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u=Q}= 'u=QyD '=[i=wy w l}v�t |UOvyt xwQo 'C=k}kLD w swra OL=w |tqU= O=R; x=oWv=O

=@ xm OvDUy |}=yQ}D '1�AFM� |tD= |wQ}v AwmUwQm}t l} QDmr=wR}B |=ylQ}DwQm}t
xO=iDU= OQwt lQLtOwN l} u=wvax@ Ovv=wD|t =yu; |wQ Q@ l} QDmr=wR}B x}q |Q}oQ=Qk
QO =ylQ}DwQm}t R= ẁv u}= |W=aDQ= CmQL Q=DiQ |UQQ@ Q=DWwv u}= hOy "OvQ}o@ Q=Qk
Q@ CN=wvm} Q}e Q}D pOt wO ltmx@ Q}D |W=aDQ= CmQL |R=UpOt "CU= `}=t \}Lt

pO=at l} Qy xm xQm xU pt=W |O=yvW}B RmQtDt sQH pOt w '|rwvQ@� Qr} w= |x} Q_v |x}=B
Q}F-=D u}= Q@ xwqa "CU= xOW s=Hv= 'Ov=CN=wvm} Q}e lQ}DwQm}t |=yCtUk R= |m}

|Q}oQ=Qk |x} w=R 'xvwtv K]U =D lQ}DwQm}t |xrY=i 'p=}U syt |m}v=mt X=wN
"OQ}o|t Q=Qk |UQQ@ OQwt R}v ?=QB `=aW Q}F-=D u}vJty w 'xvwtv K]U x@ C@Uv lQ}DwQm}t

w |oOQWi '|m}t=v}OwQO}y |=ywQ}v x@ |W=aDQ= CmQL |oDU@=w Qou=Wv xrY=L G}=Dv
"CU= �QDtwv=v OL QO pY=wi QO� xvwtv K]U w ?=QB lwv u}@ VvmtyQ@ u}vJty
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|wQ}v '`}=t \}Lt 'AFM 'l} QDmr=wR}B lQ}DwQm}t %|O}rm u=oS=w
"|m}t=v}OwQO}y

xtOkt "1
|}xvwtvl} QDmr=wR}B |=ylQ}DwQm}t "CU= sRq |Q=OQ@ Q} wYD u=tR |R=Uxv}tm |=Q@
h}OQsy |D}U=UL R= xJQo = =ylQ}DwQm}t ẁv u}= [9]"OvDUy =yl}vmD u}= R=
w lQLt u=wvax@ u=tRsy Qw]x@ =yu; R= u=wD|t w OvQ=OQwNQ@ p=m}DB= |=yu=tr=
hQYt |SQv= |Dtw=ktwR}B =} p=m}DB= |=yxvwtv sQ=yJl} 'OQm xO=iDU= Q}oxR=Ov=
QO xvwtv K]U |m}ORv QO �� lQ}DwQm}t |W=aDQ= Q=DiQ |UQQ@ QO [12�10]"Ovm|t
xvwtv *lwv hrDNt |=yV}=OH QO lQ}D *K]U VvmtyQ@ Q}F-=D �� `}=t \}Lt
Qw_vtx@ u}vJty [13]"CiQo Q=Qk xar=]t OQwt lQ}DwQm}t |W=aDQ= Q=DiQ |wQ Q@
VwQ R= xO=iDU= =@ wQu=Qo |=yp=}U \}Lt QO lQ}DwQm}t |W=aDQ= CmQL |UQQ@
xHwD =@ �� |v=Uwv Ot u}OvJ |i=[= sQH w C}i}m ?}=Q[ '|Oa@xU OwOLt =RH=
|W=aDQ= Q=DiQ u}vJty [14]"OW x@U=Lt �� p=}U QO lQ}DwQm}t |=QPo C=v=Uwv
|oOQWi |]NQ}e |}=Q}t Q}F-=D CLD 'l}D=DU=wQDmr= |xOWl} QLD |=yxR=UwQm}t
[15]'OW |UQQ@ w p}rLD OwOLt p[=iD w OwOLt |=RH= |=yVwQ R= xO=iDU= =@ w
VwQ ltmx@ x}qOvJ C=LiYwQm}t |R=UhkwDt |xO}OB uwt=Q}B xar=]t =@ R}v w
C=LiYwQm}t |m}t=v}O |xar=]t |=Q@ |tD} Qwor= [16]p[=iD w OwOLt =RH= |@}mQD
QO "OW x�=Q= |oOQWi |]NQ}e |}=Q}t w l}D=DU=wQDmr= |]NQ}e |wQ}v Q}F-=D CLD
|m}t=v}O |R=UhkwDt Q=DiQ Q@|UOvy uOw@|]NQ}e Q}F-=D u}kkLt Qo}O|}xar=]t
xDWQ ltmx@ u=v; [17]"OvO=O Q=Qk |UQQ@ OQwt =Q `}=t |=y\}Lt QO =ysDU}UwQm}t
xO=iDU= =@ w xOQm pOt =Q AFM lQ}D x@ xOQ=w |m}t=v}OwQO}y |wQ}v 'VaDQt xQm

|UQQ@|=Q@ [2w1]xOWS=Dvwt?=QB w|mDCQwYx@ xmOv=|m}v=mt|=yQ=R@= =ylQ}DwQm}t
=Q =ylQ}DwQm}t |W=aDQ= Q=DiQ "OvQ=O OQ@ Q=m |QDtwv=v CkO =@ s=UH= K]U X=wN
G}=Dv QDy@ Q}UiD u}vJty w =yu; |rta |=yOQ@ Q=m QDj}kO |UQQ@ Qw_vtx@ u=wD|t
|W=aDQ= Q=DiQ XwYNQO |O=} R C=ar=]t uwvm =D "O=O Q=Qk xar=]t OQwt =y|Q}oxR=Ov=
|Q=PoQ=@ |xar=]t [5�3]"CU= xOW s=Hv= hrDNt |Q=m \}=QW QO =ylQ}DwQm}t
Ow@y@ Qw_vtx@ 'RwmU} w |=yp=}U QOVaDQt |=ylQ}DwQm}t |wQ Q@ |m}t=v}OwQO}y
R= |i}] u}vJty w `}=t \}Lt QO �AFM� |tD= |wQ}v AwmUwQm}t OQmrta
C}ty= R�=L Q=}U@ =ylQLt w 2=yQoTLw}@p}@k R=|m}v=mtwQDmr=wQm}t|=ysDU}U
3�uW}rwB}vt� |Q=mCUO '|Q=OQ@ Q} wYD QO AFM |=yOQ@ Q=m p=Ft u=wvax@ "CU=
OWQ CaQU x@ [8�6]'`}=t \}Lt QO |DN=vWCU} R |=ypwmrwt X=wN |UQQ@ w
?} Q[ x@ xvwtv ?v=H R= |r=ta= |wQ}v w |Q=OQ@ Q} wYD CkO xm =Hv; R= "Ovvm|t
lQ}DwQm}tC}i}m?} Q[QO|DiQW}B xvwoQy 'CU= xDU@=wAFMlQ}DwQm}tC}i}m
AFM ltmx@ |Q=OQ@ Q} wYD "Ot=Hv=|t XwYN u}= QO syt |=yCiQW}B x@
w |}=}t}W |=yOv}=Qi R= |Q=}U@ xm |r=L QO 'OWm|t pw] xk}kO u}OvJ |rwtat
|}xDi=}Ow@y@ |=yl}vmDu}=Q@=v@ w 'OvDi=|tj=iD= x}v=F OvJCOt|]|DN=vWCU} R
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"1391 7 24 VQ}PB '1391 4 3 x}LqY= '1390 8 23 Ci=} QO %M} Q=D



"""A
F

M
l}

QDmr
=wR}B

lQ}
DwQm

}t|
W=aD

Q=Q
=DiQ

|U
QQ@`=aW R '�lQ}DwQm}t |Owta |}=Hx@=H pO=at� xQm |}=Hx@=H Q=Okt u u; QO xm

Gwt Pwiv jta |xOvvmXNWt � "CU= p=}U |r=oJ �liq w |wQv=Qo � 'xQm
%OwW|t OQw;Q@ 2 |x]@=Q j} Q] R= xm CU= l}DUwm =

� =

s
2�
�liq!

(2)

lQ}DwQm}t pw] OL=w x@ xm |m}t=v}OwQO}y |wQ}v Q=Okt =yxQmxDWQ pOt T=U=Q@
[27]"%OwW|t u}}aD 3 |x]@=Q j@=]t 'OwW|t OQ=w

Fh(x; t) =�
 1

12��liqb
2 + 3

4�b
r2��liq

!

!
d2u
dt2

�
�

3�� + 3
4�b

p2�liq�!
�
du
dt

(3)

lQ}DwQm}t |v=Uwv CmQL Tv=mQi ! w 'CtUk Qy QO lQ}DwQm}t |=vyB b u; QO xm
CtUk wO R= |m}t=v}OwQO}y |wQ}v Ci=} QO u=wD|t x]@=Q u}= x@ xHwD =@ "CU=
lQ}DwQm}t x@ xm CU= |i=[= sQH |wQ}v 'xrtH u}rw= %CU= xOW p}mWD |rY=
QO |i=[= sQH CQwYx@ u}=Q@=v@ w xOw@ ?=DW =@ ?U=vDt wQ}v u}= "CU= xOW OQ=w
lQ}DwQm}t CaQU =@ ?U=vDt wQ}v u}= swO CtUk "OwW|t Qy=_ CmQL |xrO=at
CkO "OyO|t u=Wv =Q lQ}DwQm}t pw] OL=w QO xOWlryDUt |wQ}v Q=Okt w CU=
=Hv; R= w [21]OwW|t QDW}@ Ct=N[ x@ =vyB C@Uv V}=Ri= =@ |} wQ}v pOt u}=
|O=} R |=vyB R= l} QDmr=wR}B |x}q OwHw |x]U=wx@ l} QDmr=wR}B lQ}DwQm}t xm

"OW=@ Q=OQwNQ@ |@ wN CkO R= Ov=wD|t =yxQmxDWQ pOt u}=Q@=v@ 'CU= Q=OQwNQ@
x@ R}v |Qo}O |}=Q}t |wQ}v 'OwW|t l}ORv xvwtv K]U x@ lQ}DwQm}t xm |v=tR
pOt T=U=Q@ wQ}v u}= Q=Okt 'Ov} wo|t p=}U |oOQWi |wQ}v u; x@ xm O};|t OwHw

[27]%R= Ow@ Oy=wN CQ=@a =m =Uy

Fs = � �b3

D3(x)
du
dt

(4)

Ovm|t XNWt xvwtv K]U =D =Q lQ}DwQm}t R= x]kv Qy |xrY=i D(x) u; QO xm
%=@ CU= Q@=Q@ w

D(x) = d+ h cos � + (L� x) sin � (5)

lQ}DwQm}t pw] L w ?=QB pw] h 'xvwtv K]U =D ?=QB lwv |xrY=i d x]@=Q u}= QO
4 w 3 \@=wQ x@ xHwD =@ "CU= ji= K]U x@ C@Uv lQ}DwQm}t |x} w=R Qov=}@ � w

%OQm u=}@ u}vJ u=wD|t =Q p=}U Qw[L R= |W=v lQ}DwQm}t |}=Q}t ?} Q[
Ca = C1 + Cs (6)

C1 = 3�� + 3
4�b

p2�liq�! (7)

Cs = �b3

D3(x)
(8)

QwO |xrY=i QO lQ}DwQm}t xm |v=tR 'CU= l}t=v}OwQO}y |}=Q}t ?} Q[ C1
|wQ}v |xH}DvQO xm CU= |i=[= |}=Q}t R}v Cs "Ovm|t u=Uwv xvwtv K]U R=
OL=w x@ p=}U xm |i=[= sQH 3 |x]@=Q x@ xHwD =@ "OwW|t O=H}= p=}U |oOQWi

%R= CU= CQ=@a Ovm|t p=ta= lQ}DwQm}t pw]

�aA = 1
12��liqb

2 + 3
4�b

r2��liq
!

(9)

OvOQw; CUO x@ =Q lQ}DwQm}t |Uv=mQi w |v=tR |=yMU=B OwOLt =RH= VwQ R=
Ck@=]t |rta G}=Dv =@ |@ wNx@ xOt; CUO x@ *|v=tR |=yMU=B xm OvO=O u=Wv w
Qw_vtx@ [22�19]C=ar=]t R=|NQ@ QO u; R= xmCU=|WwQ '=yxQm xDWQ pOt [18]"OQ=O
xO=iDU= =@ "CU= xOW xO=iDU= `}=t \}Lt QO lQ}DwQm}t |W=aDQ= CmQL |R=UpOt
QO lQ}DwQm}t Q=DiQ w OW pL Q}D |W=aDQ= CmQL |xrO=at 'p=Owt R}r=v; VwQ R=

[22w19]"CiQo Q=Qk xar=]t OQwt |}x@ Q[ Ot
lQLtOwN CQwYx@ l} QDmr=wR}B lQ}DwQm}t R= 1997 p=U QO Q=@ u}rw= |=Q@
[12]"OW R}t;C}kiwt |xO=iDU= `}=t \}Lt QO w |}x@ Q[ Ot QO Q}oxR=Ov=OwN w
Cr=L wO QO ZnO |x}q =@ l} QDmr=wR}B lQ}DwQm}t R= R}v u}kkLt R= Qo}O |NQ@
|rta C=W}=tR; =yu; [9]"OvOQ@ xQy@ |}x@ Q[ Ot |=Q@ lQLtOwN w Q}oxR=Ov=OwN
|m}t=v}O |=yMU=B |xar=]t QO "OvO=O s=Hv= `}=t w =wy |=y\}Lt QO =Q OwN
C=Q}}eD [23]'u} Q}U}ro w ?; |=ypwrLt w ?; QO |Q=HD l} QDmr=wR}B lQ}DwQm}t
|=ypwrLt QO 'lQ}DwQm}t |rY= Q}e |=yOt |W=aDQ= CmQL |xvt=O w Tv=mQi

"CiQo Q=Qk |UQQ@ OQwt u} Q}U}ro� ?; hrDNt
p}mWD lwv w |rY= |xvO@ CtUk wO R= ,qwtat l} QDmr=wR}B |=ylQ}DwQm}t
|QDW}@ |=vyB wCU=l} QDmr=wR}B |x}q |xOvQ}oQ@ QO |rY= |xvO@ [24w23]"Ov=xOW
"OW=@ QDT=UL =ypmW Q}}eD x@C@Uv =D OwW|t xDN=U QDsm|=vyB =@lwvCtUk "OQ=O
|=ysDU}U QO l} QDmr=wR}B |=yQwr}Dv=mwQm}t `}Uw OQ@ Q=m x@ xHwD =@
QO =ylQ}DwQm}t ẁv u}= R= xO=iDU= CQwQ[ R}v w 'AFM w |m}v=mtwQDmr=wQm}t
|=ylQ}DwQm}t |W=aDQ= Q=DiQ xr=kt u}= QO '�`}=t w =wy� hrDNt |Q=m |=y\}Lt
|W=aDQ=CmQL|xar=]t w |R=UpOt "CU= xOW|UQQ@ `}=t\}Lt QOl} QDmr=wR}B
QO [24w23]u; |UOvy |=y|oDUw}B=v uDiQo Q_v QO =@ l} QDmr=wR}B Qwr}Dv=mwQm}t
pOt wO ltmx@ |R=UpOt "OwW|t s=Hv= xr=kt u}= QO Q=@ u}rw= |=Q@ `}=t \}Lt
u}vJty w �=y|DN=wvm} Q}e uDiQo Q_v QO =@� xDUw}B Q}D |va} �� =yQ}D G}=Q |r}rLD
=ylQ}DwQm}t ẁvu}= QO OwHwt |=y|oDUw}B=v p}rOx@ "OwW|t s=Hv= �� RmQtDt sQH
"OW Oy=wN ^=Lr =y|oDUw}B=v =@ ?U=vDt xQm xU uDiQo Q_v QO =@ RmQtDt sQH pOt
K]U =D hrDNt pY=wi QO lQ}DwQm}t V=aDQ= '|W=aDQ= Q=DiQ |xar=]t Qw_vtx@
'lQ}DwQm}t |Q}oQ=Qk |x} w=R '|r=oJ uwJ |}=yQDt=Q=B Q}F-=D "OwW|t |UQQ@ xvwtv

"OW Oy=wN |UQQ@ ?=QB lwv `=aW R}v w xvwtv =D lwv |xrY=i

QO l} QDmr=wR}B lQ}DwQm}t |m}t=v}O |R=UpOt "2
`}=t \}Lt

x=Qty CmQL *Q@=Q@ QO `}=t Ctw=kt =@ `}=t \}Lt QO lQ}DwQm}t |W=aDQ= CmQL
u; |W=aDQ= CmQL Q@ lQ}DwQm}t x@ |m}t=v}OwQO}y |wQ}v p=ta= =@ p=}U "CU=
u}= Q=Okt u}}aD `}=t QO lQ}DwQm}t V=aDQ= |UQQ@ |=Q@ u}=Q@=v@ "OQ=Po|t Q}F-=D
|wQ}v u}kkLt 'wQ}v j}kO Q=Okt *u}}aD *|Q=wWO x@ xHwD =@ "O@=}|t CQwQ[ wQ}v
?} QkD =yxQmxDWQ x@ xOQ=w |=ywQ}v =@ =Q lQ}DwQm}t x@ |r=ta= *|m}t=v}OwQO}y
'OwW|t OQ=w p=}U QO VaDQt xQm l} x@ xm |m}t=v}OwQO}y |wQ}v [27�25w13]"Ov=xOR

[27]%=@ CU= Q@=Q@

Fh(x; t) =� 6��R
�

1 + R
�

�
du
dt

� 3�R2
r2��liq

!

�
1 + 2R

9�
�
d2u
d2t (1)
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}=Qwm
O=Sv?

}@L
sQL

t XNWt CmQL |xrO=at QO Pd(t) j} Q] R= l} QDmr=wR}B |x}q x@ |OwQw S=Drw
'OW=@ xOW l}ORv xvwtv K]U x@ |r}N lQ}DwQm}t ?=QB xm |Dr=L QO "CU= xOW
[28]%OQm u=}@ u}vJ u=wD|t 5 DMT pOt T=U=Q@ =Q xvwtv K]U w ?=QB u}@ |wQ}v

fts =

8><>:HRt
6d2 d > a0

�HRt6a20
+ 4

3 �E
p
Rt(a0 � d)

12 d � a0
(16)

1
�E

=
1� �2

tip

Etip
+

1� �2
sample

Esample
(17)

|rwmrwt u}@ |xrY=i a0 w 6Qmty C@=F H '?=QB lwv `=aW Rt x]@=Q u}= QO
|xrO=at '|}=Q}t?} Q[ w |i=[= sQH?ULQ@ |m}t=v}OwQO}y |wQ}v u=}@ =@ "CU=

%CWwv 18 |x]@=Q CQwYx@ u=wD|t =Q |W=aDQ= CmQL

(�+ �a)A�u+
�
K(x)u00

�00 + (C + Ca) _u+ C00e Pd(t) =

Ftsy�(x� 1) + [hFtsx�(x� 1)]0 + Fh (18)

QDuyB |rY= |xvO@ ,qwtat 'lQ}DwQm}t Q@ l} QDmr=wR}B |x}q |Q}oQ=Qk x@ xHwD =@
R= 'OwW|t xDN=U QDlR=v pmW Q}}eD Q}oxR=Ov= Ow@y@ Qw_vtx@ u; lwv CtUk w
u}vJ OwHw [24w23]"O@=}|tv VQDUo =yDv= =D ,=twRr R}v l} QDmr=wR}B |x}q Qo}O hQ]
Qw_vtx@ u}=Q@=v@ "OQ=Po|t Q}F-=D|Uv=mQi MU=B Q@ pmW `@=wD j} Q] R=|}=y|oDUw}B=v
|R=UpOt QO `]kt K]U |=y|oDUw}B=v O}=@ j}kO |m}t=v}O pOt x@ |@=}CUO
wO =@ CN=wvm} lQ}D xU x@ =Q lQ}DwQm}t u=wD|t xrO=at pL Qw_vtx@ 'OwW ^=Lr
|R=U=OH |=Q@ u}mQro ?} QkD R= "OQm s}UkD xrLQt Qy QO |oDUw}B \}=QW |QU

%OwW|t xO=iDU= xrO=at |=yQ}eDt

u(x; t) =
1X
n=1

Un(x)qn(t) (19)

|W=aDQ= Ot|xU}=kt `@=DUn(x) w u=tR x@ xDU@=w|twtaC=YDNt qn(t) u; QO xm
L1 < x < L2 '0 < x < L1 |=yxR=@ QO =Q lQ}DwQm}t u=wD|t "CU= s=n
u}vJ xU}=kt `@=D ?}DQDu}O@ 'OQm s}UkD CN=wvm} lQ}D xU x@ L2 < x < L w

[19]%OwW|t u=}@

Un(x) =8>>>>>>>>>>><>>>>>>>>>>>:

U (1)
n (x) =A(1)

n sin�(1)
n x+B(1)

n cos�(1)
n x

+ C(1)
n sinh�(1)

n x+D(1)
n cosh�(1)

n x 0<x<L1
U (2)
n (x) =A(2)

n sin�(2)
n x+B(2)

n cos�(2)
n x

+ C(2)
n sinh�(2)

n x+D(2)
n cosh�(2)

n x L1<x<L2
U (3)
n (x) =A(3)

n sin�(3)
n x+B(3)

n cos�(3)
n x

+ C(3)
n sinh�(3)

n x+D(3)
n cosh�(3)

n x L2<x<L

(20)

'A(r)
n ?}=Q[ w �(r)4

n = !2
n[(� + �a)A](r)=EI(r) u; QO xm r=1'2'3

|oDUw}B w |RQt \}=QW j} Q] R= xm OvDUy |rwyHt Q}O=kt D(r)
n w C(r)

n 'B(r)
n

C@Uv uOQm R}q=tQv u}vJty w |WQ@ |wQ}v w |WtN Qw=DWo '?}W 'pmW Q}}eD

[13]%OQm u=}@ u}vJ u=wD|t R}v =Q |i=[= sQH

�aA = 0 6�liqL
1
2
i b

3
2 (10)

"Ovm|t XNWt =Q �1 pmW� lQ}DwQm}t R= CtUk Qy pw] Li x]@=Q u}= QO

CN=wvm} Q}e Q}D |m}t=v}O |R=UpOt "1"2
QO =@ �� uwDr}ty pY= R= 'lQ}DwQm}t |W=aDQ= CmQL |xrO=at G=QNDU= Qw_vtx@
Q}F-=D R= u=wD|t ?}DQD u}= x@ "OwW|t xO=iDU= �� |rwvQ@� Qr} w= |x} Q_v uDiQo Q_v
G=QNDU= Qw_vtx@ "OQm Q_vhQY CmQL Q@ |v=QwO |UQv}= w |WQ@ pmW Q}}eD
|xrO=at "OwW|t xO=iDU= uwDr}t=y pY= R= lQ}DwQm}t |W=aDQ= CmQL |xrO=at
|wQ}v uDiQo Q_v QO =@ w l} QDmr=wR}B |x}q l} QLD =@ �1 pmW� lQ}DwQm}t CmQL

%OwW|t u=}@ 11 |x]@=Q CQwYx@ (Fh) |m}t=v}OwQO}y
�A�u+

�
K(x)u00

�00 + C _v + C00e Pd(t) = ftsy�(x� 1)+

[hftsx�(x� 1)]0 + Fh (11)

%u; QO xm
K(x) =Eb

�
bbh3

b

12 + bbhby2
n

�
(H0 �HL1) + EpIp (H0 �HL1)

+ Eb
b1h3

b

12 (HL1 �HL2) + E1
b2h3

b

12 (HL2 �HL) (12)

Ce = 1
2e

L21
bp
hp

�
h2
p

2 �
h2
b

8 + yn
�
hb
2 � hp

��
(H0 �HL1) (13)

lp = bphp

(
h2
p

2 +
�
yn �

�
hb + hp

2
��2)

(14)

yn = Ephp (hp + hb)
2 (Ephp + Ebhb)

(15)

|m}v=mtwQDmr= nv}rB wm Ce 'xvwtv K]U w ?=QB lwv u}@ |wQ}v fts \@=wQ u}= QO
'l} QDmr=wR}B |x}q wlQ}DwQm}t|=yCt=N[?}DQDx@hp whb 'l} QDmr=wR}B |x}q
"Ovvm|t u=}@ =Ql} QDmr=wR}B |x}q w lQ}DwQm}t |v=UWm pwOt?}DQDx@Ep wEb w
"CU= 4O}=U|w}y |[=} Q `@=D R}v HLi w xOW XNWt yn =@ |FvN Q=D C}akwt

|Q=PoQ=@ w C=YDNt sDU}U 'l} QDmr=wR}B lQ}DwQm}t l}D=tW "1 pmW
"lQ}DwQm}t
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QDmr
=wR}B

lQ}
DwQm

}t|
W=aD

Q=Q
=DiQ

|U
QQ@

"l} QDmr=wR}B lQ}DwQm}t RmQtDt sQH pOt "2 pmW

[29]%OwW|t xOR ?} QkD u}vJ w CU= lQ}DwQm}t R= CtUk Qy

k1 = 1
4L31

�
E2
bh4
bb2b + E2

ph4
pb2p

Eb hbbb + Ep hpbp
+

2Eb Ephb hp hb bp �2h2
p + 2h2

b + 3hb hp�
Eb hbbb + Ep hpbp

!
(hr= 25)

k2 = Eb bb h3
b

4 (L2 � L1)3 (? 25)

k3 = Eb bt h3
b

4 (L� L2)3 (G 25)

Qy QF-wt |=ysQH =ymi "CU= lQ}DwQm}t lwv |=vyB Qov=}@ bt CqO=at u}= QO
sQH w lQ}DwQm}t CtUk Qy lwv QO QF-wt sQH pt=W xm 'CU=lQ}DwQm}t R= CtUk

[29w27]%Ov=VaDQt xQm x@ wQu=Qo p=}U R= |W=v |i=[=

m1 =0 236 (�bhb bb + �php bp)L1 + 1
12��liqR

31

+ 3
4�R

21

r2� �liq
!

(hr= 26)

m2 =0 236 �bhb bb (L2 � L1) + 1
12��liqR

32

+ 3
4�R

22

r2� �liq
!

(? 26)

m3 =0 236 �bhb bt (L� L2) + 1
12��liqR

33

+ 3
4�R

23

r2� �liq
!

(G 26)

|D=P |}=Q}t CtUk wO R= xm Ov=lQ}DwQm}t R= CtUk Qy |}=Q}t ?}=Q[ =yCi

"Ov=x@U=Lt p@=k 21 \@=wQ j@=]t sQH x@
K(Li)U (i)

n = K(Li+1)U (i+1)
n

K(Li)(U (i)
n )0 = K(Li+1)(U (i+1)

n )0

K(Li)(U (i)
n )00 = K(Li+1)(U (i+1)

n )00 i = 1; 2
K(Li)(U (i)

n )000 = K(Li+1)(U (i+1)
n )000

U (1)
n (0) = 0; (U (1)

n (0))0 = 0
(U (1)

n (L))00 = 0; (U (1)
n (L))000 = 0Z L

0
(�+ �a)AU 2

n(x)dx = 1 (21)

'Un(x) QO xH}Dv *|rN=O ?Q[ w 19 |xrO=at QO 21 w 20 |xrO=at |Q=Po}=H =@
%O};|t CUO x@ CmQL *|rwtat *p}Uv=Qi}O |xrO=at

�qn + !2
nqn + g1 _qn + g2Pd(t) = Pn(t) (22)

%u; QO xm

!2
n =

Z L

0
Un(x) d

2

dx2
�
K(x)U 00n

�
dx (hr= 23)

g1 =
Z L

0
U 2
n(C + Ca(x)) dx (? 23)

g2 =
Z L

0
UnC00e dx (G 23)

Pn =
Z L

0
Un
�
ftsy�(x� L) + hftsx�0(x� L)

�
dx (O 23)

|xrO=at u=wD|t =DwmL� nv=Q VwQ ltmx@ w Matlab Q=Ri=sQv R= xO=iDU= =@
"OQm pL =Q 22 p}Uv=Qi}O

RmQtDt sQH |R=UpOt 2"2
seQ|ra xmCU=yQ}D|W=aDQ=CmQL p}rLD |=yVwQ R= Qo}O|m} RmQtDt sQH pOt
[32�29]u}kkLt R= |Q=}U@ \UwD xRwQt= 'C=@U=Lt |oO=U p}rOx@ w '=]N uDW=O
lQ}DwQm}t |W=aDQ= p}rLD |=Q@ u=wD|t pOt u}= R= "OQ}o|t Q=Qk xO=iDU= OQwt
Qw_vtx@ CU= CN=wvm} Q}e |Q}D lQ}DwQm}t xm =Hv; R= "CiQo xQy@ R}v l} QDmr=wR}B
xU u}ov=}t xm RmQtDt sQH xU =@ |rOt 'RmQtDt sQH VwQ ltmx@ u; |R=UpOt

"�2 pmW� OwW|t O=yvW}B 'Ov=lQ}DwQm}t xmD
'l} QDmr=wR}BuwO@CtUk2xQm 'lQ}DwQm}t Q=Ol} QDmr=wR}BCtUkpO=at1xQm
xU |xawtHt CmQL CqO=at ?}DQDu}O@ "CU=lQ}DwQm}t lwv CtUk 3 xQm w
lwv QO pO=at Qvi |=yC@=F =yki u; QO xm %OQm u=}@ u}vJ u=wD|t =Q RmQtDt sQH2664 m1 0 0

0 m2 0
0 0 m3

3775
8>><>>:

�u1
�u2
�u3

9>>=>>;+

2664 C1 + C2 �C2 0
�C2 C2 + C3 �C3

0 �C3 C3

3775
8>><>>:

_u1
_u2
_u3

9>>=>>;+

2664 k1 + k2 �k2 0
�k2 k2 + k3 �k3
0 �k3 k3

3775
8>><>>:

u1
u2
u3

9>>=>>;
=

8>><>>:
fts sin(!t)

0
F

9>>=>>; �24�
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|QO

=k=[
Q's

}=Qwm
O=Sv?

}@L
sQL

t

[22]"25�C |=tO QO u} Q}U}ro w ?; pwrLt OvJ |wQv=Qo w |r=oJ Q}O=kt "3 pwOH

40 30 20 10 0 |tHL OYQO
u} Q}U}ro

1115 1087 1058 1030 997 1 (kg/m3� |r=oJ
4 04 2 6 1 75 1 23 0 89 (mpa.s) |wQv=Qo

xm |a}=t |=y\}Lt u=wvax@ ?; QO u} Q}U}ro hrDNt |=ypwrLt =Hv}= QO
u} Q}U}ro Q=Okt V}=Ri= =@ "OvwW|t xDiQo Q_v QO 'Ovm |t u=Uwv u; QO lQ}DwQm}t
3 pwOH QO "O@=}|t V}=Ri= Cw=iDt |=yMQv =@ p=}U |wQv=Qo w |r=oJ '?; QO
"CU= xOW xOQw; 25�C |=tO QO u} Q}U}ro w ?; pwrLt OvJ |r=oJ w |wQv=Qo
4 pwOH QO l} QDmr=wR}B lQ}DwQm}t |a}@] Tv=mQi Q@ p=}U |r=oJ Q}F-=D
VwQ w |D=@U=Lt |=ypOt ltmx@ |r=oJ Q}F-=D pwOH u}= QO 'CU= xOW xOQw;
[22]|traVwQ QO V}=tR; s=Hv= |=Q@ "CU= xDiQo Q=Qk xU}=kt w |UQQ@ OQwt |rta
CmQW CN=U DMASP l} QDmr=wR}B lQ}DwQm}t R= 'pwOH u}= QO xDiQ Q=mx@
?Yv R= TB w xOW xO=iDU= �2 w 1 |=ypwOH QO xOWx�=Q= C=YNWt =@� QmwQ@
?; |Q=m \}Lt QO u; uO=OQ=Qk w |tD= |wQ}v AwmUwQm}t |wQ lQ}DwQm}t u}=
CmQL '�OYQO 40 =D 10� u} Q}U}ro w ?; hrDNt |=ypwrLt u}vJty w Xr=N
?w=vDt jQ@ S=Drw 'V}=tR; u}= QO "OW |UQQ@ `}=t \}Lt QO lQ}DwQm}t |W=aDQ=
OQ}o|t Q=Qk xO=iDU= OQwt l} QLD |=Q@ xm lQ}DwQm}t l} QDmr=wR}B |x}q x@ |OwQw

"CU= Crw|r}t 6 Q@=Q@
Tv=mQi 'p=}U |r=oJ V}=Ri= =@ OwW|t xOy=Wt 4 pwOH G}=Dv QO xm u=vJ
sy w |D=@U=Lt G}=Dv QO sy xm �� Vy=m u}= "O@=}|t Vy=m lQ}DwQm}t |a}@]
"CU= p=}U |m}t=v}OwQO}y |wQ}v R= |W=v �� OQwN|t sWJ x@ |rta G}=Dv QO
xQm |W=aDQ= CmQL Q@ |vD@t xm RmQtDt sQH VwQ u}vJty w =yxQmxDWQ pOt QO
|W=aDQ= CmQL |xrO=at Q@ p=}U |m}t=v}OwQO}y |wQ}v QF= 'CU= p=}U \}Lt QO
sQH� |i=[= sQH s=vx@ |DQ=@a ?r=k QO xmr@ 'sDU}U |}=Q}t QO =yvDxv lQ}DwQm}t
|x]@=Q x@ xHwD =@ "OwW|t Qy=_ R}v |W=aDQ= CmQL |xrO=at QO �pw] OL=w Q@
Q=Okt 'RmQtDt sQH pOt |=Q@ 26 |=yx]@=Q R}v w 'CN=wvm} Q}e Q}D pOt |=Q@ 9
sQH =yC}tm u}= V}=Ri= =@ w OQ=O |oDU@ p=}U |wQv=Qo w |r=oJ x@ |i=[= sQH
CmQL QO pw] OL=w Q@ sQH V}=Ri= xm =Hv; R= "Ci=} Oy=wN V}=Ri= R}v |i=[=
V}=Ri= =@ R}v =Hv}= QO 'OwW|t =yu; |a}@] Tv=mQi Vy=m Ea=@ =yQ}D |W=aDQ=
lQ}DwQm}t |a}@] Tv=mQi '|i=[= sQH V}=Ri= xH}DvQO w p=}U |wQv=Qo w |r=oJ

"O@=}|t Vy=m
"CU= Q=OQwNQ@ |}q=@ C}ty= R= pO=at |=yxQm `=aW RmQtDt sQH pOt QO
R= CtUk Qy |=vyB Q@=Q@ =yxQm `=aW Qo = OwW|t xOy=Wt 4 pwOH QO xm u=vJ
u}=Q@=v@ "CU= q=@ |rta G}=Dv x@ C@Uv hqDN= u=R}t 'OwW ?=NDv= lQ}DwQm}t
|rta Q=Okt R= xO=iDU= =@ =Q QF-wt |=y`=aW u=wD|t hqDN= u}= |R=Uxv}tm x@ |=Q@
xOy=Wt 4 pwOH QO xm u=vJ "OQw; CUO x@ ?; QO lQ}DwQm}t O}OWD Tv=mQi
`}=t |=y\}Lt Q}=U QO xOWx@U=Lt Tv=mQi Q=Okt VwQ u}= R= xO=iDU= =@ OwW|t
G}=Dv R= xO=iDU= "OvQ=OQwNQ@ [22]|rta G}=Dv x@ C@Uv |tm hqDN= R= xOW?=NDv=
[32]Qo}O u}kkLt \UwD xm CU= |WwQ pO=at xQm QF-wt `=aW |x@U=Lt QO |rta
Q=Qk xO=iDU= OQwt �l} QDmr=wR}B x}q uwO@� |rwtat |=ylQ}D |R=UpO=at QO R}v
|=ylQ}DwQm}t QO VwQ u}= R= xO=iDU= xm Ovm|t u=}@ pwOH u}= G}=Dv "OQ}o|t
pOt R}v w 'CU= xO=iDU= p@=k R}v |UOvy |=y|oDUw}B=v OwHw =@ l} QDmr=wR}B

[27]%Ov=xOW p}mWD wQu=Qo p=}U QO xQm V=aDQ= R= |W=v |}=Q}t w �Cin� lQ}DwQm}t
C1 = C1in + 3��R1 + 3

4� R
21
p2� �liq! (hr= 27)

C2 = C2in + 3��R2 + 3
4� R

22
p2� �liq! (? 27)

C3 = C3in + 3��R3 + 3
4� R

23
p2� �liq! (G 27)

u=Uwv xvwtv K]U |m}ORv QO lQ}DwQm}t xm |v=tR 'OW xDio R}v QDV}B xm u=vJ
Qw_vtx@ "OwW|t OQ=w u; x@ p=}U |oOQWi |wQ}v s=vx@ |Qo}O |}=Q}t |wQ}v 'Ovm|t
RmQtDt |=ywQ}v =@ =Q xOQDUo |wQ}v u}= 'RmQtDt sQH sDU}U QO wQ}v u}= |R=UpOt
Q@=Q@ =yu; R= l} Qy Q=Okt xm [13]'s}vR|t ?} QkD lQ}DwQm}t R= CtUk Qy |=yDv= QO
%CWwv u=wD|t ?}DQD u}O@ "CU= lQ}DwQm}t R= CtUk Qy pw] QO wQ}v u}= p=QoDv=
Fs1 = ��b3b _u1

Z L1

0
dx
D3 = 1

2� b
3
b _u1 L1

D(0) +D(L1)
D2(0)D2(L1)

(28)

Fs2 = ��b3b _u2
Z L2

L1

dx
D3 = 1

2� b
3
b _u2 (L2 � L1)

D(L1) +D(L2)
D2(L1)D2(L2)

(29)

Fs3 = ��b3t _u3
Z L

L2

dx
D3 = 1

2� b
3
t _u3 (L� L2)

D(L2) +D(L)
D2(L2)D2(L)

(30)

|x}q x@ |OwQw S=Drw \UwD xOWO=H}= pmW Q}}eD T=U=Q@ u=wD|t =Q Fp Q=Okt
%OQm u=}@ l} QDmr=wR}B

Fp = K3� = 3Ce(L1)
2L1

(31)

l} QDmr=wR}B lQ}DwQm}t |W=aDQ= CmQL |R=Ux}@W "3
`}=t \}Lt QO AFM

lQ}DwQm}t '`}=t \}Lt QO l} QDmr=wR}B lQ}DwQm}t Q=DiQ |xar=]t Qw_vtx@
|UOvy C=YNWt [23]"OwW|t ?=NDv= 8QmwQ@ CmQW CN=U 7 DMASP

QO 'xOW xO=iDU= |R=Ux}@W QO xm lQ}DwQm}t u}= |xOvyOp}mWD O=wt TvH w
"CU= xOW xOQw; 2 w 1 pw=OH

[23]"l} QDmr=wR}B lQ}DwQm}t |UOvy C=YNWt "1 pwOH
(�m) h (�m) b (�m) L

3 0 250 487 x}=B |x}q
3 4 130 330 l} QDmr=wR}B |x}q
3 0 55 137 lwv

[23]"l} QDmr=wR}B lQ}DwQm}t |m}v=mt C=YNWt "2 pwOH
d21 E � TvH

(pC/N) (Gpa) (Kg/m3)
- 180 2330 Si x}=B |x}q

11 130 6390 Zno l} QDmr=wR}B |x}q
- 180 2330 Si lwv
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"""A
F

M
l}

QDmr
=wR}B

lQ}
DwQm

}t|
W=aD

Q=Q
=DiQ

|U
QQ@[22]"|rta G}=Dv =@ `}=t \}Lt QO l} QDmr=wR}B lQ}DwQm}t pw= O}OWD Tv=mQi |xOWx@U=Lt Q}O=kt |xU}=kt "4 pwOH

(kHz) O}OWD Tv=mQi
|Q=m \}Lt p=}U�� RmQtDt sQH pOt Q}O=kt =@ RmQtDt sQH pOt =yxQm xDWQ pOt [22]|rta G}=Dv� ?; |=Q@ xOW C@=F

11 32 16 36 16 18 16 36 ?;
�3 08� �{� �1 1� ��� |rta G}=Dv C@Uv =]N
11 00 15 91 15 94 16 00 u} Q}U}ro �10 w ?; pwrLt
�31� �0 6� �0 3� ��� |rta G}=Dv C@Uv =]N

10 52 15 47 15 75 15 86 u} Q}U}ro �20 w ?; pwrLt
�33 7� �2 4� �0 7� ��� |rta G}=Dv C@Uv =]N
10 17 14 96 15 56 15 44 u} Q}U}ro �30 w ?; pwrLt
�34 1� �3 1� �0 8� ��� |rta G}=Dv C@Uv =]N
9 90 14 38 15 38 14 80 u} Q}U}ro �40 w ?; pwrLt
�33 1� �2 8� �3 9� ��� |rta G}=Dv C@Uv =]N

� R1 = 175�m; R2 = 150�m; R3 = 43�m
�� R1 = R2 = W1; R2 = Wt

"p=}U |r=oJ ?ULQ@ lQ}DwQm}t |W=aDQ= CmQL O}OWD xvt=O C=Q}}eD "3 pmW

"p=}U |r=oJ ?ULQ@ �f C=Q}}eD "4 pmW

=yvDxv 'OwW|t pY=L ?; QO u} Q}U}ro pqLv= OYQO uOW QDW}@ =@ xm p=}U
"O=O Oy=wN Q=Qk Q}F-=D CLD R}v =Q |W=aDQ= CmQL xvt=O xmr@ sDU}U |a}@] Tv=mQi
Oy=wN j=iD= R}v QDq=@ |v=Uwv |=yOt QO xmr@ 'pw= |v=Uwv Ot QO =yvDxv ẁ[wt u}=

"�5 pmW� O=Di=
lQ}DwQm}t Q@ xm p=}U |oOQWi |wQ}v 'xvwtv K]U x@ lQ}DwQm}t uOWl}ORv =@

QO `}=t \}Lt C=QF= p=ta= |=Q@ =yxQmxDWQ VwQ R= xO=iDU= =@ CN=wvm} Q}e Q}D
G}=Dv x@ C@Uv |tm hqDN= R= CN=wvm} Q}e lQ}DwQm}t O}OWD Tv=mQi |x@U=Lt

"CU= Q=OQwNQ@ |rta
xm CUwQ@ wQ p=}UCav=tt =@ xQ=wty p=}U uwQO QO lQ}DwQm}t |W=aDQ=CmQL
|=ypOtCmQL |xrO=at QO wQ}v u}= QF= "CU= �Fh� |m}t=v}OwQO}y |wQ}v R= |W=v
=@ "CU= xOW XNWt |}=Q}t ?}=Q[ CQwYx@ RmQtDt sQH w CN=wvm} Q}e Q}D
uwJ w CU= xDU@=w p=}U |wQv=Qo x@ |}=Q}t ?} Q[ u}= 26 w 6 \@=wQ x@ xHwD
p=}U |r=oJ V}=Ri= u}=Q@=v@ 'Ot=Hv=|t u; |wQv=Qo V}=Ri= x@ p=}U |r=oJ V}=Ri=
QO u=wD|t =Q ẁ[wt u}= "OW Oy=wN xvt=O Vy=m x@ QHvt |}=Q}t ?} Q[ j} Q] R=
|r=oJ uDiQq=@ =@ xvt=O Vy=m "OQm xOy=Wt R}v 3 pmW R= xOt; CUO x@ G}=Dv
u=Wv xOW O=yvW}B *RmQtDt sQH w CN=wvm} Q}e Q}D pOt [22]'|rta G}=Dv QO p=}U
|=y|R=UpOt w |rta G}=Dv Ck@=]t Oy=W u=wD|t u}= Q@ xwqa "CU= xOW xO=O
Q}D |R=UpOt G}=Dv hqDN= '?; \}Lt QO p=Ft u=wvax@ "Ow@ pmW QO xOWs=Hv=

"CU= OYQO 5 w 3 5 Q@=Q@ ?}DQDx@ 'xOW O=yvW}B RmQtDt sQH w CN=wvm} Q}e
uOQ@q=@ =@ p=}U |wQv=Qo w |r=oJ V}=Ri= xm OW xO=O K}[wD R}v QDV}B
Q}O=kt x@ xHwD =@ "OwW|t lQ}DwQm}t |a}@] Tv=mQi Vy=m x@ QHvt |i=[= sQH
pwrLt |wQv=Qo w |r=oJ uDiQq=@ x@ QHvt ?; QO u} Q}U}ro Q=Okt V}=Ri= '3 pwOH
QHvt |i=[= sQHV}=Ri= =@ ?; QO u} Q}U}ro pqLv= OYQOV}=Ri= u}=Q@=v@ "OwW|t
OL=w Q@ sQH uOWQDW}@ =@ ,=trUt "OW Oy=wN lQ}DwQm}t |a}@] Tv=mQi Vy=m x@
sDU}U |a}@] |=yTv=mQi Q}=U xmr@ 'pw= |a}@] Tv=mQi =yvDxv lQ}DwQm}t pw]
lQ}DwQm}t pw= |a}@] Tv=mQi Q=yJ C=Q}}eD "CiQo Ovy=wN Q=Qk Q}F-=D CLD R}v
xm =Hv; R= "CU= xOW xO=O u=Wv 4 pmW QO |r=oJ ?ULQ@ (f � fwater) �f

|i=[= sQH Q}}eD 'CU= QDW}@ Tv=mQi |OOa Q=Okt QDq=@ |a}@] |=yTv=mQi QO
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The present paper discusses the vibrating behavior of
piezoelectric microbeams, with respect to the hydrody-
namic forces imposed by a 
uid. To do so, consider-
ing Hamilton's principle and assumptions of the Euler-
Bernoulli theory, the dynamic modeling of a microbeam
was carried out and the di�erential equation of vibrat-
ing motion was extracted. As it is very di�cult to de-
termine the exact amount of hydrodynamic force im-
posed on a beam, the hydrodynamic forces were ap-
proximated using string sphere modeling. The results
obtained from dynamic modeling were compared with
experimental ones. The results show that sphere string
modeling can favorably model natural frequency and the
resonance amplitude of piezoelectric microbeams in a
liquid environment. The results show that the vibrating
motion (natural frequency and resonance amplitude) of
a microbeam in liquid is under the in
uence of 
uid den-
sity, due to the damping of liquid and additional mass; it
is also seen in the higher vibrating modes. By approach-
ing the microbeam to the sample surface and intensi-
fying squeeze force, the results show further amplitude
decrease. The amplitude reduction at higher densities
and low angles of the microbeam to the horizon is due

to the intensi�cation of compression force. When the
interaction force between the probe tip and sample sur-
face is intensi�ed, and when there is a very short distance
between the probe tip and sample surface (as small as
a nanometer), amplitude is a�ected. According to the
DMT model, there is a direct relationship between the
interaction force between the tip and sample surface and
the radius of the probe tip. Therefore, the more the ra-
dius of the probe tip, the more the interaction force will
be. The increase of this force will be followed by a de-
crease in vibrational motion amplitude.

Key Words: piezoelectric microcantilever, AFM, liquid
environment,hydrodynamic force.
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Abstract
Piezoelectric microbeams are special types of beams ap-
plicable to the atomic force microscope (AFM). Hav-
ing piezoelectric layers, they are capable of selfactuat-
ing using the voltage imposed on the piezoelectric layer.


