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s=Hv= SAPHIRE r
 |}xiQL Q=Ri=sQv w PSA VwQ R= xO=iDU= =@ w =mv x=owQ}v
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|OQmrta w |]}Lt \}=QW uDiQo Q_v QO =@ Qta |=ypOt "1"3
xa]k xm |Dkw R= 'xa]k |OQmrta w |]}Lt \}=QW Q}F-=D CLD |oOwUQi |xO}OB
Q=Qk |rwtat \}=QW QO xa]k Qo = u}=Q@=v@ "OwW|t R=e; G} QODx@ Ovm|t Q=m x@ ẁQW
=t= "OwW|t O=} R VQta 'u; Q=m x@ ẁQW R= xOW |QBU u=tR =@ ?U=vDt 'OQ}o@
R= xOW |QBU u=tR R= QD`} QU 'OQ}o@ Q=Qk Q[t w CNU \}=QW QO xa]k xJv=vJ
&OwW|t xDio xa]k |OQmrta |=yOwt x@ |OQmrta \}=QW "OQPo|t VQta '?Yv
Q=m pt=m Q=@ =@ &OQmrta Cr=L QO =} CU= Q=m x@ xO=t; Cr=L QO xa]k %p=Ft |=Q@
xO=t; |xa]k |=Q@ OQmrta \}=QW |rm Qw]x@ "Q=@ R= |WN@ =@ =} w Q=@ uwO@ =} Ovm|t
p=L QO |xa]k |=Q@ w 'OQmQ=m |=Q@ =[=kD COt pw] w O=OaD R= |a@=D CQwYx@ Q=m x@
CQwYx@ xO=U Qw]x@ =Q u; u=wD|t xJQo = &OwW|t |iQat OQmQ=m u=tR CQwYx@ Q=m
|=y|oS} w Qou=}@ R}v |]}Lt \}=QW "OQm h}YwD O@ w \UwDt '?wN |Q=m \}=QW
Qw]x@ """w Q=Wi 'C@ w]Q OYQO '=tO Ovv=t &Ovm|t Q=m u; QO xa]k xm CU= |]}Lt
pOt "OQm h}YwD O@ w \UwDt '?wN CQwYx@ R}v =Q |]}Lt \}=QW u=wD|t xO=U
uOQm^=Lr |=Q@ 12�PHM� |@Uv |@=QN MQv pOt w 11�ALM� Qta `} QUD pOt
|DvU CQwYx@ =ypOt u}= "OwW|t x�=Q= u=v}t]= C}r@=k pOt QO jwi |=yQDt=Q=B

[10]"Ov=xDW=O OQ@ Q=m u=v}t]= C}r@=k w |mWRB 'O=YDk= QO
(ALM)Qta `} QUD pOt "1"1"3

CLD xm CU= |}xa]k R= =v@t |=k@ `@=D l} OwHw ALM |xYNWt u} QDsyt
|i}YwD Q}eDt q xm OW=@ q � 1 Q=OQ@ l} z Qo = "CU= |i}YwD |=yQ}eDt Q}F-=D
\}=QW %R= Ow@ Oy=wNCQ=@a |i}YwD |=yQ}eDt j}kLD u}= OQwtQO 'OQ=O Q@ QO =Q
�1 w 1 '0 Q}O=kt Ovv=wD|t xm (q = 2) '�O� |OQmrta \}=QW w �E� |]}Lt
x@ xHwD =@ [11]"Ovvm Q=}DN= ?U=vt =v w ?wN '\UwDt |Q=m \}=QW |=Q@ ?}DQDx@ =Q

[12]%s} Q=O pOt u}=
R(tjz) = R(	(z)tjz = 0) (1)

"CU= xDU@=w z QO |i}YwD |=yQ}eDt x@ xm CU= \@=Q `@=D l} 	(z) u; QO xm
=Hv}= QO xm CU= QiY =@ Q@=Q@ |i}YwD |=yQ}eDt |xty uDW=O Q_=vDt z = 0
u=tR x@ 	(z) |x]U=wx@ |i}YwD |=yQ}eDt "CU= \UwDt |Q=m \}=QW Qou=}@
=[Q= =yz |xty |=Q@ =Q 	(z) > 0 w 	(0) = 1 \}=QW xm OvwW|t \@DQt Qta

"Ovm|t
Q=m x@ \@=Q `@=D u=wvax@ ,qwtat xm CU= |[=} Q pOt l} |}=tv� |]N `@=D

[11]%R= CU= CQ=@a u; u=}@ w OwW|t xDiQo
	(z) = e�

T z (2)

CU= |i}YwD Q}eDt q =@ Q_=vDt uw}UQoQ ?}=Q[ R= q � 1 Q=OQ@ l} � u; QO xm
|i}YwD |=yQ}eDt 'OW=@ 	(z) > 1 Qo = pOt u}= QO "CU= u; |xO=yv=QD �T w
=v@t |xa]k x@ C@Uv u=tR pw] QO C=a]k u; QO xm OvDUy |NQv |xOvyO?=DW
u}= QO xm |OQwt QO "Ovvm|t Ovm =Q u; OW=@ 	(z) < 1 Qo = w 'Ovvm|t CmQL
w |]}Lt \}=QW =@ \=@DQ= QO �O w �E |=ys=vx@ C@=F wO OwW|t xar=]t Q=DWwv

%CW=O s}y=wN 2 |xrO=at \U@ =@ "CW=O s}y=wN |OQmrta \}=QW
	(z) = e�O:O+�E :E (3)

(PHM) |@Uv |@=QN MQv pOt "2"1"3
CmQL u=tR pw] QO u; =@ xa]k xm Ovm|t pOt =Q |NQv ALM pOt xm |r=L QO
pOt "Ovm|t pOt 	(z) ?} Q[ =@ =Q |@=QN MQv `@=D xO=U Qw]x@ PHM 'Ovm|t

=ysDU}U u}= |UQDUO C}r@=k w u=v}t]= C}r@=k Q@ |oOwUQi Q}F-=D [6]CU= xDiQo
|xO}OB uDiQo Q_v QO sOa xmCU= xO=O u=Wv xOt;CUO x@ G}=Dv "CU= xOW|UQQ@
'lU} Q C=@U=Lt QO xm OwW|t Ea=@ 'xvym |=ysDU}U QO XwYNx@ '|oOwUQi
C}r@=k |x@U=Lt |=Q@ 'Qo}O|WywSB QO "OwW|ak=w Q=Okt R= QDsm xOWx@U=Lt Q=Okt
pm}U |DQ=QL x=owQ}v l} 5CQ=QL ?=} R=@ Q=N@ Orwt QO u=v}t]= C}r@=k w |UQDUO
"CU= xOW xO=iDU= Weibull++ Q=Ri=sQv R=|@=QN |=yxO=O p}rLD |=Q@ [7] |@}mQD
6�NHPP� uwU=wB uoty Q}e Ov}=Qi uO=Ou=Wv |=Q@ u}kkLt Qo}O |}xar=]t QO
[8]"Ov=xOQm xO=iDU= 7nv}v}D sD} Qwor= R= 'CQOk |=ysDU}U |oOwUQi |xO}OB R=
x@ =Q wrQ=mCvwt |R=Ux}@W VwQ sDU}U |xDWPo OQmrta uOQm^=Lr |=Q@ =yu;
Q=@ u=Oki XN=W sDU}U |oOwUQi u=R}t V}=Ri= =@ xm Ov=xO=O u=Wv w xDiQo Q=m
CQOk sDU}U |xOWvO}rwD =t= Q=_Dv= OQwt |SQv= u=R}t xm '8�LOLE� Q=_Dv= OQwt
|R=UpOt QO R}v xO}OB u}= Q[=L Q=DWwv QO "Ci=} Oy=wN V}=Ri= R}v 'Ov=UQ|t =Q

"CU= xOW xO}O ?=} R=@ Qr} w@

u=v}t]= C}r@=k h} Q=aD "2
`k=w EL@ OQwt xar=]t u}= QO xm |a@=wD C}y=t uOW uWwQ |=Q@ CtUk u}= QO

"CU= xOW h} QaD Q=YDN=x@ u=v}t]= C}r@=k syt `@=wD 'OwW|t
COt |=Q@ =Q xa]k =} sDU}U ?wr]t OQmQ=m p=tDL= `@=D u}= %u=v}t]= C}r@=k
C}r@=k Qo = h} QaD u}= j@=]t "Ovm|t u}}aD XNWt \}=QW CLD XNWt u=tR
uwO@ t u=tR =D sDU}U xm u; p=tDL= OW=@ r =@ Q@=Q@ t u=tR QO sDU}U l} u=v}t]=

[9]"Ow@ Oy=wN r =@ Q@=Q@ Ovm Q=m |@=QN
"Ov=UQ|t =Q u=tR OL=w QO sDU}U l} |@=QN ẁkw nvy; `@=D u}= %|@=QN MQv
Q=m R= xa]k Nf 't u=tR =D w OvW=@ Q=m p=L QO xa]k N =OD@= QO Qo = 'p=Ft |=Q@
Q@=Q@ t QO |@=QN MQv 'OvW=@ xDW=O |oO=Di=Q=m R= p=tDL= R}v xa]k Ni w OW=@ xO=Di=

[9]"Ow@ Oy=wN Ni=(N �Nf) =@
u=tR QO `@=D u}= xJv; 'O} Q}o@ Q_v QO ,=OOHt =Q jwi \}=QW %p=tDL= |r=oJ `@=D

[9]"Ni=N =@ CU= Q@=Q@ Ovm|t u=}@ t

Q=m VwQ "3
pwLD w Q}}eD x@ |DQ=QL |=yx=owQ}v ,=YwYN jQ@ O}rwD |=yx=owQ}v QO pwLD w Q}}eD
|Q=m \}=QW %CU= syt QwDm =i wO `@=D Qt= u}= "CU= xDU@=w x=owQ}v |vt}= |=RH= QO
=yx=owQ}v QO "|Q=Oxov w Q}taD C=}rta w �|OQmrta\}=QW sy w |]}Lt\}=QW sy�
C=Q}taD 'uOwtR; Ovv=t 'OvQ}o|t Q=Qk |O=} R |Q=Oxov w Q}taD C=}rta CLD <=RH=
OwHw =RH= u}@ |Dw=iDt Q=}U@ |OQmrta \}=QW 'xwqax@ "10|LqY= w 9xv=Q}oV}B
"OwW|t xOy=Wt x=owQ}v QO R}v |Dw=iDt Q=}U@ |]}Lt \}=QW Qo}O |wU R= "OQ=O
\}=QW sy xm x=owQ}v l} u=v}t]= C}r@=k |=Q@ Qta x@ xDU@=w pOt l} |x�=Q= u}=Q@=v@
Oy=wN O}it Q=}U@ '|Q=Oxov w Q}taD C=}rta sy w OW=@ xOW ^=Lr u; QO |Q=m
|=yQDt=Q=B |R=U |tm u=mt= xm OwW|t x�=Q= |rOt Q=DWwv u}= QO 'Qw_vtu}O@ "Ow@
"Ovm|t sy=Qi 'OvQ=PoQF= R}v xa]k u=v}t]= C}r@=k Q@ xm =Q xa]k Qta Q@ QF<wt hrDNt

"OQw; CUO x@ x=owQ}v |@=QN C=aq]= |wQ R= u=wD|t =Q pOt |=yQDt=Q=B
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"CU= xOWv |Q}taD w|Q=m\}=QWuOw@C@=F Q@|v@t|[QiI}y|rmCr=LQO "CU=

PAS |oOwUQi pOt "3"2"3
xa]k 'u; QO xm xa]k R= |Qta " ?} Q[ =@ xm CU= u}= Q@ ZQi PAS pOt QO
QO " xm ZQi u}= =@ [11]"Ovm|t =O}B Vy=m |@Uv Qw]x@ xOW Q}taD C=}rta OQ=w
" = 0 Qo = w 'GAN CQwYx@ Q}taD OW=@ " = 1 Qo = 'Ovm|t Q}}eD [0; 1] xR=@
u}t=m uOv=QPo R= Oa@ xa]k Qta u}= Q@=v@ "CU= BAO CQwYx@ C=Q}taD OW=@

%R= Ow@ Oy=wN CQ=@a Q}taD
w+
m = (1� "m):[w+

m�1 + 	(zm):(tm � tm�1)] (6)

PAR |oOwUQi pOt "4"2"3
Q}taD R= xm � =Q xa]k Qta R= |WN@ =yvD Q}taD xm Ov=UQ|t =Q swyit u}= PAR pOt
"Ov=t|t |k=@ Q}F-=D uwO@ u; |x}k@ xm |DQwY QO [11]Ov=OQo|tQ@ �xOt;CUO x@ |r@k
u; QO &OUQ|t t=� x@ t R= xa]k Qta Q}taD QF=Q@ xm xOW ZQi u}vJ pOt u}= QO
wO u}@ xOW |QBU u=tR t w OQ=O Q=Qk [0;1] |xR=@ QO xm CU= Ow@y@ ?} Q[ �

xO=U BAO pOt x@ PAR pOt 'CU= 1 pO=at � xm |v=tR "CU= |r=wDt Q}taD
xO=iDU= =@ "OwW|t xYqN GAN pOt x@ pOt u}= � !1 xm |v=tR w OwW|t
Q}taD u}t=m R= TB xa]k Qta '|Q=m \}=QW Q}F-=D uOQm ^=Lr |=Q@ ALM pOt R=

%x@ OwW|t p}O@D
w+
m = w+

m�1 + (1� 1/�m):	(zm):(tm � tm�1) (7)

u=v}t]= C}r@=k |=Q@ Qta x@ xDU@=w pOt "3"3
=@ TBU "s} R=OQB|t ?U=vt |x}rw= |@=QN MQv `@=D |iQat x@ =OD@= CtUk u}= QO
ltmx@ 'x}rw= |@=QN MQv `@=D w C=R}yHD |=Q@ |Q}taD w |Q=m \}=QW uDiQo Q_v QO
xDU@=w *u=v}t]= C}r@=k |R=UpOt |=Q@ |@=QN MQv `@=D PAR w PAS |=ypOt
`@=D l} CQwYx@ x}rw= |@=QN MQv `@=D "OwW|t xOQw; CUO x@ C=R}yHD *Qta x@
u}= R= xO=iDU= Cra w |ovwoJ OQwtQO� OwW|t xDiQo Q_v QO p=@} w |xQ}eDtwO

%�OW Oy=wN xO=O K}[wD xt=O= QO `} RwD
h(t) = �:
:t
�1 (8)

u=tR =@ xm �� |@=QN MQv l} =@ xm CU= T=}kt QDt=Q=B � w pmW QDt=Q=B 
 u; QO xm
`@=D OW=@ 
 < 1 Qo = "CU= \=@DQ= QO Ovm|t Q}}eD �t� ?Yv `kwt R= xOW |QBU

"O@=}|t V}=Ri= `@=D u}= OW=@ 
 > 1 Qo = w Vy=m CN=wvm} Qw]x@ |@=QN MQv
u=v}t]= C}r@=k `@=D "1"3"3

?Yv *u=tR R= xOW |QBU Qta x@ C@Uv u=v}t]= C}r@=k `@=D uOQw; CUO x@ |=Q@
%OQm xO=iDU= 9 |x]@=Q R= O}=@

R(w) =
1Z
w

f(u)du = 1�
wZ

0
f(u)du (9)

C}r@=k `@=D uOQw; CUO x@ |=Q@ "CU= |@=QN ẁkw p=tDL= |r=oJ `@=D f u; QO xm
x@ C@Uv |@=QN ẁkw p=tDL= *|r=oJ *̀ @=D xm CU= sRq u=tR x@ C@Uv u=v}t]=
l} x@ l} `@=D l} u=tR x@ C@Uv Qta `@=D xm =Hv; R= "OwW xOQw; CUO x@ u=tR
Ov=l} x@ l} sy x@ C@Uv u=Wu=tR w Qta `@=D xm |}=yxR=@ x@ =Q u; O}=@ 'CU}v

[13]%OQm h} QaD u}vJ u=wD|t =Q PHM

h(t) = 	(z):h0(t); t � 0 (4)

Qo = w OvyO|t V}=Ri= =Q |@=QN MQv `@=D |i}YwD |=yQ}eDt 'OW=@ 	 > 1 Qo =
|[=} Q pOt R= ,qwtat 'ALM pOt Ovv=ty "OvyO|t Vy=m =Q u; OW=@ 	 < 1

"Ovvm|t xO=iDU= \@=Q `@=D u=wvax@ |}=tv� |]N

p=xO}= Q}e C=Q}taD w ALM pOt =@ C=R}yHD |oOwUQi "2"3
p=xO}= Q}e C=Q}taD "1"2"3

?wN� Q=}at |m} &OvHvU|t Q=}at wO =@ =Q |Q=Oxov w Q}taD C=}rta Q}F-=D |rm Qw]x@
u; QO xm xm OQ}o|t CQwY |}xvwox@ Q}taD u; QO xm CU= �13�GAN� wv x@=Ftx@
�14xvym x@=Ftx@ O@� Q=}at |Qo}O w &Ovm|t pta wv |xa]k l} Ovv=t Q}taD R= TB
u; x@ xm OW=@ xDW=O =Q |@=QN R= p@k xrY=iq@ \}=QW 'Q}taD R= TB xa]k u; QO xm
ODi=|t j=iD= xJv; C}ak=w QO |rw Ov=|OL Cr=L wO u}= xJQo "Ov} wo|t BAO

x@ O};|tvQO wv ,qt=m CQwYx@ Q}taD R= Oa@ xa]k xm =Hv; R= w 'CU= u}@=v}@ |Dr=L
C=Q}taD s=Hv= p}rOx@ CU= umtt xD@r= "OwW|t xDio p=xO}= Q}e Q}taD 'Q}taD ẁv u}=
u; Qta R= QDW}@ Q}taD R= Oa@ xa]k Qta '|Q=Oxov w Q}taD C=}rta pw] QO Q[t
Vy=m pOt wO =Hv}= QO "OwW|tv xDN=OQB u; x@ xr=kt u}= QO xm 'OW=@ Q}taD R= p@k
Q}F-=D |UQQ@ |=Q@ 16�PAS� |@Uv Qta CWoR=@ w 15�PAR� Vy=m |@Uv Qta

"OwW|t |UQQ@ =y|@=QN ẁkw MQv uDiQo Q_v QO =@ |Q=Oxov w C=Q}taD C=}rta
xOW |QBU u=tR p@=kt QO Qta "2"2"3

u=tR R= xOW |QBU u=tR x@ xm OQm u=}@ |}xDUw}B Q}e `@=D =@ u=wD|t =Q xa]k Qta
Qta u}=Q@=v@ "OQ=O |oDU@ |Q=Oxov w C=Q}taD C=}rta w |Q=m \}=QW w xa]k ?Yv
Q}F-=D� C=Q}taD u} QN; R= Oa@ u; Qta R= |a@=D =@ u=wD|t =Q X=N u=tR l} QO xa]k
u=tR R= xOW |QBU xQwO QO u; Qta Q}}eD xi=[=x@ �|Q=Oxov w C=Q}taD C=}rta
pOt uOQ@ Q=m x@ =@ |Q=m \}=QW Q}F-=D "�|Q=m \}=QW Q}F-=D� OQm u=}@ C=Q}taD u} QN;
u}= QO xm O@=}|t C}LHQ= p}rO u}= x@ ALM pOt =Hv}= QO "OwW|t u=}@ ALM

u}= "OwW|t \@DQt xOW |QBU u=tR x@ '\@=Q `@=D =@ 's}kDUt Qw]x@ xa]k Qta pOt
|OQmrta \}=QW CLD w xOW xO=O u=tR COt QO xa]k 'u; =@ xm =Q |NQv V}=tv Qt=
" QDt=Q=B =@ C=Q}taD Q}F-=D "Ovm|t QDxO=U =Q OwW|t xOwUQi XNWt |]}Lt w
Q}e C=Q}taD R= |Y=N pOt w OQ=O =Q 1 w QiY u}@ |Q=Okt xm OwW|t xO=O V}=tv
'CU= Q}taD u}t=m CLD xa]k Q=QkDU= u=tR Qou=Wv tm "OyO|t jiw =Q p=xO}=
Qta Q}}eD R}v wm+1(t; "; z) &Ovm|t u=}@ =Q xa]k ?Yv R= xOW |QBU u=tR w
u=Wv m + 1 w m C=Q}taD u}@ |v=tR xR=@ |=Q@ t xOW |QBU u=tR =@ =Q xa]k
C=Q}F-=D xm CU= f"1; "2; "3; :::; "mg CQwYx@ |}xawtHt " QDt=Q=B "OyO|t
fz1; z2; :::; zm+1g CQwYx@ |}xawtHt z w 'OyO|t u=Wv =Q t u=tR =D Q}taD
"Ovm|t u=}@ i |v=tR xQwO QO =Q xa]k Qy |Q=m \}=QW �zi� u; <RH Qy xm CU=

Q}taDC=}rtap}rOx@ xa]k xm|v=tR xmCU=u; Q@ZQi =Hv}= QO xm OwW|t Qw;O=}
|WwBsWJ p@=k w lJwm Q=}U@ xa]k OQmQ=m u=tR p@=kt QO Ovm|tv Q=m |Q=Oxov w

%OwW|t u=}@ u}vJ xa]k Qta Q}}eD m+ 1 |v=tR xQwO QO u}=Q@=v@ "CU=
wm+1(t; "; z) = w+

m + 	(zm+1):(t� tm); t � tm (5)

C=Q}taD pOt x@|oDU@ xm 'CU= s=m Q}taD R= Oa@ xrY=iq@ xa]k Qtaw+
m u; QO xm

xmCU=\@=Q `@=D 	(zm+1)u}vJty "�PAS =} PAR� OQ=O xOW?=NDv= p=xO}=Q}e
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RQ=

x=owQ}v ?=} R=@ |=yQr}w@ |=Q@ pOt |=yQDt=Q=B |x@U=Lt "4"3
s�=k Q_Dvt


 w � |=yQDt=Q=B x@U=Lt "1"4"3
*Q}O=kt u}= =@ [13]"CU= xOW x�=Q= |]@=wQ '8 |x]@=Q QO 
 w � Q}O=kt u}tND |=Q@
xm O}vm ZQi "OQm x@U=Lt =Q Q_v OQwt `@=wD Qo}O w |@=QN MQv u=wD|t |v}tND
C=aq]= T=U=Q@ |UOvyt |xO}J}B sDU}U l} u=v}t]= C}r@=k |@=} RQ= hOy
u=Um} |]}Lt \}=QW QO xm CU= sDU}U u}ty R= xvwtv k R= xOt; CUO x@ |@=QN
OwYkt w 'CW=O s}y=wNv =Q 
 w � Q}O=kt pta QO =t xm CU= |a}@] "Ov=xOQm Q=m
Q=m x@ ẁQW u=tR "CU= sDU}U k x@ \w@ Qt C=aq]= T=U=Q@ Q}O=kt u}= OQw;Q@
sDU}U u}t=q xm O} Q}o@ Q_v QO "OwW|t xDiQo Q_v QO QiY �Qta� |x_Lr 'sDU}U
Nq Qo = [Sq; Tq] |xR=@ QO "OQ=O Q=Qk Q_v Q} R xDUw}B Qw]x@ Tq =D Sq |x_Lr R=
QO sDU}U Qta wiq w OW=@ sDU}U u}t=q \UwD xOW xOy=Wt |=y|@=QN O=OaD
%=@ CU= Q@=Q@ ~
 w ~� |va} 
 w � |=Q@ "18�MLE� OW=@ sDU}U u}t=q |@=QN u}t=i

�̂ =

KP
q=1

Nq

KP
q=1

(T 
̂q � S 
̂q )
(16)


̂ =

KP
q=1

Nq

�̂
KP
q=1

(T 
̂q lnTq � S 
̂q lnSq)� KP
q=1

NqP
i=1

lnwiq

(17)

CQwYx@ =Q ~
 w ~� pL |=Q@ CqO=at 's=a Qw]x@ "CU= 0: ln 0 = 0 \@=wQ u}= QO
"OvwW pL |OOa CQwYx@ xOvwWQ=QmD |=yxR=OQB QO O}=@ w OQm pL u=wD|tv |vt[
Oy=wN CQ=@a |@=QN MQv `@=D |=Q@ MLE '~
 w ~� |=yu}tND uOw@swrat CQwYQO

%R= Ow@
ĥ(t) = �̂:
̂:t
̂�1; t > 0 (18)

xar=]t OQwt ?=} R=@ |=yQDt=Q=B x@U=Lt R= pY=L G}=Dv� 
 w � |=yQr} w@ |=Q@
xOt; 2 pwOH QO '=yQDt=Q=B u}= |HvU CLY uwtR; x@ \w@ Qt G}=Dv w 1 pwOH QO

�"CU=
� QDt=Q=B |x@U=Lt "2"4"3

OQwt sDU}U QO xm u}= x@ xHwD =@ [12]"CU= xOW |iQat |]@=wQ � u}tND |=Q@
xOW xDiQo Q_v QO \UwDt wO Qy |OQmrta w |]}Lt \}=QW Q=DWwv u}= QO xar=]t
R= Cw=iDt |Q=m \}=QW |=Q@ |@ QHD C=aq]= w �C = 0 w E = 0 |va}� CU=
Qr} w@ |=Q@ � QDt=Q=B |x@U=Lt swRr w u=mt= 'xOw@v TQDUO QO R}v x@=Wt |=ysDU}U

"OwW|t |iDvt Q=DWwv u}= QO ?=} R=@
"?=} R=@ |=yQr}w@ |=Q@ p=@} w |=yQDt=Q=B "1 pwOH

� �
C}iQ_ Qr}w@ s=v
�MW� ?=} R=@

2813 2 1 0094 50 s�=k Q_Dvt
696 35 0 46 500 HRSG1
2071 79 0 60 500 HRSG2

u}=Q@=v@ "Ow@ Ovy=wN C=Q}taD u}@ |v=tR pY=wi u=ty =yxR=@ u}= =Hv}= QO "OQm s}UkD
\@DQt u=tR x@ =Q Qta xm ALM pOt R= xO=iDU= ZQi =@ w 5 |x]@=Q x@ xHwD =@

%CW=O s}y=wN 'OR=U|t
t = g(w) = (w � w+

m)	�1(zm) + tm; tm � t � tm+1
(10)

|r=oJ `@=D |=Q@ '�8 |x]@=Q� OW=@ p=@} w `} RwD =@ j@=]t w |=Q@ |@=QN MQv `@=D Qo =
%s} Q=O w ?ULQ@ |@=QN p=tDL=

f(w) = 	(z)�
w
�1e�	(z)�w
 (11)

ltmx@ t ?ULQ@ p=tDL= |r=oJ `@=D 'OwW \@DQt w x@ 10 |x]@=Q =@ t Qo = w
%O};|t CUO x@ 12 |x]@=Q

f(t) = f(w�)�� dw�
dt

�� (12)

=D 10 \@=wQ x@ xHwD =@ "CU= t = g(w) xrO=at |k}kL xW} Q l} w� u; QO xm
%=@ Ow@ Oy=wN Q@=Q@ u=tR ?ULQ@ |@=QN p=tDL= |r=oJ `@=D 12

fm(t) =

	(zm)�
(w+
m+ 	(zm)(t� tm))
�1e�	(z)�(w+

m+	(zm)(t�tm))
���1/	(zm)
���

tm � t � tm+1; (13)

%Ot; Oy=wN CUO x@ 14 |x]@=Q R= u=v}t]= C}r@=k `@=D u}=Q@=v@

Rm(t) =
1Z
t

fm(t0)dt0 =
1Z
t

	(zm)�
(w+
m+	(zm)(t0�tm))
�1e�	(z)�(w+

m+	(zm)(t0�tm))
����1/	(zm)

���� dt0

tm � t � tm+1; (14)

%CW=O s}y=wN CU= C@Ft xQ=wty 	(zm) uwJ w
Rm(t) = e�	(zm)�(w+

m+	(zm)(t�tm))
 ; tm � t � tm+1
(15)

|@ QHD |=yxO=O |=Q@ ?U=vt `} RwD ?=NDv= "2"3"3
xO=iDU= |xR=H= |oOwUQi |xO}OB uDiQo Q_v QO uwJ 'OW xDio QDV}B xm u=vJ
hrDNt `@=vt QO xJv; T=U=Q@ R}v w 'OyO|tv =Q C@=F |@=QN MQv =@ |=y`} RwD R=
sDU}U |=Q@ =y|@=QN xm Ow@ Oy=wN u}= Q@ =t ZQi =Hv}= QO [11w8]'xOW O=yvW}B
pmWx@ |@=QN MQv |=Q=O NHPP |xR=OQB T=U=Q@ �?=} R=@ Qr} w@� xar=]t p=L QO
QwPHt uwtR;� |Q=t; |=yQ=R@= ltmx@ xt=O= QO ZQi |DUQO "CU= 8 |xrO=at
CQ=QL ?=} R=@ Qr} w@ |@=QN MQv `@=D xm CU= ?r]t u}= u}@t w xOW |UQQ@ �17=m
O}t= `@=D |=Q=O h(t) |@=QN MQv =@ NHPP |xR=OQB "CU= p=@} w `} RwD =@ j@]vt
xR=@ QO Q=_Dv= OQwt |=y|@=QN O=OaD Qou=}@ xm 'CU= E[N(t)] = �t
 |[=} Q

"CU= (0; t) |v=tR
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LOt
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kLQ
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t=}U "s�=k Q_Dvt x=owQ}v ?=} R=@ |=yQr}w@ |=yxO=O |wQ |=m |a@ Qt uwtR; G}=Dv "2 pwOH
9 8 7 6 5 4 3 =yxDUO O=OaD
7 6 5 4 3 2 1 �v� |O=R; xHQO

5 0911 4 8300 7 6671 1 5683 1 8354 2 3215 1 1251 �2

64 88 56 57 17 55 81 44 60 72 31 32 28 88 ��� �2=@ Q_=vDt �
18 475 16 812 15 086 13 277 11 345 9 210 6 635 �2

C�1
14 067 12 592 11 070 9 488 7 815 5 991 3 841 �2

C�5

u=}@ RwQ ?ULQ@ =yxO=O� s�=k Q_Dvt x=owQ}v ?=} R=@ |=yQr}w@ |@=QN Q=t; "3 pwOH
"�Ov=xOW

6 Qr}w@ 5 Qr}w@ 4 Qr}w@ 3 Qr}w@ 2 Qr}w@ 1 Qr}w@
19 26 p=U C=aq]= p=U C=aq]= 29 162
57 48 QO pw= QO pw= 144 323
325 124 TQDUO TQDUO 168 360
484 352 OW=@|tv OW=@|tv 296 397
580 533 539 432 441 455
602 600 912 539 715 511
671 614 961 873 762 581
823 682 1026 912 885 715
964 754 1328 937 1025 741
977 818 1483 969 1139 757
1154 824 1487 972 1156 784
1156 912 1524 1021 1315 803
1353 1022 1530 1034 1396 873
1431 1147 1535 1164 1459 1022

1166 1181 1465 1060
1196 1468 1091
1392 1577 1125
1425 1135
1668 1149

1276
1367
1443
1540
1556
1680

5 R= QDq=@ ?D=Qtx@ |Q}O=kt xm CU= xOt; R}v uwtR; R= pY=L �2 Q}O=kt =@ Q_=vDt
"OvQ=O OYQO

EL@ w G}=Dv "4
QiY =@ Q@=Q@ xar=]t OQwt ?=} R=@ Qr} w@ |=Q@ C w E |=yQDt=Q=B 'OW xDio xm u=vJ
1 Q@=Q@ u; Q=Okt 'OwW Q=}DN= 6 |xrO=at j@=]t \@=Q `@=D Qo = ?}DQD u}= x@ "OvDUy
x@U=Lt Q}O=kt x@ xHwD =@ u}=Q@=v@ "	(z) = e�z = e0 = 1 %|va} 'Ow@ Oy=wN
PAS w PAR pOt T=U=Q@ xOW |QBU u=tR p@=kt QO Qta C=Q}}eD Q=Owtv xOW

|=y|@=QN u=tR C=aq]= x@ |UQDUO 'R}v 
 w � |=yQDt=Q=B |x@U=Lt |=Q@
p=U 5 OwOL |=yC}tQB |wQ R= C=aq]= u}= "CU= R=}v OQwt =ysDU}U |xDWPo
x=owQ}v sQDLt u}rw�Ut ltmx@ s�=k Q_Dvt |@}mQD pm}U x=owQ}v Q=N@ VN@ xDWPo
xU xm CU= x@=Wt ?=} R=@ Qr} w@ VW |=Q=O x=owQ}v u}= "�3 pwOH� CU= xOW x}yD
|HwQN OwO \UwD R}v Q=N@ O}rwD |=Q@ R=}v OQwt |SQv= "Ovvm|t x}PeD =Q Q=N@ OL=w
xOw@ C=w=ot 100 Q=N@ OL=w Qy C}iQ_ "OwW|t sy=Qi R=o u}@ QwD VW RwRo = R=

"Ovm|t sy=Qi =Q u; R=}v OQwt Q=N@ R= |t}v Qr} w@ Qy xm
|Q=Oxov w C=Q}taD C=}rta |x}rm xDWPo C=wvU QO xm CU= QmP x@ sRq
w u=tR xOW x�=Q= pOt x@ xHwD =@ Qo}O CQ=@ax@ "CU= xOW ZQi BAO CQwYx@

"OvQo}Om} =@ j@]vt sDU}U Qta
s�=k Q_Dvt x=owQ}v ?=} R=@ |=yQr}w@ |@=QN |@ QHD C=aq]= "3"4"3

QN=w= =D 1386 p=U R= s�=k Q_Dvt x=owQ}v ?=} R=@ Qr} w@ VW |=Q@ |@=QN C=aq]=
|=yQr} w@ OQwt QO xm OwW|t Qw; QwO=} "�3 pwOH� CU= xOW |Qw; OQo 1390 p=U
C=aq]= x@ xHwD =@ "CU= Oa@ x@ 1387 p=U R= OwHwt C=aq]= 4 w 3 xQ=tW
?=} R=@ Qr} w@ |=Q@ p=@} w |=yQDt=Q=B MLE VwQ T=U=Q@ xOWx�=Q= sD} Qwor= w |@=QN

%CU= u}vJ s�=k Q_Dvt x=owQ}v
� = 3 6544failure

year
; 
 = 1 0094

|v=tR xR=@ QO Qr} w@ |=y|@=QN xm OyO|t u=Wv 1 OOa x@ 
 QDt=Q=B uOw@l}ORv
|oOwUQi =} |Q}B |xrLQt x@ OwQw p=L QO w CU= |iO=YD CQwYx@ xar=]t OQwt
O}=@ [7]xOt; CUO x@ Q}O=kt =@ xOW xOR u}tND |=yQDt=Q=B |xU}=kt |=Q@ "CU=
OyO|t u=Wv xU}=kt "� = ��
 w � = 
 xm CW=O xHwD w 'OQm p}O@D =Q =yOL=w
QDnQR@ 1 pwOH QO xOW QmP Qo}O Qr} w@ wO Qy R= s�=k Q_Dvt Qr} w@ T=}kt QDt=Q=B xm
u}= "CU= Qo}O OQwt wO =@ xU}=kt QO Qr} w@ u}= QDW}@ |=y|@=QN Qou=Wv xm CU=
"OQ=O OwHw =yv; QO |y@=Wt |L=Q] s}v=O@ xm Ovm|t =O}B |vat CyH u; R= xU}=kt
Qr} w@ QO |@=QN pra u} QDsyt R= u; |@=QN xm QD}yQB wU |=yxrwr TvH u}vJty
u}= "CU= xOt; =m QwPHt uwtR; G}=Dv R}v 2 pwOH QO "CU= u=Um} =yv; QO CU=
xR=@ "OwQ|t Q=m x@ |[Qi G}=Dv =@ |@ QHD G}=Dv j=@]v= u=R}t VHvU |=Q@ uwtR;
R= =yxR=@ O=OaD Qo = "OQm s}UkD hrDNt |=yxDUO O=OaD x@ u=wD|t =Q xar=]t OQwt
p=@} w `} RwD OQwtQO� Q_v OQwt `} RwD uOWXNWt |=Q@ R=}v OQwt |=yQDt=Q=B O=OaD
CUO x@ uwtR; u}= QO �v� |O=R; C=HQO O=OaD OwW sm �CU= 2 Q@=Q@ OOa u}=
=@ |}xDUO w [3]OW=@ QDnQR@ 1 R= v xm OW=@ |}xvwox@ O}=@ =yxDUO O=OaD "Ov};|t
QO xm |OQwtQO =yxR=@ O=OaD C=mv u}= x@ xHwD =@ [9]"s}W=@ xDW=Ov 5 R= QDsm |v=w=Qi
uwtR; u}= "OW=@ 9 =D 3 u}@ O}=@ 2 pwOH O=Oa= x@ xHwD =@ OwW|t EL@ xr=kt u}=
|=Q@ �2 Q}O=kt xm OyO|t u=Wv G}=Dv "CU= xOW s=Hv= QwmPt Cq=L xty |=Q@
"CU= QDsm �5 w �1 X}NWD K]U |=Q@ |v=QL@ Q}O=kt R= ?D=Qtx@ |[Qi `} RwD
X}NWD K]U 2 pwOH QO "OwW|t OQ |[Qi w |@ QHD G}=Dv j=@]v= sOa =Pr
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w Q}taD Q}@=OD uDiQo Q_v QO uwO@ u=tR ?ULQ@ u=v}t]= C}r@=k C=Q}}eD "4 pmW
"|Q=Oxov

"PAR w PAS pOt wO |=Q@ u=tR ?ULQ@ u=v}t]= C}r@=k C=Q}}eD "5 pmW

"u=v}t]= C}r@=k |wQ C=Q}taD C}i}m Q}F-=D "6 pmW

p}t |OL Q=Okt l} x@ Qta PAS pOt R= xO=iDU= =@ "Ow@ Oy=wN 1 pmW CQwYx@
R= xO=iDU= =@ "�1 pmW� Ow@ Oy=wNv xvwou}= PAR pOt R= xO=iDU= =@ |rw Ovm|t
2 pmW j@=]t " hrDNt Q}O=kt |=Q@ u=tR ?ULQ@ Qta C=Q}}eD OvwQ PAS pOt
u=wD|t OW=@v �QiY =@ Q@=Q@ "� BAO xm |DQwYQO 'OwW|t xOy=Wt xm u=vJ "CU=
xwqa "OQm |Q}owrH X=N Q=Okt l} R= V}@ Qr} w@ |oOwUQi R= 'C=Q}taD Q}@=OD =@
=ysDU}U u=v}t]= C}r@=k C=ar=]t QO xm |Qo}O `@=D R(t) u=v}t]= C}r@=k `@=D Q@
Q}O=kt |=Q@ `@=D u}= C=Q}}eD 3 pmW QO "CU= |@=QN MQv `@=D OQ=O xS} w C}ty=
|W}=Ri= OvwQ `@=D u}= xJv=vJ "OwW|t xOy=Wt �hrDNt |D=Q}taD \}=QW� "hrDNt
|xQwO QO OW=@ C@=F Qo = 'OQ@|t QU x@ |oOwUQi |xQwO QO sDU}U OW=@ xDW=O
x@ ?Yv ẁQW =} |@=}?}a |xQwO QO OW=@ xDW=O |Wy=m OvwQ Qo = w O}it Qta
pw] QO |D=Q}taD Q}@=OD uDiQo Q_v QO uwO@ �� R}v u=v}t]= C}r@=k `@=D "OQ@|t QU
QO xm xJv; x@ xHwD =@ "OwW|t 4 pmW j@=]t PAS pOt R= xO=iDU= =@ �� p=Ul}
Q@ C=Q}taD Q}F-=D 'PAR pOt R= |Q}oxQy@ =@ xm OR TOL u=wD|t OW xO}O 1 pmW
PAS pOt R= |Q}oxQy@ =@ xU}=kt QO �� sDU}U Qta Ovv=ty �� u=v}t]= C}r@=k `@=D
u}= QO "OQm xOy=Wt R}v 5 pmW QO u=wD|t =Q ẁ[wt u}= |DUQO "Ow@ Oy=wN QDsm
"CU= p=U wO |UQQ@ OQwt |v=tR xQwO w 10 C=Q}taD O=OaD w 0 5 =@ Q@=Q@ " Q=Owtv
Cr=L x@ BAO Cr=L R= C=Q}taD Q}F-=D uOW l}ORv |va} '" Q=Okt V}=Ri= =@
u}= x@ "�6 pmW� Ovm|t p}t QDW}@ |Q=Okt CtU x@ Qr} w@ u=v}t]= C}r@=k 'GAN

C}r@=k Q=Okt u} QDsm x@ uO}UQ |=Q@ OW=@ Q}}eD p@=k Q}e C=Q}taD O=OaD Qo = ?}DQD
|D}OwOLt xJv=vJ CQwY u}= Q}e QO "OQ@ q=@ =Q �"� C=Q}taD Q}F-=D u=wD|t 'u=v}t]=

"PAS w PAR pOt wO |=Q@ u=tR ?ULQ@ Qta C=Q}}eD "1 pmW

"Cw=iDt |=y" |=Q@ PAS pOt R= xO=iDU= =@ u=tR ?ULQ@ Qta C=Q}}eD "2 pmW
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t=}U Qr} w@ |wQ |UQQ@ u}= R= pY=L K}=Dv "OW |UQQ@ ?=} R=@ Qr} w@ l} u=v}t]= C}r@=k
|wQ}B |oOwUQi |xO}OB R= |mJwm MQv =@ u; |=y|@=QN xm O=O u=Wv xar=]t OQwt
C=Q}taD Q}F-=D uOQm^=Lr =@ u}vJty "OQ=O |iO=YD OvwQ =y|@=QN |xOta w Ovm|t
|@=} RQ= OQwt 'Cw=iDt |D=Q}taD Q}@=OD uOQm^=Lr =@ u=v}t]= C}r@=k C=Q}}eD 'pOt QO
C=Q}taD Q}F-=D Q}}eD =} 'C=Q}taD |v=tR xR=@ Q}}eD =@ xm O=O u=Wv G}=Dv "OW xO=O Q=Qk
u=Wv u}vJty "Ci=} CUO u=v}t]= C}r@=k R= Cw=iDt ?wr]t Q}O=kt x@ u=wD|t
"OyO V}=Ri= =Q Qr} w@ u=v}t]= C}r@=k |O=} R OL =D Ov=wD|t C=Q}taD xm OW xO=O
w Q}taD |R} Qxt=vQ@ |=Q@ u}vJty w |O=YDk= |=y|v}@V}B QO u=wD|t pOt u}= R=
Qr} w@ QO |@=QN ẁkw Cra u} QDxOta "OQm xO=iDU= Cw=iDt |Q=m \}=QW QO |Q=Oxov
XwYNx@ C=R}yHD |@=QN u; R= Oa@ w |v=Uv= |=]N u=wD|t R}v =Q xar=]t OQwt

"OQm QmP QD}yQB wU |=yxrwr
QmWD w Q}OkD

x=owQ}v u}rw�Ut R= u}vJty w |vi w |r=t |=y C}=tL p}rO x@ =vBt CmQW R=
u}= R=}v OQwt C=aq]= x�=Q= w |vi |=y |Q=mty p}rO x@ s�=kQ_Dvt |@}mQD pm}U

"OwW|t |Q=RoU=BU w QmWD j}kLD

s�qa CUQyi
|i}YwD |=yQ}eDt Q=OQ@ uw}UQoQ ?}=Q[ %�

p=@} w `} RwD QO pmW QDt=Q=B %

(failure/year) p=@} w `} RwD QO T=}kt QDt=Q=B %�

u=v}t]= C}r@=k `@=D %R(t)

|Q=Oxov w C=Q}taD C=}rta C}i}m xOvvm XNWt QDt=Q=B %"
z Q=OQ@ QO |OQmrta \}=QW xOvvm XNWt T}Ov= %O
z Q=OQ@ QO |]}Lt \}=QW xOvvm XNWt T}Ov= %E

(year or hour) sDU}U Qta %w
(failure/year) |@=QN MQv `}=D %h(t)

|@=QN p=tDL= |r=oJ `@=D %f(t)

�e�z� xOW x�=Q= pOt QO \@=Q `@=D %	(z)

(E,O) |i}YwD |=yQ}eDt Q=OQ@ %z
|[=} Q O}t= %E(N(t))

(failure/year) |atHD |@=QN MQv `@=D %H(t)

(year or hour) u=tR %t

"u=v}t]= C}r@=k |wQ C=Q}taD u}@ |v=tR |xQwO Q}F-=D "7 pmW

u}@ |v=tR xR=@ Vy=m � C=Q}taD O=OaD V}=Ri= =@ u=wD|t OW=@v C=Q}taD O=OaD QO
u}@ xR=@ pw] Q}F-=D 7 pmW QO "O}UQ ?wr]t u=v}t]= C}r@=k u} QDsm x@ �C=Q}taD
u}@ x=t s}vwl} w x=t xU 'x=tVW |=yxR=@ |=Q@CU= 0 5 =@ Q@=Q@ " |Dkw =Q C=Q}taD
xOy=Wt xm xvwov=ty "OQm xOy=Wt u=wD|t u=v}t]= C}r@=k |wQ 'C=Q}taD C=}rta

"O@=}|t Vy=m u=v}t]= C}r@=k pk=OL Q=Okt 'xR=@ pw] u}= V}=Ri= =@ OwW|t

?=} R=@ Qr}w@ QO |@=QN pra "5
xm OyO|t u=Wv x@=Wt |=yQr} w@ w xar=]t OQwt Qr} w@ |xU}=kt R= pY=L G}=Dv
"CU= ?=} R=@ |=yQr} w@ QO pwtat OL R= QDnQR@ xar=]t OQwt Qr} w@ QO |@=QN MQv
1 x@ l}ORv xar=]t OQwt ?=} R=@ Qr} w@ |=Q@ p=@} w `} RwD QO pmW QDt=Q=B |iQ] R=
|=Q=O =y|@=QN xm CU= ?r]t u}= |xOvyOu=Wv Qt= u}= 'OW xDio xm u=vJ w CU=
RwQ@ pt=wa u} QD|rY= R= |m} u=wD|t jwi p}rO wO Q@ =v@ "OvDUy |iO=YD s_v
[14]`@=vt R= |NQ@ QO "CUv=O |v=Uv= |=y|@=QN =Q xar=]t OQwt Qr} w@ QO |@=QN
xOta pra R= Qo}O |m} "CU= xOW x�=Q= =y=]N u}= |R=U|tm |=Q@ |}=yVwQ
|xOta Q=mwR=U xU `@D x@ OwN xm "CU= QD}yQB wU |=yxrwr |@=QN 'Qr} w@ QO |@=QN
XwYNQO 'OW xDio xm u=vJ xD@r= "|oOQwN w |oDUN 'VRN %OyO|t MQ |@=QN
|@=QN =@ xr@=kt QO |QDW}@ uRw |v=Uv= |=y=]N 'xr=kt u}= QO xar=]t OQwt ẁ[wt

"OvQ=O C=R}yHD

|Q}oxH}Dv "6
`@=D C=Q}}eD OvwQ Q@ |oOwUQi |xO}OB QF= 'Q=DWwv u}= QO xOW x�=Q= pOt ltmx@

=yCWwv=B
1. MTTF
2. CHP
3. Markov
4. mean time to failure (MTTF)
5. heat recovery steam generator (HRSG)
6. non homogenous poisson process (NHPP)

7. Thinning
8. loss of load expected (LOLE)
9. preventive maintenance
10. corrective maintenance
11. accelerated life model (ALM)
12. proportional hazard model (PHM)
13. good as new (GAN)
14. Bad As Old(BAO)
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15. proportional age reduction (PAR)
16. proportional age setback (PAS)
17. Chi square
18. maximum likelihood estimation
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