = Myy(P ) + Vs w UP = Mxx(p) +Uw =yu; QO xm
u=tR u} QDsm '=yRQt R= s=Om Qy x@ xQP uO}UQ |=Q@ R=}v OQwt |=yu=tR |x@U=Lt
xHw u=wvax@ u; x@ \w@ Qt xHw w 'pwrU pN=O QO xQP CmQL u=tR COt u=wvax@

%OwW|t u}}aD �OwW|t |Q=Pos=v EF xm � |HwQN
��i;j;z = T = min(Tex; Twx; Tsy; Tny) (24)

|=Q@ =yu=tR |x@U=Lt w pwrU R= u=} QH \N GwQN |r=tDL= |=yu=mt "3 pmW
"|HwQN xHw uOQmu}at w =yxHw |xty

x(t) |=Q@ |rwtat p}Uv=Qi}O |xrO=at |QU l} 'xOW xO=O u=Wv Vn w Vs 'Ue
%CQwYx@ y(t) w

dx =

8>>>><>>>>:
Mxx(t) + Uw if Mx 6= 0
Uwdt if Mx = 0; Uw 6= 0
dt if Mx = 0; Uw = 0

(14)

dy =

8>>>><>>>>:
Myx(t) + Vs if My 6= 0
Vsdt if My = 0; Vs 6= 0
dt if My = 0; Vs = 0

(15)

u=tR R= ?}DQDx@ 15 w 14 p}Uv=Qi}O CqO=at R= u=wD|t uwvm = "OwW|t O=H}=
w t = Tfx "CiQo p=QoDv= |r}rLD CQwYx@ t = Tfy w t = Tfx =D t = 0
QO pwrU R= u=} QH \N |DQ=@ax@ =} xQP Qw@a |=Q@ R=}v OQwt |=yu=tR t = Tfy
15 w 14 \@=wQ R= |Q}op=QoDv= =@ "OvDUy y w x |=y=DU=Q QO OwHwt |=yxHw

%OQm x@U=Lt =Q y w x |=DU=Q wO QO u=} QH \N R=wQB u=tR u=wD|t

Tfx =

8>>>><>>>>:
M�1
x ln jMxx(P )+Uw

Mxx(f)+Uw
j if Mx 6= 0

x(P )�x(f)
Uw

if Mx = 0; Uw 6= 0
1 CQwYu}= Q}e QO

(16)

Tfy =

8>>>><>>>>:
M�1
y ln jMyy(P )+Vs

Myy(f)+Vs
j if My 6= 0

y(P )�y(f)
Vs

if My = 0; Vs 6= 0
1 CQwYu}= Q}e QO

(17)

C=YDNt (x(f); y(f)) w OwQw |x]kv C=YDNt (x(P ); y(P )) =Hv}= QO xm
"�3 pmW� OvDUy GwQN |r=tDL= |x]kv

|m} R}i Q_v R= xm � OwW|t |ivt =DU=Q Qy QO R=wQB u=tR Q=Okt xm |Dq=L QO
OvJ ' ẁ[wt u}= C}ty= p}rOx@ "OwW|t u} Ro}=H1 =@ u; Q=Okt �CU= |vat|@
pwrU R= xHw Qy |=Q@ y w x |=DU=Q QO u=tR uOW|ivt p=tDL= u; QO xm |Dr=L
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|Q_
vtx

O=R|
kDO

=OQy
tw

|kw
Q=i

u}O
r=Kq

Y xO=iDU= 'CU= xOW Q_v hQY |ov}} wt w Vv=Qo |wQ}v R= xr=kt u}= QO xm u}= x@
xO=iDU= u}vJty "OQ=Ov |r}rLD VwQ Q@ |D} Rt |Oa@l} CqO=at |OOa pL R=
\QW uOQmOQ=w =@ 'G}=Dv QO |OOa VNB uOWOQ=w Q@ xwqa |OOa |=yVwQ R=
=Q |D=@U=Lt |xv} Ry '|v=tR s=o Q@ C}OwOLt O=H}= w �16 CFL \QW� |Q=O}=B

"OvyO|t V}=Ri= R}v
|Ov@xm@W QO C_re =} `=@W= |xHQO Q}O=kt '|Oa@l} CqO=at pL R= TB
pO=@D 'u=} QH \N VwQ QO xrLQt u} QN; TB "OW Ovy=wN XNWt R=wQB u=tR
xO=iDU= OQwt�|rY= |Ov@xm@W w �R=wQB u=tR� u=} QH\N |Ov@xm@W u}@ C=aq]=
pwrU Qy QO `=@W= |xHQO Q=Okt uOQmXNWt |=Q@ "CU= �Q=Wi |x@U=Lt QO
pN=O u=} QH \w]N `=@W= |xHQO |tHL |Q}ou}ov=}t R= |rY= |Ov@xm@W R=
xHQO |x@U=Lt |=Q@ 27 |x]@=Q u}=Q@=v@ "OwW|t xO=iDU= 5 pmW Ovv=t pwrU u;

%CU= Q=QkQ@ pwrU Qy QO C_re =} `=@W=

(Sw)i;j =

nlP
z=1

Vi;j;z(Szw)i;j

nlP
z=1

V(i;j;z)

(27)

"�5 pmW� CU= (i; j) pwrU QO `k=w |=yu=} QH \N O=OaD nl u; QO xm
V(i;j;z) = ��(i;j;z)qzCQwYx@ (i; j)pwrUpN=O QOu=} QH\N QysHL
|xty \UwD �qz� |r=kDv= |@O Q=Okt uOw@ C@=F x@ xHwD =@ xm OwW|t h} QaD
|Ov@xm@W R= C_re =} `=@W= |xHQO Q}O=kt pO=@D |=Q@ 28 |x]@=Q 'u=} QH \w]N

%Ot; Oy=wN CUO x@ Q=Wi |Ov@xm@W x@ R=wQB u=tR

(Sw)i;j =

nlP
z=1

��i;j;z(Szw)i;j

nlP
z=1

��(i;j;z)
(28)

'28 |x]@=Q R= xO=iDU= =@ pwrU Qy pN=O QO `=@W= |xHQO |x@U=Lt R= TB
sD} Qwor= pL=Qt ?}DQD u}= x@ w O}UQ Oy=wN u=}=B x@ |v=tR s=o l} QO |R=Ux}@W
"OUQ|t u=}=B x@ R}v |v=tR s=o l} |=Q@ p=kDv= |xrO=at pL |=Q@ u=} QH \N VwQ
w |v=} QH \N VwQ QO R=}v OQwt |D=@U=Lt |xv} Ry w CkO u=R}t 'xt=O= QO

"OQ}o|t Q=Qk |UQQ@ OQwt QwmPt VwQ R= xO=iDU= =@ |R=Ux}@W R= pY=L G}=Dv

xO=iDU= =@ Q=Wi |Ov@xm@W x@ u=} QH \N |Ov@xm@W R= C=aq]= pO=@D "5 pmW
"pwrU l} pN=O |=yu=} QH \N |tHL |Q}ou}ov=}t R=

Q[=L pwrU pN=O QO u=} QH \N R=wQB u=tR Qou=Wv ��i;j;z '24 |x]@=Q QO
u}= R= xOvQPo u=} QH \N xQ=tW z w pwrU xQ=tW |xOv}=tv j w i u; QO xm CU=
�T � pwrU pN=O QO u=} QH \N R=wQB u=tR Q=Okt uOWXNWt =@ "CU= pwrU
|=Q@ u=wD|t =Q 17 w 16 CqO=at '�EF � pwrU R= u=} QH \N GwQN xHw w
T Q}eDt x@ C@Uv EF |HwQN xHw |wQ GwQN |x]kv j}kO u=mt |x@U=Lt
Tfy w Tfx |=Hx@ 14 |x]@=Q R= T Q=Okt uO=O Q=Qk =@ u; R= TB "OQm Twmat
w 25 \@=wQ R= =Q �� (x(P 0); y(P 0)) |va} �� pwrU R= xQP GwQN u=mt u=wD|t

%OQw; CUO x@ 26

x(P 0) =

8<:M�1
x (eMxTUP � Uw) if Mx 6= 0

x(P )� UwT if Mx = 0
(25)

y(P 0) =

8<:M�1
y (eMyTVP � Vs) if My 6= 0

y(P )� VsT if My = 0
(26)

\N Q}Ut |@=}OQ |=Q@ l qwB sD} Qwor= 'u=} QH \N GwQN u=mt uOWXNWt =@
u; OQ=w u=} QH \N xm |Oa@ pwrU |=Q@ "OW Oy=wN pt=m pwrU l} |=Q@ u=} QH
p@k pwrU GwQN |x]kv u=mt Q=@ u}= =t= 'OwW|t pta xOWO=} ?}DQDx@ OwW|t
wQW}B VwQ uOQ@ Q=mx@ QO |OwQw u=mt u=wvax@ �� (x(P 0); y(P 0)) |va} ��

"OwW|t xO=O lqwB sD} Qwor= x@ O}OH pwrU |=Q@
x=J =D j} QRD x=J R= u=} QH \w]N |xty uO}UQ =D xOWQmP pL=Qt |t=tD
Oa@ "OW Oy=wN s=Hv= ?}DQDx@ 'u=} QH \w]N pm |=Q@ � |x@U=Lt w CW=OQ@
Q}e |Ov@xm@W =@ |Oa@l} |xr�Ut l} u=} QH \N Qy |=Q@ xrLQt u}= u=}=B R=

"OwW pL O}=@ xm O};|t OwHw x@ �4 pmW Ovv=t� R=wQB u=tR CN=wvm}

|Oa@l} CqO=at pL "2"3
xO=iDU= |OOa |=ypL =} |r}rLD pL R= u=wD|t 9 |Oa@l} |=yxrO=at pL |=Q@
|xwLv Q}_v� =yx=J |RQt\}=QW '|r}rLD pL R= xO=iDU= s=ovy "�swU |xrLQt� OQm
O}=@v �|tQH u=} QH Q=Okt w 'hrDNt |v=tR |=ys=o QO uOw@ xDU@ wR=@ 'u=tO}J
Q[=L Q=m QO "Ov=C@=Fu=} QH \w]N |R=Ux}@W Ov}=Qi pm QO xH}DvQO "Ovm Q}}eD
|=Q@ |r}rLD pL R= '|R=Ux}@W Ov}=Qi pw] QO |RQt \}=QW |t=tD uOw@C@=F Crax@
C=}�RH "CU= xOW xO=iDU= R=iwO w R=ilD u=} QH QO |Oa@l} p=kDv= CqO=at pL
w �14|vwDU}B |}=Hx@=H x@ hwQat� R=ilD p=kDv= CqO=at |=Q@ |r}rLD pL VwQ
xHwD =@ [17]"CU= TQDUO QO �15CQwr� |rm =@ |}=Hx@=H x@ hwQat� R=iwO u=} QH

CN=wvm} Q}e |Ov@xm@W =@ u=} QH \N Qy |=DU=Q QO |Oa@l} xr�Ut "4 pmW
"R=wQB u=tR
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"""u
=}QH

|R=
Ux}

@W|
=Q@u

=}QH
\N

Vw
QsD

}Qwo
r=

|v=} QH \N VwQ wO QO R=}v OQwt |D=@U=Lt u=tR w pL C}i}m |xU}=kt "7 pmW
80�80 =@ |vRNt QO 'R=ilD u=} QH |R=Ux}@W QO swO x@DQt |wUO=@ VwQ w

"hrDNt |v=tR |=ys=o |=R= x@ |D=@U=Lt pwrU

K = 10md uoty |Q}PBPwiv `} RwD =@ QwmPt uRNt pN=O QO R=ilD u=} QH
Q=@l} xrO=at u}= "CU= xOW xDiQo Q_v QO hrDNt |D=@U=Lt |=ypwrU O=OaD =@
�17wUO=@ |]N p[=iD =}� swO x@DQt |wUO=@ VwQ x@ Q=@l} w u=} QH \N VwQx@

"CU= xOW pL OQ=Ov=DU= VwQ l} u=wvax@
\w@ Qt G}=Dv w '2 pwOH QO R=}v OQwt �u=tR� xv} Ry x@ \w@ Qt G}=Dv |xU}=kt
|D=@U=Lt pwrU 80�80 =@ uoty uRNt |=Q@ C_re |xrO=at pL CkO x@
2 pwOH QO "CU= xOW xO=O u=Wv 7 pmW QO t = 15 s |R=Ux}@W u=tR =D
|=ypwrU O=OaD =@ |vRNt |=Q@ u=} QH \N VwQ \UwD |D=@U=Lt u=tR Vy=m
xJQy xm O}O u=wD|t QwmPt pwOH T=U=Q@ "CU= xOW xOQw; Cw=iDt |D=@U=Lt
CQOk 'O@=}|t V}=Ri= pOt |vwotyQ}e =} xO=iDU= OQwt |D=@U=Lt |=ypwrU O=OaD
CU= |vDio "OwW|t u=}=tv QDy@ |D=@U=Lt |xv} Ry Vy=m QO u=} QH \N VwQ
x@DQt wUO=@ VwQ |D=@U=Lt |xv} Ry C@Uv =@ CaQU V}=Ri= ?} Q[ 2 pwOH QO

"OwW|t h} QaD u=} QH \N VwQ QO |D=@U=Lt |xv} Ry x@ swO
w '|R=Ux}@W hrDNt |=yu=tR QO C C_re |xHQO `} RwD 7 pmW QO
VwQ wO |=Q@ hrDNt |v=tR |=ys=o R= xO=iDU= =@ =yu; R=}v OQwt |D=@U=Lt u=tR
xOW xO=O u=Wv G}=Dv j@] "CU= xOW xO=O u=Wv swO x@DQt |wUO=@ w u=} QH\N
13 ,=@} QkD u=} QH \N VwQ CaQU 'xm@W xR=Ov= u}= QO Cio u=wD|t 7 pmW QO
xOW xO=O u=Wv |=yC_re xHQO `} RwD x@ xHwD =@ u}vJty "CU= wUO=@ VwQ Q@=Q@
|OOa VNB uDW=Ov w u=} QH \N VwQ ?wN CkO u=wD|t xOWO=} pmW QO

G}=Dv "4
OQwt u=} QH \N VwQ R=}v OQwt |D=@U=Lt |xv} Ry w CkO u=R}t =OD@= VN@ u}= QO
|R=Ux}@W x@ \w@ Qt G}=Dv |UQQ@ x@ u; R= xO=iDU= =@ TBU "OQ}o|t Q=Qk |UQQ@
Q_v QO ?rY uRNt |xUOvy "OwW|t xDN=OQB R=iwO w R=ilD Q}PB=vsm =QD u=} QH
xOy=Wt xm u=vJ "CU= xOW xO=O u=Wv 6 pmW QO |R=Ux}@W |=Q@ xOW xDiQo
?} Q[ QwmPt uRNt |=Q@ "CU= 10m�10m O=a@= |=Q=O uRNt u}= OwW|t
|D=@U=Lt |=ypwrU O=OaD uwo =vwo |=yp=Ft QO w 'xOW xDiQo Q_v QO 0 2 pNrND
w nvU X=wN Q}=U "CU= Cw=iDt u; |=Q@ |Q}PBPwiv `} RwD w xOW xDiQo Q=mx@

"CU= xOW xYqN R=iwO w R=ilD u=} QH |=Q@ 1 pwOH QO uRNt pN=O p=}U
QO p=kDv= |xrO=at pL 'u=} QH \N VwQ CkO w xv} Ry uOQmXNWt |=Q@

"u; QO R=iwO w R=ilD u=} QH |R=Ux}@W |=Q@ |UQQ@ OQwt uRNt |xUOvy "6 pmW
"Q}PB=vsm =QD R=iwO w R=ilD u=} QH |=Q@ uRNt pN=O p=}U w nvU X=wN "1 pwOH

R=iwO u=} QH R=ilD u=} QH
� = 0 2 � = 0 2

M = �o
�w

= 1 � = 1(cp)

Sor = 0; Swc = 0 ��
krw = S2

w
S2
w+ 1

M (1�Sw)2 ��
(Sw)initial = 0 Cinitial = 0

(Sw)injection = 1 Cinjection = 1
qinjection = �1(s�1); qproduot = 1(s�1)

"2 x@DQt |wUO=@ w u=} QH \N |=yVwQ R= xO=iDU= =@ C_re |xrO=at pL QO CaQU V}=Ri= ?} Q[ w �x}v=F� |D=@U=Lt |=yu=tR |xU}=kt "2 pwOH
V}=Ri= ?} Q[ VwQ QO u=tR VwQ QO u=tR pOtCaQU �x}v=F� LUD �x}v=F� u=} QH\N

10 1 93 9 2 pwrU 50�50 =@ �uoty uRNt
13 2 327 4 24 8 pwrU 80�80 =@ uoty uRNt
22 73 8115 357 5 pwrU 300�300 =@ uoty uRNt

14 490 35 pwrU 80�80 =@ ��uotyQ}e uRNt
26 26 10455 398 pwrU 300�300 =@ uotyQ}e uRNt

K(i; j) = 100md |Q}PBPwiv `} RwD =@ �
K(i; j) = i(tan(0 1j + 0 1)) + j(tan(0 1i+ 0 1))md |Q}PBPwiv `} RwD =@ ��
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Y

|wUO=@ VwQ w u=} QH \N VwQ QO R=}v OQwt |D=@U=Lt u=tR |xU}=kt "10 pmW
"R=ilD u=} QH QO hrDNt |R=Ux}@W |=yu=tR |=Q@ 'swO x@DQt

O=OaD =@ |v=} QH \N VwQ QO R=}v OQwt |D=@U=Lt u=tR C=Q}}eD |xwLv "11 pmW
"|v=tR s=o l} |=Q@ |Ov@xm@W xR=Ov= ?ULQ@ u=} QH \N hrDNt

O=OaD V}=Ri= =@ u=} QH \N VwQ QO |D=@U=Lt |xv} Ry Q}}eD |xwLv 11 pmW
"CU= xOW xO=O u=Wv uRNt l} |=Q@ xm@W wO |=Q@ u=} QH \w]N

|D=@U=Lt xv} Ryu}=Q@=v@ "CU=|]NCQwYx@ C=Q}}eDu}= QwmPtpmWT=U=Q@
"CU= u=} QH \w]N O=OaD Qou=}@ n u; QO xm O(n) CU= x@DQt R= VwQ u}= QO
C@Uv u=} QH \N VwQ |D=@U=Lt |xv} Ry xm CU= xOW xO=O u=Wv u}= Q@ xwqa

[1]"Ovm|t Q}}eD |]N CQwYx@ R}v |D=@U=Lt |=ypwrU O=OaD x@
uRNt pN=O QO u=} QH |R=Ux}@W R= xOt; CUO x@ G}=Dv CtUk u}= QO p=L
OQwt 'Ov=xOt; 13 w 12 |=ypmW QO xm pwrU 80�80 |Q}PBPwiv `} RwD pOt wO =@
pmW pOt w R=ilD u=} QH |R=Ux}@W |=Q@ 12 pmW pOt "OvQ}o|t Q=Qk |UQQ@

"CU= xOW xDiQo Q_v QO R=iwO u=} QH |R=Ux}@W |=Q@ 13
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1. streamline method
2. time of 
ight
3. particle tracking
4. Shafer
5. mixed multi-scale �nite elements
6. mass balance error
7. immiscible
8. Darcy's law
9. fractional 
ow
10. CFL condition
11. forward
12. backward
13. Pollock
14. piston -like displacement
15. buckley-leverett displacement
16. courant-friedrich-levy condition
17. linear upwind di�erencing (LUD)
18. pore volume injection
19. water-
ooding
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