
17
�11

"X
'1|

xQ=t
W'

30
�3

|xQ
wO

O
ri

gi
na

lA
rt

ic
leCLD OvthOy |}xv=wDU= |=yxDUwB Vv=tm p}rLD

hwQDB |rLt |xm@W|@ VwQ =@ |QwLt |Q=PoQ=@
xowri |xDUwB |x} Q_v T=U=Q@ u}mQro

�|QDmO |wHWv=O� |BnvSQ= xO=R;
�Q=}O=DU=� �|Q=Yv= =[Q
�O=DU=� xR}wQO QwYvt

uq}o x=oWv=O 'l}v�t |UOvyt |xOmWv=O

Vv=tm p}rLD |=Q@ 1 MLPG u}mQro hwQDB |rLt |xm@W |@ VwQ Q=DWwv u}= QO
p}rLD u}= QO "CU= xOW |UQQ@ |QwLt |Q=PoQ=@ CLD OvthOy |}xv=wDU= |=yxDUwB

?}mQD R= pmWDt xDUwB w xOW G=QNDU= xowri |x} Q_v |=v@tQ@ |}=Hx@=H u=O}t CqO=at
p}mWD |xO=t |m}v=mt C=YNWt u}=Q@=v@ "CU= xOW ZQi Rri w l}t=QU |xDUw}B

Q}}eD Ct=N[ |=DU=Q QO |v=wD |tHL QUm `} RwD =@ j@=]t '|}xv=wDU= |xDUwB |xOvyO
xOW pL MLPG VwQ =@ |OOa CQwYx@ xDUwB Q@ sm =L |Q=O}=B CqO=at "Ovm|t

xOW xDiQo Q_v QO Twmat x@W VwQ l} j@] Q}}eD `@=D R= |O}OH sQi 'Qw_vtu}O@ "CU=
|RQt \}=QW QO |v=QL@ |=yQ=@ C}=yv QO w xOW |DiU |=yT} QD=t |@=}CUO x@ QHvt xm
C=YNWt '|tHL |=yQUm C=Q}}eD |xar=]t R= pY=L G}=Dv "Ov=xOW x@U=Lt hrDNt
VwQ QO q=@ CkO w |}=Qoty Qou=}@ |@ wNx@ hrDNt |y=ox}mD \}=QW w 'xDUwB |UOvy

"CU= xO=iDU= OQwt

azadeh.arjangpay@gmail.com
r ansari@guilan.ac.ir
darvizeh@guilan.ac.ir

'|QwLt Vv=tm 'u}mQro hwQDB |rLt |xm@W |@ VwQ %|O}rm u=oS=w
"OvthOy O=wt 'xowri |x} Q_v '|}xv=wDU= |=yxDUwB

xtOkt "1
wO u}@ w CU= Xr=N Rri K]U l} w Xr=N l}t=QU TvH R= K]U l} xm

"CU= wOQy R= |}xDUw}B ?}mQD K]U
|Q=PoQ=@ CLD FGM |}xv=wDU= |=yxDUwB u=UWm Vv=tm xr=kt u}= QO
xm u}= x@ xHwD =@ "CU= xDiQo Q=Qk |UQQ@ OQwt hrDNt |RQt \}=QW QO |QwLt
|x} Q_v R= 'ODi=|t j=iD= lR=v |r}N |=yxDUwB QO \ki u=UWm R=i QO Vv=tm
=D Ov=xOW pL |OOa CQwYx@ sm =L CqO=at "CU= xOW xO=iDU= xowri l}Uqm

"O}; CUO x@ Q_v OQwt hrDNt |y=ox}mD \}=QW CLD Vv=tm |v=QL@ Q=@

|}xv=wDU= |xDUwB CqO=at "2
`=aW� R \UwDt `=aW w h Ct=N[ 'L pw]x@ |mR=vQ=OH |}xv=wDU= |xDUwB
xv=wDU= |v=}t K]U "h << R xm OwW|t xDiQo Q_v QO u=vJ �pmW Q}}eD R= V}B
R= xrY=i w xOW xO=O `=HQ= �; x |}xv=wDU= C=YDNt x=oDUO x@ 1 pmW Ovv=ty
|xDUwB 'x}rw= |=yZQi T=U=Q@ "OwW|t |Q}oxR=Ov= z C=YDNt =@ |v=}t K]U
Q@ Owta =OD@= QO xm K]Ut `]kt u}vJty &CU= lJwm =yVvQm w lR=v xQ=OH

|=Q@ QDW}@ |Q}PBh=]av= p}rOx@ |OOa |=yVwQ u}@ QO xm@W |@ |=yVwQ ,=Q}N=
xDiQo Q=Qk xHwD OQwt Q=}U@ hrDNt |RQt \}=QW =@ C=Ot=H l}v=mt p�=Ut pL
I}y R= =yVwQ Q}=U hqNQ@ xm u}= p}rOx@ MLPG VwQ 'u=}t u}= QO [1]"CU=
xm@W uwO@ |=yVwQ u}@ QO 'Ovm|tv xO=iDU= u=yvB =} Q=mW; CQwYx@ |v=tr= ẁv
QO w CU= |@=}uwQO w |rLt h}a[ sQi VwQ u}= T=U= "OQ=O |}xS} w x=o}=H
?=}uwQO `@=D u=wvax@MLS2 lQLDt C=a@ Qt pk=OL ?} QkD R= xOWs=Hv= p}rLD
|xOv=t|k=@ VwQ QO hrDNt uwtR; `@=wD OQ@ Q=m x@ xHwD =@ "CU= xOW xO=iDU=
�� MLPG6 =D MLPG1 R= �� xDUO VW x@ xOWO=} |xm@W|@ VwQ '|vRw

[3w2]"CU= xOW s}UkD
Q=DN=UR} Q =@ |D} RwBt=mFGM3 OvthOy O=wt R= pmWDt |}xv=wDU= |xDUwB
K]U x@ K]U l} R= xDUw}B w s}qt Qw]x@ =yv; |m}v=mt X=wN xm CU= uoty=v
sra u=OvtWv=O \UwD 1984 p=U QO Q=@ u}rw= O=wt u}= "Ovm|t Q}}eD sUH Qo}O
xm CU= Rri w l}t=QU R= |}xDUw}B ?}mQD u; G}=Q ẁv [5w4]"OW |iQat uB=S QO O=wt
|}xvwox@ 'CU= xDUw}B ,qt=m Qo}O K]U x@ K]U l} R= l}t=QU w Rri Q}}eD u; QO

pw�Ut xOvU} wv �
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[D] =

266666666664

A11 A12 0 B11 B12 0
A12 A21 0 B12 B22 0
0 0 A66 0 0 0
B11 B12 0 D11 D12 0
B12 B12 0 D12 D22 0
0 0 0 0 0 D66

377777777775
(4)

[7]%R= Ow@ Oy=wN CQ=@a FGM |}xv=wDU= |xDUwB l} |=Q@ jwi T} QD=t |=yx}=QO
(Aij ; Bij ; Dij) =

Z h=2

�h=2
Qij(1; z; z2)dz (5)

%OvwW|t h} QaD u}vJ R}v =yQij
Q11 = Q22 = E(z)

1� �(z)2

Q12 = �(z)E(z)
1� �(z)2

Q44 = Q55 = Q66 = E(z)
2(1 + �(z))

(6)

j@] |}xv=wDU= |=yxDUwB QO �=ypmW Q}}eD� |v=}t K]U QO =y=vLv= w =yVvQm
%OwW|t u=}@ 7 |x]@=Q266666666664

"x
"�
"x�
kx
k�
kx�

377777777775
=

266666666664

@
@x 0 0
0 1

R
@
@�

1
R

1
R
@
@�

@
@x 0

0 0 �@2
@x2

0 1
R2

@
@�

�1
R2

@2
@�2

0 2
R

@
@x

�2
R

@
@x@�

377777777775
2664 u

v

w

3775 (7)

(FGM) OvthOy O=wt "3
C=}YwYNwOv=uotyQ}e|B wmUwQm}t^=Lrx@ xmOvDUy|D} RwBt=m O=wt =yFGM

"O@=}|t Q}}eD Qo}O K]U x@ K]U l} R= xDUw}B w TwULt Qw]x@ =yv; |m}v=mt
O=wt |tHL QUm QO xDUw}B Q}}eD R= |W=v �� FGM |xO=t ?}mQD Q}}eD =@ Qt= u}=
|}=tO u=}O=Qo =@ |=y\}Lt QO xS} wx@ FGM O=wt "OyO|t MQ �� xOvyOp}mWD
|=y=tO QO X=N |=yC}r@=k =@� l}t=QU l} ?}mQD R= ,=twta w OvQ=O OQ@ Q=m q=@
?}mQD R= |}xDUwB "OvwW|t xDN=U �?wr]t |m}v=mt X=wN =@� Rri l} w �q=@
=@ u; |m}v=mt X=wN xm '�1 pmW� xOW xDiQo Q_v QO Rri w l}t=QU |xDUw}B
CQwY u}= x@ "OQ=O Ct=N[ CyH QO |}xDUw}B C=Q}}eD '?}mQD ẁv x@ xHwD

%xm
E(z) = Em + EcmVf (z); Ecm = Ec � Em
�(z) = �m + �cmVf (z); �cm = �c � �m
�(z) = �m + �cmVf (z); �cm = �c � �m (8)

Vf (z) w Ov=l}t=QU w Rri x@ \w@ Qt X=wN Qou=Wv c wm |=yT}Ov= 8 \@=wQ QO
%OwW|t h} QaD u}vJ xm CU= |v=wD |tHL QUm `} RwD `@=D

Vf (z) =
�
z
h

+ 1
2
�N

(9)

"xDUwB |xUOvy w C=YDNt sDU}U "1 pmW
|v=}t K]U Q@ Owta u=vJty w K]Ut R}v pmW Q}}eD R= TB 'xOw@ |v=}t K]U

"Ov=t|t |k=@ 'xDi=} pmW Q}}eD
Q}}eD |=yxir-wt |WQ@ pw= |x@DQt |x} Q_v T=U=Q@ 'Qwr}D \U@ R= xO=iDU= =@

%R= Ow@ Oy=wN CQ=@a z w � 'x C=yH QO uz; u�; ux |Oa@xU u=mt

ux(x; �; z) = u(x; �)� z @w
@x

(x; �)

u�(x; �; z) = v(x; �)� z @w
@�

(x; �)

uz(x; �; z) = w(x; �) (1)

|xDUwB Q@ sm =L CqO=at "Ov=`HQt K]U |=yu=mt Q}}eD w; v; u u; QO xm
h} QaD u}vJ xHDvt |=yu=tt w =ywQ}v ?ULQ@ w xowri |x} Q_v |=v@tQ@ |}xv=wDU=

[6]%OvwW|t

@Nxx
@x

+ 1
R
@N�x
@�

= P @
2u
@x2

1
R
@N��
@�

+ @Nx�
@x

+ 1
R2

@M��

@�
+ 1
R
@Mx�

@x
= P @

2v
@x2

@2Mxx

@x2 + 1
R2

@2M��

@�2 + 2
R
@2Mx�

@x@�
� N��

R
= P @

2w
@x2 (2)

T} QD=t u}vJty w xHDvt |=yu=tt w =ywQ}v "CU= |r=ta= |QwLt Q=@ P u; QO xm
%OwW|t h} QaD 4 w 3 |=yx]@=Q j@=]t R}v D266666666664

Nx
N�
Nx�
Mx

M�

Mx�

377777777775
= [D]

266666666664

"x
"�
"x�
kx
k�
kx�

377777777775
(3)
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|Q=

Yv=
=[Q

'|Bn
vSQ=

xO=R
; |]N |x]@=Q x@ QHvt � uOQmxv}tm "OvDUy |}xQo Q}O=kt vI w QwmPt |xvt=OQ} R

%OW Oy=wN 14
B(x)b(x) = A(x)v (14)

%u; QO xm
B(x) =

nX
I=1

!(x� xI)q(xI)qT (xI) (15)

A(x) = [!(x� x1)q(x1); :::; !(x� xn)q(xn)] (16)

|xrO=at 11 |x]@=Q QO u; |Q=Po}=H w 14 |x]@=Q R= b(x) |x@U=Lt =@ TB
%Ot; Oy=wN CUOx@ 17

vh(x) =
nX
I=1

NI(x)vI (17)

%R= CU= CQ=@a NI(x) pmW `@=D u; QO xm
NI(x) = qT (x)B�1(x)qI(x)!(x� xI) (18)

`@=D xr=kt u}= QO "Ovvm|t =i}= xm@W uwO@ |=yVwQ QO |tyt Vkv uRw `@=wD
`=aW =} dw R= |a@=D xm xOW xDiQo Q_v QO uRw `@=D u=wvax@ 3 xHQO u}q}BU=

%CU= ?} QkD |=Q@ xOW h} QaD |xvt=O

!(s) =

8>>>><>>>>:
2
3 � 4s2 + 4s3; s � 1

2
4
3� 4s+4s2� 4

3s
3; 1

2 < s � 1; s = jx�xI j
dw

0; s > 1
(19)

h}a[ sQi x@ uO}UQ |=Q@ ,qwtat u}mQro hwQDB |rLt |xm@W uwO@ VwQ QO
xDiQo Q=mx@ uwtR; `@=D xm |DQwY QO "OwW|t xO=iDU= |vRw |xOv=t|k=@ VwQ R=
|rLt |xm@W|@ VwQ =} MLPG6 CQwYx@ VwQ 'OW=@ u=O}t `@=D x@=Wt xOW

"Ow@ Oy=wN u}mQro

u=O}t CqO=at pL "5
VwQ R= xO=iDU= |=H x@ u}mQro hwQDB |xm@W|@ VwQ |Ov@pwtQi QO Q=DWwv u}= QO
C=Q}}eD sQi "CU= xOW xO=iDU= xvt=OQ} R Qy QO C=Q}}eD sQi R= |vRw |xOv=t|k=@
xowri CqO=at C=Q}}eD sQi u}vJty "OwW|t |Q}op=QoDv= xQo Qy pwL xvt=OQ} R QO

%OW Oy=wN u=}@ 20 |x]@=Q j@=]t '=y|}=Hx@=H ?ULQ@
� = �K(u; v; w) + �Kg (u; v; w)

�K(u; v; w) = 1
2
Z

s

��
A11u;x + 1

R
A12(v;� + w)

�
u;x

+
�
A12u;x + 1

R
A22(v;� + w)

� 1
R

(v;� + w)

+A66
�u;�
R

+ v;x
�2

+ (D11w;xx � D12
R2 w;��)w;xx

+ 1
R

[D12w;xx � D22
R2 w;��]

1
R2w;�� +D66(

1
R2w;x�)

2
�
d
s

�Kg (u; v; w) = 1
2
Z

s

P
�

(u;x)2+(v;x)2 + (w;x)2� d
s (20)

"FGM |xDUwB |xOvyOp}mWD O=wt |m}v=mt X=wN "1 pwOH
sw}vwmQ} R O}Um = |O nvR uwO@ Oqwi
v E (N/m2) v E (N/m2)
0 0 0 0 P�1

0 288 244 27�109 0 3262 201 04�109 P0
1 13�10�4 1 �37�10�3 �2�10�4 3 08�10�4 P1

0 1 21�10�6 3 8�10�7 �6 53�10�7 P2
0 �3 86 0 0 P3
5700 (Kgm3) 8166 (Kgm3) �

p=Ft u=wvax@ "CU= Ct=N[ |=DU=Q QO O=wt C=Q}}eD |xOvyOu=Wv N Q=Okt
l}t=QU R= xOW xDN=U l}B wQDwR}= |xDUwB |xOvyOu=Wv N = 1 =} N = 0
=tO u}@ \=@DQ= R= u=wD|tv w OvQ=O |}q=@ |DQ=QL ptLD OvthOy O=wt "CU= Rri =}
CQwYx@ xO=t |m}v=mt C}Y=N u=wvax@ Pi "OQm Q_v hQY |m}v=mt X=wN w

[8]%OW Oy=wN u=}@ =tO R= |a@=D
Pi = P0(P�1T�1 + 1 + P1T + P2T 2 + P3T 3) (10)

x�=Q= 1 pwOH QO OvthOy O=wt `=wv= R= |m} |xOvyOp}mWD O=wt |m}v=mt X=wN
"�CU= u} wrm ?ULQ@ =tO� [9]"CU= xOW

MLPG VwQ w lQLDt C=a@ Qt pk=OL ?} QkD "4
'|rLt ?} QkD =} ?=}uwQO l} R= xO=iDU= =@ xm@W uwO@ VwQ Qy |rm Cr=L QO
|=yxQo R= |O=OaD QO pwyHt |=yQ}eDt R= |R=Ht Q}O=kt =@ u=LDt= `@=D Qou=Wv
lQLDt C=a@ Qt pk=OL ?} QkD u=}t u}= QO "CU= xvt=O Q} R Qy QO |iO=YD
xO=iDU= p@=k |Oa@ n p�=Ut |=Q@ |DL=Qx@ w OQ=O |}q=@ Q=}U@ CkO �MLS�

"CU=
xm OW=@ x xQo QO |}=Hx@=H u=O}t `@=D |=Q@ ?} QkD h} QaD |xvt=O 
x Qo =

x QO v `@=D `} RwD uOR?} QkD Qw_vtx@ 'CU= xOW `k=w xr�Ut |rm |xvt=O |wQ
vh(x) 'v |=H x@ MLS 'Ov=xOW `k=w xvt=OQ} R u}= QO xm (xI) |}=yxQo O=OaD |=Q@

%Ovm}t h} QaD =Q

vh(x) =
mX
I=1

qI(x)bI(x) = qT (x)b(x) (11)

b(x) u}vJty w 'x}=B `@=wD O=OaDm w |}xrtHlD |=yx}=B pt=W qT (x) u; QO xm
umtt qT (x) |Oa@l} p�=Ut QO p=Ft |=Q@ "OvDUy pwyHt?}=Q[ pt=W |Q=OQ@

%OW=@ 12 |x]@=Q j@=]t CU=
qT =

h
1; x; x2; x3i ;m = 4 (12)

%O};|t CUOx@ u}vJ 'L2 sQv uOQmR}=t|v}t =@ b(x) Q=OQ@

� =
nX
I=1

!(x� xI)(qT (xI)b(x)� vI)2 (13)

|=Q@ xQ=wty xm CU= s=I xQo x@ C@Uv uRw `@=D !(xI) =} !(x� xI) u; QO xm
QO OwHwt |=yxQo O=OaD n "!(xI) > 0 %CW=O s}y=wN 
x QO `k=w |=yx s=tD

13
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xvt=O's=i xQo |=Q@ 
Q |Q}op=QoDv= |xvt=O '
� uwtR; `@=D |xvt=O "2 pmW
"xQ |Uw=o x]kv |=Q@ 
i |@=}uwQO

(xQ) |Uw=o |x]kv Qy QO w 'CU= R=}v |Uw=o `}@ QD |Q}oQ=mx@ |=Q@ |Q}op=QoDv=
|xvt=O xOW xOQ@ Q=mx@ VwQ QO "�2 pmW� OwW|t XNWt |@=}uwQO |xvt=O

"Ov=u=Um} uwtR; `@=D |xvt=O w |Q}op=QoDv=

|RQt \}=QW "6
'|rYit =} xO=U x=ox}mD CQwYx@ xDUwB |=yDv= xm u}= x@ xDU@ 'hrDNt \}=QW QO

%CU= Q=QkQ@ 31 =D 29 \@=wQ OW=@ O=R; w 'Q=OQ}o =} xDU@
%xO=U =yDv= wO

v = w = Mxx = Nxx = 0; at : x = 0; x = L (29)

%Q=OQ}o =yDv= wO
u = v = w = w;x = 0; at : x = 0; x = L (30)

%O=R; Qo}O |=yDv= w xDU@ x = 0 QO

u = v = w = w;x = 0; at : x = 0
Nxx = Mxx = Nx� +Mx� = Mxx;x +Mx�;x = 0;
at : x = L (31)

|Ov@`tH w EL@ "7
'(�i) |}=tQo \=U@v= ?} Q[ =} �Ei� nv=} pwOt Q}_v '�Pi� xO=t QF-wt X=wN
u=vJ "CU= xOW xDiQo Q_v QO =tO R= |]N Q}e |a@=D CQwYx@ FGM |x}q |=Q@
\=@DQ= R= u=wD|tv w OvQ=O |}q=@ |DQ=QL ptLD FGM O=wt OW xQ=W= QDV}B xm
|r=oJ 'nv=} pwOt OQ=Ov=DU= Q}O=kt "OQm Q_vhQY u; |m}v=mt X=wN w =tO u}@
QO sw}vwmQ} R O}Um =|O w uRvnvR Oqwi R= pmWDt |}xDUwB |=Q@ uwU=wB ?} Q[ w

"CU= xOW x�=Q= 1 pwOH
*|}xv=wDU= |=yxDUwB Vv=tm |v=QL@ Q=@ |v}@V}B Qw_vtx@ |}=yQ=Owtv xt=O= QO
|rLt |xm@W|@ VwQ |OvtOwU w CkO "CU= xOW x�=Q= j=D= |=tO QO OvthOy
=@ '|QwLt |Q=PoQ=@ CLD |}xv=wDU= |=yxDUwB *Vv=tm p}rLD QO u}mQro hwQDB
QO xm CU= QmP p@=k "CU= xOW |UQQ@ u; j}kO pL R= pY=L G}=Dv |xU}=kt

u=wD|t =Q |}xv=wDU= |xDUwB l} |=Q@ u=O}t |=yQ}eDt '|R=U=OH VwQ p=ta= =@
u=Wv u=wD|t |va} "CiQo Q_v QO |QwLt w |]}Lt |=yOt R= |a@=wD CQwYx@
21 CqO=at CQwYx@ |}=Hx@=H u=O}t |=yxir-wt 'n |]}Lt Ot Qy |=Q@ xm O=O

%Ov=h} QaD p@=k
u(x; �) = U(x) cos(n�)

v(x; �) = V (x) sin(n�)

w(x; �) = W (x) cos(n�) (21)

|a@=wD 'nQR@ hwQL =@ |w=UD CU=Q CtU QO |}=Hx@=H u=O}t |=yxir-wt u; QO xm
|R=U=OH VwQ |Q}oQ=mx@ =@ "CU= |]}Lt Ot |xQ=tW n w Ov=|QwLt |=yOt R=
Oy=wN CUOx@ 22 |x]@=Q 'xDUwB CqO=at C=Q}}eD sQi QO =yv; |Q=Po}=H w jwi

%Ot;
� = 1

2�R
Z

s

Z
(BTDB + GTIG)dxd� (22)
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