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=Q u; u=wD|t w Ov=x@U=Lt CLD `HQt |x]kv w sUH QO x=wNrO |x]kv l} u}@

p}qO R= |m} "OwW|t xDN=vW 3 Owt u=wvax@ xm xOt; CUO x@ [7]OQ=O Q=Qk C@=F
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u=}@ 14 |x]@=Q CQwYx@ '10 |x]@=Q T=U=Q@ R}v �0 C@=F "CU= xO=t |r=DU} Qm
%OwW|t
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15 |x]@=Q u} Qo |x}[k R= xO=iDU= w '7 |x]@=Q QO 11 |x]@=Q |Q=Po}=H =@
C}=yv|@ QO =yVvD R= u=wD|t OW=@ nQR@ sUH O=a@= xm |akwt "OwW|t pY=L

[6]"OQm Q_vhQYZ
v

�
���x0 � x����kl;k(x0)dv(x0)

+
I
@v

�
���x0 � x����kl(x0)dak(x0) = 0 (15)

|}xLiYO=B \@=wQ "1"2
QiYQ}e pmW Q}}eD Q}eDt =yvD OW=@ x3 |=DU=Q QO \ki =ypmW Q}}eD xm |Dr=L QO
Oy=wN 19 =D 16 \@=wQ j@=]t |WvD w |}=Hx@=H |=yxir-wt xH}DvQO &Ow@ Oy=wN w

[16]%Ov=xO}t=v |}xLiYO=B =Q Cr=L u}= "Ow@
u = v = 0 (16)

w = w(x; y) (17)

exz = 1
2 (@u
@z

+ @w
@x

); eyz = 1
2 (@v
@z

+ @w
@y

) (18)

�xz = �@w
@x

; �yz = �@w
@y

(19)

%R= CU= CQ=@a |}xLiYO=B Cr=L QO VvD |a[wtQ}e |xrO=at
txz =

Z
v

�
���x0 � x����0xzdv0 (20)

tyz =
Z
v

�
���x0 � x����0yzdv0 (21)

|}xLiYO=B |}=Hx@=v R= pY=L VvD u=O}t "3
QO '�1 pmW� C}=yv|@ |xLiY QO |}xLiYO=B |}=Hx@=v R= pY=L VvD u=O}t

[17]%R= CU= CQ=@a |DQ=mO C=YDNt x=oDUO

txz = �(�bz2� ) y
x2 + y2 (1� e�( �a )2

(x2+y2)) (22)

tyz = (�bz2� ) x
x2 + y2 (1� e�( �a )2

(x2+y2)) (23)

C}=yv|@ |xLiY QO lQD |xr�Ut "4
QO |}=Hx@=v `} RwD R= xO=iDU= =@ lQD uOQmpOt w Qvm =@ pY= R= xr�Ut pL |=Q@
VwQ R= xO=iDU= =@ lQD uOQmpOt l}vmD =OD@= "OwW|t xO=iDU= lQD \N O=ODt=

"s} R=OQB|t xr�Ut |Ov@pwtQi x@ xt=O= QO w OwW|t |iQat |}=Hx@=v `} RwD

[6]%O=O V}=tv |[=} Q CQwYx@
�0 = �0

���x0 � x��� ; �0 = �0
���x0 � x��� (4)

u}vJ u |}=Hx@=H Q=OQ@ ?ULQ@ =Q u; u=wD|t xm CU= VvQm QwUv=D |=RH= ekl
[6]%CWwv

ekl = 1
2 (uk;l + ul;k) (5)

%R= CU= CQ=@a R}v CmQL |xrO=at
tkl;k + �(fl � �ul) = 0 (6)

Q_vhQY =@ "OvDUy ?=DW Q=OQ@ w |tHL |wQ}v s=l <RH ?}DQDx@ �ul w fl u; QO xm
%OwW|t xO=U u}vJ q=@ |xrO=at |tHL w |UQv}= |wQ}v R= uOQm

tkl;k = 0 (7)

%CWwv 8 |x]@=Q CQwYx@ �0 w �0 QO � w � j}irD =@ u=wD|t =Q 1 |xrO=at
tkl =

Z
v
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[6]%CU= xOW xO} RoQ@ h}YwD u} QDy@ u=wvax@ 9 `@=D '�0 w �0 |=Q@ umtt `@=wD
(�0; �0) = (�; �)�

���x0 � x��� (9)

|a[wt Q}e |=yVvmtyQ@ xm CU= |Wy=m ?} Q[ l} �(jx0� xj) 'u; QO xm
|Qw]x@ CU= OL=w � |vLvt Q} R K]U xm u}= x@ xHwD =@ w Ovm|t XNWt =Q
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lwv QO VvD 'lQD x@ \w@ Qt EL@ QO |}=Hx@=v x@ \w@ Qt G}=Dv R= xO=iDU= =@ �
R= |m =L xm CU= |YNWt Q=Okt |=Q=O xOW x�=Q= |=yp=Ft x@ xHwD =@ R}v lQD

"CU= lQD lwv QO VvD |ov}mD sOa
VvD Q=Okt QO Q}}eD Ea=@ C@=F lQD pw] =@ lQD Rm =Qt u}@ |xrY=i QO Q}}eD �
sy =yVvD xrY=i u}= Vy=m =@ xm |Qw]x@ 'OwW|t lQD h=Q]= QO Oa@|@ |WQ@
u}= Q@ xwqa "CU= xDi=} V}=Ri= =ylQD |HQ=N lwv QO sy w |rN=O lwv QO
C@Uv lQD wO QDW}@ |Q}PB Q}F-=D p}rOx@ lQD |rN=O lwv QO V}=Ri= u}= Q=Okt

"CU= QDW}@ u; |HQ=N lwv R= sy x@
lwv QO sy w |rN=O lwv QO sy 's}kDUt lQD wO |Owta |xrY=i Vy=m =@ �
p}rOx@ |rN=O lwv QO V}=Ri= u}= xm OwW|t xOwRi= VvD Q=Okt Q@ |HQ=N

"CU= QDW}@ Qo}Om} R= lQD wO |Q}PB Q}F-=D
=@ w V}=Ri= |R=wt lQD wO u}@ xrY=i V}=Ri= =@ |R=wt lQD wO QO lwv QO VvD �

"O@=}|t Vy=m xrY=i Vy=m
VvD Ov=l}ORv Qo}Om} x@ lQD |rN=O lwv wO xm |t=ovy 'xO}tN lQD wO QO �
x@ xHQO QiY R= x} w=R V}=Ri= =@ w CU= |HQ=N lwv R= QDW}@ |rN=O lwv QO
Q@ x} w=R V}=Ri= u}= u}vJty "OUQ|t xHQO 90 |x} w=R QO OwN Q=Okt u} QDsm
x@ wQ R}v |HQ=N lwv VvD xm |}xvwox@ CU= Q=PoQ}F-=D R}v |HQ=N lwv VvD

"OQ=Po|t Vy=m

QwLt R= lQD |rN=O |=yx@r h=QLv= ?UL Q@ (�yz)max
�0 Oa@|@ VvD "14 pmW

"|Owta

[21]%R= Ov=CQ=@a lQD ẁv u}= x@ \w@ Qt |QDt=Q=B CqO=at

�i (t) = xc + (�1)i a cos
�1
2
�
1� (�1)i t

�
 
�

(40)

�i (t) = yc + b sin
�1
2
�
1� (�1)i t

�
 
�
; �1 � t � +1

(41)

 = tan�1 �a
b

cot'
�

(42)

Q@=Q@ (b) u; lJwm Q]k hYv w 0 7 Q@=Q@ (a) |[}@ nQR@ Q]k hYv u; QO xm
u}= QO =yu; Q=Okt w OvDUy |[}@ RmQt C=YDNt ?}DQDx@ yc w xc "CU= 0 5

"CU= xOW xDiQo Q_v QO QiY Q@=Q@ p=Ft
lQD l} lwv wO QO � Q}eDt ?UL Q@ (�yz)max

�0 Oa@|@ VvD '14 pmW QO
x@ lQD |rN=O lwv wO xm |t=ovy OwW|t xOy=Wt xm u=vJ "CU= xOW sUQ
V}=Ri= =@ w CU= |HQ=N lwv R= QDW}@ |rN=O lwv QO VvD Ov=l}ORv Qo}Om}
u}= u}vJty "OUQ|t xHQO 90 |x} w=R QO OwN Q=Okt u} QDsm x@ xHQOQiY R= x} w=R

=yCWwv=B
1. J-Integral
2. Gri�th
3. cohesive force
4. Schmitz
5. Gauss-Chebyshev
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