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le|wQm C=@ Q l} |WDre CmQL |BwmUwQ} S |Q=O}=B

�Q=}O=DU=� �QwBs} Qm u}UL
QyW|v}tN OL=w |tqU= O=R; x=oWv=O 'l}v�t |UOvyt |xOmWv=O

�Q=}Wv=O� |Q}tWm |Oyt
u=yiY= |DavY x=oWv=O 'l}v�t |UOvyt |xOmWv=O

�Q=}Wv=O� uwRLt |@DHt
R=Q}W x=oWv=O 'l}v�t |UOvyt |xOmWv=O

x@ RyHt w |WDre CmQL |=Q=O *|wQm C=@ Q xvwtv l} |v=QwO |Q=O}=B xar=]t u}= QO
s=Hv= |W=WDe= |xar=]t l} =OD@= Qw_vtu}O@ "OwW|t p}rLD w |UQQ@ |rN=O |=yQwDwQ
=mD= =@ "OwW XNWt |WDre CmQL |=Q@ |Q=O}=B=v |xv=DU; x@ uO}UQ \}=QW =D OQ}PB|t
sQH `} RwD w =}=B VDre |=yCr=L QO |Q=O}=B \}=QW 'hB=y |x}[k w xmwri |x} Q_v x@

u}= Q@ sm =L CmQL |=yC@=F G=QNDU= =@ "OQ}o|t Q=Qk xar=]t OQwt |QwLt uQ=kDt
x@ RyHt xQm Cr=L QO |WDre Q=DiQ |oN=WwO |xar=]t w |Q=O}=B |=Q@ |Q=}at 'sDU}U
u=QwO u}L QO C=@ Q u}= '|}=[i jrat sUH Ovv=ty "OwW|t u}}aD |rN=O |UQv}= MQJ

'|rN=O |xOvvmQ=O}=B l} |x}@aD =@ "OQ=O h=QLv= x@ p}=tD |v=}t |UQv}= QwLt pwL
"OwW pO@ Q=O}=B ,=D=P |tDU}U x@ =D O@=}|t Q}}eD |m}t=v}O CQwYx@ xQm |UQv}= Q=DN=U

=Q =yQwDwQ pY=it |=[i QO CmQL |R} QKQ] '|rN=O Q=mwR=U u}= R= xDiQoQ@ |Q}PBpQDvm
"OwW Q}PBu=mt= R}v Q=O?}W Kw]U Q@ C=@ Q u}= CmQL xm OR=U|t umtt u=vJ

karimpour@iaukhsh.ac.ir
mehdik@cc.iut.ac.ir
mahzoon@shirazu.ac.ir "CmQL |R} QKQ] '|B wmUwQ} S |Q=O}=B p}rLD '|wQm C=@ Q %|O}rm u=oS=w

xtOkt "1
xDiQo Q_v QO uoty xQm l} CQwYx@ hQ=aDtQ}e |xr}Uw u}= 'pw= sOk QO
x=oQy "|WDre C}y=t =@ |m}t=v}O sDU}U l} R= CU= |}=OD@= |}xvwtv xm OwW|t
'Ovm =O}B OQou=UtyQ}e |UQv}= `} RwD =} OwW GQ=N uwoty Cr=L R= |QOk xQm
=yCmQL p}@k u}= R= |m} "O=O Oy=wN RwQ@ OwN R= |Q=_Dv= p@=k Q}e w xO}J}B Q=DiQ
|Qy=_ Cy=@W OwHw =@ xm OyO|t MQ s�=k QwLt pwL |WJ}B VNQJ u}L QO
Q=DiQ x@ |H} QOD p}v |=DU=Q QO "OyO|t u=Wv Cw=iDt |Q=DiQ 'xQiQi |xr�Ut =@
"OvQ}o|t Q=Qk |UQQ@ OQwt =}=B |=yCmQL xDUO Q} R =OD@= |WDre |=ysDU}U '|rm
OQm xQ=W= sUH |rY= |=yQwLt pwL VNQJ x@ u=wD|t =yCmQL u}= xrtH R=
Q@ OQwt u}= QO =yVywSB ?re= "O=O Q=Qk |UQQ@ OQwt O}=@ =Q =yv; |@Uv |Q=O}=B xm
OvQ=OQwNQ@ I3 = I2 |QwLt uQ=kDt sQH `} RwD R= xm 'VJ}B p=L QO AwD =} xQiQi
CU= |yHwD ?r=H p=Ft |wQm |xQiQi "Ov=xOW RmQtDt 'OvQ=O |�RH |vwoty=v =}
,=@k=aDt w OW pOt u}kkLt \UwD |DmQL O}k =@ |m}t=v}O sDU}U CQwYx@ =OD@= xm
|U=U= Vkv xQiQi u}= uwQ=w VQB |xO}OB |wQ |mqyDU= C=QF= xm CWo swrat
|xOvyOQOy Q=mwR=U l} CQwYx@ VRer =@ s-=wD VDre O}=@ u}=Q@=v@ "Ovm|t |R=@

[2]"OwW pOt OQ=w |SQv=
x@=Wt X=wN |=Q=O |WDre O}kt sDU}U xm OwW|t swrat 'Qo}O hQ] R=
|vLvt "Ovm|t |wQ}B OOaDt |}=k@ u}v=wk R= w CU= �xQ=wy=t� |}=[i O=R; |=Dty
p@=k CmQL xR=Ov= |=k@ w |SQv= R=QDsy Kw]U `]=kD R= R=i |=[i QO sDU}U p:wLD
|=Q=O xm CU= |D}tm =yvD �|SQv=� '|rm sQH `} RwD =@ u=Dre xQm OQwtQO "CU= u}}aD

|wQm C=@ Q l} CmQL |R} QKQ] |=Q@ |WwQ |xaUwD 'xr=kt u}= Q_v OQwt hOy
|=yQwDwQ� V=|rN=O |=ylQLt =@ u; CmQL xR=Ov= pO=@D w VvmQOv= xm CU=
u=mt= xQm u}= |WDre CmQL "OQ=O|t=w CmQL x@ =Q C=@ Q �pN=O QO xOWx}@aD
"OR=U|t sy=Qi xO}J}B |=yQ}Ut QO =Q lqyDU= u} QDsm =@ x} wUxty w xDUw}BCmQL
|O=R; C=HQO x@ xmQLt |wQ}v s}kDUt p=kDv= '\}Lt =@ |}x]kv T=tD p}rOx@
hrDNt |}=yQ=mwR=U R= CmQL |=kr= |=Q@ "Ow@ Oy=wN xH=wt C}OwOLt =@ |DmQL
|xv=mD pO=@D 'pkF RmQt |}=Hx@=H j} Q] R= pO=aD uOR syQ@ Q}_v |}=yQ=mwR=U ��
|=ysQH =} OQoRQy |UQv}= |=yMQJ pt=W |rN=O |=RH= =@ sDU}U |}x} w=R w |]N
'VDre Ow}k =@ =k@ u}v=wk ?}mQD '?}DQDu}O@ "CUH xQy@ u=wD|t �� |rN=O lQLDt
u}vJ &OR=U|t umtt =Q |r=kDv= pmW x@ |rN=O |v=QwO |SQv= R= |WN@ p}O@D
sDU}U "CU=[i QO =yxQ=wy=t CyH w CtU pQDvm RQ] Qw;O=} |OwOL =D |Q=my=Q
uwO@ Q=O?}W Kw]U R= uDiQ u}�=B =} q=@ xr}Uw u}= |xvO@ X=N Q=DN=U w xmQLt
w OQi x@ QYLvt |Q}PBlQLD =@ C=@ Q u}= "OR=U|t umtt R}v =Q |vwoS=w Q]N
R= =ywQy=Q w =yx]wLt R= C@k=Qt w |vRCWo xm OQ=O |Q=}U@ |=yOQ@ Q=m OwN u=wQ
|m}t=v}O w |m}D=tv}U Ca}@] ^=Lrx@ '|wQm C=@ Q u}= pQDvm "CU=yu; |xrtH

[1]"CU= R}ov=Q@Vr=J p�=Ut xrtHR= 'OQ=O xm |Y=N

pw�Ut xOvU} wv �
"1392 11 20 VQ}PB '1392 10 16 x}LqY= '1392 8 5 Ci=} QO %M} Q=D



|wQ
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|W
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CmQ
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|Q=
O}=B

C} RmQt R= GwQN uwO@ w uoty=v xQm |}xQiQi CmQL "1"2
pwL |}xQiQi CQwYx@ xQm 'OwW|t ?wULt Cr=L u} QD|}=OD@= xm Cr=L u}= QO
R= "OQ}o|t Q=Qk xar=]t OQwt |Q=O}=B \QW w OwW|t xOv=NQJ OwN T=tD |x]kv
u=QwO QwLt |Dkw xm OwW|t swrat 2 |xrO=at QO =yQ}eDt jDWt uO=O Q=Qk QiY
"OwW|t pY=L =}=B |DmQL 'OW=@ |rY= |=yQwLt R= |m} =@ j@]vt 
 = 
0
'OyO MQ Oy=wN@ T=tD |x]kv R= xOvQPo z QwLt pwL =HQO |WNQJ Qo = u}vJty

%x=ov;

0 � I
0 = 0

0 � �0 = 0 (3)

?wULt I |UQv}= T} QD=t |xS} w Q=OQ@ 
0 xm OyO|t u=Wv CUNv |x]@=Q
"OQ}o CQwY O}=@ |rY= QwLt l} pwL =}=B VNQJ xm CU=vat u=O@ u}= &OwW|t
QwLt l} pwL =}=B VNQJ R= pY=L CmQL |@Uv pO=aD C}a[w 'xt=O= QO
R= |m} pwL xQm u=QwO xm ZQi u}= =@ "OwW|t |UQQ@ s�=k Cr=L QO |rY=
|xm} Q=OQ@ Q@ j@]vt '(
0 = �e3) |va} e3 sUH x=oDUO QO |rY= |=yQwLt
|rY= CqO=at |R=U|]N 'OyO MQE3(= R�) CmQL |xLiY Q@ s�=k |}=[i
h=QLv= |=yQ}eDt ?ULQ@ (
0;�0) = (�e3; e3) |rO=aD |=}=B MU=B u}= pwL

%(
0;�0) pO=aD R=

0 �= 
� �e3; �0 �= �� e3 (4)

%Ot=Hv=|t 5 pw= |x@DQt CqO=at x@

d
dt

8>>>>>>>>>><>>>>>>>>>>:


01

02

03
�01
�02
�03

9>>>>>>>>>>=>>>>>>>>>>;
=

266666666664

0 a2�=I 01 0 0 0 0
a2�=I 02 0 0 0 0 0

0 0 0 0 0 0
0 �1 0 0 � 0
1 0 0 �� 0 0
0 0 0 0 0 0

377777777775

8>>>>>>>>>><>>>>>>>>>>:


01

02

03
�01
�02
�03

9>>>>>>>>>>=>>>>>>>>>>;
(5)

%OwW|t h} QaD u}vJ =yQDt=Q=B u; QO xm
a1 = I1 � I3 ; a2 = I2 � I3

I 01 = I1 +mr2 ; I 02 = I2 +mr2 (6)

%O};|tQO 7 |x]@=Q CQwYx@ 5 CqO=at xawtHt |xYNWt |xrO=at
p(�) = �6 + �2(1� a1a2

I 01I 02
)�4 � a1a2

I 01I 02
�2 (7)

%|=yxW} Q |=Q=O xm
�2 = 0 ; �2 = ��2 ; �2 = �a1a2

I 01I 02
�2 (8)

pY=L C@Ft |k}kL Q=Okt =@ xS} w Q=Okt l} x=ov; I1 < I2 < I3 Qo = "CU=
sUH |v=}t |rY= QwLt pwL |WNQJ CmQL |Q=O}=B=v R= |m =L xm OwW|t
j@=]t xm Ovm|t RwQ@ |}xQiQi CmQL |Q=O}=B=v 'xDiQo s=Hv= |R=Ux}@W |] "CU=
VNQJ l} Q=JO xQm xm OwW|t xOy=Wt "CU= |Q}o|B p@=k 2 w 1 |=ypmW
|}xQiQi CmQL x@ TBU w OwW|t xHQO 180 |xR=Ov=x@ C}a[w |xOvvm uwQ=w
"OwW|t Q=QmD u=tR |] QO ,=@ w=vDt p=wQ u}ty =@ CmQL u}= "OyO|t xt=O= OwN

uwv=k wO |Q=Qk Q@ '|QwLt uQ=kDt sQH `} RwD =@ Tvq=@ Q}e xQm OQwtQO "CU= =k@
|R=UQ=mW; |=Q@ sDU}U QO OwHwt |=yuQ=kD R= [3]"OwW|t QU}t Qo}O |oDU}=B
Q=DiQ pt=m p}rLD "OwW|t xO=iDU= sDU}U Q@ sm =L |=k@ u}v=wk w CmQL |=yC@=F
'CmQL |=yC@=F R= |m} ?ULQ@ |QwLt uQ=kDt |}xQiQi xQm |Q=O}=B w |m}t=v}O

[1]"CU= xDiQo s=Hv= ,q@k I3=I1 |UQv}= C@Uv w e=r xQm C} RmQt R= GwQN
|rw C} RmQt R= GwQN uwO@ xQm l} |=Q@ xm OwW|t xO=O u=Wv =Hv}= QO
|v=}t |rY= QwLt pwL VNQJ |x]U=wx@ |ovwQ=w w |vwoS=w x@ p}=tD 'uwoty=v
u=Dre xQm sDU}U |Q=O}=B w Q=DiQ |xar=]t pt=W Oa@ |xrLQt "OQ=O OwHw |UQv}=
l} |x}@aD=@ =yCmQL u}= |R=UQ=O}=B "CU=}=B |m}t=v}Ox@W pO=aD |=yC}a[w QO
ltmx@ CmQL |R} QKQ] C}=yv QO w OQ}o|t Q=Qk |UQQ@ OQwt |rN=O |UQv}= MQJ

[5w4]"OQ}o|t Q=Qk xar=]t OQwt |rN=O |=ylQLt p}@k u}=

sUH |xr�Ut =@ u; Cy@=Wt w u=Dre xQm l}t=v}O "2
Q=:wO j:rat

(~I; ~J; ~K)|UQv}= ?wJQ=J wO R= u=Dre xQm|m}t=v}O w|m}D=tv}UCqO=at u=}@ QO
?wJQ=J QO (e1; e2; e3) w (E1; E2; E3) |=yu=}@ =@ (~i;~j;~k) sUH x@ pYDt w
l} |v=QwO CmQL Q@ sm =L CqO=at x=oDUO "CU= xOW xO=iDU= sUH x@ pYDt
xO=iDU= =@ Q}PBp=QoDv=Q}e Ow}k =@ |m}t=v}O sDU}U l} u=wvax@ VDre x@ O}kt xQm

%O};|t CUO x@ 1 |x]@=Q j@=]t Qr} w= � uDw}v u}v=wk R=

d
�!
Mc

dt
= 0) DMc

dt
= _Mc + 
�Mc = 0

Mc = I
 +mr2�� (
� �) �= I (�) 
 (1)

|}x} w=R CaQU w VDre |xLiY Q@ Owta |xm} |=yQ=OQ@ ?}DQDx@ 
 w � u; QO xm
|x]kv pwL sDU}U |}x} w=R |xv=mD Mc "OvwW|t ?wULt sUH x=oDUO QO xQm
RmQt pwL |UQv}= Qw=DWo T} QD=t I "OwW|t ^iL CmQL u}L QO xm CU= T=tD
|x]@=Q QO 
 |}x} w=R CaQU Q=OQ@ Q@ u; QF= xm CU= |U} QD=t |QwD=QB= I(�) w sQH

%CWwv u}vJ u=wD|t =Q 1 |xrO=at \U@ "OW h} QaD 18<:I (�) _
 + 
� I
 = 0
_� + 
� � = 0

(2)

|Q=DN=U Cy@=Wt Qou=Wv '=[i QO jrat O=R; sUH u=QwO =@ xrO=at u}= |xU}=kt
=[i QO jrat O=R; sUH R= xm CW=O Q=_Dv= u=wD|t =Pr "CU=yv; Q@ sm =L CqO=at
=yQ=DiQ u}= |xrtH R= "Ovm RwQ@ x@=Wt |=yQ=DiQ ZLt VDre x@ O}kt xQm l} R= w
pwL u}vJty w�|v=}t|rY= QwLt pwL xQ=wy=t|v=QwO |Q=O}=B=v |xO}OB x@ u=wD|t
V=aDQ= uwJty |SQv= |xOvyOQOy pt=a OwHw CQwYQO |rk=OL |UQv}= QwLt
sDU}U OQwtQO |D=y@=WD u}vJ |}=U=vWR=@ "OQm xQ=W= �=yuDv; =} |O}WQwN |=ypvB

[6]"OR=U sy=Qi =Q =yv; |}=[i OQ@ Q=m |=yxv}tR Ov=wD|t |WDre O}kt
CmQL |Q=O}=B 'xOW QmP Cy=@W w |m}t=v}O CqO=at Q@ x}mD =@ 'xt=O= QO
|}=yp}rLD w '|UQQ@ xOvvmQ=O}=B wQ} S |=ylU}O Ok=i =} RyHt u=Dre xQm |v=QwO
"OwW|t x�=Q= u=Dre xQm |v=QwO |=yCmQL s=Uk= QO u; |QDt=Q=B |xar=]t R= u} wv
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"""w
|Q}

tWm
|Oy

t'Q
wBs}

Qmu
}UL s�=k |=DU=Q QO |}x} w=R |xv=mD =@ xm s} Q}o|t Q_v QO =Q xQm CmQL R= X=N |Dr=L

%Cr=L u}= QO "OwW|t R=e;

2T = h!; �i = hR
; �3e3i = �3 h
;�i ) d h
;�i
dt

= 0
)
�
d

dt
;�
�

+
�


; d�
dt

�
= 0)

�

; d�

dt

�
= 0 (10)

CU= xmQLt |wQ}v xvwoQy Ok=i xm u=Dre xQm sDU}U 2 xQ=tW CmQL |xrO=at x@
%s}OQo|tR=@

I _
 + 
� I
 = �mr2�� ( _
� �) (11)

%s}vm|t xO=U sy R=@ 10 |xrO=at j@=]t =Q u; 'jwi |xrO=at CU=Q hQ] \U@ =@
�� ( _
� �) = _
� D�; _


E
� = _
 (12)

%CU= |U} wvR=@ p@=k u}vJ 11 |xrO=at u}=Q@=v@
(I +mr2Id) _
 + 
� (I +mr2Id)
 = 0 (13)

13 |x]@=Q '�I �= I + mr2Id h} QaD =@ "CU= OL=w T} QD=t Id u; QO xm
%OwW|t xDWwv 14 |x]@=Q CQwYx@

�I _
 + 
� �I
 = 0 (14)

's�=k |=DU=Q QO x}rw= |}x} w=R |xv=mD p=ta= =@ xm OyO|t u=Wv pY=L |xrO=at
u=QwO =[i QO xv=O=R; xm CU= |tUH x}@W u=Dre xQm xOW |v}@V}B CmQL
u=R}t x@ u; |UQv}= xm Ovm|t Q=DiQ O=R; ?rY sUH l} Ovv=t `k=w QO &Ovm|t
|UQv}= T} QD=t |rY= |=yQwLt u}=Q@=v@ "OW=@ xDi=} V}=Ri= �I �= I + mr2Id

"CU=}=B 3 pmW j@=]t =yv; pwL u=QwO w OvwW|t ^iL
xDN=vW Q=O}=B=v |UQv}= |v=}t |rY= QwLt pwL xQmVNQJ 'QwmPt T=}k j@]
QO =D Ovm u=QwO xHQO 180 xQm OwW|t ?Hwt QwmPt |Q=O}=B=v `k=w QO "OwW|t
OwW|t Q=QmD OvwQ u}= "�4 pmW� OwW xvwQ=w OyO|t xt=O= OwNVNQJ x@ xm |r=L
|} wor= T=tD |x]kv Q}Ut w OOQoR=@ V=x}rw= C}a[w x@=Wt |Dr=L x@ xQm =D

"OQ}o ?w=vDt

"Q=O}=B QwLt pwL xOW Tvq=@ xQm |=}=B CmQL "3 pmW

QwLt pwL |}xQiQi CmQL u}L QO T=tD |x}rw= |x]kv |}=[i Q}Ut "1 pmW
"|UQv}= |v=}t

QwLt pwL |}xQiQi CmQL u}L QO hm w xDUwB |wQ T=tD |x]kv OQ "2 pmW
"|UQv}= |v=}t

pO=aDt w uoty=v xQm |WDre CmQL |Q=O}=B "2"2
\}=QW QO RmQt R= GwQN uwO@ uoty=v xQm l} |WDre CmQL |Q=O}=B 'VN@ u}= QO
C}tm CmQL u}= QO "OQ}o|t Q=Qk |Q=O}=B p}rLD w |UQQ@ OQwt |R=Ov=x=Q hrDNt
C@=F T |W@vH |SQv= Qr=mU= w �T=tD |x]kv pwL |}x} w=R |xv=mD� Mc |Q=OQ@

%Ov=t|t

Mc = const = �

h!; �i = const = 2T (9)
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|Q=
O}=B%u; QO xm

� = �[I1I2 +mr2(I1 cos2 '+ I2 sin2 ')] (21)

u=tR =@ Q}eDt CQwYx@ =}=B u=QwO C}a[w pwL xOW |R=U|]N CmQL |xrO=at
|x}[k R= |Q}oxQy@ xm CU= ?w=vDt `@=wD ẁv R= xrO=at u}= ?}=Q[ "Ot; pY=L
|xrO=at |OOa pL =@ =OD@=CU= |i=m "OR=U|t umtt |Q=O}=B |UQQ@ |=Q@ =Q xmwri
'OL=w T} QD=t |=yuwDU =@ Q@=Q@ x}rw= \}=QW |O=OaD |=R=x@ ?w=vD xQwO l} |] 20
Q}O=kt |wQ R= sDU}U CN=wvm} |@v=Ht |Q=O}=B "OwW p}mWD |U=U= T} QD=t
u}= '\}=QW |QU l} |Q=QkQ@ |x]U=wx@ xm 'CU= u}}aD p@=k T} QD=t u}= |xS} w
|=ysDU}U hqNQ@ xmCU= QmP x@ sRq "Ovm|tC}=QU|]NQ}e CqO=at x@|oS} w
"CU}v Ci=} QO p@=k u; |xOW |R=U|]N |wQ R= xr�Ut |Q=O}=B=v 'u=tR =@ C@=F
j@=]t w Ow@ Ovy=wNv u=tR =@ Q}eDt Qo}O CqO=at 'I1 = I2 xm OwW ZQi Qo =

%OvwW|t xO=U 22 |x]@=Q
dp
d'

= �q(1 + b
2I1(I1 +mr2) );

dq
d'

= p(1 + c
2I1(I1 +mr2) ): (22)

%R= Ov=CQ=@a Cr=L u}= QO xS} w Q}O=kt

 = �
�i; 
2� = I3

I1
I3 +mr2

I1 +mr2 (23)

Q=@ x@ |rY= |]NQ}e sDU}U |=Q@ |}xH}Dv xS} w Q}O=kt uOW |twywt xm =Hv; R=
RwQ@ x@ x}[k u}= "OwW|t xDiQo ltm hB=y ?=aWv= |x}[k R= xt=O= QO 'OQw;|tv
s}_vD =@ sDU}U pO=aD \=kv C}y=t Q}}eD |x]U=wx@ |OL |xNQJ l} hPL =}

"Ovm|t xQ=W= =yQDt=Q=B

Q=Okt |=R=x@ _x = f(x; �) sDU}U |R=U|]N x=oQy %hB=y ?=aWv= |x}[k
d
d� Re(��)j�=�0 6= 0 \QW w OwW |RmQt pO=aD |x]kv |=Q=O � = �0 QDt=Q=B
"�OwW|tOLpm}UQ=JO� 6= �0 |=R=x@|rY=|]NQ}esDU}Ux=ov; 'OW=@ Q=QkQ@
uQ=kD ZQi QO I2 = I1(1 + 2�) h=QLv= 'x}[k u}= R= |Q}oxQy@ |=Q@
*sDU}U pO=aD |x]kv QiY x@ QDt=Q=B u}= p}rkD =@ xm =Hv; R= "OwW|t xOQw; |QwLt
|x}[k '\}=QW Q}=U uOQw;Q@ =@ w OwW|t |RmQt ẁv R= p@k |x]@=Q j@] xOW|]N
|=Q@ |OL |xNQJ l} Q}_v |RmQt |rO=aD |x]kv u}= xm OyO|t u=Wv hB=y
|WNQJ |rO=aD Cr=L R= sDU}U xJv=vJ Qo}O CQ=@ax@ "CU= |]NQ}e sDU}U
hO=Yt pta QO xm OwQ|t |OL |xNQJ CtU x@ OwW GQ=N |mOv= QwmPt |=}=B
"�23 |x]@=Q� CU= 
� u=Uwv Tv=mQi =@ =}=B |WDre CmQL u}L xQm uORnvr =@

|QwLt uQ=kDt xQm |Q=O}=B |oN=WwO |xar=]t "3
wQ} S |=Q=O

sDU}U l} pwLD QO xHwD ?r=H |m}t=v}O |=yQ}Ut xrtHR= |@Uv pO=aD |=yQ=Ot
u; QO xm =}=B |=yCmQL R= CU= CQ=@a |@Uv pO=aD C}a[w l} "Ov=|m}t=v}O
CmQL QO 'p=Ft |=Q@ "Ov=t|t C@=F sUH x@ pYDt x=oDUO QO CaQU |=yxir-wt
C}a[w l} u; |rY= |=yQwLt R= l} Qy pwL =}=B CmQL xQ=wy=t l} |v=QwO
pO=aD |=yC}a[w uwJty� xDU@ |=yQ}Ut |Q=O}=B "OwW|t ?wULt |@Uv pO=aD

"Q=O}=B=v QwLt pwL xOWTvq=@ xQm |WNQJ CmQL "4 pmW

=}=B C}a[w pwL uR=wDt xQm CmQL |W=WDe= xar=]t "3"2
pwL CmQL |Q=O}=B w OwW|t xDN=OQB xQm |WDre |=}=B VNQJ x@ VN@ u}= QO
Cr=L 'xQm CmQL |rm CqO=at R= OOHt ẁQW =@ "OQ}o|t Q=Qk |UQQ@ OQwt u;
%OwW|t ZQi u}vJ w OyO|t MQ |rY= |=yQwLt R= |m} pwL =yvD =}=B VNQJ

0 = 
0e1

�0 = sin(
0t)e2 + cos(
0t)e3 (15)

%s} Q}o|t Q_v QO =Q =}=B VNQJ Cr=L R= lJwm h=QLv= l} p=L

 = 
0 + 
0; � = �0 + �0 (16)

s}y=wN 'swO x@DQt C=Q=@a R= uOQm Q_vhQY w |rY= CqO=at QO |v} Ro}=H =@
%CW=O

I(�0) _
0 + 
0 � I
0 + 
0 � I
0 = 0
_�0 + 
0 � �0 + 
0 � �0 = 0 (17)

%x@ OwW|t p}O@D CqO=at |}xir-wt u=}@ ' �= 
0t h} QaD =@
(I1 +mr2) _
01 = 0 ) 
01 = cte

(I2 +mr2 cos2 ') _
02 � mr2

2 sin 2' _
03 + (I1 � I3)
0
03 = 0
(I2 +mr2 sin2 ') _
03 � mr2

2 sin 2' _
02 + (I2 � I1)
0
02 = 0
(18)

%pkDUt w xDU@=w |=yQ}eDt Q}}eD =@
p �= 
02 cos'+ 
03 sin'

q �= 
02 sin'� 
03 cos' (19)

%OvwW|t xO=U u}vJ CmQL CqO=at
dp
d'

= �q + [a sin 2'p+ (b+ a cos 2')q]=2�

dq
d'

= p� [(c+ e cos 2')p+ e sin 2'q]=2� (20)

108



"""w
|Q}

tWm
|Oy

t'Q
wBs}

Qmu
}UL %u}vJty "OvDUy wQ} S |QwLt |UQv}=

X �=�1(�3 � Jrot) +mr2
�
�1
�
1� �23(t)

�
+ (�3 � Jrot)

�
�23(t)� e

r

�2�

A(�) =

2666664
0

A11(�) 0
J3

0 0 J3 J3

3777775
A11( ) �= Jlock �mŝŝ; s �= �ee3 + r� (28)

"CU= s Q=OQ@ uQ=kDtO=B T} QD=t ŝ
wQ} S x@ RyHt xQm l} Cr=L x@ [3]G}=Dv s}taD swO w pw= CmQL |r=QoDv= C@=F
w VOwN O=ODt= QO wQ} S |}x} w=R |xv=mD uOw@ C@=F x@ \w@ Qt swU C@=F w CU=
"CU= |SQv= |oDU}=B x@ \w@ Qt sy sQ=yJ C@=F "CU= |r=ta= Qw=DWo ?=}e QO
|mtm ?}=Q[ |iQat =@ |@Uv pO=aD \=kv xawtHt x@ |@=}CUO |=Q@ x}[k \QW

%OwW|t Q=QkQ@ �i; i = 1:::3 Sv=Qo q
@

@

(




rot

)fE � �1(�1
1�1 + �2
2�2 + (�3
3 + Jrot
rot)

(�3 � e
r

)� �2
�


3
p
X +mr2Jrot(
3 + 
rot)Z 1p

X
(�3 � e

r
)d�3

�
� �3(
3 + 
rot)g (29)

%OwW|t 30 CqO=at x=oDUO x@ QHvt xm
@

@

(




rot

) : A(�)

(




rot

)
+B(�)� = 0

@
@�

: BT (�)

(




rot

)
� c = 0 (30)

B(�) =

2666664
�1�1 0 0
�1�2 0 0

�3(�3 � e
r )
p
Xmr2J3

R �3� erp
X
d�3 1

J3(�3 � e
r ) mr2J3

R �3� erp
X
d�3 1

3777775 (31)

OwW|t p}O@D QF-wt p}Uv=DB |SQv= '|Q@H C=}rta |Q=Okt s=Hv= w x=oDUO u}= pL =@
%x@

E = mge�3 + 1
2 c

T (BTA�1B)�1c � E(�3 = cos �) (32)

|UQQ@ u}vJ Q=O}=B w s_vt |v=QwO CmQL |Q=QkQ@ \QW 'xOW KQ]t |x}[k j@]
%OwW|t

dE
d�

����
�=�eq

= 0; d2E
d�2

����
�=�eq

< 0 or > 0 (33)

p}rLD =@ u=wD|t =Q uQ=kD |=Q=O |m}t=v}O |=ysDU}U QO �|OL |=yxNQJ '|@Uv
h} QaD x@ =v@ QF-wt p}Uv=DB |SQv= "O=O Q=Qk |UQQ@ OQwt sDU}U �QF-wt p}Uv=DB |SQv=�
x@W |=yQ}eDt x@ C@Uv sDU}U |m}v=mt |SQv= pm u=R}t pk=OL %R= CU= CQ=@a

"uQ=kD R= xOt; CUO x@ pw= |=yp=QoDv= C@=F Q}O=kt C}=aQ =@ CaQU
"OvQ}o|t Q=Qk xO=iDU= OQwt Ov};|t xt=O= QO xm |}=}=[k p}rLD u}= s=Hv= |=Q@

%OwW|t x�=Q= R=}v OQwt h} Q=aD =OD@=
x@ xm O}vm ZQi w O} Q}o@ Q_v QO =Q _x = f(x) |xrO=at =@ |tDU}U
U1(x) = c1; :::; Uk(x) = ck; uwJty pkDUt pw= |=yp=QoDv= k + 1 O=OaD
p=QoDv= 'CQwY u}= QO "OW=@ CUO QO xrO=at u}= R= U0(x) = c0; k < n� 1
|=yp=QoDv= Q}=U Q}O=kt uOv=t C@=F |=R=x@X0 � X \=kv xawtHt QO U0(x) pw=
xJQ=Bl} |xawtHtQ} R u} QDnQR@X0 Qo = 'OwW|t ?wULt =DU}= U(x) = c pw=
p=@vOx@ "OW=@ �x 2 X : � U0jU=c = 0; �2 U0jU=c 6= 0	 |xawtHt R=

%OvwW|t KQ]t |}=}=[k 'ZQi u}=

|Q=Okt X0 |xawtHt |wQ sDU}U pw= |=yp=QoDv= R= |m} x=oQy %1 |x}[k
[7]"O};|t ?=UL x@ xDU@ Q}Ut l} X0 x=ov; OyO X=YDN= OwN x@ =DU}=

\=kv xawtHt QO U0(x) sDU}U pw= |=yp=QoDv= R= |m} x=oQy %2 |x}[k
pw= |=yp=QoDv= Q}=U C@=F Q}O=kt |=R=x@ |rLt �xv}W}@� xv}tm Q=Okt X0(c0)
[7]"Ow@ Oy=wN �Q=O}=B=v� Q=O}=B |xDU@ Q}Ut l}X0(c0) x=ov; OQ}o@ =Q U(x) = c

CaQU |=Q=O wQ} S lD x@ RyHt |QwLt uQ=kDt u=Dre xQm CqO=at |UQQ@ =@
pw= p=QoDv= Q=yJ '�5 pmW� uQ=kD QwLt O=ODt= QO xOW ?Yv w 
rot |}x} w=R

%Ov=|}=U=vW p@=k
�1
1�1 + �2
2�2 + (�3
3 + Jrot
rot)(�3 � e

r
) = c1 (24)


3
p
X +mr2Jrot(
3 + 
rot)

Z 1p
X

(�3 � e
r

)d�3 = c2 (25)


3 + 
rot = c3 (26)

E = 1
2
h


T 
rot
i
A(�)

"




rot

#
�mge�:E3 (27)

Jrot w xOW pik |xawtHt |UQv}= |=yu=tt Q}O=kt �i; i = 1:::3 =yu; QO xm

"|@Uv pO=aD C}a[w l} QO C} RmQt R= GwQN =@ uQ=kDt u=Dre xQm "5 pmW
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|wQ
mC

=@Q
l}

|W
Dre

CmQ
L|

BwmU
wQ}S

|Q=
O}=B

"Q=O?}W |xLiY |wQ xQ}=O |] p=L QO u=Dre xQm "7 pmW
%OwW|t G=QNDU= 36 |x]@=Q j@=]t �7 pmW� � |x} w=R x@

d
�!
Mc

dt
= � (mgr sin�) ~J

Mc = Jlock
 +mr2�� (
� �) + Jrot _' (36)

' _' = �K0
 |m}D=tv}U |rQDvm uwv=k p=ta= =@ xm OW Oy=wN xOy=Wt xt=O= QO
|R=UQ=O}=B u=mt= w xOW Q}}eD VwNDUO l}t=v}O Qw]x@ sDU}U |UQv}= |=yu=tt
'OW=@ xOW ẁQW uwmU |x}rw= \}=QW R= CmQL x=oQy "OwW|t sy=Qi CmQL

%xH}DvQO w OvQiY Q@=Q@ |Q}op=QoDv= |=yC@=F
Mc = � (mgr sin�) t
 (37)

|xrO=at R= "CU= sUH x=oDUO QO xOW u=}@ |ki= CyH xm} Q=OQ@ 
 u; QO xm
%s}UQ|t 8 |xrO=at x@ 37

Jlock
 +mr2�� (
� �) + Jrot _'+ (mgr sin�) t
 = 0 (38)

Q=_Dv= u=wD|t _' = � (mgr sin�) t
 + _̂' uwv=k j@=]t =yQwDwQ s}_vD =@
=Q Q=O?}W K]U |wQ |Q}PB Qwv=t CQOk u=vJty w CW=O =Q x@P=H QF= uOQm|FvN

% _' = �K0
 |@U=vD Ov=QwNTB uO=O Q=Qk =@ "OQm ^iL p@k Ovv=ty '̂ =@
(Jlock � JrotK) 
 +mr2�� (
� �) = 0 (39)

sDU}U |Qy=_ |UQv}= T} QD=t K0 Ov=QwNTB ?} Q[ ?U=vt ?=NDv= =@
=@ |QwLt pwL u=QwO xm OQm |L=Q] u=vJ u=wD|t =Q (Jlock � JrotK0)
"CU=}=B |DmQL u}t[D u; |xH}Dv w 'OwW |R=UR=@ xv}W}@ =} xv}tm |UQv}= u=tt

%K0 |=Q@ 40 |xrO=at pL =@
Jlock � JrotK0 = diag(I1; I2; I3) (40)

%OwW|t ^=Lr |Qy=_ |UQv}= x=wNrO |=yQDt=Q=B
I2 < min(I1; I3) or I2 > max(I1; I3) (41)

wQ} S |}x} w=R CaQU |=R=x@ p}=tD |x} w=R ?ULQ@ |SQv= Kw]U Q=Owtv "6 pmW
"
rot hrDNt

|@Uv pO=aD C}a[w CQwYx@ |rm Cr=L QO xm |}=}=B CmQL p=L
%OwW|t |UQQ@ '�5 pmW� OyO|t MQ~
 = 
0~k + !0 ~K


1 = !0�1


2 = !0�2


3 = 
0 + !0 cos � (34)

|=Q@ 35 CqO=at x=oDUO '27 =D 24 CqO=at QO =}=B Cr=L u}= |v} Ro}=H =@
%OwW|t pY=L |r=QoDv= |=yC@=F

c1 = �1!0 sin2 � + [�3(!0 cos � + 
0) + Jrot
rot](cos � � e
r

)

c2 = (!0 cos � + 
0)
p
X +mr2Jrotc3

Z (cos � � e
r )p

X
d(cos �)

c3 = !0 cos � + 
0 + 
rot (35)

u}= QO "OwW|t pL w ?wULt |]N (!0;
0;
rot) |=yC}tm OQwt QO xm
|=yC@=F ?ULQ@ |m}D=tv}U |=yC}tm |v} Ro}=H =@ QF-wt |SQv= CQ=@a 'xrLQt
E = E (�; c1; c2; c3) pmW x@ |a@=D '35 CqO=at x=oDUO R= pY=L CmQL
pO=aD |=yC}a[w � p}=tD |x} w=R ?ULQ@ `@=D u}= |xv}tm Q}O=kt "OyO|t xH}Dv
|}x} w=R CaQU |=R=x@ xm OyO|t u=Wv 6 pmW "Ovm|t u}}aD =Q Q=O}=B |@Uv
Q=O}=B |D}a[w u=wD|t =Q �|}xQiQi� =HQO u=QwO C}a[w O=} R |i=m |xR=Ov=x@ wQ} S
w xOW p}=t u}at |}x} w=R x@ xQm 'wQ} S |}x} w=R CaQU Vy=m =@ =t= 'OQm ?wULt

"�5 pmW� OQm Oy=wN |] VDre x@ =Q |Q=Ot

K]U |wQ xQm CmQL |BwmUwQ} S |R=UQ=O}=B "4
Q=O?}W

xQm |v=QwO CmQL 'OW=@ |v=}t QwLt pwL VNQJ Qo = 'OW xO=O u=Wv xm u=vJ
|rN=O wQ} S |=yMQJ xawtHt R= CmQL u}= |R=UQ=O}=B |=Q@ "Ow@ Oy=wN Q=O}=B=v
[8]Q=O?}W K]U |wQ wQ} S x@ RyHt sDU}U CmQL CqO=at "OwW|t xDiQo xQy@
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"""w
|Q}

tWm
|Oy

t'Q
wBs}

Qmu
}UL |B wmUwQ} S u=tt xQNq=@ "OW Oy=wN QiY Q}Ut wO |=vLv= hqDN= CQwY u}= QO

%O};|t CUO x@ 46 |xrO=at j@=]t CmQL O=H}= |=Q@ sRq
Jrot _̂' =� _s

�
Jlock +mr20Id

� �
�0(s)� �(s)

�
� _s (�p � �b) Jlock�(s) (46)

Q=O?}W K]Ul} |wQ =Q � `=aW =@ |}xQ}=O |Q}Ut r0 `=aW x@ xQm xm ZQi u}= =@
'OwW r � r0 `=aW x@ |}xQ}=O 'xQm K]U Q@ xOWVkv |vLvt u=tRsy w Ovm |]

%=@ CU= Q@=Q@ xQm |wQ xR} QDt=Q=B |vLvt |xrO=at
�(s) =

�
r sin s

r
; r cos s

r
;
p
R2 � r2

�
(47)

|x]kv Q}Ut |=vLv= w �b =
p
r20 � r2=r =@ CU= Q@=Q@ Q}Ut l} ROw�S |=vLv=

QO |R=Ux}@W |xH}Dv "CU= �p = 1=� Q@=Q@ w C@=F |Q=Okt u}tR |wQ T=tD
"OwW|t xOy=Wt 7 pmW

|Q}oxH}Dv "5
|=yuQ=kD =@ Q_=vDt xm OW Ci=} QO |WDre |=ysDU}U |twta Q=DiQ Q@ RmQtD =@
|wQ}v xm =Hv; R= "OvQ=QkQ@ |DmQL |=yC@=F 'xr�Ut Q@ sm =L CqO=at QO OwHwt
|oDU}=B u=Dre xQm l} sQH `} RwD |rm Cr=L |=Q@ 'OyO|tv s=Hv= |Q=m |O}k
`} RwD QO |QwLt uQ=kD uwJty Qo}O |=yuQ=kD OwHw CQwYQO xm CU= Q=QkQ@ |SQv=
uwJty� xDU@ |=yQ}Ut |Q=O}=B "OW Ovy=wN p}mWD Qo}O |r=QoDv= C@=F wO 'sQH
uQ=kD |=Q=O |m}t=v}O |=ysDU}U QO �|OL |=yxNQJ '|@Uv pO=aD |=yC}a[w
pw= CtUk QO "O=O Q=Qk |UQQ@ OQwt sDU}U QF-wt p}Uv=DB |SQv= p}rLD =@ u=wD|t =Q
"CiQo Q=Qk |UQQ@ OQwt |WDre CmQL |Q=O}=B Q_vt R= |wQm C=@ Q 'j}kLD u}=
|Q=O}=B p}rLD |=Q@ |@r=H u=mt= |}=[i jrat |xvwtv =@ sDU}U |m}t=v}O Cy=@W
T=}k j@] "OQw;|t sy=Qi O=R; s=UH= |Q=O}=B OQwtQO xO=Di==H |=yx} Q_v R= xQy@ =@
xQm xm OwW|t xDN=vW Q=O}=B=v |UQv}= |v=}t |rY= QwLt pwL xQm VNQJ 'QwmPt
|xar=]t "OwW|t Q=QmD ,=@ w=vDt OvwQ u}= "Ovm|t VNQJ u}L |ovwQ=w Q=JO =Q
\=kv C}y=t QO |Q}}eD |rN=O wQ} S MQJ x@ RyHt u=Dre xQm CmQL |oN=WwO
xawtHt |Q=O}=B x@ Ov=wD|t xm OyO|t u=Wv =Q |}x} w=R CaQU ?ULQ@ |rO=aD
OQmrta R}v w 'pY=it |=[i QO C=@ Q CmQL |R} QKQ] u=mt= 'QN; QO "Ovm ltm

"OW |UQQ@ Q=O?}W K]U l} |wQ u;

Ov};|tQOVNQJ x@ |wLvx@|rN=O|=ywQ} S 'xOvvmQ=O}=B uwv=ku}=j@=]t?}DQDu}O@
w OOQo pO@ sUH |UQv}= |xv}W}@ =} xv}tm |=yQwLt R= |m} x@ u=QwO QwLt xm

"OwW umtt Q=O}=B CmQL

R=@ Q=Ot pQDvm =} pY=it |=[i QO CmQL |R} QKQ] "1"4
|x}rw= C}a[w R= u=Dre xQm uOv=UQ |=Q@ pY=it |=[i QO CmQL VN@ u}= QO
"OwW|t |L=Q] u}at u=tR hQ_ 'Q_v OQwt |}x} w=R w |v=mt C}akwt x@ uwmU

[4w1]"CU= Q}PBpQDvm QwDwQ 2 sm CUO O=OaD =@ sDU}U 'OW u=}@ xm u=vJ
|=yQ}Ut pw] 'Q_v OQwtCmQL R= Q_vhQY xmCW=O xHwD Qt= u}= x@ O}=@ =OD@=
u=Um} u}tR K]U Q@ T=tD |x]kv w xQm K]U Q@ T=tD |x]kv \UwD xOW |]
u=Um} pw] =@ |vLvt wO j=@]v= x@ u=wD|t =Q Q}Ut ?}kaD |xr�Ut u}=Q@=v@ "CU=
|x]kv Q=wty Q}Ut "OQm xYqN u}tR K]U w xQm K]U l} QDtwR}= Kw]U Q@ `k=w
|wQ |Q_=vDt Q}Ut w xOW xR} QDt=Q=B s pw] ?ULQ@ r�(s) =@ xLiY QO T=tD
|oDU}=B R= xJv; j@] "OwW|t u}at r(s) = r0�(s)\UwD r0 `=aW x@ xQm K]U

%OW pY=L T=tD |x]kv pwL sDU}U |}x} w=R |xv=mD
�Jrot _̂' =

�
Jlock +mr20Id

�

�mr20 (
;�) � (42)

|xrO=at |HQ=N ?Q[ =@ "CU= |}x} w=R CaQU s�=k |xir-wt 
� = h
;�i
%OwW|t G=QNDU= |}x} w=R CaQU Q=OQ@ '� QO _� = �� 



 = _�� � + 
�� (43)

%CW=O s}y=wN 42 |x]@=Q QO |Q=Po}=H =@ xm
Jrot _̂' = ��Jlock +mr20Id

��
_�� �

�� 
�Jlock� (44)

hqDN= R= u=wD|t 
� uDi=} |=Q@ "Ov=xOW u=}@ �(s)?ULQ@ =yCQ=@a '?}DQDu}O@
xO=iDU= Kw]U wO |wQ Q_=vDt \=kv QO T=tD |x]kv Q}Ut |vLvt wO |=vLv=

[9]%OQm
�p = �b + 1
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x=oQy "CU= xQm K]U Q@ `k=w |vLvt l} ROw�S |=vLv= w |}xLiY |vLvt |=vLv=
xm OwW ?rU xQm |=HQO VNQJ |O=R; CU= umtt OW=@v |}x]kv T=tD K]U
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