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�Q=}Wv=O� �|Uw]|a=QDN= O}tL
OyWt |UwOQi x=oWv=O 'l}v�t |UOvyt xwQo

O}rwD �<=We� s=vx@ |mR=v |=yxkQw CQwYx@ 'Pe=m w xJQ=B Ovv=t '|O=t <=}W= R= |Q=}U@
ZQat QO OvyO|tv u=Wv |Dtw=kt Q=Wi w VtN p@=kt QO O=wt u}= xm =Hv; R= "OvwW|t
C=yH QO |va} &OvDUy AwQDwDQ= X=wN |=Q=O =y=We u}= ?re= "OvQ=O Q=Qk |oOQwNu}J
l}B wQDwDQ= X=wN Q}F-=D |UQQ@ p=@vO x@ j}kLD u}= QO "OQ=O Cw=iD =yv; X=wN Cw=iDt

|Q_v p}rLD hrDNt |=yxw}W |iQat ut[ Qw_vtu}O@ "s}DUy u; |oOQwNu}J Q@ jQw
'AwQDwDQ= <=We |Q=PoQ=@ OQwtQO |twta |xr�Ut l} ?=NDv= =@ |}xv=}=Q |R=Ux}@W w

QO O=vDU= OQwt |r}rLD VwQ "OwW|t xar=]t <=We |oOQwNu}J Q@ hrDNt pt=wa Q}F-=D
|=DU=Q h=QLv= u=R}t QF= j}kLD u}= QO "CU= utO=Q |}=We p}rLD Q@ |vD@t '|Q_v OQm} wQ

|=y=DU=Q |a=HDQ= X=wN C@Uv w |oO}Wm u=R}t '<=We |O=t |=yQwLt O=ODt= R= Q=@
?r=k QO G}=Dv ',=D}=yv w |UQQ@ =yu; |=DU=Q w jta 'O=OaD 'u}J |xvt=O Q@ <=We |rY=

"CU= xOW x�=Q= Q=Owtv |O=OaD

armin.daneshvar@gmail.com
ekhteraee@um.ac.ir "Twm =@; 'utO=Q VwQ 'u}J |wor= '|oOQwNu}J 'AwQDwDQ= '<=We %|O}rm u=oS=w

xtOkt "1
\UwD pw= Q=@ |=Q@ xm '|WWm u=O}t |x} Q_v x@ u=wD|t xrtH u; R= &CU= xOW
ZQi =@ =y<=We VWm |x} Q_v 1938 p=U QO [1]"OQm xQ=W= 'OW |iQat Qvo =w
x�=Q= QvR}=Q \UwD 'Ow@ xOW |R=UxO=U |UOvy CQwYx@ xm '|R=wt |oOQwNu}J
p}rLD |x} Q_v '|WvQm |SQv= xv}W}@ T=U=Q@ u}kkLt R}v 1968 p=U QO [2]"OW
Q=DiQ '|Q_v pOt R= pY=L |xDU@ pL R= xO=iDU= =@ u=v; &OvOQm u=}@ =Q OwN |}=We
1968 p=U QO u}vJty [3]"OvO=O Q=Qk |UQQ@ OQwt =Q hrDNt p=mW= =@ |}=y<=We
'xOW x�=Q= |x} Q_v QO &OW |iQat OQov=Uty |=y<=We QO xOW=yQ |SQv= \@=wQ
u=wva CLD |WvQm |SQv= |r=oJ R= |}xS} w pmW |]N u=UWm <=We \@=wQ QO
ut[ utO=Q 1987 p=U QO [4]"CU= xOW xDiQo Q=m x@ �xOW=yQ |WvQm |SQv=�
R= TB [5]"O=O Q=Qk |QovR=@ OQwt =Q VvQm w VvD QwUv=D '|oOQwNu}J QDt=Q=B |iQat
|}xDU@ pL utO=Q \UwD xOWx�=Q= \@=wQ R= xO=iDU= =@ u}kkLt '2003 p=U QO 'u;
[6]"OvOQm x�=Q= |oOQwNu}J QDt=Q=B w |oOQwNu}J |=DU=Q uOQw; CUO x@ |=Q@
=@ [7]"CiQo Q=Qk |UQQ@ OQwt |WQ@ Q=@ CLD |r}]DUt <=We R}v 2006 p=U QO
,=D}=yv [8]"OW |UQQ@ QtwDUq= l} QDmr=|O <=We Q=DiQ '1Twm =@; Q=Ri=sQv R= xO=iDU=
lR=v C=LiY QO VWm R= |W=v |oOQwNu}J w VvD |wor= '2010 p=U QO

[9]"CiQo Q=Qk xar=]t OQwt u=UWm
|oOQwNu}Jl}v=mt p}rLD Q}N= |xyO wO QO xm OwW|t x_Lqt?}DQD u}O@
xty u}= =@ "CU= xOw@ xHwD OQwt |m}v=mt Cw=iDt |=yQ=DiQ =@ |}=y<=We QO
u}= hOy "CU= xDiQo Q=Qk xHwD OQwt QDsm OQov=Uty=v |=y<=We p}rLD uwvm =D

"OvQ=O =Q |WWm |=yQ=@ ptLD C}r@=k \ki xm OvDUy |Q}PBh=]av= <=RH= =y<=We
w |}=tQo |=yQ=@ Q@=Q@ QO Ctw=kt w sm |r=oJ Crax@ |m}v=mt |=yu=tr= u}=
|OQwv=[i w =wy '|mWRB '|UOvyt u} wv C=R}yHD QO |v=w=Qi |=yOQ@ Q=m C=W=aDQ=
|=yQ=DN=U u}= hrDNt |=y|oS} w |xar=]t Q}N= |=yp=U QO 'wQ u}= R= "Ov=xDi=}
hrDNt s=Uk= CqmWt R= |m} "CU= xDiQo Q=Qk u}kkLt xHwD uwv=m QO |m}v=mt
ẁ[wt xm �� |Q=O}=B=v xvwo u}= "CU= |Q=Wi |=yQ=@ Q@=Q@ QO |Q=O}=B=v '=y<=We

"OwW|t xDN=vW �|oOQwNu}J |xO}OB� s=vx@ �� CUy R}v xr=kt u}=
wO QO w <=We R= x]kv Qy QO '|rY= |=yVvD C}a[w x@ xHwD =@ |rm Qw]x@

%CU= Q=QkQ@ Q} R Cq=L R= |m} Ot=aDt |=DU=Q
|DQ=@ax@ w '|oO}Wm Ok=i <=We C}a[w u}= QO &Ov=|Q=Wi |rY= |=yVvD �hr=

"CU= CU )U
|}x]kv u}vJ QO "CU= |Q=Wi |Qo}O w |WWm |rY= VvD |xir-wt l} �?

"CU= xOQwNu}J <=We
C}a[w QO <=We u; R= |wQ}B x@ w 'CU=|WWm|rY= |=yVvD|xir-wt wO Qy �G

"OQ=O Q=Qk xO}Wm
s=Hv= =y<=We |oOQwNu}J |xv}tR QO |}xOQDUo C=ar=]t xDWPo |xOU |]
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[6]%CW=O
N � ~C : D + �N � ~C : N
N = 0 (7)

h} QaD x@ xHwD =@ 'b w a =@ ?}DQDx@ N � ~C : N
N w N � ~C : D |Q=Pos=v =@
u=wD|t xH}DvQO &CU= b Q=OQ@ |xv} Qk a Q=OQ@ 'C@Ft |D}tm u=wvax@ � QDt=Q=B
\U@ =@ ?}DQDu}O@ "CiQo Q_v QO QiY =Q b w a Q=OQ@ wO |HQ=N ?Q[pY=L

[6]%CW=O s}y=wN a� b CQ=@a
(N�S�1)

�
N�Ĉ�2
�N
N�

�� (N�S�2)
�
N�Ĉ�1
�N
N�

�
= 0

(8)

'� |x} w=R |D=FrFt `@=wD ?ULQ@ N Q=OQ@ |=yxir-wt |v} Ro}=H '8 |xrO=at \U@ =@
[6]%�3 pmW� O};|t CUO x@ � h=QLv= |x} w=R Q=Okt '9 |]NQ}e |xrO=at pL w

[5]"xOQwNu}J <=We (L0) |ak=w w (L) u}ov=}t pw] "1 pmW

[6]"`HQt |xLiY QO OL=w Q=OQ@ "2 pmW

"|oOQwNu}J w u=QwO x}w=R w C=YDNt u}}aD "3 pmW

u=QwO Q}F-=D u}vJty w OQov=Uty=v <=We |wQ|oOQwNu}J |xO}OB |xar=]t 'Q=DWwv
s=Uk= R= |Q=}U@ "CU= xar=]t OQwt |oOQwNu}J |=DU=Q Q@ |OQov=Uty=v QwLt
|B wQDwDQ= |oS} w |=Q=O OvQ=O OQ@ Q=m |twta w |DavY hQ=Yt QO xm |}=y<=We
|=DU=Q wO QO <=We |a=HDQ= X=wN xm CU=vat u=O@ u}= "OvDUy |OQoCU=Q =}
C=HwUvthrDNt |=y=DU=Q QO OwHwt |v=UWm hqDN= "Ovm|t Cw=iD sy Q@ Owta
|=yOQm} wQ s=Uk= |UQQ@ ut[ 'wQ u}= R= "CU= |OQov=Uty=v u}= RQ=@ |xvwtv
|=We R= |twta |xUOvy l} '|�=We |=yp}rLD QO swUQt |R=Ux}@W w |r}rLD
|R=Ux}@W '|R=UpOthrDNt |=yxw}W =@ Q_v OQwt <=We "OwW|t|iQat AwQDwDQ=
Q=Ri=sQv OQ@ Q=m R= pY=L G}=Dv =@ pL G}=Dv |HvUQ=@Da= ut[ "OwW|t p}rLD w
|UQQ@ OQov=Uty=v <=We Gwt pw] w xvt=O Q@ |QwLt VWm u=R}t Q}F-=D 'Twm =@;

"OwW|t

|r}rLD OQm}wQ |v=@t "2
'x} Q_v u}= =@ \=@DQ= QO "CU= |QwQ[ utO=Q |x} Q_v |iQat EL@ u}= |=OD@= QO
h} QaD 1 |x]@=Q CQwYx@ =yu}J \UwD xOW O=H}= |oDUHQ@ u=R}t hQat *QDt=Q=B

%�1 pmW� CU= xOW
� = L0 � L

L
(1)

R= |W=v |oDUHQ@ ?=UDL= =@ '|ak=w pw] L0 w |Qy=_ pw]L 'u; QO xm
[5]"CU= C@Ft |QDt=Q=B(�) |oOQwNu}J QDt=Q=B "CU= |oOQwNu}J

R= xO=iDU= =@ �� <=We |oOQwNu}J C}a[w QO u} Qo VvQm QwUv=D |QovR=@ R=
xOWKqY= QwUv=D� u=wva =@ |O}OH T} QD=t �� (�) |oOQwNu}J QDt=Q=B h} QaD
C=}YwYNltmx@|}=We|oOQwNu}Jp}rLD|=Q@ 'xt=O= QO "O};|tCUO x@ �u} Qo
xm} Q=OQ@ N(�) "OwW|t |iQat x}=B h} Q=aD R= |O=OaD 'xOW KqY= |=yT} QD=t
|x]@=Q R= u; Q=Okt w �2 pmW� CU= |oOQwNu}J |=DU=Q QO w `HQt |xLiY QO
=} |oOQwNu}J |=DU=Q Q@ Owta xm CU=yu}J |=DU=Q N? "O};|t CUO x@ 2

[6]"CU= N Q=OQ@
N(�) = cos �e1 + sin �e2 (2)

%CWwv u=wD|t � h} QaD x@ xHwD =@
D0 = D + �N(�)
N(�) (3)

QwUv=D u=wD|t xO=t |DiU T} QD=t w u} Qo |xOWKqY= VvQm QwUv=D R= xO=iDU= =@
QO |oOQwNu}J |xk]vt h} QaD x@ xHwD =@ "OQw; CUO x@ =Q VvD |xOWKqY=
\UwD =Q |oOQwNu}J w u}J |=DU=Q wO QO VvD |RQt \}=QW u=wD|t <=We

"OQm x�=Q= 5 w 4 CqO=at
N � S0 �N = 0 (4)

N � S0 �N? = 0 (5)

[6]%CU= x�=Q= p@=k 6 |xrO=at CQwYx@ \QW u}= |xOW xO=U pmW
N(�) � S0[D0(�; �)] = 0 (6)
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Q; uOQw; CUO x@ |=Q@ OW xDio xm u=vJ |rw 'OwW|t x@U=Lt x}rw= pw] x@ pw] Q}}eD
VvQm u; R= xO=iDU= =@ w OwW |iQat u=mt Q}}eD `@=D =OD@= O}=@ u} Qo VvQm QwUv=D
R= x]kv Qy |}=Hx@=H u=O}t Qw_vt u}= |=Q@ "OwW x@U=Lt pmW Q}}eD QO |Sv=Qo q

[10]%OwW|t |iQat u}vJ xLiY
xi = �iXi (16)

Q_v QO =@ u} Qo VvQm |x@U=Lt TBU w '15 |xrO=at QO x]@=Q u}= |Q=Po|=H =@
"O};|t CUO x@ nQR@ pmW Q}}eD VvQm 14 |xrO=at |=yCQ=@a s=tD uDiQo

|}xv=}=Q |R=Ux}@W |v=@t "3
|UQQ@ Q=Ri=sQv QO |oOQwNu}J |xO}OB |R=Ux}@W OvwQ |ovwoJ CtUk u}= QO
\}=QW w O=a@= |iQat �hr= %CU= |rY= s=o xU pt=W p}rLD pL=Qt "OwW|t
u; |m}v=mt C=YNWt Qo}O w TvH '�4 pmW� |r}]DUt <=We l} |RQt
xO=O Q=Qk 0 01mm u=R}tx@ x}rw= |oO}Wm CLD Q_v OQwt <=We "1 pwOH j@=]t
Qw_vtx@ \ki u; p=ta= w CU}v Q=PoQ}F-=D |}=yv G}=Dv QO VWm u=R}t u}= "OwW|t
'2Vv=tm |xv} Ro R= xO=iDU= =@ �? "OQ}o|t CQwY pL \}=QW |}=Qoty Cv=t[
|UOvy ?}a p=ta= R= xO=iDU= =@ �G "OwW|t |}=U=vW |oOQwNu}J |=yOwt
O=H}= |oOQwNu}J |wor= '|}=yvVWm w 3?}a |xv} Ro\UwD <=We QO xOWO=H}=
?} Q[ V}=Ri= =@ "CU= xOW xDiQo Q_v QO 0 01 ?}a ?} Q[ xR=Ov= "OwW|t
|}=Qoty 'Q}}eD u}= xm O@=}|t V}=Ri= |}=H =D |oOQwNu}J |xvt=O '|UOvy ?}a
|=Q@ OwHwt C}iQ_ Crax@ 'swU s=o QO p}rLD s=ovyx@ "OR=U umtt=v =Q MU=B
CQwYx@ Q=Ri=sQv QO ?} Q[ u}= "OwW|t xO=iDU= |Q=O}=B ?} Q[ R= pL |Q=O}=B=v
QwLt u=QwO Q}F-=D uDiQo Q_v QO |=Q@ "OwW|t ^=Lr 2 � 104pO=at ZQiV}B
"OwW|t h} QaD <=We |wQ |rLt C=YDNt QwLt 'pY=L G}=Dv Q@ |OQov=Uty=v
QwLt u=QwO R= pY=L G}=Dv x@=Wt xOt; CUO x@ G}=Dv |DiU T} QD=t u=QwO =@
S4R5 p}rLD u}= QO xOW xDiQo Q_v QO u=tr= "CU= <=We QO |OQov=Uty=v
u=tR QO u=tr= QO nQR@ pmW Q}}eD \}=QW p=ta= u=tr= u}= ?=NDv= Cra "CU=

"CU= |oOQwNu}J

"pL |x}L=v QO |RQt \}=QW w xUOvy "4 pmW

"OQoCU=Q <=We |m}v=mt C=YNWt "1 pwOH
G12 �12 E22 E11

0 3� 105 Pa 0 03 2� 106 Pa 106 Pa

N 41
�
S11Ĉ1211 � S12Ĉ1111

�
+N 31N2

h
S11
�
2Ĉ1212 + Ĉ2211

�
+S12

�
Ĉ1211 � 2Ĉ1112 � Ĉ2111

�� S22Ĉ1111
i

+N 21N 22
h
S11
�
Ĉ1222 + 2Ĉ2212

�� S22
�
2Ĉ1112 + Ĉ2111

�
+S12

�
2Ĉ1212 + Ĉ2211 � Ĉ1122 � 2Ĉ2112

�i
+N1N 32

h
S11Ĉ2222 + S12

�
Ĉ1222 + 2Ĉ2212 � Ĉ2122

�
�S22

�
Ĉ1122+2Ĉ2112

�i
+N 42

�
S12Ĉ2222�S22Ĉ2122

�
=0

(9)

"CU=VvD QwUv=D QYva S w OvDUy|DiUT} QD=t <=RH= ~C |=yxir-wt 9 |x]@=Q QO
'|oOQwNu}J |=DU=Q Q@ OQov=Uty=v QwLt h=QLv= Q}F-=D |ovwoJ |xOy=Wt |=Q@
u=QwO CLD � |x} w=R x=wNrO u=R}tx@ =Q xO=t |DiU T} QD=t 10 |x]@=Q ltmx@

%s}yO|t Q=Qk
~C0 = B ~C BT (10)

%CU= u=QwO T} QD=t B w xO=t |DiU T} QD=t ~C u; QO xm

B =

2664 cos2 � sin2 � �2 sin� cos�

sin2 � cos2 � 2 sin� cos�

sin� cos� � sin� cos� cos2 �� sin2 �

3775 (11)

w VvD uOQw; CUO x@ QO QwUv=D u}= R= xO=iDU= w VvQm QwUv=D |x@U=Lt |=Q@
Q}}eD w VvQm u=}t |x]@=Q QO |]NQ}e |=yCQ=@a R= Qo = '|oOQwNu}J |=DU=Q
|rw 'Ovt=v|t �lJwm pmW Q}}eD |x} Q_v� =Q u; ,=Lq]Y= 's}vm Q_vhQY pmW
�nQR@ pmW Q}}eD |x} Q_v� \@=wQ u}= OwWv Q_vhQY |]NQ}e |=yCQ=@a R= Qo =

"OwW|t xO}t=v
T=U=Q@ 3 |x]@=Q QO D VvQm uOQw; CUO x@ |=Q@ xm CU= K}[wD x@ sRq
12 |x]@=Q T=U=Q@ xm s} Q=O R=}v pmW Q}}eD u=}O=Qo x@ nQR@ pmW Q}}eD |x} Q_v

[10]%O};|t CUO x@
Fij = @xi

@Xj
(12)

pmW Q}}eD u=O}t QO xQP l} CUNv C}akwt Xj w |Q=H C}akwt xi 'u; QO xm
[10]%OwW|t x@U=Lt 13 |x]@=Q R= u} Qo VvQm QwUv=D 'h} QaD x@ =v@ "CU=

D = 1
2
�
FT � F� I

�
(13)

[10]%R= CU=CQ=@a u} Qo VvQm |=yxir-wt '13 |xrO=at x@ xHwD =@
Dij = 1

2
�
@Ui
@Xj

+ @Uj
@Xi

+ @Uk
@Xi

@Uk
@Xj

�
(14)

|=yC}akwt x@ 15 |x]@=Q ?r=k QO w CU= sUH u=mt Q}}eD Q=OQ@ U 'u; QO xm
[10]%CU= \w@ Qt x}rw= w |Q=H

U (X; t) = x(X; t)�X (15)

QO |r}]DUt <=We VWm QO nQR@ w lJwm pmW Q}}eD VwQ wO 'Q=DWwv u}= QO
Q=Okt s}UkD R= VvQm 'lJwm pmW Q}}eD VwQ QO "OwW|t xU}=kt w p}rLD xLiY

129



"""<
=We

|oO
QwN

u}J
|wo

r=Q@
VW

m|
=DU=

QQ}
F- =D

"|oOQwNu}J |x}w=R =@ |OQov=Uty=v QwLt u=QwO |x}w=R |xU}=kt "5 pmW

"lJwm pmW Q}}eD QO |oOQwNu}J |x}w=R Q@ VWmQ}F-=D "6 pmW

"nQR@ pmW Q}}eD QO |oOQwNu}J |x}w=R Q@ VWmQ}F-=D "7 pmW

"|oOQwNu}J |=DU=Q Q@ |a=HDQ= ?}=Q[ C@Uv Q}F-=D "8 pmW

G}=Dv "4
|R=UpOt Q@ |vD@t Cw=iDt OQm} wQ wO R= |}=We |oOQwNu}J |=yxO}OB p}rLD QO
CLD <=We l} xm |t=ovy "CU= xOW |Q=OQ@xQy@ Twm =@; |R=Ux}@W w |Q_v
C}a[w |UQQ@ Qop}rLD xHwD OQwt C=mv u}rw= R= |m} OQ}o|t Q=Qk |oO}Wm
Q=QkDU= C}a[w x@ =y|oOQwNu}J O=ODt= 'AwQDwDQ= <=We QO "CU=y|oOQwNu}J
|B wQDwDQ= O=ODt= u=}t|x]@=Q G=QNDU= Qw_vtx@ "OQ=O|oDU@ |O=tX=wN|=yQwLt
VN@ QO xm utO=Q |x} Q_v Q@ |vD@t |=yp}rLD ltmx@ '|oOQwNu}J O=ODt= w
Q=Ri=sQv |=yC}r@=k R= 4?rDt u=@ R x@ |xv=}=Q Om l} u} wOD ut[ 'OW K} QWD p@k
|x} w=R C=Q}}eD |vLvt |x�=Q= ut[ 5 pmW Q=Owtv QO "CU= xOW xO=iDU= Twm =@;
VwQ wO R= pY=L |xH}Dv '|B wQDwDQ= |x} w=R h=QLv=?ULQ@ |oOQwNu}J h=QLv=
Q=Qk OwN x}rw= pw] �5 u=R}tx@ |oO}Wm CLD jQw p=Ft u}= QO "CU= xOW xU}=kt

"OQ=O
|xrLQt QO |}xv=}=Q |R=Ux}@W w |Q_v p}rLD Cw=iDt |=yC}r@=k x@ xHwD =@
Q}F-=D |Q_v p}rLD R= xO=iDU= =@ wUl} R= "CU= xOW s=Hv= xar=]t xwQo wO 'Oa@
w nQR@ =} lJwm pmW Q}}eD ZQi Q}F-=D '|oO}Wm u=R}t pt=W� hrDNt pt=wa
=@ Qo}O |wU R= "OwW|t |UQQ@ 5 pmW Q=Owtv Q@ �|a=HDQ= ?}=Q[ C@Uv Q}F-=D
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